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Chapter 1





What is number theory?


Consider the following questions:

In which years does February have five Sundays?

What is special about the number 4,294,967,297?

How many right-angled triangles with whole-number sides have a side of length 29?

Are any of the numbers 11, 111, 1111, 11111, … perfect squares?

I have some eggs. When arranged in rows of 3 there are 2 left over, in rows of 5 there are 3 left over, and in rows of 7 there are 2 left over. How many eggs have I altogether?

Can one construct a regular polygon with 100 sides if measuring is forbidden?

How many shuffles are needed to restore the order of the cards in a pack with two Jokers?

If I can buy partridges for 3 cents, pigeons for 2 cents, and 2 sparrows for a cent, and if I spend 30 cents on buying 30 birds, how many birds of each kind must I buy?

How do prime numbers help to keep our credit cards secure?

What is the Riemann hypothesis, and how can I earn a million dollars?

As you’ll discover, these are all questions in number theory, the branch of mathematics that’s primarily concerned with our counting numbers, 1, 2, 3, …, and we’ll meet all of these questions again later. Of particular importance to us will be the prime numbers, the ‘building blocks’ of our number system: these are numbers such as 19, 199, and 1999 whose only factors are themselves and 1, unlike 99 which is [image: image] and 999 which is [image: image]. Much of this book is concerned with exploring their properties.

Number theory is an old subject, dating back over two millennia to the Ancient Greeks. The Greek word ἀριθμὸς (arithmos) means ‘number’, and for the Pythagoreans of the 6th century bc ‘arithmetic’ originally referred to calculating with whole numbers, and by extension to what we now call number theory—in fact, until fairly recently the subject was sometimes referred to as ‘the higher arithmetic’. Three centuries later, Euclid of Alexandria discussed arithmetic and number theory in Books VII, VIII, and IX of his celebrated work, the Elements, and proved in particular that the list of prime numbers is never-ending. Then, possibly around ad 250, Diophantus, another inhabitant of Alexandria, wrote a classic text called Arithmetica which contained many questions with whole number solutions.

After the Greeks, there was little interest in number theory for over one thousand years until the pioneering insights of the 17th-century French lawyer and mathematician Pierre de Fermat, after whom ‘Fermat’s last theorem’, one of the most celebrated challenges of number theory, is named. Fermat’s work was developed by the 18th-century Swiss polymath Leonhard Euler, who solved several problems that Fermat had been unable to crack, and also by Joseph-Louis Lagrange in Berlin and Adrien-Marie Legendre in Paris. In 1793 the German prodigy Carl Friedrich Gauss constructed by hand a list of all the prime numbers up to three million when he was aged just 15, and shortly afterwards wrote a groundbreaking text entitled Disquisitiones Arithmeticae (Investigations into Arithmetic) whose publication in 1801 revolutionized the subject. Sometimes described as the ‘Prince of Mathematics’, Gauss asserted that

Mathematics is the queen of the sciences, and number theory is the queen of mathematics.

The names of these trailblazers will reappear throughout this book (see Figure 1).


[image: image]
1. From left to right; Euclid, Pierre de Fermat, Leonhard Euler, and Carl Friedrich Gauss.




More recently, the subject’s scope has broadened greatly to include many other topics, several of which feature in this book. In particular, there have been some spectacular developments, such as Andrew Wiles’s proof of Fermat’s last theorem (which had remained unproved for over 350 years) and some exciting new results on the way that prime numbers are distributed.

Number theory has long been thought of as one of the most ‘beautiful’ areas of mathematics, exhibiting great charm and elegance: prime numbers even arise in nature, as we’ll see. It’s also one of the most tantalizing of subjects, in that several of its challenges are so easy to state that anyone can understand them—and yet, despite valiant attempts by many people over hundreds of years, they’ve never been solved. But the subject has also recently become of great practical importance—in the area of cryptography. Indeed, somewhat surprisingly, much secret information, including the security of your credit cards, depends on a result from number theory that dates back to the 18th century.

In this chapter I’ll lay the groundwork for our later explorations, by introducing several types of number that you’ll meet again and posing several questions. Some of these questions are easy to answer, whereas others are harder but are solved in subsequent chapters, and a few are notorious problems for which no answer has yet been found. For the moment I won’t reveal which questions fall into which category, because you may like to think about them first. Their answers (where known) are summarized at the end of this book, in Chapter 9.

Integers

This book is about the integers (or whole numbers),

[image: image]


[image: image]
2. The integers.



These include the counting numbers or positive integers (1, 2, 3, 4, 5, … ), the negative integers ( …, −4, −3, −2, −1), and the number 0 (see Figure 2).

We can also split the collection of integers into the even numbers

[image: image]

and the odd numbers

[image: image]

Every even number is twice another integer—that is, it has the form 2n, where n is an integer: for example,

[image: image]

Similarly, every odd number is one more than twice another integer—that is, it has the form [image: image] where n is an integer: for example,

[image: image]

The multiples of a given integer n are those numbers that leave no remainder when divided by n: for example,

[image: image]

These numbers all end in 0, and conversely all numbers that end with 0 (such as 70) are multiples of 10. Similarly,

[image: image]

These numbers all end in 0 or 5, and conversely all numbers that end in 0 or 5 (such as 40 and 65) are multiples of 5.

The multiples of 2 are the even numbers—those numbers that end in 2, 4, 6, 8, or 0. But what can we say about the multiples of other numbers? For example:

How can we recognize whether a given number, such as 12,345,678, is a multiple of 8? or of 9? or of 11? or of 88?

I’ll answer these questions in Chapter 2, where we’ll explore multiples in greater detail.

