
[image: image]




All the Math
You Need
to Get Rich


All the Math
You Need
to Get Rich

 

Thinking with Numbers
for Financial Success

ROBERT L. HERSHEY

[image: image]

OPEN COURT

Chicago and La Salle, Illinois


To order books from Open Court, call 1-800-815-2280.

Open Court Publishing Company is a division of Carus Publishing Company.

© 2002 by Robert L. Hershey

© 1982 by William Kaufmann, Inc.

All the Math You Need to Get Rich includes some material originally published in How to Think with Numbers (Los Angeles: Kaufmann, 1982).

First printing 2002

Second printing 2002

Third printing 2002

Fourth printing 2002

Fifth printing 2002

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, recording, or otherwise, without the prior written permission of the publisher, Open Court Publishing Company, 315 Fifth Street, P.O. Box 300, Peru, Illinois 61354-0300.

Library of Congress Cataloging-in-Publication Data

Hershey, Robert L., 1941–

All the math you need to get rich: thinking with numbers for financial success / Robert L. Hershey.

p. cm.

ISBN 0-8126-9447-3 (alk. paper)

1. Finance, Personal—Mathematics. 2. Investments—Mathematics. 3. Consumers—Decision-making—Mathematics. 4. Business mathematics.

I. Title.

HG179 .H452 2001

332.024'001'513—dc21

2001036609


Table of Contents

What This Book Offers You

Acknowledgments

1.   WHY SHOULD I THINK WITH NUMBERS?

2.   PLAY THE PERCENTAGES

3.   WHAT ARE THE ODDS?

4.   THINKING BIG AND THINKING SMALL

5.   MONEY NOW—MONEY LATER

6.   TIME IS MONEY

7.   YOU GET RICH BY INVESTING

8.   YOU CAN’T HAVE YOUR CAKE AND EAT IT TOO!

9.   SUMMING UP

About the Compound Interest Tables

Compound Interest Tables


What This Book Offers You

This book is designed for a very specific task: to give you, in the simplest form, all the math you need to deal with practical problems of everyday life. Such problems, if they involve math at all, are nearly always financial.

Only simple arithmetic is required. This book has nothing about algebra, geometry, trigonometry, or calculus, because those topics have no practical application for ordinary people in their daily lives. Those branches of mathematics have no bearing on the decisions you will make about jobs, taxes, insurance, saving, investment, or buying a house.

The mathematical topics that are covered in this book are simple, and are explained very straightforwardly. If you want to make sensible financial decisions, you absolutely must learn these topics, and you must get to know them thoroughly. A hazy recollection is not good enough: you need the instantaneous certainty that comes from total familiarity. The way to acquire that total familiarity is to work carefully through this book, and to do this several times if necessary, until it is all second nature.

If you have forgotten everything you learned about math in school, or if you were taught badly so that you never really ‘got it’, then you may have to go through this book several times. Don’t be discouraged: your difficulty with math is itself largely due to lack of familiarity, and will automatically evaporate as you become more used to it.

If you have a natural flair for math, or if you use math in your job, it is still entirely possible that you are not quite confident about some of the ways you should think about everyday financial or business matters. Although you may find this book ‘too simple’, it’s still worth your while to go carefully through it, without skimming or skipping, to make sure that every step is completely clear in your mind.

This book tests your growing familiarity by showing how simple problems are solved. To test yourself, when you get to a problem, you can try to solve it yourself, then compare the result with the solution given in the book.

This book is called ‘All the Math You Need to Get Rich’. It is not called ‘All You Need to Get Rich’. Other qualities are needed to improve your financial position: perseverance, concentration, and good judgment, for instance. This book cannot give you those qualities, though it will help somewhat with the good judgment. What this book does offer, however, is absolutely essential: a thorough knowledge of that small portion of mathematics which is vital for understanding your economic decisions.

Most people who are comparatively wealthy by the age of 60 were not born wealthy. They got that way by hard work and careful decisions. In making these decisions, total familiarity with some practical mathematical concepts is indispensable.

Though limited in scope and designed for practical use, the math that this book teaches is perfectly sound and correct, so the book can be used in schools, by parents to help their kids with school math, or as a remedial aid for those who need some mathematical ‘brushing up’. The topics covered are: simple percentages, simple probabilities and mathematical expectation, scientific notation, rates of return, and trade-offs.

All the Math You Need to Get Rich grew out of an earlier book I wrote called How to Think with Numbers, published in 1982. Since then, pocket calculators have become dirt cheap. This is a wonderful step forward: it means that you do not have to perform difficult computations. The calculator will do that for you. All you have to do is to set up the problem and punch in the numbers. But you do still have to know how to set up the problem!

Another change since 1982 has been the vastly increased interest in investment. Far more people are investing in stocks and stock mutual funds. Stock index funds are readily available, such as the ones keyed to the Standard and Poor’s 500 stock average. Money market mutual funds are also used by many people today. These investment choices are out there. Everyone should know about them and know about the math involved in investing. All the basic concepts are explained in this book.
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	Why Should I Think with Numbers?






The Story of Ug

Once upon a time there was a poor caveman named Ug. He was poor because he didn’t know how to count past 5. You see, Ug’s counting ability was limited to counting on the fingers of one hand. For any number bigger than 5, he ran out of fingers and he just said there were ‘many’. Ug thought that his system was just great—easy and not too much thinking. There were times, though, when he had an inkling that not being able to count higher was costing him something. Even though poor Ug couldn’t count past 5, he was an excellent fisherman. He was hardworking and patient and almost every day he caught 20 to 30 fish. Ug’s neighbor, Slik, wasn’t nearly as good a fisherman; he only caught six or seven fish per day. But Slik did know how to count!

[image: image]

This evening, as every evening after the day’s fishing, Slik showed up at the entrance to Ug’s cave holding six fish. He always timed his appearance to be there just as Ug came back from the lake with his big string of fish.

“Many for many,” offered Slik. “Fair trade.”

“Fair trade,” said Ug, handing over 27 fish and accepting 6 fish in return.

Poor Ug made the same deal with Slik every day of his working life. He couldn’t figure out why he and his wife, Nag, and his son, Ig, were always feeling hungry. After all, they had “many” fish to eat, just like Slik’s family, who always seemed to be fat and contented. Poor Ug suspected that the problem might have something to do with counting past ‘many’. He never was able to figure it out until his dying day, which came quite a bit earlier than it should have because of malnutrition.

Winners and Losers

It’s been twenty thousand years since the time of Ug but the same kinds of things are still happening today. People are still being ripped off because they don’t know how to think with numbers. These people are constantly being gypped, losing money, and missing opportunities. They are always falling for bad deals like installment purchases, gambling, and life insurance. We’ll discuss the hows and whys later in this book.

On the other hand, there are many people who can think with numbers and are quite good at it. These people generally get ahead easily, have good jobs, make good investments, and have lots of money. They are usually well prepared for whatever happens. If an opportunity comes along they know how to use it, and if they get a bad break they come out of it smelling like a rose.

It’s easy to tell the winners in life from the losers. Who wins and who loses is not just a question of basic intelligence or a question of luck. It depends to a great extent on how well you can think with numbers. If you’re already a winner, this book will show you how to win more by thinking more effectively with numbers. If you’ve been losing lately, this book will show you why and get you thinking with numbers like a winner.

Pocket Calculators

Years ago people might have said that they couldn’t think with numbers because pencil-and-paper arithmetic took too long or because they weren’t very good at computation. Today this has all been changed by the availability of cheap pocket calculators. You can buy a perfectly good calculator for less than $5.

Today you don’t have to be good at mental arithmetic to think with numbers. The calculator does the computation for you in a fraction of a second. What you do have to be good at is setting up the calculations so that all that’s left are arithmetic computations for the calculator. This book will help you learn how to set up calculations.

As you go through the book we’re going to show you how to set up the calculations for the kinds of problems that come up in your daily life. We’re going to assume you already have a calculator and that you’ll be punching in the numbers each time.

If you don’t already have a calculator you ought to go right out and buy one now. Any old cheap calculator will do. You can get a more sophisticated calculator if you want, a scientific calculator or a business calculator, but a regular calculator will work just fine. You won’t need a computer for any of the calculations in this book, but if you already have access to one, you can use the calculator feature on the computer.

How to Get the Most Out of This Book

This book will show you how to think with numbers, which mathematicians call ‘analysis’. Analysis consists of looking at a problem stated in words and figuring out what computation is necessary to find the answer. In the old days when you were in school you probably called it ‘word problems’. Perhaps you were very good at word problems. Or perhaps you didn’t understand them very well because you had a poor teacher, or because you hadn’t yet had enough experience making and spending money to visualize their application, or because you got lost in the arithmetic of the computations. If you didn’t understand then, you have a much better chance now. This book will be your teacher. From the explanations of the sample problems you will immediately find applications to your daily life. If you work out these problems using your pocket calculator, arithmetic should be no problem.

Here’s how to get the most out of this book.

1.   Get a Pocket Calculator

You might already have a calculator you use for your taxes, or one stuck in the back of some drawer. If not, go out and buy one. The use of a calculator is essential to getting the most out of this book.

2.   Learn How to Work Your Calculator

Play with some calculations until you are sure you know how to add, subtract, multiply, and divide. We will assume that you know how to do these arithmetic operations with your calculator when we go through sample problems.

3.   Start from the Beginning of This Book and Go All the Way Through

As you go through the book, work out each sample problem, making sure you understand how the problem was set up. Do the arithmetic on your calculator and make sure you get the same answer as the book. Always have a pencil and paper handy for calculations. You may also want to make marginal notes in this book to remember your thoughts on the various sample problems. Try every problem yourself first, before reading the solution in the book. Stick with every problem until you thoroughly understand it before going on to the next one, rereading as necessary. If the problems in the early chapters seem too easy you can feel flattered that you’re smarter than the average reader. Stay with it—the problems will get more challenging as you go along. Probably as you go through there will be new calculations you haven’t seen or new approaches that will simplify something you wondered about.

How This Book Will Help You

This book will show you how to analyze quantitative problems that come up again and again in your daily life. These are problems that you need to know how to solve for your economic survival. Sure, if someone else has done the analysis you might be tempted to take his word for it and avoid the labor of thinking. But then Ug took Slik’s word for it too, didn’t he?

Here is specifically what you’re going to learn in this book.

1.   Percentages. You will never again be fooled by percentages stated in a misleading way.

2.   Probabilities. This is what you have to understand so that you don’t get ripped off in gambling games or in buying insurance you don’t need.

3.   Big Numbers and Small. This chapter will explain the naming of very large and very small numbers. You will also be introduced to scientific notation so that you can easily work with numbers of any size.

4.   Money and Time. The important concepts of first cost and operating cost are discussed. You’ll need these for your budgeting.

5.   Interest and Investments. You will learn to calculate the cost of mortgages and installment payments and see how the bank figures interest on your money. You will also learn the math of investments—money market funds, bonds, stocks, and mutual funds.

6.   Trade-Offs. In many situations you have to give up some of something to get more of something else. This chapter shows you how to find out what you’re getting.

Once you have gone through this book and worked the sample problems you will find yourself thinking with numbers and getting ahead. Anyone who can’t think with numbers in an age when everyone has a calculator will soon be left behind.
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	Play the Percentages






Markups

There’s an old story about a man who ran a successful women’s clothing store for 20 years despite the fact he had never finished high school. He was determined, however, that his daughter would have all the advantages, so he sent her off to college in Boston and then to Harvard Business School. Armed with her shiny new M.B.A., the daughter returned and wanted to help in the family business.

“How much is your markup?” asked the daughter.

“Five percent,” said the father.

“Holy cow!” said the daughter. “How can you make any money with such a ridiculously low markup?”

“Well, it always seems to work,” said the father. “I buy a bra for $1 and sell it for $5. That’s 5%!”

The joke, of course, is that the father knew nothing about percentages. He thought 5% meant five times. He had been setting prices on the basis of his experience of what the public was willing to pay. This ancient story obviously came before the time of income taxes. It is inconceivable today that anyone could remain in business without understanding percentages.

The markup in the story was 400%, not 5%. The father added $4 to the wholesale price of $1, which he had paid for the bra. Since $4.00 ÷ $1.00 = 4.00, the markup was 400%.

The old rule for finding percentages that you learned in grammar school went something like this.

To find the percentage express the number as a decimal fraction. Read everything to the left of the decimal point and the first two places to the right of the decimal point and call it percent.

The rule is sometimes stated as, “Move the decimal point two places to the right and call it percent.” Use whichever way is easier for you to remember. The result is the same.

You probably do remember what a decimal fraction is, though maybe you just call it a ‘decimal’. To jog your memory, seven-eighths is the same thing as 7 divided by 8, and that is the same thing as the decimal fraction 0.875, which is the answer your calculator will give you if you tell it to divide 7 by 8.

In the story of the man selling bras, the decimal fraction turned out to be 4.00. Reading the number 4 to the left of the decimal point and the two 0s to the right, we get 400, and we call it percent.

You might also remember that percent means hundredths. So 1% is the same as one hundredth, or 1 ÷ 100.

Similarly, 10% is ten hundredths, 10 ÷ 100, which means the same as one tenth, 1/10. Another percentage often used is 25%, which is twenty-five hundredths, 25 ÷ 100, or one quarter, [image: image]. Similarly, 50%, or 50 hundredths, is the same as [image: image]. Suppose the story were changed a little, and the father had said that he bought the bra for $4.11 and sold it for $20.55. Is the percentage the same? Take out your calculator and find out.

In working this problem and all the others in this book, look at the problem first to figure out what information is given and what number must be found. Then set up the calculation, do the arithmetic on your calculator, and compare your answer with the one in the book. If you don’t get the same answer, then study the problem to see what you did wrong.

Problem 1

 

A man buys a bra for $4.11 and sells it for $20.55. What is his markup as a percentage of the wholesale price?

GIVEN:

Wholesale price of a bra = $4.11.

Retail price of a bra = $20.55.

FIND:

Markup percentage.

SOLUTION:

The dollar amount of the markup is the retail price minus the wholesale price:

$20.55 − $4.11 = $16.44.

So that’s the markup, but we want to know the markup as a percentage. To do that, we first find the markup as a decimal fraction, then move the decimal point two places to the right.

To get the markup as a decimal fraction, we divide the dollar amount of the markup by the wholesale price.

$16.44 ÷ $4.11 = 4.00.

This division should be very easy with your calculator. The decimal fraction 4.00 is, of course, equivalent to 400%.

ANSWER:

Markup percentage = 400%.

Thus we see that the new numbers happen to give the same answer, 400%. The original numbers $1 and $5 make a better joke, though.

 

Okay, let’s try another markup problem.

Problem 2

 

A used-car dealer buys a car at an auction for $3,222.50. Later he sells the car to a customer for $5,985.00. What is the markup percentage?

GIVEN:

Wholesale price = $3,222.50.

Retail price = $5,985.00.

FIND:

Markup percentage.

SOLUTION:

The form of this problem is just like Problem 1, but the numbers have been changed. Thus the set up of the problem is exactly the same, but the numbers you punch on your calculator are different.

First, we need to find the actual dollar amount of the markup. That’s the retail price minus the wholesale price.

$5,985.00 − $3,222.50 = $2,762.50.

Then we turn that dollar markup into a decimal fraction. We divide it by the wholesale price:

$2,762.50 ÷ $3,222.50 = 0.857253685.

If your calculator doesn’t give this many decimal places don’t worry about it. For all practical purposes, we round off to 0.857 anyway.

Now we move the decimal point two places to the right:

ANSWER:

Markup percentage = 85.7%

 

Notice that in Problem 2 the 7 in the 85.7% was three places to the right of the decimal point when the markup percentage was expressed as a decimal fraction. Therefore, in the final answer the 7 was tenths of a percent.

Notice also in Problem 2 that the numbers were rather long, and not nice round numbers. In real life this is the way numbers usually are. If this problem had been done with pencil-and-paper arithmetic rather than with a calculator, it probably would have taken at least 10 minutes to do the ‘long division’. With a calculator, though, the problem was as easy as the first one. This is the beauty of calculators. You can think with numbers without the hassle of a lot of time-consuming paperwork.

Let’s take another look at the used car situation of Problem 2, but this time from the customer’s point of view.

Problem 3

 

Jane Smith sees a used car on a dealer’s lot and buys it for $5,985.00. What percentage of her purchase price could she have saved if she had bought it instead at the auction for $3,222.50?

GIVEN:

Wholesale price of the car = $3,222.50.

Retail price of the car = $5,985.00.

FIND:

Percentage of retail price saved by buying wholesale.

SOLUTION:

The amount of money that Jane Smith could have saved by buying at the auction is

$5,985.00 – $3,222.50 = $2,762.50.

 

The fraction of the purchase price she could have saved is

$2,762.50 ÷ $5,985.00 = 0.4615705931.

This rounds off to 0.462.

ANSWER:

Percentage of retail price she could have saved = 46.2%.

 

Arguing with Percentages

In Problems 2 and 3 we were working with the same price difference but we came up with two different percentages. How can that be?

The difference was the number we used for the base. The base is the number we divide by when we take the decimal fraction. It’s the number that answers the question, ‘Percentage of what?’ How do we choose which number to use as the base? In these problems the choice was easy because it was contained in the statement of the problem. In real life the choice is more difficult. We choose the base that seems best for a meaningful comparison.

In Problem 2 the auction price was the meaningful base for the used-car dealer in figuring his markup. In Problem 3 the price Jane Smith paid is the more meaningful base from the customer’s point of view. The percentage calculated with the smaller base of $3,222.50 in Problem 2 was 85.7%. The percentage calculated with the larger base of $5,985.00 in Problem 3 was 46.2%. Thus if the amount we are dividing into is the same in each case, the percentage comes out larger for the smaller base.

The fact that percentages always come out larger when referred to a smaller base frequently leads to misleading statements about percentages by those who have an ax to grind. The next three problems will illustrate this process in considering the case of a candy store owner who has raised the price of a candy bar from $0.75 to $1.00.

Problem 4

 

The price of a candy bar that is now $0.75 goes up by $0.25. What is the percentage of increase in price?

GIVEN:

Price of the candy bar = $0.75.

Increase in price = $0.25

FIND:

Percentage of increase in price.

SOLUTION:

The percentage of increase in price is

$0.25 ÷ $0.75 = 0.3333333333.

This rounds to 0.333.

ANSWER:

Percentage of increase = 33.3%.

 

This percentage of increase seems like a pretty high number compared to the original price. The candy store owner may, however, argue to Juan Rodriguez, who buys 1 candy bar per week, that this change is just a few pennies and that the way to see how it will affect Juan’s life is to figure the price increase as a percentage of Juan’s weekly salary.

Problem 5

 

Juan Rodriguez buys a candy bar every week. The price of the candy bar, which was previously $0.75, increases by $0.25. Juan Rodriguez’s salary is $1,117.50 per week. What percentage of Juan’s weekly salary will be required to pay for the candy bar price increase?

GIVEN:

Weekly salary = $1,117.50.

Candy bar price increase = $0.25

Candy bar original price = $0.75

FIND:

The price increase as a percentage of Juan’s weekly salary.

SOLUTION:

The required decimal fraction is

$0.25 ÷ $1,117.50 = 0.0002237136465

We round this to 0.000224.

Note that the original price of the candy bar was extra information. We didn’t need it at all for this problem. That’s the way real problems often are. You have to figure out what information to throw away.

ANSWER:

The candy bar price increase as a percentage of Juan Rodriguez’s weekly salary is = 0.0224%.

 

That’s a very small percentage of Juan Rodriguez’s salary. But how about his six-year-old son, Junior? Junior’s allowance is $1.25 per week. How does the price increase affect him?

Problem 6

 

Junior receives an allowance of $1.25 per week. He buys a $0.75 candy bar every week, whose cost is now increasing by $0.25. What percentage of his weekly allowance must, go to absorb the increase?

GIVEN:

Junior’s weekly allowance = $1.25.

Candy bar price increase = $0.25.

Candy bar original price = $0.75.

FIND:

The candy bar price increase as a percentage of Junior’s weekly allowance.

SOLUTION:

The decimal fraction required is

$0.25 ÷ $1.25 = 0.2.

Again, the original price of the candy bar was just extra information. We didn’t actually need it to solve the problem.

ANSWER:

The percentage of Junior’s allowance that must go for the price increase = 20%.

 

So in looking at various bases we found that the candy bar price increase was 33.3% of the original price, 0.0224% of Juan Rodriguez’s salary, and 20% of Junior’s weekly allowance. It is hard to say which percentage is the most meaningful, but most people would say it’s the increase over the original price.

Finding the Amount from the Percentage

All the problems so far have been those where we find the percentage. There are also many problems where we are given a percentage and must find an amount, as in the next problem.

Problem 7

 

Lisa Jones earns $1,282.80 per week. One week she earns a bonus of 32.8% of her weekly salary. How much money is the bonus?

GIVEN:

Lisa Jones’s weekly salary = $1,282.80

Bonus = 32.8% of weekly salary

FIND:

Amount of Lisa’s bonus.

SOLUTION:

First convert the percentage to the decimal fraction 0.328.

To find the amount of the bonus, multiply the decimal fraction by the weekly salary.

0.328 × $1,282.80 = $420.7584.

Rounding it to the nearest whole cent gives $420.76.

ANSWER:

The amount of Lisa Jones’s bonus = $420.76.

 

The same type of calculation comes up again when we calculate the taxes on Lisa Jones’s bonus.