In number theory the single word ‘number’ generally refers to a positive integer, and we shall follow this convention unless otherwise stated.

Squares and cubes

The Pythagoreans seem to have been particularly interested in perfect squares, which they depicted geometrically by square patterns of dots, as in Figure 3.


[image: image]
3. The first four non-zero squares.



A square (or perfect square) has the form [image: image], where n is an integer: for example, 144 is a square because [image: image] or (−12)2, and 0 is a square because [image: image]. All the non-zero squares are positive integers, the first ten being

[image: image]

These squares all end in 1, 4, 5, 6, 9, or 0, and we might ask:

Do any squares end in 2, 3, 7, or 8?

We also notice that each of these squares is

either a multiple of 4: for example, [image: image],

or one more than a multiple of 4: for example, [image: image],

and we might ask whether this is always true:

Must all squares be of the form 4n or [image: image], where n is an integer?

The Pythagoreans also apparently observed such results as

[image: image]

Because 16 and 49 are both squares, we might ask:

Must the sum of the first few odd numbers, 1, 3, 5, 7, …, always be a square?

What happens if we add two squares together? The number [image: image] can be written as the sum of two squares, as can the number [image: image]. But the numbers 12, 14, and 15 cannot be written in this way, and we may ask:

Which numbers can be written as the sum of two squares?

However, the numbers [image: image] and [image: image] can be written as the sum of three squares, and the number [image: image] can be written as the sum of four squares, and we can ask such questions as:

Can 9999 be written as the sum of two squares? or of three squares? or of four squares?

Squares also arise in the geometry of right-angled triangles. By the Pythagorean theorem, the lengths a, b, c of the sides of a right-angled triangle satisfy the equation [image: image] (see Figure 4): for example,

[image: image]

and we might ask:

Which other right-angled triangles have integer-length sides?


[image: image]
4. Right-angled triangles.



Let’s now turn our attention to cubes.

A cube (or perfect cube) has the form [image: image], where n is an integer: for example, 343 and −216 are cubes because [image: image] and [image: image]. Cubes can be positive, negative, or zero, and the first ten positive cubes are

[image: image]

Each of these cubes is

either a multiple of 9: for example, [image: image],

or one more than a multiple of 9: for example, [image: image],

or eight more than a multiple of 9: for example, [image: image],

and we might ask:

Must all cubes be of the form [image: image], where n is an integer?

An unexpected link between squares and cubes is

[image: image]

and we might ask:

Must the sum of the first few cubes 13, 23, 33, … always be a square?

Above we saw that the sum of two squares can be another square: for example, [image: image]. We may ask whether there’s a similar statement for cubes:

Are there any integers a, b, c for which [image: image]?

Just as we can write numbers as the sum of squares, so we can also write them as the sum of cubes—for example:

[image: image]

So we might ask:

Can every number be written as the sum of six cubes?

I’ll answer these questions in Chapters 2 and 5 where we’ll explore squares and cubes in greater detail.

Perfect numbers

The factors, or divisors, of a given number are the positive integers that divide exactly into it, leaving no remainder: for example, the factors of 10 are 1, 2, 5, and 10. A factor that’s not equal to the number itself is a proper factor: the proper factors of 10 are 1, 2, and 5.

In Book IX of his Elements Euclid discussed perfect numbers, which were believed to have mystic or religious significance. A perfect number is a number whose proper factors add up to the original number: for example,

6 is perfect, because its proper factors are 1, 2, and 3, which add up to 6;

28 is perfect, because its proper factors are 1, 2, 4, 7, and 14, which add up to 28.

The first four perfect numbers, already known to the Ancient Greeks, are 6, 28, 496, and 8128, and we might ask:

What is the next perfect number after 8128?

and, more generally,

Is there a formula for producing perfect numbers?

We’ll explore perfect numbers in Chapter 3.

Prime numbers

As you saw earlier, a prime number is a number that has no factors other than itself and 1: for example, 13 and 17 are prime numbers, whereas [image: image] is not. The first fifteen primes are

[image: image]

A number that is not prime (such as 14, 15, or 16) is called composite.

The number 1 is regarded as neither prime nor composite. We’ll explain why in Chapter 3, where we explore prime numbers in greater detail.

Prime numbers lie at the heart of number theory because they’re the ‘building blocks’, or ‘atoms’, of our counting system, in the sense that every number that’s greater than 1 can be obtained by multiplying primes together: for example,

[image: image]

In some cases we can answer difficult questions about numbers in general by first answering them for primes and then combining the results.

From the above list we see that 2 and 3 seem to be the only prime numbers that differ by 1, but that several pairs of primes differ by 2: some examples are

[image: image]

Such pairs are called twin primes, and larger examples include 101 and 103, 2027 and 2029, and 9,999,971 and 9,999,973. Knowing that the list of primes is never-ending, we may likewise ask:

Does the list of twin primes go on for ever?

On the other hand, we sometimes find large gaps between successive prime numbers; for example, the prime numbers 23 and 29 are separated by the five composite numbers, 24, 25, 26, 27, and 28, and the primes 113 and 127 are separated by the thirteen consecutive composite numbers from 114 to 126. But how large can these gaps be? For example:

Is there a string of 1000 consecutive composite numbers?

Another question arises when we add prime numbers. Noticing that

[image: image]

we might ask:

Can every even number be written as the sum of two primes?

Several prime numbers can be written as the sum of two squares: for example,

[image: image]

But some other primes, such as 11, 23, and 47, cannot be written like this, and we might ask:

Which prime numbers can be written as the sum of two squares?