Problem 8

 

Lisa Jones is in the 28% federal income tax bracket. She earns an additional $420.76 this year. How much of the money will the federal government get from her in income taxes?

GIVEN:

Tax percentage = 28%.

Additional earnings = $420.76.

FIND:

Amount that Lisa pays in taxes.

SOLUTION:

First convert the percentage to the decimal fraction 0.28. Then multiply by the amount of additional earnings.

0.28 × $420.76 = $117.8128.

Rounding to the nearest whole cent gives $117.81.

ANSWER:

Lisa Jones’s federal income taxes on the additional earnings = $117.81.

 

Problem 9

 

Emma Jones, Lisa Jones’s twin sister, sold a stock she bought two years ago for $420.76 more than she paid for it. When she files her income tax, this money will have a 20% federal income tax on the long term capital gain. How much will the federal income tax be on her long-term capital gain?

GIVEN:

Tax percentage = 20%

Long-term capital gain = $420.76

FIND:

Amount Emma pays in taxes.

SOLUTION:

As in the previous problem, convert the percentage to a decimal fraction. This time it’s 0.20. Multiply this by the amount of the long-term capital gain.

0.20 × $420.76 = $84.1520.

Rounding to the nearest whole cent gives $84.15.

ANSWER:

Emma Jones’s federal income tax on the long term capital gain = $84.15.

 

We see from our calculation that Emma Jones had to pay quite a bit less tax than her twin sister, even though they both initially received the same amount of additional money. This was because Emma got a long-term capital gain. The tax code has a lower rate on long-term capital gains, which encourages people to invest their money instead of spending it.

Percentage of Growth

Up to now we have talked about percentages used in a single calculation. When we are calculating percentage of growth over several years, the percentage calculation must be repeated several times. This type of problem comes up often in finding how much the value of your house will grow in several years or how much your salary will increase over several years.

To see how this process works, let’s try a problem.

Problem 10

 

Brian Van Buren owns a house whose value is growing by 9% per year. It is now worth $240,000. How much will it be worth in 1 year? In 2 years?

GIVEN:

Original value of Brian’s house = $240,000.

Percentage of growth in value of Brian’s house = 9%

Number of years = 2

FIND:

Amount the value grows over the first year.

Total value of the house in 1 year.

Amount the value grows over the second year.

Total value of the house in 2 years.

SOLUTION:

Over the next year the amount the value of the house grows is simply the percentage of growth times the present value of the house.

0.09 × $240,000 = $21,600.

If we add this to the original value of the house, we obtain the total value of the house in 1 year.

$240,000 + $21,600 = $261,600.

Now let’s repeat the process by finding the amount the house grows over the second year. To find it we’ll multiply the value at the end of the first year by the percentage of growth.

0.09 × $261,600 = $23,544.

Then the total value at the end of the second year is the value at the end of the first year plus the growth for the second year.

$261,600 + $23,544 = $285,144.

ANSWER:

Amount the value grows over the first year = $21,600.

Total value of the house in 1 year = $261,600.

Amount the value grows over the second year = $23,544.

Total value of the house in 2 years = $285,144.

 

Now that we’ve worked the problem, let’s look at an easier way we could have used if all we were trying to find was the total value after 2 years. The rule presented below can be used in problems involving percentage of growth.

To find the total value at the end of a number of years (n), multiply the original value by (1 + percentage of growth) n times.

Let’s test this rule on the problem we have just solved, and check that it gives the same answer.

In this problem (1 + percentage of growth) was (1 + 0.09). We have indicated that the sum of 1 and the percentage of growth are grouped together as a single quantity by writing them in parentheses. If we add them, we have

(1 + 0.09) = 1.09.

To follow the rule stated above, we multiply the original value by 1.09 twice, since we want the value at the end of 2 years.

$240,000 × 1.09 × 1.09 = $285,144.

Multiply this out on your calculator and check that it works.

Now that we know this rule, let’s try it on another problem about another house with a lower growth rate.

Problem 11

 

Monica Chang owns a house which grows in value by 4% per year. It is now worth $170,400. How much will it be worth in 4 years?

GIVEN:

Present value of Monica’s house = $170,400.

Percentage of growth = 4%.

Number of years = 4.

FIND:

Value of Monica’s house in 4 years.

SOLUTION:

Since the growth occurs over 4 years, we have to multiply the present value by (1 + percentage of growth) four times.

$170,400 × (1 + 0.04) × (1 + 0.04) × (1 + 0.04) × (1 + 0.04) = $199,343.8986.

Rounding the answer to the nearest dollar gives $199,344.

ANSWER:

In 4 years Monica’s house will be worth $199,344.

 

The process isn’t much different for a different number of years. We just keep multiplying by (1 + percentage of growth) as many times as there are years. This is pretty easy with a calculator.

You may have once learned that the way to show that a number is multiplied by itself a certain number of times is with a little number, which is higher up than the other numbers. Thus, in the previous problem we could have saved some writing by saying

(1 + 0.04) × (1 + 0.04) × (1 + 0.04) × (1 + 0.04) = (1 + 0.04)4.

It means exactly the same thing as writing out (1 + 0.04) four times with multiplication signs in between. The little number above the line is called an exponent. The number (1 + 0.04)4 is read as “the quantity one plus zero point zero four to the fourth power.”

Let’s try another problem with percentage of growth which will have a larger number of years.

Problem 12

 

Charles Warren is doing very well on his job and he expects to get a raise of 7% every year. If he makes $40,000 per year today, how much can he expect to be making in 10 years?

GIVEN:

Charles’s present salary = $40,000.

Percentage of growth = 7%.

Number of years = 10.

FIND:

Amount of Charles’s salary in 10 years.

SOLUTION:

We can use the notation of the exponent to show that (1 + percentage of growth) is multiplied by itself 10 times.

$40,000 × (1 + 0.07)10 = $78,686.05432.

Rounding to the nearest dollar gives $78,686.

ANSWER:

Charles Warren’s expected salary in 10 years = $76,686.

 

Notice that this last problem involved some work since you had to punch 1.07 on the calculator 10 times (unless you have a more sophisticated calculator that lets you raise numbers to a power). Later in Chapter 6 we will learn how to do problems like this somewhat faster using the tables in the back of this book.

 

The Rule of 70

In Problem 12 you will notice that Charles Warren’s predicted salary in 10 years came out about twice what he is making now. Often we are interested in the period of time it takes a quantity to double using a certain percentage of growth. There is a good rule of thumb which can be used to estimate the doubling period very quickly. It is called the Rule of 70 and it is stated as follows.

To find the doubling period divide the percentage of growth into 70.

For example, in Problem 12, the percentage of growth is 7%. To apply the Rule of 70 we do not convert the percentage of growth into a decimal fraction (this is the only time we don’t). Instead we divide the number 7 itself into 70.

Doubling period = 70 ÷ 7 = 10 years.

We now see why Charles Warren’s salary in Problem 12 happened to come out about twice his present salary. It was because 10 years was indeed the doubling period.

Let’s now apply the Rule of 70 to some problems.

Problem 13

 

Linda Williams puts $500 in a certificate of deposit that pays 6% interest. When can she expect it to have doubled?

GIVEN:

Percentage of growth = 6%.

Present amount = $500.

FIND:

The doubling period—the length of time it will take for the value of Linda’s certificate to double.

SOLUTION:

The fact that she put in $500 was just extra information. To find the doubling period use the Rule of 70.

Doubling period = 70 ÷ 6 = 11.66666667 years.

Since the Rule of 70 is just an approximation, we’re going to round it to the nearest year and call it 12 years.

ANSWER:

Doubling period = 12 years.

 

The Rule of 70 can also be used to find the percentage of growth necessary to double an amount in a certain number of years. To do this we divide the doubling period into 70 and get the percentage of growth. This will be illustrated in the next problem.

Problem 14

 

Bill Brown bought his house 8 years ago for $80,000. It is now worth $160,000. What was the annual percentage of growth in the value of his house?

GIVEN:

Previous value of Bill’s house = $40,000.

Present value of Bill’s house = $80,000.

Period = 8 years

FIND:

Annual percentage of growth.

SOLUTION:

Since $80,000 ÷ $40,000 = 2, the house has doubled in value. If the house had not doubled but had increased in value by some other proportion, we would not be able to use the Rule of 70. We would have to use methods to be discussed later in Chapter 6.

Using the Rule of 70 gives

Percentage of growth = 70 ÷ 8 = 8.75.

ANSWER:

The percentage of growth, rounding to the nearest whole percentage is 9%.

 

In this chapter we have reviewed percentages and become familiar with setting up problems and working with the calculator. I’m sure that some readers will have found this chapter too easy. However, percentages are used quite often in this book and I wanted to make sure everyone knew them before moving on.

Some readers, on the other hand, will not have found this chapter easy at all. This is quite natural, and probably means that you’re out of practice in thinking with numbers. You may have forgotten what you learned in school, or you may have been taught badly in the first place. What you need is more familiarity. Just keep going over the chapter repeatedly, as many times as it takes, until it’s all clear.
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	What Are the Odds?






Heads and Tails

Suppose you are playing heads and tails for money. If the coin comes up heads you win $1; if it comes up tails you lose $1. That seems like a fair game, doesn’t it?

Now, let’s change the game a little. If it comes up heads you win $1. If it comes up tails you lose $2. You say that’s not a fair game? You’re right! Other gambling games are rip-offs too. In this chapter you’ll learn to calculate the odds and you’ll find out exactly how much you’re getting ripped off.

When we’re talking about odds we’re really talking about probability. The probability is the percentage of the time that an event happens in the long run.

In our coin-flipping example the probability of the coin coming up heads is 50%. This means that if we flipped the coin a large number of times we would find that roughly half the flips had resulted in heads. For instance, if we flipped the coin 2,000 times we would get heads around 1,000 times and tails around 1,000 times. For a very large number of flips the percentage of heads will be very close to 50%. This probability can also be expressed as the decimal fraction 0.5.

Mathematical Expectation

Related to the idea of probability is the problem of figuring out how much your chances are worth. The value of your chances in a game is called the ‘mathematical expectation’. We’re using the term ‘game’ very broadly to mean anything where chance and decisions are involved, such as buying insurance or making career choices. We’re not just talking only about things like coin flipping and dice.

The mathematical expectation is equal to the probability of winning times the payoff for winning minus the probability of losing times the amount to be lost.

For example, in the coin-flipping game that you knew wasn’t fair, the probability of winning was 0.5 and the amount you would get for winning was $1. The probability of losing was 0.5 and the amount you would lose was $2. These are the only two possibilities. The mathematical expectation is

(0.5 × $1.00) − (0.5 × $2.00) = −$0.50.

Notice that the mathematical expectation is negative. This means that this is a bad bet and you will lose money in the long run. The fact that the mathematical expectation is −$0.50 means that in this game you will lose an average of $0.50 every time you play.

The original game, which you thought was fair, had equal payments for winning or losing of $1 each. Thus, the mathematical expectation for that game was

(0.5 × $1.00) − (0.5 × $1.00) = $0.50 − $0.50 = 0.

Since the mathematical expectation is zero, this is indeed a fair game. In the long run the average amount you win or lose per game becomes small.

From the concept of mathematical expectation, it is easy to see how to win in the long run. Only bet when the mathematical expectation is positive. We will see later in this chapter that all commercial gambling games have negative mathematical expectations. This includes casino gambling with dice, roulette, slot machines, and cards. It also includes pari-mutuel betting on horse races, dog races, and athletic events. In these games you have to lose in the long run, so don’t play.

Just as there are commercial gambling rip-offs that take advantage of people who are too eager to take chances, there are also insurance rip-offs that take advantage of people who are afraid to take chances. Let’s try a problem and see if you can figure out the mathematical expectation.

Problem 15

 

Roger Young has just bought a new car for $30,000. He is considering whether to buy a $100-deductible collision insurance policy that has an annual premium of $900. He expects that during the course of the year the probability of ‘totaling’ his car in an accident is 0.01 (one chance in a hundred). He also expects that the only other type of accident might be a ‘fender-bender’ that would do $1,000 worth of damage with a probability of 0.25 (once chance in four) during the year. Roger has lots of money in a money market account and he could buy another car immediately if this one was totaled. What is Roger’s mathematical expectation if he doesn’t buy the collision insurance? What is it if he buys the insurance?

GIVEN:

Value of Roger’s car = $30,000.

Probability of total loss of car = 0.01.

Damage from a ‘fender-bender’ = $1,000.

Probability of a ‘fender-bender’ = 0.25.

Deductible level = $100.

Premium = $900.

FIND:

Mathematical expectation without collision insurance.

Mathematical expectation after buying collision insurance.

SOLUTION:

In this ‘game’ we are calculating a mathematical expectation which we know will be negative. There is no way Roger can come out ahead. He can lose his car through accident or his money through insurance premiums, but there is no way he can come out with more cars or more money. We want to see which choice loses him the least.

The calculation procedure is the same in figuring a mathematical expectation of a losing event. We just wind up with negative signs on all the dollars.

First let’s look at the case where Roger doesn’t buy insurance. There are just three things that can happen.

(a) Total loss accident: probability = 0.01

(b) ‘Fender-bender’ accident: probability = 0.25

(c) No accident: probability = 0.74

Wait! How did I get that number, 0.74?

The three possibilities listed are all the conceivable possibilities, all the possible outcomes. Whenever that’s the case, then all the probabilities must add up to 1. So, if we subtract the probability of (a) plus the probability of (b) from 1, we get the probability of (c).

0.01 + 0.25 + 0.74 = 1.00

According to what we know, ‘totaling’ loses Roger $30,000, ‘fender-bending’ loses him $1,000 and, of course, there is zero loss when there is no accident. Multiplying the loss associated with each outcome by its probability and adding these together gives us the mathematical expectation without insurance:

(−$30,000) × 0.01 + (−$1,000) × 0.25 + 0 × 0.74 = −$550

Next, let’s look at his mathematical expectation if he buys collision insurance. He has the same three possible outcomes with the same probabilities as with no insurance—‘totaling’, ‘fender-bending’, or no accident. The difference this time is that the accidents will cost him only the $100 deductible. He will also lose his $900 premium no matter what happens; this has a probability of 1. (If something is certain, we say it has a probability of 100%, or 1.) Adding these up we get the total mathematical expectation when Roger buys insurance:

(−$100) × 0.01 + (−$100) × 0.25 + 0 × 0.74 + (−$900) × 1.00 = −$926

ANSWER:

Roger’s mathematical expectation is –$550 if he doesn’t buy insurance. It is −$926 if he does buy insurance.

 

So! It turns out that Roger would be better off not buying the insurance. In this case, Roger had money in his money market account so he was able to insure himself against the loss of his car at a more favorable rate than an insurance company would give him, since their rates also included handling costs and profit.

The above example was very much simplified in that we only considered two kinds of accidents. The results, though, were typical of real life. If you have enough money saved to ‘insure yourself’, by paying any expenses out of pocket, then it makes no sense for you to buy collision insurance.

Let’s look at another example:

Problem 16

 

Harriet Carpenter likes to gamble in lotteries. Every day she picks one number out of a list of 1,000 possible; the numbers go from 000 to 999. Since all the numbers are equally likely, the probability of her picking the winning one is 1 in 1,000, which is 0.001.

She bets $2. If she wins she gets $1,000. What is her mathematical expectation?

GIVEN:

Probability of Harriet winning = 0.001

Amount of Harriet’s payoff for winning = $1,000.

Amount of bet = $2.

FIND:

Harriet’s mathematical expectation.

SOLUTION:

The probability of Harriet’s losing the original $2 is 1, since she does not get that back even if she wins. The mathematical expectation is again equal to the probability of winning times the amount she wins minus the probability of losing times the amount she loses.

(0.001 × $1,000) − (1 × $2.00) = −$1.00.

ANSWER:

Her mathematical expectation is −$1.00. On the average, she loses $1 every day she bets $2.

 

The above lottery example is a simplified version of state lotteries. Commercial gambling games always have a negative mathematical expectation for the player. The mathematical expectation for the house is, of course, positive. This is the reason why most states run lotteries as revenue-producing operations.

Typically the state lotteries distribute to the winners only about half the money that was bet. Some of the state lotteries have websites that present the annual data on these amounts. Thus by mathematical expectation, it is pretty clear that in the long run, lottery bettors lose half of the amount they have bet.

Let’s look at another gambling example, this time with horse races.

Problem 17

 

 

 

Bradley Rice is betting on a match race between two horses, Submarine and Whirlagig. Both horses have odds of 4 to 5. Bradley puts $2 on Submarine. What is his mathematical expectation? (Assume that the probability of either horse winning is 0.5.)

GIVEN:

Amount of Bradley’s bet = $2

Payoff odds = 4 to 5.

Probability of Bradley winning = 0.5.

FIND:

The mathematical expectation for Bradley’s bet on the horse race.

SOLUTION:

The payoff odds of 4 to 5 mean that Bradley will win four-fifths of $1 or $0.80 for every $1 he puts up when he picks the winning horse. Thus if Submarine wins he will win $1.60 and also get his $2 back. If, instead, Whirlagig wins, which has a probability of 0.5, he will lose $2.00.

The mathematical expectation is the probability that Submarine wins times the payoff if Submarine wins minus the probability that Whirlagig wins times the loss if Whirlagig wins.

(0.5 × $1.60) − (0.5 × $2.00) = −$0.20.

ANSWER:

Bradley’s mathematical expectation is −$0.20.

 

Most horse races are not match races like the above example, where there are only two horses running. This example was chosen to simplify the calculation and illustrate the negative mathematical expectation. The mathematical expectation is negative because the operators of the racetrack always take a ‘pari-mutuel take’ off the top before calculating the odds. This pays for their own expenses and profits and for the state’s taxes. So each bettor is in effect betting against the other bettors, with some of the money missing. The only chance a bettor has for a positive mathematical expectation is if he somehow has better information than the other bettors. Such ‘special knowledge’ rarely exists in reality. But millions of bettors on horse races continue to lose, year after year, mistakenly thinking they are smart enough to beat the system when they are reading the same racing form as everyone else.

Besides figuring out betting situations, mathematical expectation can be used in other situations where decisions must be made. Often people are called upon to make career decisions that involve taking some chances. Success in the new job may depend on some events that are unsure, like making sales. Let’s try a problem on this.

Problem 18

 

Walter Crawford is thinking of changing jobs. He is presently a clerk making $25,000 per year. If he becomes a salesman, he will be on 10% commission rather than on salary. The most he could expect to sell is $600,000 worth of the product, but he honestly estimates there is only a 10% chance of his selling this much. He thinks that there is a 20% chance that he could sell $450,000 worth and a 50% chance that he could sell $300,000 worth. There is also a 20% chance that he will do very badly and only sell $150,000 worth. What is his mathematical expectation of his annual commission in the new job? How does that compare with his present salary?

GIVEN:

Walter’s present salary = $25,000.

Walter’s commission rate, if he becomes a salesman = 10%.

Probability of selling $600,000 worth = 0.1.

Probability of selling $450,000 worth = 0.2.

Probability of selling $300,000 worth = 0.5.

Probability of selling $150,000 worth = 0.2.

(Note that the probabilities add up to 1.)

FIND:

Mathematical expectation of Walter Crawford’s annual commission.

SOLUTION:

Since the commissions are 10%, Walter gets $60,000 on $600,000; $45,000 on $450,000; $30,000 on $300,000; and $15,000 on $150,000.

So the mathematical expectation of his commission is:

(0.1 × $60,000) + (0.2 × $45,000) + (0.5 × $30,000) + (0.2 × $15,000) = $33,000.

In comparing this to his annual salary of $25,000, we see that the new job with the commission is likely to give Walter more income. That’s assuming that his own estimate of the probabilities is accurate, of course.

ANSWER:

The mathematical expectation of increased income is $33,000 − $25,000 = $8,000.

 

In Problem 17, Walter found that on the average he would make $8,000 more per year, and he decided to change jobs.

The principle is simple—do things that give you positive mathematical expectations and avoid things that give you negative mathematical expectations.

The key to making good decisions based on mathematical expectations is to be honest with yourself in estimating the probabilities. Find out all the facts you can and come up with the best numbers that you can for the probabilities. If you use mathematical expectation to make decisions like this involving large sums of money, you are, of course, taking a chance. You may have bad luck on your one try and be one of the people who lose in those circumstances. If you think you can’t live with that big a loss, don’t take the chance. On the other hand, you may have good luck and win more than the mathematical expectation would indicate. People, on the average, will come out as the mathematical expectation says.

Probabilities of Several Events All Happening

One thing that sometimes helps in determining probabilities is to know about the probability of several events all happening. One example of this is the roll of two dice.

To get a 2 you have to get a 1 on both dice. Obviously the probability of getting a 1 on one die is 1/6, since a die has six sides. The probability of joint events, like having a 1 on both dice, is found from the following rule.

To find the probability of several events all happening, multiply their probabilities.

The two probabilities to be multiplied in the case of the dice are 1/6, the probability of getting a 1 on the first die, and 1/6, the probability of getting a 1 on the second die. Multiplying 1/6 by 1/6 we get 1/36. If you prefer to use decimal fractions, then we could say the same thing by saying 0.167 times 0.167 equals 0.028. (If you multiply any two numbers that are less than 1, then the result will always be a number smaller than the two numbers you have multiplied.)

Thus we see that rolling a 2 (snake eyes) is a rare event that happens, on average, once in 36 rolls of the dice, which is less than three times per 100 rolls.