We may also notice that some prime numbers are one less than a power of 2: for example,

[image: image]

But none of the following numbers of this type is prime:

[image: image]

Noticing that the exponents (2, 3, 5, and 7) in the first list are all prime, whereas those in the second list (4, 6, 8, 9, and 10) are all composite, we might ask:

Is the number [image: image] always prime when n is prime, and always composite when n is composite?

Prime numbers of the form [image: image] are called Mersenne primes after the 17th-century French mathematician and friar Marin Mersenne, who explored their properties. They arise in connection with perfect numbers, and with the search for large primes, as we’ll see in Chapter 3.

Likewise, some prime numbers are one more than a power of 2. For example, Pierre de Fermat considered numbers of the form [image: image], where n is itself a power of 2, and when [image: image], he obtained the numbers

[image: image]

Recognizing that these five numbers are all prime, Fermat tried (but failed) to prove that this was always the case, and so we may ask:

Are all numbers of this form prime?

These numbers are now called Fermat numbers, and we’ll investigate them in Chapter 3, where we’ll see how they arise unexpectedly in connection with an ancient problem in geometry.

Before leaving prime numbers, we notice that every prime number (other than 2), being an odd number, must be either one more, or three more, than a multiple of 4—that is, it’s of the form [image: image] or [image: image], for some integer n. Examples of primes of the first type are

[image: image]

and of the second type are

[image: image]

Do these lists go on for ever?—that is, we may ask:

Are there infinitely many primes of the form [image: image]? or of the form [image: image]?

We may also ask the following related question:

Are there infinitely many primes with final digit 9?

We’ll explore such questions in Chapter 7.

This introductory chapter was designed to give you some idea of what to expect in the coming chapters, and some intimation of the delights that await you as we explore an area of study that has fascinated amateurs and professionals alike for thousands of years. Number theory is now a massive subject and many important topics have had to be omitted from these pages, but I hope that my selection will give you some idea of the wide-ranging aspects of number theory as it arose historically and as it is still practised today.




Chapter 2





Multiplying and dividing


Much of number theory is concerned with multiplying and dividing whole numbers, and in this chapter we’ll explore their multiples and divisors (or factors). After presenting the division rule and Euclid’s algorithm for finding the greatest common divisor of two numbers, we’ll explore some properties of squares and cubes, present some quick tests for determining which numbers can be divided evenly by certain given numbers (such as 4, 9, and 11), and conclude with the ancient method of ‘casting out nines’.

Multiples and divisors

Given two integers a and b, we say that b is a multiple of a if there’s an integer x with [image: image]: for example, 18 is a multiple of 3 because [image: image]; here, [image: image]. In this case, we also say that a is a divisor or a factor of b, and that a divides b, and b is divisible by a, so 3 is a divisor or factor of 18, 3 divides 18, and 18 is divisible by 3 (see Figure 5). All of these terms are in common use and we’ll use them interchangeably.


[image: image]
5. 18 is a multiple of 3, and 3 is a divisor of 18;
b is a multiple of a, and a is a divisor of b.



As further examples, we see that the first five positive multiples of 100 are

[image: image]

and that the positive divisors of 100 are

[image: image]

Also, the number 1 divides every positive integer.

A basic result on multiples and divisors is:

If a and b are both multiples of a number d, then so is their sum [image: image],

or, in terms of divisors,

If d divides both a and b, then d also divides their sum [image: image].

This is because if [image: image] and [image: image], for some numbers x and y, then

[image: image]

(see Figure 6). For example, 5 divides both 40 and 30, and so also divides their sum, 70.


[image: image]
6. If d divides a and b, then d also divides [image: image]



We can likewise prove that if d divides a and b, then d also divides their difference, [image: image]: for example, 5 divides both 40 and 30, and so also divides their difference, 10.

We can also see that

If d divides a, then d divides all of its multiples [image: image].

This is because, if [image: image], then

[image: image]

for example, 5 divides 40, and so divides all of its multiples, such as 160.

Combining this with the above result about the sum, we deduce that:

If d divides both a and b, then d divides all numbers of the form [image: image], for any integers m and n.

This is because d divides the multiples [image: image] and [image: image], and so divides their sum: we’ll call these numbers ‘combinations’ of a and b. For example, because 5 divides both 40 and 30, it also divides their multiples [image: image] and [image: image], and so divides the sum of these, the combination [image: image]. We notice that the special cases [image: image], [image: image], and [image: image], [image: image], give us the above statements on the sum [image: image] and difference [image: image].

For a change of pace, we’ll end this section with a puzzle that involves divisors:

A census-taker visits a mathematical family at their home and the following conversation takes place:

Census-taker: How old are your three children?

Parent: The product of their ages is 36 and the sum is our house number.

Census-taker: I need more information. Are your two youngest children the same age?

Parent: No.

Census-taker: Ah! Now I know their ages.

How old were they?

How might we go about answering this, as there seems to be too little information provided? To do so, let’s look first at the possible ways of writing 36 as the product of three numbers:

[image: image]

with sums of 38, 21, 16, 14, 13, 13, 11, and 10, respectively. The census-taker, seeing the house number, would know which of these was correct, unless the sum were the repeated number 13, in which case there are two possibilities. But because the two youngest children are not the same age, their ages cannot be 9, 2, and 2, and so must be 6, 6, and 1.

Least common multiple and greatest common divisor

In this section we’ll investigate two important numbers associated with the numbers a and b.

The least common multiple

Let’s look at two situations. The first involves two ancient calendars:

In the first millennium ad the Mayans of Central America had two yearly calendars, one based on 260 days and the other on 365 days, which they then combined into a single ‘calendar round’ of 18,980 days (= 52 years). But where did this number come from?