Warning: This ‘multiplication rule’ for finding the probability of several events all happening will only work if each of the events is independent of all the others. The rule works in the cases of a roll of two dice, because the likelihood of one die coming up 1 does not affect the likelihood of the other die coming up 1. It will not work, for example, if you want to calculate the probability that tomorrow will be both dry and sunny, since these two possible events are not independent of each other.

To illustrate the calculation of probabilities for joint events, let’s try a problem.

Problem 19

 

Bart London bets on football parlay cards. To win he has to pick the winning team in four out of four football games. The parlay cards also give a ‘point spread’ for each game that the favored team has to win by, in order to win a bet on them. For instance, if Notre Dame is favored by 10 points over Michigan, and Bart bets on Notre Dame, then Notre Dame has to win by at least 11 points for Bart to win. For any other result he loses. By setting up these point spreads, the oddsmakers have made it a 50% probability (1 chance in 2) of winning on any game, no matter which side Bart chooses. Many gamblers think they are smarter than the oddsmakers and can see an advantage for one side after the oddsmakers have applied the point spread to even things up. But the oddsmakers are doing it for a living, and the gamblers are amateur second guessars.

Bart bets $1. If he picks all four winners, he gets $10. What is his mathematical expectation?

GIVEN:

Four bets must be won to win.

Probability of winning each bet = 0.5

Amount of bet = $1

Bart’s payoff for winning = $10.

FIND:

Bart’s mathematical expectation.

SOLUTION:

The four football games are four independent events and the probability of winning each one is 0.5. Multiplying the probabilities together, we get the joint probability of winning all four games.

0.5 × 0.5 × 0.5 × 0.5 = 0.0625.

Note that Bart does not get his original $1 back, whether or not he wins, so the probability of losing it is 1. We can now find the mathematical expectation. It is the probability of winning, 0.0625, times the payoff for winning, $10, minus the probability of losing the initial $1 times the amount lost.

(0.0625 × $10.00) − (1.0 × $1.00) = −$0.375.

ANSWER:

Bart’s mathematical expectation is −$0.375.

On the average he will lose $0.375 for each $1 he bets.

 

Now that we’ve seen how these joint probabilities work, let’s try another problem.

Problem 20

 

Anita Wells enters a crossword puzzle contest in the newspaper. The contest requires completing 10 words with tricky definitions by putting in a single letter for each. Of the 10 words, 6 have a choice among four letters and 4 have a choice among three letters. All choices are equally probable. If Anita gets all 10 right she wins $10,000. It costs her a 34-cent stamp to mail the entry in. What is her mathematical expectation?

GIVEN:

Six words have a choice of 4 letters.

Four words have a choice of 3 letters.

Anita’s payoff for winning = $10,000.

Ten correct answers out of 10 is necessary to win.

Cost of entry = $0.34

FIND:

Mathematical expectation.

SOLUTION:

In order to win Anita has to get all 10 winning letters. Each one that has a choice of four has a probability of 1/4 of being right and each one that has a choice of three has a probability of 1/3 of being right. Then the joint probability (the probability of everything coming out right) can be found by multiplying together the six factors of 1/4 and the four factors of 1/3.

(1/4)6 × (1/3)4 = 0.000003014.

This is the probability of winning. It’s an extremely small probability—about three chances in a million.

The mathematical expectation is the probability of winning times the payoff for winning minus the probability of losing her stamp money (a certainty) times the cost of the stamp.

(0.000003014 × $10,000) − (1 × $0.34) = −$0.3086.

This rounds off to $0.31.

ANSWER:

Anita’s mathematical expectation is −$0.31. Anita loses an average of $0.31 with each entry.

 

If this chapter makes you more wary of contests and gambling, it has served one of its purposes. However, being able to think about probabilities properly is not useful only to teach you to stay out of casinos.

There are many traps in life with negative mathematical expectations. Since you can think with numbers you can calculate the mathematical expectations and avoid these traps. Any time you have to think about making a decision where the outcome is uncertain, you can apply probabilities and find the mathematical expectation. Your calculations will only be as good as your estimate of the probabilities, of course.
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Big Numbers

Did you ever hear some six-year-old kids play a game called ‘How high can you count?’

“I can count to a hundred,” says Johnnie.

“I can count to a thousand,” says Juanita.

“Did you ever count that high?” asks Johnnie.

“No, but a thousand is higher than a hundred,” says Juanita.

“A million is higher than a thousand,” says Billy.

“A billion is higher than that,” says Sammy.

“I bet a zillion is more,” says Lucy.

“No,” says Albert. “Infinity is the highest number. It’s bigger than anything.”

“Did you ever count up to it?” asks Johnnie.

Albert was more or less right. The count of numbers is infinite. Whatever number one person names, another can add 1 to it and come up with a larger number. The symbol for infinity is ∞ (the lazy 8). Infinity is a useful concept in theoretical scientific work, but, for practical matters it is necessary to have names and notations for the full range of large numbers.

Let’s review the more frequently used large numbers.

A million, which is written 1,000,000, is a thousand thousand.

A billion, which is written 1,000,000,000, is a thousand million. To visualize how large $1 billion is, imagine you were paid $100,000 per year for 10,000 years.

There is no such thing as a zillion. Sorry, Lucy.

The number which is a thousand billion is called a trillion. That’s a 1 with 12 zeros after it: 1,000,000,000,000. There are not too many everyday things that come in trillions. The prices of all goods sold in the entire country in one year add up to about $7 trillion. When politicians are discussing the national budget, they say ‘trillion with a T’.

The number which is a thousand trillion is called a quadrillion. It’s written 1,000,000,000,000,000. This number comes up in discussing how many units of energy are being used in the nation.

Bigger numbers, going up at a factor of 1,000 each, are:

1,000,000,000,000,000,000—a quintillion,

1,000,000,000,000,000,000,000—a sextillion,

1,000,000,000,000,000,000,000,000—a septillion.

Typically these numbers are used most often in astronomy.

The number 2,835,621,928,031,726,124,532,418 is read as two septillion, eight hundred thirty-five sextillion, six hundred twenty-one quintillion, nine hundred twenty-eight quadrillion, thirty-one trillion, seven hundred twenty-six billion, one hundred twenty-four million, five hundred thirty-two thousand, four hundred eighteen.

As you can see, it gets pretty cumbersome to write out very large numbers. To get around this problem scientific notation was devised.

Scientific Notation

Scientific notation involves using 10’s with exponents (those little numbers above the line) instead of adding a lot of 0’s. For example, in scientific notation:

1,000 = 103.

1,000,000 = 106.

As you can see, the exponent tells you how many 0’s appear after the 1. In writing 1,000 as 103 we are merely indicating that 1,000 is 10 × 10 × 10.

Similarly, we can write the large numbers we discussed in the previous section by using scientific notation.

1 billion = 109.

1 trillion = 1012.

1 quadrillion = 1015.

1 quintillion = 1018.

1 sextillion = 1021.

1 septillion = 1024.

We can combine a 10 with an exponent with another number to write any number we wish in scientific notation. For instance, we can write:

1,200,000 = 1.2 × 106.

As another example we can write:

13,340,000,000 = 1.334 × 1010.

In scientific notation, the usual form is to have a number with one digit to the left of the decimal point multiplied by the 10 and its exponent. So if we wrote instead

13,340,000,000 = 13.34 × 109

this is mathematically correct, but it is not in the usual form. Calculators that present large numbers in scientific notation generally use the form where the lead number has one digit in front of the decimal point.

Scientific notation can also be used for writing numbers less than 1 by using negative exponents. For instance,

1 tenth = 0.1 = 1/10 = 10−1.

In scientific notation the negative exponent just means the number of 0’s after the 1 in the bottom of the fraction. Thus in the above example, the exponent is −1 because there is one 0 after the 1 in the bottom of the fraction when the number is written as the fraction 1/10. You will also note that the 1 appears in the first decimal place.

Similarly, if the exponent is –2, we have:

1 hundredth = 0.01 = 1/100 = 10−2.

Again we see that the exponent corresponds to the number of 0’s after the 1 in the bottom of the fraction when the number is written as 1/100.

The rule for placing the decimal point is to start out with 1 and move the decimal point the number of places shown by the exponent. Move the decimal point to the left for a negative exponent or to the right for a positive exponent. Thus 10−1 is 0.1 and 10−2 is 0.01. Note that for negative exponents the number of 0’s to the left of the 1 is one less than the exponent.

Using negative exponents, it’s easy to write very small numbers. For instance,

1 millionth = 0.000001 = 10−6.

Multiplying or dividing by numbers in scientific notation is especially easy because it just involves moving the decimal point. For instance, in multiplying by 103 move the decimal point three places to the right. In multiplying by 10−3 move the decimal point three places to the left.

Another way you can think of the negative exponent is that it shows dividing by a number multiplied by itself that many times. So 10−6 really means

[image: image]

since 10 is multiplied by itself six times in the bottom of the fraction.

As we did in the scientific notation for big numbers, we can put another number in front of the 10 and its exponent. This allows us to write any small number using scientific notation. Here are some examples:

0.0000186 = 1.86 × 10−5

0.0000000003 = 3 × 10−10

0.582 = 5.82 × 10−1

0.0000000000000000042 = 4.2 × 10−18

It can be seen from the above examples that scientific notation is very useful in writing extremely small numbers.

Computations Using Scientific Notation

Some ‘scientific’ calculators, that cost a little bit more, are equipped to do computations involving numbers written in scientific notation. If the one you own doesn’t have this feature, don’t worry about it. The computations are very easy to do by hand, as you are about to see.

Let’s try a multiplication first.

(2 × 102) × (4 × 103) = 8 × 105

This is the same as writing 200 × 4,000 = 800,000, which you should be able to check on your calculator. To get the answer, multiply the numbers preceding the 10’s, and then add the exponents of the 10’s to get the new exponent. Thus multiplying the numbers preceding the 10’s, we get 2 × 4 = 8. Adding the exponents of the 10’s, we get 2 + 3 = 5 as the new exponent. The answer is 8 × 105.

The rule is similar for division. To divide two numbers using scientific notation, divide the numbers preceding the 10’s, and then subtract the exponents of the 10’s to get the new exponent.

Let’s try some sample problems that show how scientific notation is used.

Problem 21

 

Suppose it costs $50 billion for a program to send a man to Mars. What will be the average amount it will cost each of the 280 million persons who live in the United States?

GIVEN:

Cost of the manned Mars mission = $50 billion.

Number of persons living in the U.S. = 280 million.

FIND:

Average cost per person.

SOLUTION:

Write the numbers using scientific notation. The cost is $5.0 × 1010. The population is 2.8 × 108 people. To divide in scientific notation, divide the numbers preceding the 10’s and then subtract the exponents.

($5.0 × 1010) ÷ (2.8 × 108) = (5.0 ÷ 2.8) × 102

= $1.7857 × 102

= $178.57

ANSWER:

It costs each person $178.57.

 

There are many uses for scientific notation in examining large budgets. Here’s another example.

Problem 22

 

If the annual federal expenditure is $2 trillion, what will be the average annual tax paid by each of 280 million people who live in the United States?

GIVEN:

U.S. Federal Budget = $2 trillion.

Number of persons in the U.S. = 280 million.

FIND:

Average annual tax per person.

SOLUTION:

In scientific notation, the annual federal expenditure is $2.0 × 1012. The population is 2.8 × 108 people. We divide in scientific notation by dividing the numbers preceding the 10s and then subtracting the exponents.

($2.0 × 1012) ÷ (2.8 × 108) = ($2.0 ÷ 2.8) × 104

= $0.7143 × 104

= $7,143.

ANSWER:

The average annual tax per person is $7,143.

 

Problem 23

 

In the year 2000, the United States national debt was $5.6 trillion. What was the average amount of this owed by each of the 280 million people in the U.S.?

GIVEN:

National debt = $5.6 trillion.

Number of persons in the U.S. = 280 million.

FIND:

Each person’s average share of the national debt.

SOLUTION:

This is very similar to the previous two problems. We use scientific notation. The national debt is $5.6 × 1012. The population is 2.8 × 108 people. Again we divide in scientific notation. We divide the numbers in front of the 10’s and then subtract the exponents.

($5.6 × 1012) ÷ (2.8 × 108) = ($5.6 ÷ 2.8) × 104

= $2.0 × 104

= $20,000.

ANSWER:

The average amount owed per person is $20,000.

 

Some people who can’t think with numbers might roll their eyes if you mention the national debt or the federal budget. Like Ug they put it in the category of ‘many’—too big to think about. But as taxpayers we do have to think about it. After all, it’s our money. Looking at it on a per person basis, using scientific notation, it’s really pretty easy to understand.

Another important area with big numbers is the national energy situation. To see the big picture we have to think in terms of quadrillions of British Thermal Units (Btu). As you might remember from school, a Btu is the amount of energy needed to raise the temperature of a pound of water by 1 degree Fahrenheit.

Problem 24

 

In 2000, the annual U.S. national energy supply was approximately 100 quadrillion Btu (often called ‘quads’). A barrel of oil contains 5.8 million Btu. How many equivalent barrels of oil were there in the national energy supply?

GIVEN:

The U.S. national energy supply = 100 quadrillion Btu.

Number of Btu in a barrel of oil = 5.8 million.

FIND:

The number of equivalent barrels of oil in the annual national energy supply.

SOLUTION:

As in the previous problems, we have to put the data into scientific notation and then divide. We remember from the beginning of this chapter that a quadrillion is 1015. Thus, the national energy supply is 100 × 1015 Btu. In scientific notation, a barrel of oil is 5.8 × 106 Btu. We divide the numbers in front of the 10’s and subtract the exponents.

(100 × 1015) ÷ (5.8 × 106) = (100 ÷ 5.8) × 109

= 17.2 × 109 equivalent barrels of oil

= 17.2 billion equivalent barrels of oil

ANSWER:

The national energy supply is 17.2 billion barrels of oil equivalent.

 

We’ve been thinking really big so far. Let’s try some problems where we think small.

Problem 25

 

A charity hopes to raise money in New York City, which has a population of 7.9 million people. How much money will they raise if they get an average contribution of only 0.015 cents ($0.00015) per person?

GIVEN:

Population of New York City = 7.9 million.

Average contribution = $0.00015.

FIND:

Total money collected.

SOLUTION:

Express both numbers in scientific notation. The population is 7.9 × 106. The average contribution is 1.5 × 10−4 dollars. Multiplying the numbers preceding the 10’s and adding exponents, we have:

(7.9 × 106) × ($1.5 × 10−4) = $11.85 × 102 = $1,185.

ANSWER:

They will collect $1,185.

 

Scientific notation is also useful for problems involving very large numbers of very small objects, such as the following.

Problem 26

 

A large steam shovel bucket can hold 22 million grains of sand. If each grain of sand weighs 0.00014 lbs., how many pounds can the bucket hold?

GIVEN:

22 million grains in a bucket

Each grain weighs 0.00014 lbs.

FIND:

Weight of the sand in a full bucket.

SOLUTION:

Use scientific notation.

(22 × 106) × (1.4 × 10−4) = 30.8 × 102 = 3,080.

ANSWER:

The bucket holds 3,080 lbs.

 

When people talk about really big numbers, they are usually talking about astronomy. That’s where scientific notation is essential. The final problem of this chapter compares the mass of Mars to the mass of the Earth.

Problem 27

 

The mass of Earth is 5.97 septillion kilograms and the mass of Mars is 0.64 septillion kilograms. How many times more massive is Earth than Mars?

GIVEN:

Mass of planet Earth = 5.97 septillion kilograms.

Mass of planet Mars = 0.64 septillion kilograms.

FIND:

Number of times bigger Earth mass is, compared to Mars mass.

SOLUTION:

From the beginning of the chapter, remember that a septillion is 1024. A septillion is a trillion trillion. The mass of Earth is 5.97 × 1024 kilograms. The mass of Mars is 0.64 × 1024 kilograms. To find the ratio, we divide in scientific notation by dividing the numbers in front of the 10’s and subtracting the exponents.

(5.97 × 1024) ÷ (0.64 × 1024) = (5.97 ÷ 0.64) × 100

= 9.33

100 is just 1. Any number with an exponent zero is 1. So we don’t have to show 100 in the final answer.

ANSWER:

The ratio of the mass of Earth to the mass of Mars is 9.33. Earth is 9.33 times more massive than Mars.

 

This chapter has shown some examples of thinking with big and small numbers using scientific notation. You should now be able to handle any number easily, from the largest to the smallest.
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	Money Now—Money Later






Thinking with numbers helps you to plan ahead, so you’ll have money now and money later too. Then the thing that happened to Dick Ugson won’t happen to you.

Poor Dick Ugson

Dick Ugson had always wanted to own a car although he wasn’t making very much money at his job as a street sweeper. One day he was walking by an auto showroom window, and he saw a new gold and silver Fishtail 8 inside. After much hesitation, he walked inside and immediately a smiling salesman greeted him and shook his hand.

“Hi, I’m Sly Slickson,” said the salesman.

“I’m Dick Ugson. I was wondering if maybe I could look at the Fishtail 8, the gold and silver one I saw in the window.”

“Of course. Of course. Sit right down inside. Feel the real vinyl seats.”

Dick sat.

[image: image]

“Just $54,995 delivered,” said Sly.

“But I only have $19,200,” said Dick, thinking of his bank account.

“That’s all right,” said Sly. “We’ll take that as a down payment, and you can finance the rest. Here, sign on the dotted line,” he said, whipping out a contract.

Dick signed.

He felt proud of his new gold and silver Fishtail 8 as he drove it out of the showroom later that afternoon. He also felt very strapped for cash, no longer having any money in the bank.

The first month Dick was surprised at how much the Fishtail 8 was costing him. The monthly car payments were $750, and the monthly insurance payments were another $150. He found that gas, oil, parking, and repairs were costing him another $300. Rent, food, and clothing continued to cost him $900 per month as they had before buying the car. He found that since he had the car, every cent of his $2,100 per month of take-home pay was used up immediately. There was no money left for incidental expenses and savings as there had been before. He hadn’t thought about all the operating costs when he bought the car and plunked down all his savings.

In the second month he met Zelda. She was beautiful. She demanded that he take her to the most expensive restaurants where a man who drives a Fishtail 8 should be seen.

At the end of the second month, Dick didn’t have enough money for his car payment.

The next month the auto finance company sent Dick a nasty letter. The month after that he suddenly found his car gone. It had been repossessed. Zelda disappeared just as quickly.

Poor Dick Ugson! He was a victim of “first-cost blindness.” He had thought only about the down payment and had forgotten about the operating costs.

Unfortunately, a lot of people who should know better have the same problem as Dick in thinking with numbers over time. Even our elected representatives often fall into this trap, worrying only about the effect on this year’s budget and ignoring next year’s continuing costs.

In this chapter you’ll learn how to plan ahead with numbers, so what happened to Dick Ugson doesn’t happen to you.

Cash Flow

Money is easy to think about when it’s here in the present. Money that’s in the future is harder. One of the ideas that makes it a little easier to visualize money over time is cash flow. You simply add up everything that comes in and subtract everything that goes out. The mathematics involved is pretty easy. The difficult part is having the foresight and the honesty to plan for the operating expenses.

For instance, in the case of Dick Ugson, his expenses while having the car looked like this.




	Monthly car payment
	$750



	Insurance payment
	150



	Gas, oil, repairs, and parking
	300



	Rent, food, and clothing
	900



	Total expenses
	$2,100



	 
	 



	Total income
	$2,100



	 
	 



	Cash flow = $2,100 − $2,100 = 0
	 





Since Dick’s take-home pay was $2,100, this left him with a cash flow of 0. This was a very bad position for Dick to get himself into. He should have known that he wouldn’t be able to continue with zero cash flow and no savings to fall back on.

When Dick met Zelda, his expenses looked like this for the month.




	Dates with Zelda
	$660



	Insurance payments
	150



	Gas, oil, repairs, and parking
	300



	Rent, food, and clothing
	900



	Monthly car payments
	750



	Total expenses
	$2,760



	 
	 



	Total income
	$2,100



	 
	 



	Cash flow = $2,100 − $2,760 = −$660
	 





With negative cash flow, something had to go, so Dick didn’t pay his car payment. This resulted in disaster.

If Dick had thought ahead about the cash flow, he could have avoided this situation. He could have bought an Economy 4, a smaller, less expensive car, for $17,400. He then would have been able to pay cash and still have $1,800 left in the bank, thus avoiding the expensive monthly payments. He would also have saved a little money on insurance, gas, and parking because of the smaller car. His monthly expenses with the Economy 4 would have looked like this.




	Insurance payment
	$120



	Gas, oil, repairs, and parking
	240



	Rent, food, and clothing
	900



	Total expenses
	$1,260



	 
	 



	Total income
	$2,100



	 
	 



	Cash flow = $2,100 − $1,260 = $840
	 





With a positive cash flow of $840 per month, Dick could have built his savings up again. He also would have been ready for unexpected expenses such as illnesses or expensive girlfriends.

Now that you’re familiar with the idea of cash flow, let’s try a couple of problems.

Problem 28

 

Tony Jackson is thinking of buying a boat for his family, if he does, he will need to spend $150 per month on rent for an anchoring space for the boat, $90 per month on rent for a garage to keep it in at home, $240 per month for gasoline and provisions for the boat, $300 for the license for the boat each year, and $1,140 for the insurance for the boat each year.