The second situation involves two gears (see Figure 7):


[image: image]
7. Two gears with 90 and 54 teeth.



I have two rotating gears, with 90 and 54 teeth. When do the starting positions of these gears align?

The starting positions align whenever the number of teeth that have passed the starting position is simultaneously a multiple of 90 and a multiple of 54. So what are these multiples?

For the first gear, the first few multiples are

[image: image]

whereas for the second gear, they are

[image: image]

and the multiples that they have in common are the numbers in bold type—that is, 270 and 540. The smaller of these is 270, and we say that 270 is the ‘least common multiple’ of 90 and 54. So the starting positions align whenever 270 teeth have passed—that is, after every three rotations of the first gear and every five rotations of the second gear.

In general, m is a common multiple of the integers a and b if m is a multiple of both a and b, and the least common multiple is the smallest positive common multiple. If m is the least common multiple of a and b, we write [image: image]. In the above example,

[image: image]

and further examples are

[image: image]

For the Ancient Mayans, the two calendars came together after each period of [image: image].

Many people meet least common multiples for the first time when they learn how to add fractions. For example, to add the fractions [image: image] and [image: image] we first put them over a common denominator:

[image: image]

We can now add these fractions directly to give [image: image], which then simplifies to [image: image]. Here, the common denominator is the least common multiple, [image: image]

The greatest common divisor

Related to the least common multiple of two integers is their greatest common divisor.

The divisors of 90 are

[image: image]

and those of 54 are

[image: image]

so the ones that they have in common are 1, 2, 3, 6, 9, and 18. The largest of these is 18, so 18 is the ‘greatest common divisor’ of 90 and 54.

In general, d is a common divisor of the numbers a and b if d divides both a and b, and the greatest common divisor is the largest of these common divisors. If d is the greatest common divisor of a and b, we write [image: image]; it is sometimes called their highest common factor (written hcf). In the example above,

[image: image]

and further examples are

[image: image]

If [image: image], we say that a and b are relatively prime or coprime: for example, 17 and 10 have no positive factors in common, except 1, and so are coprime.

Surprisingly, these ideas even arise in nature—in the life cycles of certain insects. In North America three types of cicada (see Figure 8) have life cycles of 7, 13, and 17 years, all of which are prime numbers. Is this a coincidence? Cicadas stay underground for most of their lives, and then emerge all at once for an orgy of eating, chirping, mating, laying eggs, and then dying. But when they do appear they’re vulnerable to predators (such as birds and certain wasps) with shorter life cycles of up to five years. If a cicada’s life cycle were 12 years, or some other composite number, then the likelihood of being consumed by a predator would be greatly increased. But because they’ve evolved life cycles of 7, 13, and 17 years, and because these numbers are all coprime to 2, 3, 4, and 5, the cicadas can more easily avoid that unhappy fate.


[image: image]
8. A periodical cicada.




A fundamental property of the greatest common divisor d of two numbers a and b is that we can always write d as a combination of a and b. To see what is involved, consider the following simple problem involving American coinage:

Jack and Jill have a number of quarters (25 cents) and dimes (10 cents), and Jack wishes to pay Jill 5 cents. How can this be done?

One way is for Jack to give Jill 1 quarter and for Jill to give Jack 2 dimes. We can write this as

[image: image]

Another way is for Jill to give Jack 1 quarter and for Jack to give Jill 3 dimes. We can write this as

[image: image]

Taking [image: image] and [image: image] and noting that [image: image], we can generalize these observations as follows:

If a and b are positive integers, and if [image: image], then there are integers m and n for which [image: image].

In particular, if a and b are coprime, then [image: image], and this result tells us that there are integers m and n for which

[image: image]

As above, the integers m and n can’t both be positive, and there are many possible choices for them: for example, [image: image] and

[image: image]

We’ll conclude this section with an interesting connection between the least common multiple and the greatest common divisor and of two numbers a and b: this is

[image: image]

For example, if [image: image] and [image: image], then [image: image], [image: image], and

[image: image]

In Chapter 3 we’ll explain why this happens.

Euclid’s algorithm

How can we calculate the greatest common divisor of two given numbers?

In Book VII of his Elements, Euclid presented a method for doing so which depends on an elementary, yet fundamental, result that’s known as the ‘division rule’. This tells us that if we’re given any integers a and b, then we can divide b by a to give an answer (called a ‘quotient’), usually with a remainder: for example, if we divide 34 by 10 we get a quotient of 3 and a remainder of 4, because

[image: image]

We notice that the remainder is less than 10, the number that we divided by.

Division rule: Given any positive integers a and b, there are unique numbers q (the quotient) and r (the remainder) with [image: image], where [image: image].

This result is illustrated in Figure 9. As a special case, if b is a multiple of a, then the remainder r is 0 and the quotient q is b/a.


[image: image]
9. The division rule.



Some important special cases of the division rule, which we’ll need later in this chapter, are as follows; they are illustrated in Figure 10:


[image: image]
10. Special cases of the division rule.



If [image: image], then [image: image] or 1, so:



Every integer b has the form 2q (the even integers) or [image: image] (the odd integers).

If [image: image], then [image: image], so:



Every integer b has the form 3q, [image: image], or [image: image].

If [image: image], then [image: image], so:



Every integer b has the form 4q, [image: image], [image: image], or [image: image],

and so on.