Besides the boat, Tony’s family expenses are $1,140 per month for rent, $360 per month for food, $3,300 per year for clothing, $300 per month for automobile operating expenses, $1,305 per year for automobile insurance, $2,400 per year for furniture, and $1,800 per year for other expenses.

Tony earns $2,700 per month as a department store clerk. What is the family’s monthly average cash flow with and without the purchase of the boat?

GIVEN:

Boat anchoring = $150 per month.

Boat garage rent = $90 per month.

Boat gasoline and provisions = $240 per month.

Boat license = $300 per year.

Boat insurance = $1,140 per year.

Rent = $1,140 per month.

Food = $360 per month.

Clothing = $3,300 per year.

Automobile operation = $300 per month.

Automobile insurance = $1,305 per year.

Furniture = $2,400 per year.

Other expenses = $1,800 per year.

Tony earns $2,700 per month.

FIND:

Tony’s monthly cash flow without the boat.

Tony’s monthly cash flow with the boat.

SOLUTION:

First restate all the costs as monthly costs. That means those that were stated as annual costs have to be divided by 12.

Monthly boat license cost = $300 ÷ 12 = $25.

Monthly boat insurance = $1,140 ÷ 12 = $95.

Monthly clothing cost = $3,300 ÷ 12 = $275.

Monthly auto insurance = $1,305 ÷ 12 = $108.75.

Monthly furniture cost = $2,400 ÷ 12 = $200.

Monthly other expenses = $1,800 ÷ 12 = $150.

Tony’s monthly expenses without the boat are:




	Rent
	$1,140.00



	Food
	360.00



	Clothing
	275.00



	Automobile operation
	300.00



	Automobile insurance
	108.75



	Furniture
	200.00



	Other expenses
	150.00



	Total expenses
	$2,533.75



	 
	 



	Tony’s income
	$2,700.00





Tony’s cash flow without the boat = $2,533.75 − $2,700.00 = $166.25.

With the boat, Tony would have all the expenses he had before plus the boat expenses.




	Rent
	$1,140.00



	Food
	360.00



	Clothing
	275.00



	Automobile operation
	300.00



	Automobile insurance
	108.75



	Furniture
	200.00



	Other expenses
	150.00



	Boat anchoring
	150.00



	Boat garage rent
	90.00



	Boat fuel and provisions
	240.00



	Boat license
	25.00



	Boat insurance
	95.00



	Total expenses
	$3,133.75





To find the cash flow, we subtract these total expenses from Tony’s monthly income of $2,700.

Cash flow = $2,700 − $3,133.75 = −$433.75.

ANSWER:

Cash flow = $166.25 per month without boat.

Cash flow = −$433.75 per month with boat.

After performing this cash flow calculation, Tony decided he couldn’t afford to buy the boat. He is just barely breaking even on cash flow now. If he had the added expense of the boat, he would have a large negative cash flow and would be dipping into savings on a regular basis. That would mean that his savings wouldn’t be there when he needed them for a new car or other large cash outlay. Tony wisely decided he would wait until he was making a lot more money before getting a boat.

 

Let’s look at another problem. This one involves a business decision.

 

Problem 29

 

Steve Harrison has a job fixing coin-operated laundry machines for a big company. They pay him $46,800 per year. He hears about a friend of his who left the company and started his own coin laundry in a small store. From his friend, Steve learns that such a store can be rented for $900 per month. Rental of the coin-operated machines will run $180 per month, and repair parts for the machines and supplies will run $90 per month. Taxes and licenses for a coin operated laundry like this run $600 per year. He can expect to collect $1,800 in coins from the machines every week. What is the annual cash flow from the coin-operated laundry? How does it compare with his salary?

GIVEN:

Steve’s present salary = $46,800 per year.

Store rent = $900 per month.

Machine rent = $180 per month.

Parts and supplies = $90 per month.

Weekly collection = $1,800.

Taxes and license = $600 per year.

FIND:

Steve’s annual cash flow from the coin-operated laundry.

How does it compare with Steve’s present salary?

SOLUTION:

First it’s necessary to convert everything to annual figures.

Annual store rent = $900 × 12 = $10,800.

Annual machine rent = $180 × 12 = $2,160.

Annual parts and supplies = $90 × 12 = $1,080.

Annual collections = $1,800 × 52 = $93,600.

We can now calculate Steve’s annual expenses.




	Store rent
	$10,800



	Parts and supplies
	1,080



	Machine rent
	2,160



	Taxes and licenses
	600



	Total expenses
	$14,640



	 
	 



	Total income
	$93,600





Steve’s cash flow = $93,600 − $14,640 = $78,960.

The difference between this cash flow and Steve’s present salary is:

$78,960 − $46,800 = $32,160.

ANSWER:

Annual cash flow is $78,960. This is $32,160 more than Steve Harrison’s present salary.

 

In this last example Steve Harrison found he could make a lot more money with his own store. Of course the key estimate was the amount of collections he would make each week. Luckily, he had his friend’s store for comparison, and he had a pretty good idea what the numbers would be.

Time Payments

There are many times in life when we have to figure out time payments. These might come up for things like car payments, mortgage payments, or payments on a loan. Similarly, you may be receiving payments like salary checks, rent on your property, or dividends on your stock.

Analyzing time payments often involves calculations of interest. Long ago in high school you may have learned the formula for calculating interest as:

I = Prt

—where I is the amount of the interest payment, P is the principal (the amount of money borrowed), r is the interest rate (percent per year), and t is the time (in years). When the letters are written together with no symbol between them, as in the above formula, it means multiplication, so Prt means P × r × t. We’ll be using this formula throughout the problems in this chapter and the next.

To show how the formula is used, let’s look at a typical computation.

Suppose the amount borrowed is $5,000, the interest rate is 18%, and the time period is 3 years. Then we have:

I = Prt = $5,000 × 0.18 × 3 = $2,700.

If, on the other hand, we want to find the interest rate, then the formula is rearranged as:

r = I ÷ Pt

As an example, imagine that you are receiving monthly interest payments of $143.75 on $20,000 you have loaned to someone. You will get the $20,000 back in one lump sum at the end of 2 years. What interest rate are you receiving?

Interest rates are always quoted on an annual basis, so we’ll only look at 12 months of payments in the interest calculation. From the interest formula

r = I ÷ Pt

we have a 1-year period (t = 1), and 12 months of interest payments (I = 12 × $143.75 = $1,725). Substituting this in the interest formula, we have:

r = $1,725 ÷ ($20,000 × 1) = 0.08625.

The interest rate you are getting is 8.625%.

Now suppose we change the repayment plan. Suppose that, instead of getting your money back in one lump sum at the end, you get it back in 24 equal payments, one with each month’s interest payment. But the amount of interest you are paid each month is the same as before: $143.75. The monthly repayments of your principal (the $20,000 you loaned) are each

$20,000 ÷ 24 = $833.33.

Then the total payment you get each month (interest plus principal) is:

$143.75 + $833.33 = $977.08.

Are you getting a different interest rate under this new repayment plan? That’s right, you sure are!

The thing to remember about interest is that it’s interest on the unpaid balance. If you, the lender, are getting back part of your $20,000 with each payment, then your unpaid balance is being reduced. You no longer have $20,000 out on loan. In fact, after the first 12 months, you only have $10,000 out on loan, since $10,000 has been paid back at that time.

$833.33 × 12 = $10,000.

So, in this example, the rate of interest you will be receiving will be different each month—it will rise each month. In order to get an estimate of the interest, we will apply a rule of thumb made for situations like these where the principal is paid back in several payments. The rule is to calculate the interest on the average unpaid balance. The average unpaid balance is simply the sum of the beginning balance and the ending balance divided by 2, where the ending balance is the amount of the last payment.

For example, in the case we are talking about here, the average unpaid balance is:

($20,000 + 833.33) ÷ 2 = $10,416.67.

The annual interest rate is the money received for the year’s 12 payments divided by the average unpaid balance of 10,416.67.

($143.75 × 12) ÷ $10,416.67 = 0.17.

The interest rate in the monthly payback plan is approximately 17%, whereas, you’ll remember, the interest rate when you were paid back the whole $20,000 at the end of the 2-year period was 8.625%. When part of the principal is paid back each month, the interest rate is almost double what it is when the principal is not paid back until the end. This shows the time value of money. For a given dollar amount of interest payment the interest rate is always higher if you’re paying back part of the money sooner.

This plan had $143.75 as each month’s interest payment and $833.33 as each month’s payment toward reducing the principal. Because of the declining average unpaid balance, the interest rate would be much lower than 17% at the beginning of the 2-year period, if each month’s interest was $143.75. The interest rate would be much higher than 17% at the end of the 2-year period. For the first payment the average unpaid balance for the first month was $20,000. The annual interest rate represented by a monthly interest payment of $143.75 is

($143.75 × 12) ÷ $20,000 = 0.08625.

The interest rate is 8.625%. Thus the first payment of $143.75 represents only half the interest rate of 17% that is being paid overall.

For the last payment the unpaid balance is only $833.33. The interest rate on the last payment is:

($143.75 × 12) ÷ $833.33 = 2.07.

The last payment of $143.75 represents 207% interest on the unpaid balance! Because of this kind of outcome, repayment schedules of loans, where the agreement is to repay the loan in fixed monthly payments, have different proportions of the payment applied each month to interest and to paying back the principal. In the early payments, a larger proportion goes for payment of interest, and in later payments, a larger proportion goes for repayment of principal.

Of course, if someone agrees to repay a loan in fixed amounts over a definite time-period, it makes no difference how we break down those payments, as long as the loan is paid as agreed. But if the borrower defaults on the loan, or if the borrower decides she wants to pay off the remaining balance of the loan ahead of time, it will make a difference.

Let’s try some sample problems in calculating interest.

Problem 30

 

Ann Pacetti borrows $6,500 from the bank at 10% to finish her college education. She agrees to pay it off in 3 years by sending the bank $209.74 per month for 36 months. In her first month’s payment of $209.74, how much is interest and how much is going toward paying back the principal?

GIVEN:

The amount Ann has borrowed is $6,500.

Payments are $209.74 monthly.

Payment time is 3 years.

Interest rate is 10%

FIND:

Amount of first payment that is interest.

Amount of first payment applied toward paying back the principal.

SOLUTION:

The average unpaid balance for the first month is the whole amount, $6,500. The monthly interest on $6,500 at 10% is:

($6,500 × 0.10) ÷ 12 = $54.17.

The remainder of Ann’s first month’s payment goes toward reducing the principal owed.

$209.74 − $54.17 = $155.57.

ANSWER:

Interest part of first payment is $54.17.

Repayment of principal in first payment is $155.57.

The key thing to remember in all these interest problems is always to first find the average unpaid balance. Then you know the amount the interest is being paid on. A lot of people overlook this point and incorrectly calculate the interest based on the entire amount borrowed. They get answers which are much too low. Let’s do a problem illustrating this point.

 

Problem 31

 

Louis Stratton needs to borrow $270. Sam, the loan shark, offers to lend him the money to be paid back in three monthly payments of $100 each. Sam tells Louis that the interest rate is 11 % since the three payments total $300 and

($300 − $270) ÷ $270 = 0.11.

What is the real interest rate?

GIVEN:

Amount Louis has borrowed = $270.

Repayment of principal and interest by three payments of $100 each.

FIND:

The true interest rate.

SOLUTION:

First find the average unpaid balance by dividing the sum of the beginning and ending balances by 2.

($270 + $100) ÷ 2 = $185.

The amount of interest paid during the 3-month period is $30. Then the interest rate for the 3-month period is

$30 ÷ $185 = 0.16.

The 3-month interest rate is 16%.

However, interest rates are nearly always expressed as annual rates, not 3-month rates. To get from 3 months to 12 months we have to multiply by (12 ÷ 3), which is 4.

0.16 × 4 = 0.64.

ANSWER:

The real interest rate is 64%.

The previous example has illustrated three important points in interest calculation: (1) base the interest calculation on the unpaid balance; (2) normalize all interest rates to an annual basis; and (3) never trust loan sharks’ calculations.

 

The final problem of the chapter is also about unpaid balance.

Problem 32

 

Sidney Allen loans $1,100 to his brother-in-law for 1 year. The agreement between them is that Sidney will get $1,200 back, in monthly payments of $100 each over 12 months. What interest rate is Sidney receiving?

GIVEN:

Principal = $1,100.

$100 per month paid for 12 months.

FIND:

The interest rate.

SOLUTION:

The average unpaid balance is found by summing the beginning and ending unpaid balances and dividing by 2.

($1,100 + $100) ÷ 2 = $600.

The amount of interest was:

$1,200 − $1,100 = $100.

So the interest rate is:

$100 ÷ $600 = 0.17.

ANSWER:

The interest rate is 17%.

 

This chapter has given you an introduction to interest problems. The next chapter will tell you more about interest, including how to look up the answers you need in interest tables.
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	Time Is Money






Compound Interest

Everyone knows that the Indians sold Manhattan Island for $24. Very few people realize that if the Indians had invested their money at compound interest, they would now be able to buy it back! Yes, if they had put their $24 into an investment paying 8% interest in 1626, then in 2001, 375 years later, they would have had $82,000,000,000,000. If you remember Chapter 4, you know this is $82 trillion, or in scientific notation $82 × 1012. The 1990 assessed value of Manhattan was only about $47 billion. So the Indians would have had enough to buy Manhattan and pay all the 1.5 million people living there about $55 million each for relocation. How could all that money come out of $24? That’s what you’re going to find out in this chapter.

As you might remember, compound interest is what happens when you collect interest on interest. At the end of every interest period, the interest is added to the existing balance. We talked about something like this in Chapter 2, when we discussed percentage of growth.

For instance, let’s suppose you have an investment of $1,000 with an interest rate of 8% per year. Your investment adds interest and is compounded quarterly. The quarterly interest rate is

8% ÷ 4 = 2%.

This means that every quarter your money grows by 2%. After the first quarter 2% of $1,000, which equals $20, is added to your account. Then your balance going into the second quarter is:

$1,000 + $20 = $1,020.

The second quarter’s interest is:

$1,020 × 0.02 = $20.40

which is added to your balance. This gives you:

$1,020 + $20.40 = $1,040.40

as your balance going into the third quarter. The third quarter’s interest is:

$1,040.40 × 0.02 = $20.81.

Adding this to the existing balance gives the balance going into the fourth quarter as:

$1,040.40 + $20.81 = $1,061.21.

The fourth quarter’s interest is:

$1,061.21 × 0.02 = $21.22.

Adding this to the balance you had at the beginning of the fourth quarter gives your balance at the end of the year:

$1,061.21 + $21.22 = $1,082.43.

You have added $82.43 to your balance for the year because of compound interest. Your equivalent annual interest rate for the year was:

$82.43 ÷ $1,000 = 0.08243.

This rate of 8.243% is slightly greater than 8%, the quoted rate, since the quoted rate doesn’t take the quarterly compounding into account. This goes to show you that if you’re looking at two investments with the same quoted interest rate, the one with more frequent compounding will have a slightly higher yield. Some money market mutual funds offer daily compounding, and these give you even a bit more than quarterly compounding.

Now that you’ve seen how compound interest works, let’s talk about an easier way to find the future value of an investment. The formula that does it is:

F = P × (1 + r)n

In this formula F is the future worth of the investment, P is the principal, r is the interest rate for the period, and n is the number of periods. In the example we just discussed P was $1,000, r for each quarter was 0.02, and n was 4, since we found the future worth at the end of the fourth quarter.

F = $1,000 × (1 + 0.02)4

   = $1,000 × 1.02 × 1.02 × 1.02 × 1.02

   = $1,082.43.

This is the same answer as we had before, but we got it in a shorter way.

Using Tables to Find Compound Interest

There is an even easier way to do this calculation by using the tables in the back of this book. Turn to the table that says 2% at the top, and we’ll talk about how to do it.

Look at the table and you’ll see that the first column says n at the top and the second one says U. Don’t worry about the other columns yet; you’ll learn about them later in this chapter.

Look down the first column and under n you’ll see the number 4. Right next to it in the second column you’ll see the number 1.082. (If you don’t see it you’re probably in the wrong table.) The number 1.082 is the one we need to calculate the future worth of an investment compounded four times at 2%. Applying the number from the table to our examples gives:

$1,000 × 1.082 = $1,082.

This is the same answer that we got before, except that the answer from the table doesn’t give the amount of cents. Still, the table answer is accurate enough for most purposes and a lot easier to calculate.

Let’s look at the table again, and this time let’s see what your $1,000 investment will be worth in 10 years or 40 quarters. What number do you see opposite 40 in the table?

That’s right. The number 2.208 is opposite 40. The answer then is:

F = $1,000 × 2.208 = $2,208.

After 10 years your $1,000 investment has more than doubled and is now worth $2,208.

Now, that you know how to use the tables, let’s try some sample problems.

Problem 33

 

Dorothy Worthington loans $2,500 to her son for 8 years. They agree that he will return the money at the end of that time with 6% interest compounded annually. How much money does he give her when the loan becomes due?

GIVEN:

Principal = $2,500.

Interest rate = 6%.

Time = 8 years.

Compounding is annual.

FIND:

Amount to be repaid.

SOLUTION:

Use the table at the back of the book that says 6% at the top. Look down the n column and find 8. The number opposite 8 in the U column is 1.594. The amount due in 8 years is:

$2,500 × 1.594 = $3,985.

ANSWER:

Dorothy’s son pays Dorothy $3,985.

 

Problem 34

 

How much money would Dorothy Worthington receive from her son if they had agreed to quarterly compounding instead of annual? Again, as in the previous problem, it’s $2,500 loaned at 6% interest for 8 years.

GIVEN:

Principal = $2,500.

Interest rate = 6%.

Time = 8 years.

Compounding is quarterly

FIND:

Amount to be repaid.

SOLUTION:

The compounding is quarterly. The interest rate each quarter is:

6% ÷ 4 = 1.5%

Therefore, we use the 1.5% table in the back of the book. The number of quarters is

8 × 4 = 32.

The number we want is in the U column opposite 32 in the 1.5% table. It is 1.610.

ANSWER:

The amount Dorothy’s son pays Dorothy = $2,500 × 1.610 = $4,025.

In comparing the answers to the previous two problems, we see that quarterly compounding does make a difference. The future value with quarterly compounding is $4,025 and with annual compounding it’s $3,985. That’s a difference of $40.

 

Now that you’re used to the tables, let’s go back and try the problem we talked about at the beginning of the chapter, the interest on the Manhattan Indians’ $24.

Problem 35

 

What would be the value in the year 2001 of the Manhattan Indians’ $24 if they had invested it at 8%, compounded annually, when they received it in 1626?

GIVEN:

Principal = $24.

Interest rate = 8%.

Beginning date is 1626.

Ending date is 2001.

Compounding is annual.

FIND:

Worth of the investment in 2001.

SOLUTION:

The number of years of the investment is:

2001 − 1626 = 375.

Obviously we want to use the 8% table for this calculation. But you’ll notice that the table only goes to 100 periods, not 375. In order to do the calculation for 375 years, we’ll have to multiply the factor for 100 years by itself three times and then multiply that by the factor for 75 years. Looking in the table, you’ll find that the factor for n = 100 is 2199.761 at the bottom of the U column. Expressing it in scientific notation, it is 2.199761 × 103. For n = 75 the factor is 321.205. Thus we have

F = $24 × (2.199761 × 103)3 × 321.205

   = $24 × (10.645 × 109) × 321.205

   = $82,061 × 109

   = $82.061 × 1012.

This is roughly $82 trillion.

ANSWER:

Worth of investment in 2001 = $82 trillion.

 

Besides problems in investments like those we have solved thus far, compounding can also be used for calculating the effects of inflation on prices, as in the next problem.

Problem 36

 

A can of peaches now costs $0.87. How much will it cost in 10 years if inflation is 10% per year?

GIVEN:

Price of can of peaches now = $0.87.

Inflation rate = 10%.

n = 10 years.

FIND:

Price of can of peaches in 10 years.

SOLUTION:

Looking at the 10% table in the back of the book, we find that the value of U for n = 10 years is 2.594. Solving for future value, we have:

F = $0.87 × 2.594 = $2.26.

ANSWER:

The price of the can of peaches in 10 years will be $2.26.

 

We see how dangerous inflation is. If we had money in the bank at 5%, it would only be growing half as fast as the inflation rate, and we would be able to buy less later than we could now, despite the fact that our money had grown. Investors realize this and in times of high inflation they have demanded very high interest rates. That’s what happened here in the U.S. in the 1970s and it’s still happening today in many countries where government policies encourage inflation.

Besides using the tables for finding future worth from present principal, you can also use them for the opposite problem—finding present principal from future worth.

For instance, in the example we discussed at the beginning of the chapter, the future worth at the end of four quarters was $1,082. The interest rate per quarter was 2% since it was 8% annual interest. Suppose we want to find the present principal from the future worth. We can use the third column, marked V, in the 2% table. In this column, we see the entry 0.9238 opposite n = 4. We can use this to find the principal as follows.

P = $1,082 × 0.9238 = $1,000

This answer checks with what we already know, that the original principal was $1,000.

Now that we know how to use the V column of the table, let’s try two sample problems with it.

Problem 37

 

Minnie Sanchez wants to put some money in the bank now so that she can replace her present car in 6 years when it wears out. She will be putting the money in a savings certificate yielding 7% compounded semi-annually. She expects that the car she will want to buy in 6 years will cost $18,000 then. How much money should she put in the bank now to cover the car?