We come now to Euclid’s algorithm. An algorithm is a finite procedure for solving a problem, step by step. It’s rather like a recipe in a cookery book or a set of road instructions for driving from one location to another. When we supply the appropriate input data (the ingredients or the two locations) and ‘turn the handle’, our output should be the required solution (such as a cake or a suitable route). Algorithms are named after the 9th-century Persian mathematician al-Khwārizmī.

Euclid’s algorithm for finding the greatest common divisor of two numbers uses the division rule over and over again. The following example, where we show that [image: image], illustrates the method. Here, the numbers in bold type are the original numbers 57 and 21 and the remainders that arise in the successive divisions.

[image: image]

We stop when we obtain a remainder of 0, and the greatest common divisor is then the last non-zero remainder, which here is 3. Figure 11 depicts this process.


[image: image]
11. [image: image]



We can also use these same calculations to write gcd (57, 21) as a combination of 57 and 21, as we described earlier. To do so we work upwards from the last-but-one equation, substituting for the remainder at each step, as follows.

[image: image]

and substituting this into the last-but-one equation gives

[image: image]

Finally, by the first application of the division rule,

[image: image]

and substituting this into the previous equation gives

[image: image]

So [image: image], where [image: image] and [image: image].

In general, we can find the greatest common divisor of any two positive integers a and b in the same way—by using the division rule repeatedly to find each quotient and remainder in turn, until we get a remainder of 0. Then:

The greatest common divisor gcd (a, b) is the last non-zero remainder.

We can then reverse the process to write gcd (a, b) as a combination of a and b. To do so, we start with the last-but-one equation and work upwards through the equations, as in the example we’ve just given.

How efficient is Euclid’s algorithm? Sometimes Euclid’s method works quickly and we find the highest common factor in a small number of steps. For example, to show that [image: image] requires just three steps:

[image: image]

So [image: image] (see Figure 12).


[image: image]
12. [image: image].



But sometimes it takes more steps—for example, when it is applied to successive numbers in the sequence

[image: image]

where each number is the sum of the previous two numbers: for example, [image: image]. These numbers are usually named Fibonacci numbers after Leonardo Fibonacci of Pisa who mentioned them in a problem in the year 1202, although their origins are older than this. For example, using Euclid’s algorithm to find gcd (89, 55) requires nine steps (see Figure 13):


[image: image]
13. [image: image].



[image: image]
 Here the greatest common divisor and every quotient (except the last) are all 1, and all the non-zero remainders are themselves Fibonacci numbers.

So sometimes Euclid’s algorithm works more quickly than at other times. But in spite of this, it is by far the most efficient algorithm for finding greatest common divisors in general.

Squares

Perfect squares feature throughout number theory. As we saw in Chapter 1, the Pythagoreans have been credited with noticing that adding the first few odd numbers always gives a square: for example,

[image: image]

They supposedly explained such results by drawing square diagrams similar to that in Figure 14, where the numbers of dots in the L-shaped regions are 1, 3, 5, 7, and 9. In fact, for any number k,


[image: image]
14. The sum of the first few odd numbers is a square.



[image: image]

Other results involving squares arise from our earlier special cases of the division rule. For example:

Every square has the form 4n or [image: image], for some integer n.

This is because every integer b has the form 2q or [image: image]:

if [image: image], then [image: image],



which has the form 4n with [image: image]: for example, [image: image];

if [image: image], then [image: image],



which has the form [image: image] with [image: image]: for example, [image: image].

So if b is even then b2 has the form 4n, and if b is odd then b2 has the form [image: image].

An immediate consequence of this result is that none of the numbers

[image: image]

can be a square. This is because these numbers all have the form [image: image], for some integer n: for example, [image: image] and [image: image].

But we can say a little more. We’ve just seen that if [image: image], then

[image: image]

But [image: image] is the product of two consecutive integers (one odd and the other even), and so is even. It follows that [image: image] is divisible by 8, and so:

The square of every odd number has the form [image: image], for some integer n.

We can also demonstrate this result geometrically: see Figure 15, for the case [image: image]. Here, b2 dots are arranged as eight triangles with an extra dot in the centre. Now


[image: image]
15. If b is odd, then b2 has the form [image: image].



[image: image]

and so b2 has the form [image: image].

In Chapter 1 we saw that the squares from 12 to 102 end with 1, 4, 5, 6, 9, or 0. Is this true for all squares? By the division rule, every integer can be written as [image: image], where [image: image], and so

[image: image]

So the square of [image: image] ends with the same digit as the square of r, and so must also be 1, 4, 5, 6, 9 or 0. It follows that no perfect square can end in 2, 3, 7, or 8.

We can also use the division rule to obtain results involving cubes. A single example will give the idea.

Every cube has the form [image: image].

This is because every integer b has the form [image: image], or [image: image]:

if [image: image], then [image: image],



which has the form 9n with [image: image]: for example, [image: image];

if [image: image], then [image: image],



which has the form [image: image] with [image: image]: for example, [image: image];

if [image: image], then [image: image],



which has the form [image: image]: for example, [image: image].

So if [image: image] then b3 has the form 9n, if [image: image] then b3 has the form [image: image], and if [image: image] then b3 has the form [image: image].

We conclude this section by stating without proof an intriguing result that links squares and cubes. In Chapter 1 we asked whether the sum of the first few positive cubes must always be a perfect square. But it can be proved that, for any number n,

[image: image]

and so the result is indeed true: for example,

[image: image]

Divisor tests

In our decimal counting system we can write any whole number, such as 47,972, as a sum of powers of 10 (where 100 is taken to be 1):

[image: image]

and in general we can write any positive number [image: image] in the form

[image: image]

Because our decimal system is a place-value system, we need to use only the ten digits

[image: image]

with the two 7s in 47,972 standing for 7000 and 70. We can therefore carry out our calculations in columns, with the columns representing units, tens, hundreds, thousands, …, as we move from right to left.

In a similar way, we can write any number as a sum of powers of 2 (the binary counting system used in computing), or of 12 (the duodecimal system used for feet and inches, and formerly in Britain for shillings and pence), or of any other integer greater than 1, and many statements about the decimal system have their analogues in these other systems too. For simplicity we’ll consider only decimal numbers here.

In this section we’ll see some tests that tell us very quickly whether a given positive number is divisible by the integers 2, 3, 4, 5, 8, 9, 10, 11, and 25, and we’ll also explain why they work. We’ll also show how to test for divisibility by some larger numbers.

As we saw in Chapter 1, we can easily test the number [image: image] for divisibility by 10 and by 5 by checking its last digit, a0:

Divisibility by 10: n is divisible by 10 if and only if its last digit is 0.

Divisibility by 5: n is divisible by 5 if and only if its last digit is 0 or 5.

For example, 19,720 is divisible by both 10 and 5, and 19,725 is divisible by 5.

These are because if

[image: image]

then 10 divides all the powers of 10, except for [image: image], and so n is divisible by 10 if and only if 10 divides a0—that is, [image: image], and so n ends in 0. Likewise, 5 also divides all powers of 10, except for 100, and so n is divisible by 5 if and only if 5 divides a0—that is, [image: image] or 5, and so n ends in 0 or 5.

We can likewise test for divisibility by 25 by checking its last two digits, a1 and a0:

Divisibility by 25: n is divisible by 25 if and only if its last two digits are 00, 25, 50, or 75.

For example, 19,725 is divisible by 25.

This is because 25 divides all the powers of 10, except for 101 and 100, and so n is divisible by 25 if and only if 25 divides the two-digit number [image: image]—that is, n ends in 00, 25, 50, or 75.

In Chapter 1 we saw that.

Divisibility by 2: n is divisible by 2 if and only if its last digit is 2, 4, 6, 8, or 0.

For example, 19,726 is divisible by 2.

This is because 2 divides all the powers of 10, except for 100, and so n is divisible by 2 if and only if 2 divides a0—that is, its last digit is even.

We can likewise test for divisibility by 4 or by 8 by checking the last two or three digits:

Divisibility by 4: n is divisible by 4 if and only if its last two digits are 00, 04, 08, …, 92, or 96.

Divisibility by 8: n is divisible by 8 if and only if its last three digits are 000, 008, 016, …, 984, or 992.

For example, 19,724 is divisible by 4 and 19,728 is divisible by 8.

These are because 4 divides all the powers of 10, except for 101 and 100, and so n is divisible by 4 if and only if 4 divides the two-digit number a1a0. Likewise, 8 divides all the powers of 10, except for 102, 101, and 100, and so n is divisible by 8 if and only if 8 divides the three-digit number a2a1a0.

We next turn our attention to divisibility by 3 and by 9.

Divisibility by 3: n is divisible by 3 if and only if the sum of its digits is divisible by 3.

Divisibility by 9: n is divisible by 9 if and only if the sum of its digits is divisible by 9.

For example, 19,725 is divisible by 3 because the sum of its digits is [image: image], which is divisible by 3, and 19,728 is divisible by 9 because the sum of its digits is 27, which is divisible by 9.

These are because 3 and 9 divide all of the numbers 9, 99, 999, …, and so each power of 10 leaves a remainder of 1 when divided by 3 or 9. It follows that when

[image: image]

is divided by 3 or 9, the resulting remainder is simply the sum of its digits,

[image: image]

and so n is divisible by 3 or 9 if and only if this ‘digital sum’ is divisible by 3 or 9.

We can use a similar idea to test for divisibility by 11:

Divisibility by 11: n is divisible by 11 if and only if the alternating sum of its digits is divisible by 11.

Here the ‘alternating sum’ is [image: image]. For example, 19,723 is divisible by 11 because its alternating sum [image: image] is divisible by 11.

The method works because the powers of 10 leave remainders of 1 and −1 alternately when divided by 11, so n is divisible by 11 if and only if this alternating sum is divisible by 11.

We can test for divisibility by other numbers by combining these results. For example, we can test for divisibility by 6 by testing whether n is divisible by 2 and also by 3, and we can test for divisibility by 88 by testing whether n is divisible by 8 and also by 11. In general, if n is divisible by both a and b, where a and b are coprime, then n is divisible by [image: image], as long as [image: image].

Casting out nines

We’ll conclude this chapter with an ancient method for checking the accuracy of an arithmetical calculation. Known as ‘Casting out nines’, it is based on the fact that a number and its digital sum leave the same remainder when divided by 9. The method seems to have developed in India around the year 1000, and was later transmitted by Islamic scholars to Europe where versions of it are still sometimes used—for example, in bookkeeping. It’s similar in idea to the final ‘check digit’ of a book’s 13-digit ISBN number, which is included to provide a check on the accuracy of the first twelve digits.

Consider a number such as 4567. Its remainder after division by 9 is the same as that of its digital sum [image: image] which in turn is the same as that of its digital sum, [image: image]. Similarly, the remainder when the number 6537 is divided by 9 is the same as that of its digital sum [image: image], which in turn is the same as that of its digital sum, [image: image]. And in general, we can similarly reduce any given number n to a single-digit number, called its ‘digital root’, which is the remainder when we divide n by 9. (If the digital root is 9, we replace it by 0.)