GIVEN:

Future worth = $18,000

Interest rate = 7%

Time = 6 years

Compounding is semi-annual

FIND:

Present principal

SOLUTION:

Since the compounding is semi-annual, there are two compoundings per year or:

6 × 2 = 12

compoundings in 6 years. Each compounding is at a rate of

7% ÷ 2 = 3.5%

Therefore, we will use the 3.5% table. In the 3.5% table in the V column, we see that the entry opposite 12 is 0.6618. The calculation is then:

P = $18,000 × 0.6618 = $11,912.40

ANSWER:

She should put $11,912.40 in the bank.

 

Problem 38

 

Anthony Wexler learns about an investment that promises to return $10,000 in 10 years if he puts in $5,000 now. What interest rate would this investment be providing under annual compounding?

GIVEN:

F = $10,000

P = $5,000

Time = 10 years

Compounding is annual

FIND:

Interest rate

SOLUTION:

This is a little bit different from the previous problems since we are now trying to find the interest rate. In previous problems it was given. Like the previous problems this is going to involve using the tables in the back of the book. The thing we’re looking for in the tables is a U factor for $10,000 of future worth coming from $5,000 of present principal. That factor is:

U = $10,000 ÷ $5,000 = 2.0

We should find 2.0, or some number close to it, in the U column of one of the tables opposite n = 10. Scanning the various tables, we find an entry of 1.967 in the 7% table and an entry of 2.159 in the 8% table. From these numbers we can see that the interest rate must be a little more than 7%.

ANSWER:

Interest rate is slightly over 7%.

 

This checks with what we learned earlier in Chapter 2 about the Rule of 70. The example showed a doubling of the money in 10 years, so we would expect the interest rate to be:

70 ÷ 10 = 7

The Rule of 70 also gives 7% as the interest rate for this case. Although the Rule of 70 is handy to use, it can only be used in cases like this where there is a doubling. Otherwise, you have to use the tables.

Annuities

An annuity is a repeated payment. Examples of annuities are car payments or mortgage payments. You can figure out how much these payments should be by using the tables in the back of this book. In the remainder of this chapter we’re going to see how it’s done.

Let’s begin by working out an annuity problem without the table so you can see what’s involved. Suppose that you put $200 in an account at the end of every quarter, and the account pays 6% interest compounded quarterly. How much money do you have after five quarters?

Well, you’ll have the five payments you put in plus the interest on them. Let’s do it a step at a time.

At the end of the first quarter you just have your first payment of $200. You’ve just put it in so it hasn’t collected any interest yet.

At the end of the second quarter you have the second $200 plus the first $200 plus one quarter’s interest on the first $200. Since the interest rate is 6% annually, it’s 1.5% for one quarter. So at the end of the second quarter you have:

$200 + $200 + ($200 × 0.015) = $403

At the end of the third quarter you’ll have the $200 you just put in, plus the $403 from before, plus interest on the $403.

$200 + $403 + ($403 × 0.015) = $609.05

Similarly at the end of the fourth quarter there’s the $200 you just put in, plus the $609.05, plus interest on the $609.05:

$200 + $609.05 + ($609.05 × 0.015) = $818.19

Finally at the end of the fifth quarter, you’ll have the $200 you just put in, plus the $818.19, plus the interest on $818.19:

$200 + $818.19 + ($818.19 × 0.015) = $1,030.46

Now that you see how the process works, let’s see how you can find the answer a lot faster using the tables at the back of the book. This time you’re going to be using column Y, the second from the last one.

Turn to the table in the back of the book for 1.5%. Now look in the Y column for n = 5. What number do you see? That’s right, it’s 5.152. To find the future worth F, we multiply the annuity A by the factor you just looked up Y. The formula is:

F = AY

Then the answer to our problem is:

F = $200 × 5.152 = $1,030.40

This is the same answer that we got the long way before, except for the last cents digit. This is close enough for all practical purposes.

Now that you know how to use the Y column of the table to find the future worth of an annuity, let’s try a few problems.

Problem 39

 

Nathan Green puts $150 in the bank at the end of every quarter for 10 years. How much money does he have at the end of 10 years if the bank pays 5% compounded quarterly?

GIVEN:

Annuity = $150

Deposits at end of each quarter

Interest rate = 5%, compounded quarterly

Duration = 10 years

FIND:

Future worth at end of 10 years

SOLUTION:

Since the interest rate is 5% annually, it’s 1.25% for one quarter.

5% ÷ 4 = 1.25%

There are 40 quarters in 10 years. Looking in the 1.25% table under column Y for n = 40, we see the factor we need is 51.490.

F = $150 × 51.490 = $7,723.50

ANSWER:

After 10 years he has $7,723.50 in the bank.

 

Problem 40

 

Blanche Parker puts $225 in a savings certificate account at the end of every quarter. The account has an interest rate of 7% compounded quarterly. How much money will she have in the account at the end of 15 years?

GIVEN:

Annuity = $225

Deposits at end of each quarter

Interest rate = 7%, compounded quarterly

Duration = 15 years

FIND:

Future worth at the end of 15 years

SOLUTION:

This is just like the previous problem, with different numbers. The interest rate per quarter is:

7% ÷ 4 = 1.75%

The number of quarters is

15 × 4 = 60

Looking in the 1.75% table, we find that the entry in column Y opposite n = 60 is 104.675.

So the future worth is:

F = $225 × 104.675 = $23,551.88

ANSWER:

Blanche Parker will have $23,551.88 in the account at the end of 15 years.

 

Problem 41

 

Milton Edwards is paying off his credit card balance at 18% per year (1.5% per month). His balance is compounded monthly. He sends a check for $35 at the end of every month. How much money will his payments be worth to the credit card company at the end of 2 years?

GIVEN:

Annuity = $35

Deposits at the end of each month

Interest rate = 1.5% per month, compounded monthly

Duration = 2 years

FIND:

Future worth at the end of 2 years

SOLUTION:

The interest rate is 1.5% per month, so we will be using the 1.5% interest table. The number of months in 2 years is:

2 × 12 = 24

Therefore, we need to look up Y in the 1.5% table for n = 24. The factor we find in the table is 28.634. Then we find the future worth.

F = $35.00 × 28.634 = $1,002.19

ANSWER:

Milton Edwards’s payments will be worth $1,002.19 to the finance company at the end of two years.

The above answer may surprise some people since all this money came from $35 per month. Actually this is what we’d expect for a lot of payments (24) and a high interest rate (1.5% per month equals 18% per year). The factor Y = 28.634 in the above example shows the effect of interest. Without interest, of course, the total would be only 24 times the monthly payment, but with interest it is nearly 29 times.

 

Problem 42

 

Joanne Strong is visited by a life insurance salesman. The salesman tells her that if she pays a premium of $400 at the end of each year, at age 65 she will collect $30,000. She is 30 years old now and has no dependents. The salesman tells her she should buy the life insurance as a way to save for her retirement. What interest rate is the insurance company providing on her money, if she reaches age 65? Is this a good deal for Joanne?

GIVEN:

A = $400

F = $30,000

Joanne’s age now = 30 years

Joanne’s age when she collects the money = 65 years

FIND:

The interest rate on Joanne’s premiums

SOLUTION:

In problems like this one where you have to find the interest rate, you first calculate the factor, and then look to see which table it’s in. First let’s calculate the factor Y.

Y = F ÷ A = $30,000 ÷ $400 = 75.0

The number of years is:

65 − 30 = 35

Next we have to look through the tables to see which table has a number close to 75.0 in the Y column in the n = 35 row.

Looking through the table for 4%, we find Y = 73.652 for n = 35, and in the table for 4.5% we find Y = 81.497 for n = 35. Our Y value of 75.0 is between these, so the interest rate is between 4% and 4.5%. Since the Y value is closer to the 4% Y value, an accurate description would be to say that the interest rate is slightly more than 4%.

ANSWER:

The insurance company is providing Joanne with an interest rate slightly over 4%.

This is a low rate compared to rates she might be getting from stocks, bonds or mutual funds. This is not a good deal for Joanne. Since she doesn’t need the insurance feature of providing money to some dependent in case of her death, she is better off investing her money elsewhere. The only reason she might have for putting her money in life insurance instead of a bank is that she might not have the willpower to save if she didn’t get a bill every year from the insurance company. This is a high price to pay for willpower.

 

Problem 43

 

Simon Walters, who is 22 years old, is thinking about buying life insurance. He is trying to decide whether to buy term insurance for 20 years or a 20-year endowment policy. He doesn’t think he will need any more insurance if he lives through the next 20 years, since by then his two children will be grown. He is trying to figure out which policy to choose of the two that have been offered him by different companies. Here are his two choices.

(1) If he buys the 20-year endowment policy, his annual premium will be $600. The policy provides that he will collect $20,000 in 20 years at age 42. What interest rate will he have received?

(2) If he buys a $20,000 term insurance policy, the rate will be $80 per year. If he buys term insurance, Simon expects to save the remaining $520 he would have spent on insurance premiums by annually putting it into 7% certificates of deposit. How much money will he have through his savings at the end of 20 years?

Which is the better choice for Simon Walters—(1) the 20-year endowment policy or (2) the term insurance coupled with savings?

GIVEN:

FOR THE 20-YEAR ENDOWMENT POLICY:

A = $600

F = $20,000

n = 20 years

FOR THE TERM INSURANCE PLUS SAVINGS:

Annual premium = $80

Value of policy = $20,000

Annual investment = $520

Interest rate = 7%

n = 20 years

FIND:

Simon’s interest return on (1) the 20-year endowment policy

The future worth of Simon’s savings with (2) the term-insurance-plus-savings plan

SOLUTION:

The 20-year endowment policy calculation is just like the previous problem with different numbers.

Y = F ÷ A = $20,000 ÷ $600 = 33.333

In the n = 20 rows of the tables, we find Y = 33.066 in the 5% table and Y = 34.868 in the 5.5% table.

ANSWER:

The 20-year endowment policy gives Simon just over 5%.

For (2) the term-insurance-plus-savings choice, the annual premiums paid are not returned. However, they are much lower than the premiums on the 20-year endowment policy since Simon is not paying for a savings feature. Thus, he is able to make annual savings of:

A = $520

The period is:

n = 20 years

To find the future worth of these annual savings at 7%, we use the formula

F = AY

In the 7% table for n = 20 years, we find Y = 40.995. Thus

F = 520 × 40.995 = $21,317.40

ANSWER:

The savings will be worth $21,317.40 at the end of 20 years. Choice number (2), term insurance plus savings is Simon Walters’s better choice.

It turned out that Simon did better by putting his money in a certificate of deposit and getting a better interest rate, rather than saving via insurance. Instead of buying life insurance with a savings feature, you will generally do better by buying term insurance and investing the money you saved from having a lower premium, provided you have the willpower to save.

 

 

Mortgages

Most Americans buy a house at some time during their lives, and this usually means taking out a mortgage. In this section we’re going to talk about how to do mortgage calculations using the interest tables at the back of the book.

Let’s suppose you want to buy a $120,000 house. You are making a $24,000 down payment so the remainder for which you have to get a mortgage is:

$120,000 − $24,000 = $96,000

The mortgage that you get has a 10% interest rate and runs for 20 years. How much are the annual payments?

Let’s turn to the 10% table at the back of the book. The column we’re going to use this time is the one labeled X. Look down column X until you see the n = 20 row. The entry you see there is 0.11746. The annual payment A is then found from the formula:

A = PX

where P is the principal, $96,000 for this case, and X is the number from the X column of the table.

A = $96,000 × 0.11746 = $11,276.16

The annual payment, which consists of interest and paying off part of the principal, is $11,276.16.

It is pretty easy to find mortgage payments using the interest tables. Let’s try a few problems.

Problem 44

 

Marvin Wolinski is taking out a mortgage on his new house to cover the balance that he owes of $63,000. He is getting a 15-year mortgage with payments made quarterly, and quarterly compounding, at an annual interest rate of 12%. How much are Marvin’s quarterly payments?

GIVEN:

P = $63,000

Interest rate 12%, compounded quarterly

Payments are quarterly

Duration = 15 years

FIND:

Quarterly payment

SOLUTION:

The number of quarterly payments is:

15 × 4 = 60

The quarterly interest rate is

12% ÷ 4 = 3%

Looking in the 3% table for n = 60 we find X = 0.03613. Then the annuity we’re looking for is:

A = $63,000 × 0.03613 = $2,276.19

ANSWER:

Marvin’s quarterly payment is $2,276.19.

 

Problem 45

 

Florence Wilson buys a condominium for $159,000. Her down payment is $33,000. The remainder is covered by a 25-year mortgage at 10% with payments made semi-annually and semi-annual compounding. How much are the payments?

GIVEN:

Value of Florence’s condominium = $159,000

Down payment = $33,000

Interest rate = 10%

Payments are semi-annual

Compounding is semi-annual

Duration = 25 years

FIND:

Amount Florence would have to pay semi-annually

SOLUTION:

The amount covered by the mortgage is:

$159,000 − $33,000 = $126,000

The number of payments is:

25 × 2 = 50

The semiannual interest rate is:

10% ÷ 2 = 5%

Looking in the 5% interest table for n = 50, we find X = 0.05478. The payment is:

A = $126,000 × 0.05478 = $6,902.28

ANSWER:

Florence’s semi-annual payments are $6,902.28.

 

Now that you have the idea, let’s try some mortgage problems where you are finding the interest rate. As in the previous problems where you found the interest rate, you’re going to have to flip through the tables to find which table has the factor value closest to the one you’re looking for.

Problem 46

 

Homer Weatherly has a 20-year $135,000 mortgage. His annual payments are $18,000. What interest rate is he paying?

GIVEN:

P = $135,000

A = $18,000

Payments are annual.

Duration is 20 years.

FIND:

The interest rate Homer is paying

SOLUTION:

As in previous problems of finding an interest rate, we’re going to have to find a factor first. In this case it’s X.

X = A ÷ P = $18,000 ÷ $135,000 = 0.13333

Looking through the various tables in the n = 20 row, we find X = 0.13388 in the 12% table.

ANSWER:

The interest rate Homer is paying is 12%.

 

Problem 47

 

Andy Winston has a 20-year $90,000 mortgage on his condominium. Interest on it is compounded semi-annually and his semi-annual payments are each $4,800. What interest rate is he paying?

GIVEN:

P = $90,000

A = $4,800, semi-annually

Compounding is semi-annual.

Duration = 20 years

FIND:

The interest rate Andy is paying

SOLUTION:

This is very much like the previous problem, except that we have to solve first for the semi-annual interest rate. To look it up we’re going to have to find X.

X = A ÷ P = $4,800 ÷ $90,000 = 0.05333

Since we have a 20-year mortgage with payments and compounding semiannually

n = 20 × 2 = 40

So we have to look through the n = 40 rows of the tables to try to find an X value close to 0.05333.

In the 4.5% table we find X = 0.05434 for n = 40. So the semi-annual interest rate is close to 4.5%. The annual rate is twice this.

4.5% × 2 = 9%

ANSWER:

He is paying 9%.

 

Now we know how to do mortgage problems both ways, solving for the annuity or solving for the interest.

Retirement Plans

You’ve probably been wondering what we’re going to do with the other two columns in the tables, W and Z. Well, you’re going to learn about them now. As it turns out, these two columns are useful, among other things, for doing calculations on retirement plans.

Suppose you want to put a sum of money in the bank at 5% at the end of every year so that in 30 years you’ll have $40,000. How much money should you put in every year?

The answer to this comes from the W column of the 5% table and the formula involved is:

A = FW

where we’re solving for the annuity A. Looking in the W column of the 5% table for n = 30, we find W = 0.01505. Then we have:

A = $40,000 × 0.01505 = $602

The answer is that you should put $602 in the bank at the end of every year to have your $40,000 at the end of 30 years.

The remaining column of the table is the Z column. Let’s learn how to use it. Suppose you want to set up a retirement fund in the bank that allows you to draw $7,000 per year for 10 years from it, before it’s all gone. How much do you have to have in the bank at 5% in order to do this?

As you probably guessed, we’re going to use the Z column in the table to solve this. The formula this time is

P = AZ

Looking in the 5% table for n = 10, we find Z = 7.722. Then the answer is:

P = $7,000 × 7.722 = $54,054

It’s pretty easy to use the W and Z columns since we’ve already learned about the other columns. Let’s try a few problems.

Problem 48

 

Stephanie Swift is trying to save $60,000 over the next 25 years for her retirement. Her account pays 5.5% interest. How much money does she have to put in at the end of each year?

GIVEN:

F = $60,000

Interest rate = 5.5%

Duration = 25 years

FIND:

Amount Stephanie must deposit at the end of each year

SOLUTION:

Use the W column of the 5.5% interest table. For n = 25 we find W = 0.01955. Then we have:

A = FW = $60,000 × 0.01955 = $1,173

ANSWER:

Stephanie must deposit $1,173 at the end of each year.

 

Problem 49

 

Alicia Ramirez wants to retire with enough money in her account at 6% interest so that she can then draw $2,000 per quarter for 15 years before it’s all gone. How much money does she need in the account? The account compounds quarterly.

GIVEN:

A = $2,000, per quarter

Duration = 15 years

Compounding is quarterly.

FIND:

Amount Alicia needs in her account

SOLUTION:

The interest rate per quarter is:

6% ÷ 4 = 1.5%

The number of quarters involved is:

15 × 4 = 60

Since this is a problem where we’re given A and have to find P, we need to use the Z column of the 1.5% table. Looking there we find Z = 39.380 for n = 60. Then we have:

P = AZ = $2,000 × 39.380 = $78,760

ANSWER:

Alicia has to have $78,760 in the account.

 

Problem 50

 

James Davidson is planning for his retirement, 25 years from now. He wants to have enough money in 7% savings certificates which are compounded quarterly so that he can draw out $1,500 per quarter and the money will last 10 years. How much money will he have to have at retirement time?

In order to get together the money he needs for retirement time, he plans to deposit a sum of money at 7% at the end of each quarter between now and then. How much does he have to deposit?

GIVEN:

Interest rate = 7%, compounded quarterly

Duration to retirement = 25 years

Duration for retirement money to last = 10 years

A = $1,500 per quarter, during retirement

FIND:

P, principal necessary to provide retirement money

A, annuity necessary to accumulate retirement fund

SOLUTION:

This is a double-barreled problem. The first thing we have to do is find the principal P that will provide the 10 years of retirement money.

Since this will be 10 years of quarterly payments, the number of payments is:

10 × 4 = 40

and the quarterly interest rate is

7% ÷ 4 = 1.75%

We will be using the 1.75% interest table for this problem. The first thing we have to find is the Z value for n = 40. Looking in the table we find Z = 28.594. Now we can solve the first part:

P = AZ = $1,500 × 28.594 = $42,891

The amount James Davidson will need to have in the bank at retirement is $42,891.

To see how he’s going to save it, we’re going to have to look in the table under the number of quarters corresponding to 25 years.

n = 25 × 4 = 100

The factor we want this time is W. That’s the one that will get us from the future worth of $42,891 to the required annuity.

A = FW

Looking in the 1.75% table for n = 100, we find W = 0.00375. Then the required annuity is

A = $42,891 × 0.00375 = $160.84

ANSWER:

James will have to have $42,891 at retirement time.

James will have to deposit $160.84 each quarter to accumulate the money.

 

By going through the problems so far, you have learned when to use the various columns of the interest tables in the back of the book. You should be able to handle any interest calculation that’s likely to come up. It’s really pretty easy to do compound interest calculations if you have a set of interest tables and a calculator.

Up to now we have talked about “interest.” In some of the problems we were collecting interest, as with bank accounts and certificates of deposit. In other problems we were paying interest, as in mortgages and credit card finance fees. It’s a lot better to collect!

So next we’re going to focus on ways to collect money—by investing. Investing is a good way to get rich. Sometimes the money we collect is called ‘dividends’ and sometimes it’s called ‘growth’, but the math is just the same as for calculating interest.
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Investing

More and more Americans are investing. In 1983 only 19% of American households owned stocks. Now it’s over 50%. Besides stocks, people are investing in bonds, mutual funds, and money market funds. Each form of investment has its own advantages. Usually it’s good to have some of each, so your investments are balanced.

We’re now going to learn how to do the calculations for various kinds of investments. Most of the calculations use the interest tables at the back of the book. If you’ve already worked your way through the previous chapter, you will find this chapter very easy.

Money Market Funds

Everybody ought to have some of their money in money market mutual funds. Most of the money market funds are arranged to keep their share price constant at $1.00 per share. This means that your principal amount will remain the same in a well managed fund, while your interest accumulates. The money market fund behaves sort of like a savings bank account, but with a variable interest rate. Generally, money market funds will give you a higher interest rate than a savings bank.

In investment lingo, money market mutual funds are referred to as “cash.” That’s because it’s usually pretty fast and easy to move your money in or out of a money market mutual fund. This is a good way to keep some money in case there is an emergency and you need quick access. Investors often keep their money in a money market mutual fund in the short term, while they wait for the right prices to buy stocks or bonds. As far as interest calculations go, the calculations are the same as the ones we did earlier in this chapter for bank accounts or certificates of deposit.

Let’s try some money market fund problems.

Problem 51

 

Harold West is planning to put $1,000 into a money market fund at the end of each year for the next 10 years, so that he can save money to buy a car. The money market fund is now paying 6%. How much money will he have after 10 years, if the interest rate stays at 6%? Assume annual compounding.