In most cases, we can use these digital roots to verify the correctness (or otherwise) of an arithmetical calculation. To illustrate the idea we’ll start with the incorrect addition sum

[image: image]

Here the digital root of 4567 is 4 and of 6537 is 3, so the remainder on dividing the left-hand side by 9 is [image: image] which is 7. But the digital root of 11,144 is 2, so the remainder on dividing the right-hand side by 9 is 2. Because these remainders disagree, the calculation must be incorrect—the correct answer is 11,104. And this happens in general: whenever the digital roots of the two sides differ, then we know (without carrying out the calculation) that the answer is wrong.

However, the method sometimes fails: for example, consider the addition sum

[image: image]

Here, the digital root of each side of the equation is 7, so the two digital roots of the two sides agree, even though the calculation is incorrect. In these cases, the correct and incorrect answers must always differ by a multiple of 9.

This method of casting out nines can be used as a check whenever we wish to add, subtract, or multiply whole numbers: in each case, we replace each number by its digital root, and check the same calculation on these digital roots. As an example of multiplication, consider the product

[image: image]

The digital roots of the numbers on the left-hand side are 5 and 8, and the digital root of their product [image: image] is 4. But the digital root of the right-hand side is 3, so the digital roots disagree and the calculation is incorrect—the correct answer is 2047.

In medieval times, calculators would draw the diagram in Figure 16, where the numbers on the left and right are the digital roots 5 and 8, the number at the top is the digital root of the given answer, 3, and the number at the bottom is the digital root 4, obtained by multiplying the digital roots 5 and 8. When the numbers at the top and bottom disagree, as here, the calculation is incorrect. When they agree, the calculation is usually correct.


[image: image]
16. Casting out nines.



This large cross was used for hundreds of years: Figure 17 shows its use by the 16th-century German Rechenmeister (master of ‘reckoning’) Adam Riese, and in an arithmetical calculation by Abraham Lincoln. Eventually the cross decreased in size and became the multiplication sign that we use today.


[image: image]
17. A German postage stamp commemorates Adam Riese. An example from Abraham Lincoln’s ‘Cyphering book’.








Chapter 3





Prime-time mathematics


As we saw in Chapter 1, prime numbers lie at the heart of number theory, and we’ll now explore some of their properties. We’ll see how to generate prime numbers and show that the list of primes is never-ending. We’ll see that there’s essentially just one way of splitting any given number into its prime factors, and we’ll introduce some important types of primes. Our explorations will spill over into Chapter 7 where we’ll describe some more general issues, such as how the prime numbers are distributed and whether we can find progressions of equally spaced prime numbers.

We recall from Chapter 1 that a prime number is a number, greater than 1, whose only factors (divisors) are itself and 1, and a number that’s not prime is composite. A list of all the prime numbers up to 1000 appears in Table 1. Notice that some primes appear to cluster quite closely together, such as 101, 103, 107, and 109, whereas others, such as 113 and 127, are more widely spaced.


Table 1. The prime numbers up to 1000
[image: Table_Image]

The sieve of Eratosthenes

How might we generate such a list of prime numbers? An early method was to use the sieve of Eratosthenes, named after Eratosthenes of Cyrene who lived in the 3rd century bc and is also celebrated for estimating the circumference of the Earth. His idea was to imagine putting the positive integers into a sieve and letting all the composite numbers fall though the holes, leaving just the primes. For example, to produce the above table of primes up to 1000 we list all the numbers from 2 to 1000 and then systematically sift out the multiples of 2, then the multiples of 3, and then those of 5, 7, 11, … for each successive prime number.

To see how this sifting process works in practice, we’ll find all the primes up to 100. We start by listing all the numbers up to 100 and cross out 1. We then leave in 2, but cross out all its larger multiples—that is, 4, 6, 8, …, 98, 100. This gives us the following table:

[image: Table_Image]

We then leave in the next number, which is 3, but cross out those of its larger multiples that remain—that is, 9, 15, 21, …, 93, 99. Note that the other multiples of 3, such as 6, 12, and 18, were already crossed out at the previous stage.

[image: Table_Image]

Repeating the process for the larger multiples of 5, and then 7, leaves:

[image: Table_Image]

At this stage we might worry that this sifting process could take a long time to complete, but this isn’t the case: every multiple of 11 (other than 11 itself) has already been crossed out, as has every multiple of 13 and of all larger primes, so we already have our full list of primes up to 100. We don’t need to check the multiples of any primes above 10, because if a number from 2 to 100 has a prime factor p that’s greater than 10, then it must also have a prime factor q that’s less than 10; this is because if q were also greater than 10, then [image: image] would be greater than 100.

In general, to find all the primes up to a given number n we need to cross out only the larger multiples of the primes up to its square root, √n. For example, to find all the primes up to 200 we cross out only the larger multiples of the primes up to [image: image] (these are the primes 2, 3, 5, 7, 11, and 13), and to find all the primes up to 1000 we cross out only the larger multiples of the primes up to √1000 (these are the primes up to 31).

Primes go on for ever

The list of prime numbers continues for ever: there is no largest prime. As we mentioned in Chapter 1, this was proved in the 3rd century bc by Euclid in Book IX of his Elements:

There are infinitely many primes.

At first sight it may seem difficult to see how we might attempt to prove such a result, because if we’re given a specific prime number, such as 997, it’s not immediately obvious what the next prime would be. (It’s actually 1009.)

Euclid’s proof of his theorem is considered one of the great classics of mathematics, and is a proof by contradiction (sometimes called reductio ad absurdum). This means that we suppose the opposite result—that there are only finitely many primes—and then show how that supposition leads us to a contradictory statement. His method was based on the fact that, given any collection of primes, we can always find a new one and so, by continually repeating this process with the new list, we can carry on generating new primes for ever. This contradiction establishes the result.