GIVEN:

Annuity = $1,000

Deposits at the end of each year

Interest rate = 6%, compounded annually

Duration = 10 years

FIND:

Future worth at end of 10 years

SOLUTION:

This is a very easy problem, just like ones we did in the previous chapter. The interest rate is 6%, so we will be using the 6% interest table. We remember that the formula to find a future worth from an annuity is

F = AY

We need to look up Y in the 6% table for n = 10. The factor we find in the table is 13.181, Then we find the future worth:

F = $1,000 × 13.181 = $13,181

ANSWER:

The future worth in Harold West’s money market fund after 10 years will be $13,181.

We see that besides the $10,000 that Harold West put in, he got back an additional $3,181, because his money was growing at 6%.

But in money market funds the interest rate is always changing, little by little, day by day The rate depends on how much interest borrowers throughout the economy are willing to pay. It also depends on actions of the Federal Reserve. Interest rates sometimes move up or down by 1 or more percentage points over the course of a year. You can read about the daily level of interest rate in the business section of your newspaper. If you have money in a money market fund, they will send you printouts showing how much money you have in the fund and what interest rate they are now paying.

 

In the problem we just solved, we assumed the interest rate stayed the same for 10 years. What if it changed?

Problem 52

 

Harold West realizes that the interest rate in his money market fund may not stay at 6% (see previous problem). He wants to calculate what would happen if interest rates went up or down by 2 percentage points. If he puts in $1,000 at the end of each year, how much money would he have after 10 years if the interest rate went to 8%? How about 4%?

GIVEN:

Annuity = $1,000

Deposits at the end of each year

Duration = 10 years

Case (1): Interest rate = 8%

Case (2): Interest rate = 4%

FIND:

Future worth at end of 10 years for the two cases, (1) and (2)

SOLUTION:

This problem is just like the previous one with different interest rates. Again we use the formula to find a future worth from an annuity:

F = AY

For Case (1), we look up Y in the 8% table for n = 10. The Y factor from the table is 14.487. The future worth is:

F = $1,000 × 14.487 = $14,487.

For Case 2, we look up Y in the 4% table for n = 10. We find the Y factor is 12.006. In this case, the future worth is

F = $1,000 × 12.006 = $12,006.

ANSWER:

The future worth in Harold West’s money market fund after 10 years will be $14,487 if the interest rate goes up to 8%, but it will be $12,006 if the interest rate goes down to 4%.

 

This problem illustrates the range of future values Harold West might expect with swings in the interest rates over the 10-year period. You can see that money market funds are nice to have in a time of rising interest rates. They automatically increase in value. On the other hand, when interest rates are falling, they don’t look so good. You get back all the money you put in but you don’t get as much gain as you had hoped.

Money market funds behave opposite to bonds when the interest rates change, as we’ll see in the next section.

Bonds

A bond is a promise to pay interest and then pay back the principal at the end when the bond reaches maturity. When the U.S. government issues bonds, they are called “Treasury bonds.” Some companies also issue bonds, which pay higher interest rates than Treasury bonds, but with more risk.

For example, suppose we buy a bond for $1,000 that has a 6% interest rate on its face. The interest payments are made semi-annually and the bond matures in 20 years. We know that for semi-annual payments the interest rate for each 6-month period is the quoted annual interest rate divided by 2.

6% ÷ 2 = 3%

Then, every 6 months we will receive a payment for our semi-annual interest.

$1,000 × 0.03 = $30

Over the course of the next 10 years, we’ll get 20 of these $30 payments, one every 6 months. The total amount of these interest payments over 10 years will be

$30 × 20 = $600

Notice that the $30 payments we got every 6 months were not compounding. This is not like a bank account or a money market account. If we wanted to get interest on the $30 payments, we would have to invest them separately.

Another difference between our bond and a money market fund is that our bond’s payments to us will always be exactly 6% of the bond’s face value every year. Every year we get the same two $30 payments for a total of $60. We get this same amount, even though market interest rates may have gone up and down over the ten-year period.

Suppose that after 10 years, we stop and look at the situation, to see if we want to hold onto the bond or sell it. If we hold onto it for 10 more years, we get our principal of $10,000 back, at the end of the 20th year.

Suppose that now, at the 10-year point, interest rates in the market have gone down. That makes no difference on our bond, if we decide to hold it. Our bond says 6% and that’s what we get. We get the same $30 interest payments every 6 months that we got for the first 10 years. We can feel good because we bought our bond at a good time.

If we decide instead to sell our bond at the 10-year point, we can get more than our original $1,000 because the market interest rate has gone down. Suppose a new buyer offers $1,080 for our bond, what yield would that new buyer be getting on his investment? The bond yield formula below gives the answer:

[image: image]

In this formula

y is the yield, the real interest rate that the new buyer gets, taking into account the new higher price.

P is the original principal, the face value of the bond which the buyer will collect when the bond matures. In this case it’s $1,000.

r is the interest rate on the face of the bond. In this case, it’s 6%.

B is the price the new buyer pays for the bond. In this case, it’s $1,080.

n is the number of years until the bond matures. In this case it’s 10 years.

Look at the numerator (the top part) of the formula. The first term Pr is just the annual interest payment. The second term in the numerator is the average annual adjustment when the new buyer pays the price B.

Look at the denominator (the bottom part) of the formula. It’s just the average price of the bond, found by adding the price at maturity and the buyer’s price and dividing by 2.

Looking at the whole formula, we see that it’s simply the adjusted annual interest payment divided by the average price. Let’s plug in the numbers and see how it works.
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The buyer of the bond would be getting a yield of 5% if we sell the bond to him at the premium price of $1,080. However, if we just hang onto the bond, we will just keep collecting 6% interest while everyone around us is collecting less. This shows that if interest rates go down, the value of a bond we already hold goes up.

Let’s try some problems with the bond yield formula.

Problem 53

 

Ben Bowman is thinking of buying a bond with an 8% coupon rate that matures in 5 years. (The “coupon rate” is the promised rate on the face value of the bond, as opposed to the rate reckoned on a different price the bond might have had on being resold.) He is quoted a price of $1,090 for a bond with a face value of $1,000. What yield will he receive if he buys the bond?

GIVEN:

Face Value = $1,000

Coupon rate = 8%

Time to maturity = 5 years

Buyer’s price = $1,090

FIND:

Yield for the quoted price

SOLUTION:

We use the bond yield formula that was discussed above and plug in the numbers.
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We plug in the given numbers.
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ANSWER:

The bond yields 5.9%.

Bonds don’t always sell at premiums. If the market interest rates go up, a bond that you already hold will go down in value. However, if you just hang onto it until maturity, you’ll still get the full face value. The only problem is that, year after year, everybody else will be collecting higher interest rates than you are.

 

The next problem is about a discounted Treasury bond.

Problem 54

 

Annette Staten is buying a Treasury bond with a 4.75% coupon rate that matures in 8 years. The price is $9,105 for a bond with a face value of $10,000. What yield does she receive?

GIVEN:

Face Value = $10,000

Coupon rate = 4.75%

Time to maturity = 8 years

Buyer’s price = $9,105

FIND:

Yield for the quoted price

SOLUTION:

We use the bond yield formula:
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The given numbers produce the yield including the discount.
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ANSWER:

The Treasury bond yields 6.1%.

 

The Treasury bond in the previous problem sold at a discount because the interest rate had risen since it was issued. Bonds also sell at a discount if they turn out to have more risk than when they were originally issued.

People worry about some corporate bonds, because there is a chance that they won’t get all the interest payments and they won’t get the face value of the bond at maturity. If the firm that issued the bonds goes bankrupt, there are no more interest payments and there might be no value to the bond, except what the bankruptcy court decides. Bonds with a large chance of default are called junk bonds. The people who sell them like to call them “high-yield bonds.” The next problem is about the yield of a discounted junk bond.

Problem 55

 

Sewell Bottomfisher gets a call from his broker offering to sell him a corporate bond with a 6% coupon rate that matures in 8 years. He is quoted a price of $690 for a bond with a face value of $1,000. What yield will he receive if he buys the bond?

GIVEN:

Face Value = $1,000

Coupon rate = 6%

Time to maturity = 8 years

Buyer’s price = $690

FIND:

Yield for the quoted price

SOLUTION:

Again, we use the bond yield formula and plug in the numbers.
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This time there is a discount, and the second term in the numerator adds to the yield.
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ANSWER:

The bond yields 11.7%.

This is a high yield. Sewell Bottomfisher will have a good return on his money if the bond doesn’t default. He should check the quality rating of the bond and learn about the issuing company to see if the risk is okay.

 

In buying corporate bonds you really have to do the research on the company to figure out whether they will be able to pay off their bonds. Under U.S. laws, companies that issue stocks and bonds have to file information with the Securities and Exchange Commission (SEC). You can download companies’ official reports from the EDGAR archives on the SEC Web site at

http://www.sec.gov

When you buy stocks and bonds, researching the companies takes some work. The math is easy.

Stocks

A stock is a share in a company—it makes you a part owner. It’s different from owning a bond. With a bond you’re a creditor—they have to pay you or declare bankruptcy. With a stock you have a share in the company’s growth.

If the company makes a lot of money, the value of your shares will tend to go up in the long run. If your shares increase in value, you’ll be able to eventually sell them for more than you paid for them. That’s called a capital gain. Under the tax laws, you have to pay less taxes for a capital gain than for ordinary income.

Besides increasing in value many stocks also pay dividends. Dividends are allocations of the company’s money that you receive as income. Usually, the dividends are linked to profit. If the company’s profit increases, they may decide to raise the dividend. If they lose money, they may decide to not give out any dividend at all. People who are thinking of buying or selling the stock watch the earnings and the dividends and try to figure out what the stock price will do in the future. In recent years, dividends have tended to be rather low for most stocks, and stockholders have been more interested in rising share values. Many high technology stocks don’t pay any dividend at all. They plow all their earnings back into the company, doing research, expanding production, or marketing the product.

As potential stockholders, we are interested in getting a high percentage return on the dollars we invest. Some of that return may come from increases in share value and some of it may come from dividends. Here’s how to calculate the overall yield.

To calculate the overall yield add the annual increase in share price to the annual dividend and divide the sum by the share price at the beginning of the period.

As an example, let’s calculate the yield of Consolidated Superwonderful Products, also called CSP. Exactly one year ago, CSP was selling for $100 per share. In the past year, it’s gone up to $120 per share. It’s also paid a dividend of $1 per share every quarter. What is the yield of CSP stock?

The rule for calculating overall yield requires us to find the annual dividend. The quarterly dividend was $1, so the annual dividend is $4. The rise in stock value over the past year was:

$120 − $100 = $20

The sum of the price increase and the dividend is

$20 + $4 = $24

When we divide this sum by the share price of $100 from the beginning of the period, we get:

Overall yield = $24 ÷ $100 = 0.24

The overall yield is 24%. This is really a very good return. Many stocks had returns this high in the late 1990s, but over the past 70 years average stock yields have been more like 10%.

Now that we know how to calculate overall yields, let’s try some problems.

Problem 56

 

Avery Inverness owns shares of Amalgamated Thingees Corporation (ATC). Over the past year, he received four quarterly dividends of $0.60 per share. A year ago, the price of ATC was $85 per share and now it’s $90. What is his overall yield on ATC stock?

GIVEN:

Quarterly dividend = $0.60/share

Price a year ago = $85

Price now = $90

FIND:

Overall yield

SOLUTION:

This is just like the previous example with different numbers. The quarterly dividend was $0.60, so the annual dividend is:

$0.60 × 4 = $2.40

The rise in stock value over the past year was:

$90.00 − $85.00 = $5.00

The sum of the price increase and the dividend is:

$5.00 + $2.40 = $7.40

We divide this sum by the share price of $85 from the beginning of the period:

Overall yield = $7.40 ÷ $85.00 = 0.0871

ANSWER:

The overall yield of ATC is 8.71%.

 

Problem 57

 

Helen Highflyer learned all about the new communication technology developed by SuperHiTech Communications Inc. (SCI). She read through the company’s financial reports and technical papers presented by their engineers. She decided it was worth investing in. When she bought shares a year ago they were selling at $60 per share and now they sell for $80. SCI has not yet paid any dividends and the company’s management has said that they don’t intend to pay dividends in the next several years. What is her overall yield on SCI stock?

GIVEN:

No dividend

Price a year ago = $60

Price now = $80

FIND:

Overall yield

SOLUTION:

This is similar to the previous problems, except that there is no dividend. The rise in stock value over the past year was:

$80 − $60 = $20

The sum of the price increase and the dividend is:

$20 + 0 = $20

As usual, we divide this by the share price of $60 from the beginning of the period:

Overall yield = $20 ÷ $60 = 0.333

ANSWER:

The overall yield of SCI is 33.3%.

 

Problem 58

 

Salmon Sadsack bought shares of Reluctant Recall Recyclers several years ago. He didn’t really research the company. He just thought they had a cute name. He was also attracted by their quarterly dividend of $1.50 per share. However, in the past year, the share price of Reluctant Recall Recyclers went from $90 per share to $80 per share. What is his overall yield on Reluctant Recall Recyclers stock?

GIVEN:

Quarterly dividend = $1.50/share

Price a year ago = $90

Price now = $80

FIND:

Overall yield

SOLUTION:

The quarterly dividend was $1.50, so the annual dividend is:

$1.50 × 4 = $6.00

The change in stock value over the past year was:

$80 − $90 = −$10

The sum of this loss and the dividend is

−$10.00 + $6.00 = −$4.00

We divide this loss by the share price of $90 from the beginning of the period:

Overall yield = − $4.00 ÷ $90.00 = − 4.4%

ANSWER:

The overall yield of Reluctant Recall Recyclers over the past year was −4.4%.

 

In calculating the overall yields of the stocks in the previous examples, we found that dividends were important but that a rising stock price was even more important. The individual stock performance in our examples varied quite a bit. The next section will look at what happens when several stocks are combined into a mutual fund.

Mutual Funds

Mutual funds are companies where the shares give you part ownership in a group of securities. In a stock mutual fund the securities are stocks of various companies. In a bond fund, the securities are bonds issued by companies or government agencies. The money market funds we looked at earlier are also a form of mutual fund. To find out what’s in a mutual fund you have to read the prospectus. The prospectus lists the securities and tells you how much money the mutual fund shares have returned in the past.

To understand how mutual funds work, let’s look at a simple example—a mutual fund with just 4 stocks—the Cats and Dogs Fund. Of course real mutual funds have lots more, sometimes hundreds or thousands of stocks. But to make things really simple here, each share of the Cats and Dogs Fund consists of 1 share of each of the 4 stocks we just looked at. So, at the beginning of the 1-year period, a share of the Cats and Dogs Fund had




	1 share Consolidated Superwonderful Products
	$100



	 
	 



	1 share Amalgamated Thingees Corporation
	85



	 
	 



	1 share SuperHiTech Communications Inc.
	60



	 
	 



	1 share Reluctant Recall Recyclers
	90



	 
	 



	Total value of 1 share of Cats and Dogs Fund
	$335





One year later, the shares of the 4 stocks in the fund have changed prices and, therefore, we now have a new value for a share in the Cats and Dogs Fund:




	1 share Consolidated Superwonderful Products
	$120



	 
	 



	1 share Amalgamated Thingees Corporation
	90



	 
	 



	1 share SuperHiTech Communications Inc.
	80



	 
	 



	1 share Reluctant Recall Recyclers
	80



	 
	 



	Total value of 1 share of Cats and Dogs Fund
	$370





To find the overall yield of the Cats and Dogs Fund, we also have to add up the annual dividends of the 4 stocks in the fund:




	Consolidated Superwonderful Products dividend
	$4.00



	 
	 



	Amalgamated Thingees Corporation dividend
	2.40



	 
	 



	SuperHiTech Communications Inc. dividend
	0



	 
	 



	Reluctant Recall Recyclers dividend
	6.00



	 
	 



	Total annual dividend of Cats and Dogs Fund
	$12.40





The rise in the Cats and Dogs Fund’s value over the past year was:

$370 − $335 = $35

The sum of the price increase and the dividend is:

$35.00 + $12.40 = $47.40

When we divide this sum by the share price of $335 from the beginning of the period, we get:

Overall yield = $47.40 ÷ $335.00 = 14.1%

As we would expect, when the 4 stocks are combined into the Cats and Dogs Mutual Fund, the overall yield comes out in the middle. It’s not as good as the best stock, but it’s better than the worst stock. Combining the shares under a mutual fund gave us a bit less risk and a bit less reward than trying to pick the one best stock.

Real world mutual funds don’t sell for just the value of the stocks. They also have some fees. The next two problems look at the effect of fees on our overall yield.

Problem 59

 

The Cats and Dogs Fund that we just looked at had an asset value for its stocks of $335 at the beginning of the year and $370 at the end of the year. The dividend for the year was $12.40 per share. There was an annual management fee of 2% of the share value at the end of the period. This money goes for commissions on buying and selling stocks and for paying the staff to manage the fund and do the paperwork. What is the overall yield of the Cats and Dogs Fund after the management fee?

GIVEN:

Annual dividend = $12.40/share

Value a year ago = $335

Value now = $370

Management fee = 2% of value now

FIND:

Overall yield

SOLUTION:

The management fee per share is:

$370 × 0.02 = $7.40

The sum of the change in stock value over the past year plus the dividend minus the management fee is:

($370 − $335) + $12.40 − $7.40 = $40.00

We divide this amount by the share price of $335 from the beginning of the period:

Overall yield = $40.00 ÷ $335.00 = 11.9%

ANSWER:

The overall yield of the Cats and Dogs Fund after the management fee is 11.9%.

 

Problem 60

 

The Cats and Dogs Fund is a ‘load fund’. It has a load (sales charge) that is 4% of value of the fund when shares are first purchased. The brokerage firm of Churnem & Burnem manages and markets the Cats and Dogs Fund and the only way to buy shares in the fund is through them. As we were told in the previous problem, the Fund had an asset value of $335 at the beginning of the year and $370 at the end of the year. The dividend was $12.40/share. There was an annual 2% management fee of $7.40/share. What is the overall yield of the Cats and Dogs Fund after the first year, including the load charge and management fee?

GIVEN:

Load charge = 4%

Annual dividend = $12.40/share

Value a year ago = $335

Value now = $370

Management fee = 2% of value now

FIND:

Overall yield

SOLUTION:

The load charge per share is:

$335 × 0.04 = $13.40

The original price that a shareholder has to pay is, therefore, $13.40 more than the original asset value.

$335.00 + $13.40 = $348.40

The overall yield must now include the loaded price for calculating the change in stock value. As we did before, we add the dividend and subtract the management fee:

($370.00 − $348.40) + $12.40 − $7.40 = $26.60

We divide this amount by the share price of $348.40 from the beginning of the period:

Overall yield = $26.60 ÷ $348.40 = 7.6%

ANSWER:

The overall yield of the Cats and Dogs Fund after the load charge and management fee is 7.6%.

 

We see that the load charge made a big difference in the overall yield of the Cats and Dogs Fund. Churnem & Burnem would be quick to point out that this ‘front end load’ only hurts the overall yield for the first year. However, it’s clear that if we were able to get pretty much the same selection of stocks in a fund with no load, we’d be a lot better off buying the no-load fund. Most investors realize this and try to find noload funds with the stocks they want.

One very popular kind of no-load fund is a mutual fund with the stocks of the Standard & Poor’s (S&P) 500-stock index. The 500 stocks are the biggest companies, and the index measures the overall performance of the stock market. It’s like the Dow Jones industrial average, but with a lot more stocks. Since the choice of stocks in an index fund is automatic, it’s a lot cheaper to manage than a typical stock mutual fund. Thus, the management fees on index funds tend to be much lower than on the usual funds. The management fee on an index fund might only be about 0.2%. As we saw from the above examples, it makes a difference if a mutual fund has low management fees.

The basic investment decision is when to start investing. The math says: the sooner, the better. This is illustrated in the next example.

Problem 61

 

Patience Partridge recently finished college and is now working as a computer programmer. Her salary gives her about enough money to pay her bills with a little left over. She is thinking of taking a vacation trip to Europe, but she really doesn’t have the money. If she goes on the vacation, she will have to ‘max out’ her credit card and charge all the way up to her $5,000 limit. In realistically thinking about her cash flow, she realizes that her credit card would probably stay maxed out for the next 10 years. If she takes the vacation now, she knows that she will be paying the 18% credit card finance charge on the $5,000 every month for the next 10 years. How much money would she pay in finance charges each year? If instead, she puts aside this money and puts it in an S&P 500 index fund at the end of each year for the next 10 years, how much money will she have then. Assume that the fund grows at 15% per year with dividend reinvesting.

GIVEN:

CASE 1: TAKE $5,000 VACATION NOW AND CHARGE IT:

Amount on credit card = $5,000

Interest rate on credit card = 18%

CASE 2: SKIP THE VACATION AND INVEST THE SAVED CHARGES:

Deposit at the end of each year is the money saved by not having to pay the finance charges from Case 1

Growth rate = 15%, compounded annually

Duration = 10 years

FIND:

Amount paid annually in finance charges under Case 1

Future worth at end of 10 years for Case 2.

SOLUTION:

This is a two-step problem. The first step is to find the annual finance fee on the credit card. This is a simple interest problem with the formula I = Prt from Chapter 2.

I = $5,000 × 0.18 × 1 = $900

The second step is to calculate how this annual $900 payment will grow if Patience invests it each year instead of taking the vacatioo. This is really an annuity problem. The growth rate is 15%, so we will be using the 15% interest table in the back of the book. The formula to find a future worth from an annuity is:

F = AY

We need to look up Y in the 15% table for n = 10. The factor we find in the table is 20.304. Then we find the future worth:

F = $900 × 20.304 = $18,274

ANSWER:

The annual finance charge is $900 if Patience decides to take the vacation now and max out her credit card.

If Patience decides to put the $900 in an S&P 500 index fund growing at 15%, the future worth in her fund after 10 years will be $18,274.

 

Having done this calculation, she takes a good hard look at the numbers. If she takes the vacation now, she can expect that 10 years from now she will still be $5,000 in debt to the credit card company and still living from paycheck to paycheck.

On the other hand, if she invests the money, it looks like she will have over $18,000 free and clear in 10 years. She could have more or she could have less, depending on whether the growth rate of the S&P index is more or less than 15%. It was 17.7% for the 1990–2000 time period. As all the prospectuses say, past performance is not a guarantee of future growth.

One thing she can be sure of if she invests—she’ll be a lot better off than if she owed $5,000. With $18,000, she will have a whole array of option in 10 years. She will be able to put a down payment on a house, buy a car, get some more education, or start a new business. She will be able to take several vacations. Or she may decide to keep her money invested so she has even more options later. This shows the virtue of Patience.

Problem 62

 

Two twin brothers, Tim Elder and Lucky Elder, are just starting out their careers. They both want to retire in 45 years. They both want to become millionaires, but they have different plans.

Tim plans to invest his money, mostly in stocks—an S&P 500 index fund and some individual stocks he has fully researched. He also plans to get some Treasury bonds and money market funds for balancing his risks amid market fluctuations. Tim expects that his portfolio will grow at about 10% per year.

Lucky scoffs at Tim’s plan. He says it’s too slow. Lucky says he wants a million dollars right away. He will play the lottery. He will buy $10 of lottery tickets every day, six days a week for the next 45 years.

Tim says he will invest half the amount of money that Lucky is betting in the lottery—$5/day every day, six days a week for the next 45 years. He will invest the year’s accumulation at the end of each year and keep reinvesting dividends and interest.

What is likely to happen over the next 45 years? How much will Lucky bet each year? How much is Lucky likely to lose (or win) each year? Over 45 years? Assume this is a typical state lottery with a negative mathematical expectation of $0.50 for each dollar bet.

How much will Tim invest each year? How much money will Tim have at the end of 45 years? Assume annual compounding.

GIVEN:

LUCKY: $10/day bet on the lottery, 6 days per week

Mathematical expectation = − $0.50 per dollar bet

TIM: invest in a combination of S&P index funds, stocks, Treasury Bonds and money market funds growing at 10%

Set aside $5/day, 6 days per week and invest all money at the end of the year

Reinvest dividends and interest with annual compounding

Duration = 45 years

FIND:

Amount Lucky bets per year

Amount Lucky bets over 45 years

Amount Lucky loses (wins) per year

Amount Lucky loses (wins) over 45 years

Tim’s future worth at end of 45 years

SOLUTION:

Lucky bets $10/day, 6 days per week for 52 weeks per year. His annual bet is:

$10 × 6 × 52 = $3,120

Lucky’s total bet over 45 years is:

$3,120 × 45 = $140,400

By the definition of mathematical expectation from Chapter 3, we know that, on the average, Lucky loses $0.50 for each dollar bet. Thus, for a year he loses:

$3,120 × 0.5 = $1,560

For 45 years Lucky loses:

$140,400 × 0.5 = $70,200

Tim invests $5/day, 6 days per week for 52 weeks per year. His annual investment is:

$5 × 6 × 52 = $1,560

This turns out to be the same amount that Lucky is losing annually.

The growth rate is 10%. We use the 10% interest table in the back of the book. The formula to find a future worth from an annuity is

F = AY

In this case the annuity is $1,560, the amount Tim invests each year. We look up Y in the 10% table for n = 45. The factor we find in the table is 718.905. Then we find the future worth:

F = $1,560 × 718.905 = $1,121,492

ANSWER:

Lucky bets $3,120 each year and loses $1,560. Over 45 years he bets $140,400 and loses $70,200. At the end of 45 years his worth is 0.

Tim invests $1,560 each year. At the end of 45 years, his worth is $1,121,492.

 

In comparing the results for the two twin brothers, we see that Tim became a millionaire by simply investing the same amount of money that Lucky was routinely losing each year. We see that relatively small amounts of money each day grow to huge amounts over a long period.

The results may surprise some people but there is really nothing remarkable here. Lucky’s losses were completely predictable. That’s why states run lotteries. Sure, he will draw some winning lottery tickets over the 45 years, perhaps a $5 winner every few days. Maybe, he will even get a $100 winner every few months or a $1,000 winner once or twice in the 45 years. Lucky may get a big thrill when he draws these occasional winners, but in the long run that’s all he gets. When it all averages out over the years, he will find that he is relentlessly losing half the money he bets, year after year. That’s what the laws of probability say will happen. The long run losses are a sure thing.

Tim was able to become a millionaire with small investments and a modest rate of return. His growth rate of 10% was average for the S&P 500 stocks over the past 70 years, through wars and recessions, boom and bust. All he had to do was keep investing and watch his money grow. Obviously, he had to watch his individual stocks, but the S&P Index funds, Treasury bonds, and money market funds basically took care of themselves.

Problem 60 has taught us some valuable lessons that come right out of the math.

1.   Invest your money wisely and over the long run you’ll get rich and become a millionaire.

2.   Put your money in the lottery and over the long run you’ll be penniless.

3.   Just because your name is Lucky doesn’t make you any luckier than anybody else.

This chapter has discussed the ways to get rich by growing your investments over time. The next chapter will talk about trade-offs and getting the most for your money.
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	Yon Can’t Have Your Cake and Eat It Too!






What is a Trade-Off?

A trade-off is a situation where you have to give up something to get something else. It’s very much like a budget. Trade-offs come up all the time in life, and you have to know how to think with numbers to deal with them. If you don’t realize you’re in a trade-off situation, and you try to have your cake and eat it too, you may wind up hungry with no cake either!

For instance, look what happened to Percival Ugmeister. Percival was taking a business trip to Hawaii and Alaska. So he got out all of his Hawaiian shirts and Bermuda shorts and his beach umbrella and packed them into his big suitcase. Then he remembered he was also going to Alaska, so he packed a muffler into the suitcase. He would have packed more cold weather clothing except that the suitcase was now full, and he remembered something about the airlines having a 70-lb. limit on baggage to avoid an extra baggage charge.

[image: image]

The bag seemed pretty heavy as Percival dragged it to the airport. Sure enough, when he arrived at the airline check-in counter, his baggage weighed in at 68 lbs., just under the limit.

Percival had a wonderful time in Hawaii. He put up his beach umbrella, sat under it in his Hawaiian shirt and Bermuda shorts, and watched the girls go by in their bikinis. As it turned out, Percival had taken ten times as many Hawaiian shirts and Bermuda shorts outfits as he needed for his 2-day stay in Hawaii. He just packed them back into the suitcase without getting a chance to wear them. He felt especially conscious of his oversupply of summer clothes as he boarded his plane for Alaska.

Upon arriving in Alaska, the first thing he realized was that he was very cold. He still had on his summerweight suit, and the only winter-weight thing he had in his suitcase was his muffler. It suddenly dawned on Percival that he would be staying 12 days in Alaska and he would need more winter clothes. Freezing, he ran to the nearest department store and bought a winter suit, a fur hat, a sweater, an overcoat, wool socks, galoshes, and long underwear. The bill came to $1,388.92. He didn’t think it would be so expensive, until he remembered that everything had to be imported from the “lower 48” states. The thing that really bugged him was that he had all these winter clothes at home; he just hadn’t brought them.

Discovering how high the prices were, Percival didn’t buy any more clothes, though he was cold all the time. He just wore the same suit day after day and shivered. Toward the end of the 12 days, some of his business associates asked why he hadn’t changed suits and confided to him that he was becoming a bit smelly.

Percival was glad to go to the airport to leave for home. At the check-in counter he had a large bundle of clothing that he had to stuff into the suitcase, because of his recent purchases. He had to pay an overweight baggage charge of $75 this time. As soon as he got home, Percival Ugmeister came down with pneumonia.

Percival’s problem was that he had ignored the trade-offs! He obviously should have taken more winter clothes and left the beach umbrella and most of the summer clothes behind.

Since he had 50 lbs. of room left after packing his necessities, he should have figured out how he wanted to split the 50 lbs. between winter clothes and summer clothes. For instance, if he took 10 lbs. of winter clothes, that would leave him 40 lbs. for summer clothes.

50 − 10 = 40

If he took 20 lbs. of winter clothes, he could take 30 lbs. of summer clothes.

50 − 20 = 30

If he took 30 lbs. of winter clothes, he could take 20 lbs. of summer clothes.

50 − 30 = 20

Or if he took 40 lbs. of winter clothes, he could take 10 lbs. of summer clothes.

50 − 40 = 10

The other two possibilities are taking all summer clothes or all winter clothes.

All of this can be summed up in a table listing the trade-offs between the weight of summer clothes that he could take and the weight of winter clothes.




	Pounds of Winter Clothes
	Pounds of Summer Clothes



	  0
	50



	10
	40



	20
	30



	30
	20



	40
	10



	50
	  0





Which of these weight combinations he picked would require some judgment. Since Percival was staying only 2 days in Hawaii compared to 12 in Alaska, he should have estimated that he would need four or five times as much weight of cold weather clothing. He might have picked a combination of 10 lbs. of summer clothes and 40 lbs. of winter clothes if he had figured out the trade-off.

The first thing you have to do in a trade-off situation is to realize that a trade-off exists, The next thing you have to do is to calculate a table listing the choices, like the one we have just looked at. By examining the table of possible choices you can then make an intelligent decision on what you should do.

Now that you have the idea, let’s try a couple of examples of tradeoff problems.

Problem 63

 

Dolores Grande is packing a box of books and clothing to go to her son, Oscar, at summer camp. Since she is sending the box parcel post, she is allowed to ship no more than 70 lbs. Make a table showing the trade-offs for 10-lb. increments of books versus clothing.

GIVEN:

Weight limit is 70 lbs.

Increments of weight are 10 lbs.

Trade-off choice is between books and clothing.

FIND:

Table of trade-offs

SOLUTION:

This is similar to the Percival Ugmeister example. The increments are 10 lbs., so we will look at 0, 10, 20, 30, 40, 50, 60, and 70 lbs. of books. Calculating the weight left for clothing in each case, we find the following.

FOR 0 LB. OF BOOKS:

70 − 0 = 70 lbs. of clothing

FOR 10 LBS. OF BOOKS:

70 − 10 = 60 lbs. of clothing

FOR 20 LBS. OF BOOKS:

70 − 20 = 50 lbs. of clothing

FOR 30 LBS. OF BOOKS:

70 − 30 = 40 lbs. of clothing

FOR 40 LBS. OF BOOKS:

70 − 40 = 30 lbs. of clothing

FOR 50 LBS. OF BOOKS:

70 − 50 = 20 lbs. of clothing

FOR 60 LBS. OF BOOKS:

70 − 60 = 10 lbs. of clothing

FOR 70 LBS. OF BOOKS:

70 − 70 = 0 lbs. of clothing.

ANSWER:

The trade-off table is as follows:




	Pounds of Books
	Pounds of Clothing



	  0
	70



	10
	60



	20
	50



	30
	40



	40
	30



	50
	20



	60
	10



	70
	  0





Having developed the trade-off table, Dolores Grande could then pick a choice from it. A letter from Oscar might give her some idea of which to send more of—books or clothing.

 

Problem 64

 

Edith Bartlett and Felicia McCarthy are in charge of picking out the door prizes for the office Christmas party. They are given a fund of $170 to work with. There are 97 people coming to the party. What will be the value of each door prize if they decide to give one to each person? What if they raffle them off and give out only 20? How about 10? 5? 4? 3? 2? 1? Make a trade-off table showing the number of prizes versus the value of each prize.

GIVEN:

Amount of door prize fund = $170

Possible numbers of prizes: 97, 20, 10, 5, 4, 3, 2, 1

FIND:

Table of trade-offs of number of prizes versus value of each prize

SOLUTION:

The trade-off is that the more door prizes they award, the smaller each one will be. If they give each person a door prize and have 97 of them:

$170 ÷ 97 = $1.75

If they award 20 prizes:

$170 ÷ 20 = $8.50

If they give 10 prizes:

$170 ÷ 10 = $17.00

For 5 prizes:

$170 ÷ 5 = $34.00:

For 4 prizes:

$170 ÷ 4 = $42.50

For 3 prizes:

$170 ÷ 3 = $56.67

For 2 prizes:

$170 ÷ 2 = $85.00

For 1 prize

$170 ÷1 =$170.00

ANSWER:

The trade-off table is as follows:




	Number of Prizes
	Value of Each Prize



	_____________
	_____________



	97
	  $1.75



	20
	    8.50



	10
	   17.00



	  5
	  34.00



	  4
	  42.50



	  3
	  56.67



	  2
	  85.00



	  1
	170.00





The choice from among these possible ways is up to Edith and Felicia. In choosing the number of prizes they will be guided by what they think people expect. If they think everyone expects to get a prize, they will award 97 of them at $1.75 each. If they sense that people think that $1.75 prizes are just cheap trinkets, they will award fewer but more expensive prizes.

 

A lot of things in life involve trade-offs. Often the trade-offs aren’t as obvious as those in packing a suitcase or dividing door prize money. For instance, there is the question of energy versus the environment. If we try to get energy very cheaply, such as by burning coal without any particulate control, then the environment gets very polluted. On the other hand, if we have very tight pollution standards, then the environment stays clean, but the coal-burning process becomes more expensive because of all the sophisticated antipollution devices.

Closer to home, there are many trade-off problems that come up in family budgeting. One problem that occurs very often is the trade-off between spending money or saving it. The more you spend now, the longer you’re going to have to wait for the things you’re saving for.

For example, the Frederick family is trying to figure out their budget. They are trying to save $27,000 for a down payment on a house, but they also have to meet the expenses of their day-to-day living.

Jim Frederick is a machinist and his take-home pay is $2,978.70 per month after taxes and union dues. Right off the top, he has to write a rent check for $980 each month for the family’s apartment. His wife, Angela, has kept track of the grocery expenses and has found that they average $710 per month. Clothing for themselves and for their two children, Mark and Christine, costs a total of $2,680 per year.

They also have expenses for their family car, which Jim drives to work every day and Angela uses on the weekends to go shopping. Their Gazelle 6 auto is 3 years old now, and the payments are all completed, so Jim only has to worry about operating expenses. He spends $85 per month on gas and $1,980 per year on repairs. His yearly bill for car insurance is $990, and the annual cost of licenses is $165. Parking costs him an average of $52 a month.

Jim had looked at a lot of life insurance plans and decided that term insurance was the best deal. He pays a premium of $290 per year. Jim also has health insurance through his employer, Consolidated Manufacturing. He pays $155 a month for the health insurance.

Jim and Angela consider all the items we have mentioned so far as necessities. Let’s total them up on a monthly basis. We’ll divide all the expenses that are annual ones by 12 to make them monthly.




	Rent
	$980.00



	Grocery
	710.00



	Clothing (2,680 ÷ 12)
	223.33



	Gas for car
	85.00



	Car repairs (1,980 ÷ 12)
	165.00



	Car insurance (990 ÷ 12)
	82.50



	Car licenses (165 ÷ 12)
	13.75



	Parking
	52.00



	Term life insurance (290 ÷ 12)
	24.17



	Health insurance
	    155.00



	Total
	$2,490.75





Besides the above expenses the Fredericks find that little miscellaneous necessities come up every year. There are doctor and dentist bills not covered by the health insurance, tools Jim has to buy for work, Angela’s beauty parlor appointments, and school supplies for Mark and Christine. These little things totaled up to $928 last year, and the Fredericks think they will be about the same this year. On a monthly basis these miscellaneous expenses are $928 ÷ 12 = $77.33. Adding this to the expenses already totaled, the Fredericks have:

$2,490.75 + 77.33 = $2,568.08

This is their total expense for necessities for the average month.

The money that the Fredericks have left over after necessities each month is:

$2,978.70 − $2,568.08 = $410.62

This $410.62 is money the Fredericks can save toward buying a house, or they can spend it on recreation. If they spend some of it on recreation, they will have to wait longer to buy the house. That’s the tradeoff. They have to trade enjoying the money now by spending it on recreation for enjoying the house sooner. Suppose they don’t spend any money at all on recreation, and they save $410.62 every month. Then at the end of a year they have:

$410.62 × 12 = $4,927.44

If they put this money into a certificate of deposit each year at 6% interest, it will grow by compound interest. We can figure out how much they’ll have at the end of 5 years by using the 6% interest table at the back of the book. For n = 5 we find that Y = 5.637. The future worth at the end of 5 years is:

F = AY

   = $4,927.44 × 5.637

   = $27,775.98

They would then have enough for a down payment with $775.98 left over. Saving all the money lets them buy the house in 5 years.

If instead the Fredericks decided to take a vacation every year for $4,500, they would have to subtract this from the money they were saving for the house:

$4,927.44 − $4,500.00 = $427.44

How many years would it take them to save $27,000 if they saved this $427.44 every year? To find out, let’s calculate the Y factor and look in the 6% table again.

Y = F ÷ A

    = $27,000 ÷ $427.44

    = 63.167

Looking for this Y factor in the 6% table, we see that it is a little less than n = 27. Thus the Fredericks would have to wait 27 years to buy the house if they took a $4,500 vacation every year. If they do, they better buy a small house. Mark and Christine will be grown up and gone by then.

Let’s look at some cases between these extremes.

If the Fredericks spend $700 for recreation each year, there will be $4,427.44 left to save for the house. The Y factor is

Y = $27,000 ÷ $4,227.44

    = 6.387

Looking in the table again, we find n = 6 years.

Or if they spend $2,000 for recreation, there is $2,927.44 left to save and:

Y = $27,000 ÷ $2,927.44

    = 9.223

Looking in the table, we see it will take them 8 years to save the money.

Similarly, if they spend $3,000 for recreation, there is $1,927.44 left to save and:

Y = $27,000 ÷ $1,927.44

    = 14.008

From the table we see it will take them 11 years to save the money.

We can summarize these numbers we’ve calculated in two columns as follows:




	Dollars Spent
for Recreation
	Years Waited
to Buy House



	_____________
	_____________



	        0
	 5



	    700
	 6



	2,000
	 8



	3,000
	11



	4,500
	27





This two-column table clearly shows us the trade-offs. The numbers tell us how many years longer the Fredericks have to wait for the house for each additional amount they spend on recreation. This is what is known as the ‘terms of trade’.

The Fredericks went through these calculations and looked at this table of numbers. They wanted their own home as soon as possible, but they didn’t want to have 5 years with no recreation at all—not ever being able to go to movies, go out to eat, or take Mark and Christine to the amusement park, They decided to limit themselves to $700 per year for recreation and buy the house in 6 years. They decided that getting the house only 1 year sooner through having no recreation at all was too big a sacrifice.

They did have to do without going away on vacation but they decided it was worth it. The key to their decision was figuring out the numbers involved in the trade-offs. They were then able to make an intelligent decision, knowing the terms of trade.

Now that you’ve seen how trade-offs are analyzed, let’s try a couple problems.

Problem 65

 

The Watson family is looking at their budget for the year, and they find that after accounting for necessities, there’s $895 left. They are trying to figure out the trade-offs of spending money for entertainment versus buying a car sooner. The used car they want costs $3,800, and they want to pay cash so they can avoid the interest payments. The bank where they save pays 5.5% interest compounded annually. How many years will they have to wait for the car if they spend $100 per year for entertainment? How about $300? $600? What if they save it all?

GIVEN:

A used automobile costs $3,800.

Bank pays 5.5% interest, compounded annually.

Income left after necessities = $895

Possible expenditures for entertainment are 0, $100, $300, and $600

FIND:

Years they must wait to buy the car for each level of entertainment expense

SOLUTION:

This is similar to the case of the Fredericks, which we just discussed. The problem calls for using the Y column of the 5.5% interest table.

In the case where all $895 is saved, we have:

Y = F ÷ A = $3,800 ÷ $895 = 4.246

Looking this up in the table, we find that n = 4 years.

When $100 is spent on entertainment, there is $795 left, and we have:

Y = $3,800 ÷ $795 = 4.780

From the table we have n = 5 years.

When $300 is spent on entertainment, there is $595 left.

Y = $3800 ÷ $595 = 6.387

The table gives n = 6 years.

When $600 is spent on entertainment, there is $295 left.

Y = $3,800 ÷ $295 = 12.881

For this value of Y, the table shows n = 10 years.

ANSWER:

The trade-offs are summarized in the table below.




	Dollars Spent for Entertainment
	Years Waited to Buy Car



	    0
	  4



	100
	  5



	300
	  6



	600
	10





 

As in the case of the Fredericks, the decision on how much to spend on entertainment will depend on how badly they want to reach their savings objective. People are better prepared to make this decision knowing the trade-offs.

Problem 66

 

Tom Aaron is thinking of buying a boat and he wants to pay cash. The price of the boat is $ 7,300.

Tom has $840 left each quarter, which he can spend on entertainment or save for his boat. He has an account that pays 6% compounded quarterly. When will he get the boat if he saves all of his money? If he spends $100? $300? $600?

GIVEN:

Boat costs $7,300.

Account pays 6% interest compounded quarterly.

Income left after necessities = $840 per quarter

Possible expenditures for entertainment are 0,

$100, $300, $600 per quarter

FIND:

Years he must wait to buy the boat for each level of entertainment expense

SOLUTION:

This is similar to the previous problem except that the interest is compounded quarterly. The quarterly interest rate is:

6% ÷ 4 = 1.5%

Therefore, we will be using the Y column of the 1.5% table in the back of the book.

For the case where he saves the whole $840:

Y = F ÷ A = $7,300 ÷ $840 = 8.690

The table shows that n = 9 quarters; he waits 2.25 years.

If he spends $100, he saves $740 and:

Y = $7,300 ÷ $740 = 9.865

Checking this in the table, we find n = 10 quarters. This is 2.5 years.

If he spends $300 he saves $540 and:

Y = $7,300 ÷ $540 = 13.519

From the table we see n = 12 quarters. This is 3 years.

If he spends $600 on entertainment, then he only saves $240:

Y = $7300 ÷ $240 = 30.417

The table shows that n = 26 quarters. This equals 6.5 years.

ANSWER:

The trade-offs are summarized below:




	Dollars Spent
for Entertainment
	Years Waited
to Buy Boat



	_____________
	_____________



	    0
	2.25



	100
	2.50



	300
	3.00



	600
	6.50





As in the other problems, we found that the less Tom Aaron saved, the longer it took him to get together enough money for his boat. This was another typical trade-off situation.

 

In our look at trade-offs we have concentrated on cases where there are two factors that are traded off against each other. But what do you do when there are more than two factors? How do your choose from among the trade-off possibilities? The next section looks at these questions.

Decision Making

Up to now we have talked mainly about how to lay out the sets of choices when you have a trade-off. But how do you decide?

You have to decide among the choices on the basis of what you’re trying to do—your objective. You may often have more than one objective.

For instance, in the example about the Frederick family’s budget, they had two objectives. Their most important one was to save money to buy a house. But they also wanted to have at least a little entertainment. This led them to the choice of spending $700 per year on entertainment and saving the rest.

Weighting and Scoring

For more complicated choices, where there are more than two objectives, it usually helps to make the choices using numbers. The way this is done is with ‘weighting and scoring systems’.

To show you how weighting and scoring systems work, let’s consider an example. Suppose Don Gordon is buying a new car and he wants one that has a low price, looks nice, and gives good fuel economy. These are his three objectives. The next thing for him to do is figure out how important each of these objectives is to him, on a scale of 1 to 10.

Price is the most important to him so he gives it a weight of 10. Looks are not quite so important so he gives that a 6. Fuel economy isn’t really too important to him so he gives that a weighting of 2. These are the weightings of the objectives he will use.

Don looks at three cars. The Calamari Spyder is an expensive foreign sports car; the Frugal-4 is a small economy-priced car; and the Provincial-6 is a middlesized car that has been designed for better fuel economy. In looking at each of these cars, Don scores them 1 to 10 for price, looks, and fuel economy.

The Calamari Spyder costs $57,000, making it by far the most expensive of the three cars. Don scores it 2 out of a possible 10 in the price category. However, it does look sexier than any car Don has ever seen, so he gives it a 10 for looks. Its fuel economy is a little worse than the average car, so he scores that a 4. Now he totals up the rating for the Calamari Spyder. Its rating for price is the weighting for price, which is 10, times the score for price, which is 2. The rating is then:

10 × 2 = 20

For the Calamari Spyder’s looks the weighting is 6 and the score is 10, so the rating is:

6 × 10 = 60

For the Calamari Spyder’s fuel economy the weighting is 2 and the score is 4, so the rating is:

2 × 4 = 8

Adding these together to get the Calamari Spyder’s total rating, Don gets:




	Price
	20



	Looks
	60



	Fuel economy
	  8



	Total rating
	88





Next Don looks at the Frugal-4. He can get one for $17,000, making it the lowest priced of the three. He gives it a score of 10 for price. It really isn’t a very pretty car at all, so he scores it 2 for looks. It’s close to the top of all cars for fuel economy, so he scores it a 9. Totaling up the rating for the Frugal-4, Don gets:




	Price
	10 × 10 = 100



	Looks
	      6 × 2 = 12



	Fuel economy
	      2 × 9 = 18



	Total rating
	130





Finally, Don scores the Provincial-6. It costs $28,000, intermediate between the other two cars, and he scores it a 6 for price. It has average looks so he gives it a 5. Its fuel economy is almost as good as the Frugal-4, so he gives it an 8. Totaling its rating gives:




	Price
	10 × 6 = 60



	Looks
	6 × 5 = 30



	Fuel economy
	  2 × 8 = 16



	Total rating
	106





Summarizing the total ratings, Don finds:




	Calamari Spyder
	88



	Frugal-4
	130



	Provincial-6
	106





Since the Frugal-4 has the highest total rating, he buys it. He realizes that the other two cars were prettier, but Don knows price is more important to him. After all, that’s the way he set up the weighting numbers. It would have been nice for Don to have a better looking car, but he couldn’t get one at a good price. Those are the trade-offs.

Using the weighting and scoring system helped Don Gordon make a tough choice. Since he was the one who picked the weightings and scorings, he knew it was the right decision.

Let’s try some problems in weightings and scorings, so you get the hang of using them.

Problem 67

 

Herman and Emily Peterson are buying a new house. They are using a weighting and scoring system to pick from among their three choices. They decide to assign a weighting of 10 for location, 9 for price, and 6 for condition.

One house is a colonial style that sells for $225,000. The house is in good condition and centrally located, but the neighborhood is run-down. They score it 4 for location, 9 for price, and 9 for condition.

The next house they look at is a tract house in a new development. The development is a nice neighborhood, but it’s far out in the suburbs, making commuting difficult. They score its location 4. It sells for $250,000 and they score this price as a 7. It’s almost brand-new but is poorly constructed. They rate its condition as an 8.

Finally, they look at a reconditioned house in a good neighborhood, which is centrally located. They score its location as a 9. Its price is $270,000; they score this 5. Even though it has been reconditioned, it still needs some work. They rate its condition as a 4.

What are the overall ratings of the three houses? Which one do they buy?

GIVEN:




	WEIGHTINGS:
	 



	Location
	10



	Price
	9



	Condition
	6





SCORINGS:

Colonial house—location 4, price 9, condition 9

Tract house—location 4, price 7, condition 8

Reconditioned house—location 9, price 5, condition 4

FIND:

Overall ratings of the three houses

Choice of house

SOLUTION:

Set up the weighting and scoring as we did in the previous discussion of Don Gordon’s car.




	COLONIAL HOUSE
	 



	Location
	10 × 4 = 40



	Price
	9 × 9 = 81



	Condition
	6 × 9 = 54



	Total rating
	175





 




	TRACT HOUSE
	 



	Location
	10 × 4 = 40



	Price
	9 × 7 = 63



	Condition
	6 × 8 = 48



	Total rating
	151





 




	RECONDITIONED HOUSE
	 



	Location
	10 × 9 = 90



	Price
	9 × 5 = 45



	Condition
	6 × 4 = 24



	Total rating
	159





ANSWER:

The total ratings are:




	Colonial house
	175



	Tract house
	151



	Reconditioned house
	159





The Petersons buy the colonial house.

 

Problem 68

 

Julie Greenberg is choosing a new job. She is using a weighting and scoring system to choose between two possible employers. She considers the most important thing to be the type of work—whether it’s something she likes to do. She weights the type of work as 10. Next in importance is the chance for advancement. She weights this as 9. Salary is not quite so important to her, and she weights it as 8. She also considers how close the office is to her home, but she weights this as only 2.

One employer is the Daily Bugle, the local newspaper. Julie is interested in working on a newspaper, and her degree is in journalism. She scores the type of work as 10. Unfortunately, if she joins the Daily Bugle, she will have to start from the bottom as a copy girl. Most people move up from there to being a cub reporter. She scores the advancement possibilities as 8, but the starting salary is very low, and she scores it as 2. The Daily Bugle is near her home so she scores the commuting distance as 10.

The other job she has been offered is as a technical writer for Consolidated Electronics. She would be writing handbooks for the various electronic products that the company makes. The type of work is interesting to her since it involves writing, but not as interesting as newspaper work. She scores it a 6. The advancement opportunities are only fair at Consolidated Electronics. People who begin as technical writers tend to stay technical writers. She scores advancement as 6. The starting salary at Consolidated Electronics is very high, and she rates it as 10. The office is a moderate distance from home, and she scores commuting distance as 5.

What are the overall ratings of the two jobs? Which one does Julie choose?

GIVEN:




	WEIGHTINGS:
	 



	Type
	10



	Advancement
	9



	Salary
	8



	Commuting distance
	2



	SCORINGS:
	 





Daily Bugle—Type 10, advancement 8, salary 2, commuting distance 10

Consolidated Electronics—Type 6, advancement 6, salary 10, commuting distance 5

FIND:

Overall rating of each employer

Choice of employer

SOLUTION:

This problem is set up like the previous one. It’s just a question of multiplying weightings by scores.

Daily Bugle




	Type
	10 × 10 = 100



	Advancement
	9 × 8 = 72



	Salary
	8 × 2 = 16



	Commuting distance
	2 × 10 = 20



	Total rating
	208





CONSOLIDATED ELECTRONICS:




	Type
	10 × 6 = 60



	Advancement
	9 × 6 = 54



	Salary
	8 × 10 = 80



	Commuting distance
	2 × 5 = 10



	Total rating
	204





ANSWER:

The total ratings for the two employers are:




	Daily Bugle
	208



	Consolidated Electronics
	204



	Julie chooses the Daily Bugle.
	 





This problem resulted in a very close decision, but Julie stuck by her weighting and scoring system and went with the Daily Bugle. It’s lucky she had a weighting and scoring system to help her decide. Otherwise, she might have been tempted to postpone this difficult decision. Putting off the decision might have meant days without pay and sleepless nights while deciding. She avoided this by making up her mind.

 

Problem 69

 

Andrea Pollack is shopping for a new cocktail dress. After looking at several stores, she narrows the choice down to two. She decides to use a weighting and scoring system to pick one of the two. Her first concern is the style, which she weights as 10. Next she is thinking of price, which she weights as 8. The fit is not quite so important to her since she can have the dress altered if necessary; she weights it 5. She is also somewhat concerned with the color and weights it 4.

The green dress she has found is just the style she was looking for, and she scores it 10. It is also more expensive, and she scores it 2 on price. The dress fits extremely well and would not need alterations, so she scores that 10: but green is not one of her favorite colors so she scores it 3.

The red dress appears to be last year’s style, but it looks okay, so she scores it 3 for style. It’s a real bargain, so she scores it 10 for price. It fits pretty well, so she scores it 8, and since red is her favorite color, she scores it 10.

What are the total ratings for the two dresses? Which one does she choose?

GIVEN:




	WEIGHTINGS:
	 



	Style
	10



	Price
	8



	Fit
	5



	Color
	4



	SCORINGS:
	 





Green dress—style 10, price 2, fit 10, color 3

Red dress—style 3, price 10, fit 8, color 10

FIND:

Total ratings for the two dresses

Choice of dress

SOLUTION:

The setup is the same as the previous weighting and scoring problems.




	GREEN DRESS
	 



	Style
	10 × 10 = 100



	Price
	8 × 2 = 16



	Fit
	5 × 10 = 50



	Color
	4 × 3 = 12



	Total rating
	178








	RED DRESS
	 



	Style
	10 × 3 = 30



	Price
	8 × 10 = 80



	Fit
	5 × 8 = 40



	Color
	4 × 10 = 40



	Total rating
	190





ANSWER:




	The total ratings are:
	 



	Green dress
	178



	Red dress
	190



	Andrea buys the red dress.
	 





 

Problem 70

 

Now that their children have grown, Harry and Samantha Stone want to sell their present house and buy a smaller one closer to the center of the city. They have found four houses, all in the same neighborhood. Their decision will be based on price and condition of the house. They are using a weighting and scoring system, and they weight price as 10 and condition as 6.

The first house they are considering is a frame house. It costs only $210,000, but it’s in poor condition. They score it 10 on price and 1 on condition.

The second one is a reconditioned brownstone. It costs $270,000 and is in moderately good shape. They score it 6 on price and 6 on condition.

The third house is a relatively new brick house, which costs $300,000. It is in excellent condition. They score it 3 on price and 10 on condition.

The fourth house is an old stucco house, which recently has been completely reconditioned. It is selling for $240,000. They score its price as an 8 and its condition as a 7.

What are the total ratings of the four houses? Which one do they buy?

GIVEN:




	WEIGHTINGS:
	 



	Price
	10



	Condition
	6



	SCORINGS:
	 





Frame house—price 10, condition 1

Brownstone—price 6, condition 6

Brick house—price 3, condition 10

Stucco house—price 8, condition 7

FIND:

Total ratings of the four houses

Choice of house

SOLUTION:

The setup is the same as the earlier problems. The only difference is that there are four things to be rated.




	FRAME HOUSE
	 



	Price
	10 × 10 = 100



	Condition
	6 × 1 = 6    



	Total rating
	106








	BROWNSTONE
	 



	Price
	10 × 6 = 60



	Condition
	6 × 6 = 36



	Total rating
	96








	BRICK HOUSE
	 



	Price
	10 × 3 = 30



	Condition
	6 × 10 = 60



	Total rating
	90








	STUCCO HOUSE
	 



	Price
	10 × 8 = 80



	Condition
	6 × 7 = 42



	Total rating
	122





ANSWER:




	The total ratings are:
	 



	Frame house
	106



	Brownstone
	96



	Brick house
	90



	Stucco house
	122





The Stones buy the stucco house.

 

Having worked with these weighting and scoring problems, you are now in a position to do weightings and scorings of your own. You’ll find that they’ll make it easier to make tough decisions—the kind that people worry over for too long without making up their minds. The success you have in using weighting and scoring systems will depend on how carefully you choose your rating factors, what weights you give them, and what scores you give the choices. If they are your best judgments, then the total rating should be the decision you want.

Trade-offs are no problem if you recognize them and learn to choose among them, as we did in this chapter.





	9

	Summing Up






What Do You Have to Gain?

Now that you have put in the work to read this book and work the sample problems, you’re probably wondering what comes next. Well, that is really up to you. You can go one of two ways:

1.   You can apply what you have learned. You can start thinking with numbers. When you have an interest problem or a percentage problem, you can take out your calculator and figure it out. If you’re making a decision, you can calculate the mathematical expectations or you can set up a weighting and scoring system. You now know the methods, and life supplies the problems. With your calculator in your hand, you can get the answers.

2.   You can forget what you learned, if you don’t use it. If you don’t apply what you learned in this book, you’re going to forget it. If you make decisions by whim or default and you never stop to calculate where you stand, then this book will not have done you any good.

[image: image]

In making your choice between these two ways, you must ask yourself, ‘What do I have to gain by thinking with numbers?’

The first thing you can be assured of is that when you think with numbers you are going to wind up with more money. You’ll stop being ripped off by installment payments, gambling games, and bad deals on insurance. You’ll know what kind of return to expect from your investments. You’ll be able to make the right decision when you’re thinking of changing jobs.

Thinking with numbers will also make you more self-confident. You’ll find that you are figuring things out for yourself, rather than taking someone else’s word for it. You’ll also find you are right more of the time. There’s nothing that improves your self-assurance more than seeing your plans work out right.

How Do You Get Rich?

It’s really pretty straightforward, but it takes a while. You saw the way it works from doing the problems in this book. There are two main things you have to do to become a millionaire.

1. Make more money than you spend.

2. Keep investing the difference.

Rule 1 is much easier said than done. You have to do a good job at your career, so you keep making more money as you get better. You also have to spend less, putting off lavish vacations and other luxuries. The first thing you want to spend less on: credit card finance charges. Don’t buy things you can’t afford yet. Pay your bills as soon as they come in. Then invest the amount of money you would have spent on credit card finance charges.

Rule 2 gets easier once you’ve been investing for a few years. Stocks, bonds, money market funds, and index funds all have a place in your portfolio. As you saw from the examples in this book, money grows tremendously over the years through repeated compounding. Keep calculating as you keep investing and you’ll have a pretty good idea of how much you’ll be worth in the future.

Some People Never Learn

Even if you become very successful from thinking with numbers, you’re going to find some people who don’t like it. First of all, there will be those people who want to rip you off. If they aren’t able to rip you off any more because you can now think with numbers, they won’t be too happy about it.

You’ll also find a lot of ‘sour grapes’ people out there, who can’t think with numbers themselves and are jealous because you can. They will tell you that you’ve become too hard and calculating and that you should instead make decisions ‘from your heart’. They’ll tell you that making calculations takes too much time and effort and they would rather ‘play it by ear’. Well, they are dead wrong!

When you hear people talking that way, just smile and walk away. Then you can laugh all the way to the bank.

A Better World for Us All

What do you think would happen if everyone thought with numbers? We’d be a lot better off—that’s what would happen. Can you imagine a world where merchants watch the percentages on their profits because they know everyone else can calculate those percentages too; a world where gambling joints close down because nobody wants to make a bet with a negative mathematical expectation; a world where life insurance salesmen don’t bug people because everyone buys only the insurance they need; a world where personal loan companies go broke because people would rather save their money and wait for what they want than pay 30% interest rates; a world where real estate salesmen have to watch what they say because everyone knows how to calculate mortgage payments; a world where banks pay higher interest to depositors than they do now and demand less interest of borrowers, because everyone knows how to calculate interest and will shop around for the best rates; a world where stockbrokers are less eager to push “hot deals” because everyone knows how to calculate growth rates; a world where politicians watch their promises and think twice before raising taxes because people know the difference between first costs and operating costs—in short, a world with more mutual respect?

If you start thinking with numbers and tell your friends about it too, we’re on our way. Take your calculator in hand and go get ‘em!


Appendix

About the Compound Interest Tables

You’re going to need the compound interest tables in the back of this book to solve the problems in Chapters 6, 7, and 8. Once you get used to using these interest tables, you can keep referring to them when you are figuring out your mortgage or the growth of your investments.

Can you do compound interest calculations without the tables? Sure you can:

1.   You can use a business calculator that already has the interest calculations in its functions.

2.   You can use a scientific calculator that works with exponents and plug into the formulas shown below.

3.   You can use a computer with software like Excel, Lotus 1-2-3, or Quattro Pro.

However, the tables will probably be easier, and they will give you a better picture of the pattern over various interest rates and various lengths of time.

In using the tables, it’s good to review the problems in Chapter 6 to make sure you’re using the right factor from the right column.

Definitions and Formulas for Using the Tables

DEFINITIONS:

P  =  Principal, an amount of money here in the present

n  =  Number of periods (The periods can be years, months, or quarters, but your interest rates have to be quoted as yearly, monthly, or quarterly to go with them.)

F  =  Future worth, at the end of n periods

A  = Annuity, the amount of money periodically put in or taken out

r  =   Interest rate that goes with n. If n is in years, r is the annual interest rate. If n is in quarters, r is the quarterly interest rate. You will only be using r if you plug into the formulas below to calculate the factors yourself. If you use the tables, the factors are already calculated for you and you won’t need to use r, except to look for it at the top of the right table.

 

The material below reviews the use of the six factors in the tables: U, V, W, X, Y, and Z. For each factor we refer to the problems in the book that illustrate using that factor. We also present the formula that defines each of the six factors. You probably won’t need to use these formulas, unless you’re trying to do calculations for some interest rate not covered in the tables.

 

U FACTOR

To find future worth F from principal P

F = PU

where U is the factor tabulated in the second column.

Problems 33, 34, 35, 36, and 38 illustrate the use of the U factor. The technical name for U is the compound amount factor.

The formula for U is:

U = (1 + r)n

V FACTOR

To find principal P from future worth F:

P = FV

where V is the factor tabulated in the third column.

Problem 37 illustrates the use of the V factor. The technical name for V is the present worth factor.

The formula for V is:

V = 1 ÷ (1 + r)n

W FACTOR

To find annuity A from future worth F:

A = FW

where W is the factor tabulated in the fourth column.

Problems 48 and 50 illustrate the use of the W factor. The technical name for W is the sinking fund factor.

The formula for W is:

W = r ÷ [(1 + r)n − 1]

X FACTOR

To find annuity A from principal P:

A = PX

where X is the factor tabulated in the fifth column.

Problems 44, 45, 46, and 47 illustrate the use of the X factor. The technical name for X is the capital recovery factor.

The formula for X is:

X = r(1 + r)n ÷ [(1 + r)n − 1]

Y FACTOR

To find future worth F from annuity A:

F = AY

where Y is the factor tabulated in the sixth column.

Problems 39, 40, 41, 42, 43, and many other problems illustrate the use of the Y factor. The technical name for Y is the compound amount factor.

The formula for Y is:

Y = [(1 + r)n − 1] ÷ r

Z FACTOR

To find principal P from annuity A

P = AZ

where Z is the factor tabulated in the seventh column.

Problems 49 and 50 illustrate the use of the Z factor. The technical name for Z is the present worth factor.

The formula for Z is:

Z = [(1 + r)n − 1] ÷ r (1 + r)n


Compound Interest Tables
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