To illustrate the idea behind this process we’ll take a collection of prime numbers, multiply them together, add 1, and then look at the resulting number. For example, if we start with 2, 3, and 5, we have

[image: image]

which is a prime number that wasn’t in our original list. Or if we start with 2, 5, and 11, we have

[image: image]

which isn’t a prime number but which splits as [image: image], giving us two new primes: 3 and 37. In each case we’ve generated at least one new prime number that wasn’t in our original list.

A more formal proof is as follows. We’ll suppose that there are finitely many primes, which we’ll call p1, p2, …, and pn, and we’ll form the number

[image: image]

Now, each of these primes divides their product, [image: image], and so cannot also divide N because this would leave a remainder of 1. So either N is a new prime, or N is a composite number in which case it must split into new primes. In either case, there must exist a prime that’s different from p1, p2, …, and pn, and this contradicts our assumption that these were the only primes. Our original assumption must therefore be false, and so there are infinitely many primes.

Factorizing into primes

Earlier I mentioned that the prime numbers are the building blocks for our counting system, and we’ll now explore this idea further.

Starting from any collection of primes, we can build up further numbers by multiplication: for example, beginning with the primes 2 and 3 we can construct the numbers

[image: image]

and any other number of the form [image: image], where [image: image] and [image: image].

Turning things around, we see that every integer greater than 1 splits into primes, because if the number n is composite then we can write [image: image] for smaller integers a and b: for example, [image: image]. If a is composite, then we can split it up further, and similarly for b. Continuing in this way, after a finitely many steps we’ll eventually obtain n as a product of primes.

Moreover, if we’re given a number such as 108, then we can split it up in more than one way: for example,

[image: image]

In the same way, we can write

[image: image]

We can illustrate all these factorizations as tree diagrams (see Figure 18).


[image: image]
18. Factorizations of 108 and 630.



In each case the prime factors at the lower ends of the trees are exactly the same, but they appear in a different order. This suggests the following result, which is known as the ‘fundamental theorem of arithmetic’. Although it must have been familiar to mathematicians for hundreds of years, it seems not to have been proved formally until Gauss did so in his Disquisitiones Arithmeticae of 1801.

Fundamental theorem of arithmetic: Every integer greater than 1 is either a prime number or can be written as a product of primes. Moreover, there is only one factorization into its prime factors, apart from the order in which they appear.

We can now see why we don’t wish 1 to be a prime number—for, if it were, then we could write, for example,

[image: image]

so that the uniqueness of the prime factorization would be lost.

Using the fundamental theorem of arithmetic, we can now write every positive integer as a product of primes in a standard way, by listing its prime factors in increasing order of size, with each one raised to the appropriate power: for example,

[image: image]

In general, if the prime factors of the number n are p1, p2, …, and pr, where each prime pi is raised to the power ei and the primes are listed in increasing order, then we write

[image: image]

This is called the canonical form of the prime factorization of n, and we’ll often write prime factorizations in this way.

To conclude this section we’ll return briefly to least common multiples and greatest common divisors. In Chapter 2 we showed that [image: image] and [image: image] by listing the multiples and divisors of 90 and 54. But a quicker method is to write each number as a product of primes in canonical form:

[image: image]

where the extra factor 50 (which equals 1) is introduced so that the primes that appear (2, 3, and 5) are the same. Then:

to find lcm (90, 54), we look at each prime factor in turn, take the larger power that appears—that is, 21, 33, and 51—and multiply them to give [image: image];

to find gcd (90, 54), we look at each prime factor in turn, take the smaller power that appears—that is, 21, 32, and 50—and multiply them to give [image: image].

In general, if a and b are written in canonical form as

[image: image]

(where we introduce the exponent 0 whenever a particular prime doesn’t appear), then

[image: image]

where max (e, f) is the larger of e and f, and

[image: image]

where min (e, f) is the smaller of e and f.

We can now revisit a result from Chapter 2—that, for any numbers a and b,

[image: image]

To explain why this is true we note first that, for any numbers e and f,

[image: image]

—for example, [image: image]. Then the power of the first prime factor p1 on the left-hand side of the result that we’re trying to prove is

[image: image]

which is the power of p1 on the right-hand side. So the powers of p1 on the two sides match, and the same is true for all the other prime factors. So the two sides are equal.

Searching for primes

Are there any formulas for producing primes? Here are some historical attempts at finding them.

Euler’s primes

Leonhard Euler was obsessed with prime numbers, as we’ll see throughout this book. In 1771 he investigated the formula

[image: image]

and made the surprising observation that if we substitute every number n from 1 to 40 in turn, then we always get primes:

[image: image]

and so on, up to

[image: image]

These are all prime numbers, but the formula may also fail to produce primes: for example,

[image: image]

Likewise, the formula

[image: image]

produces prime numbers for every number n from 1 to 79, but not for 80 or many larger numbers. So neither of these formulas always gives primes.

Mersenne primes

Particularly important among the prime numbers, for reasons that will soon become clear, are those that are one less than a power of 2, such as

[image: image]

Numbers of the form [image: image] are called Mersenne numbers and, as we saw in Chapter 1, not all of them are prime. To explore which ones have this property, let’s draw up a table of the first few Mersenne numbers.


Table 2. Numbers of the form [image: image]
[image: Table_Image]
 It may seem tempting, on looking at these numbers, to speculate that [image: image] is a prime number when n is prime, and that it’s composite when n is composite. It’s certainly true that

[image: image] is composite when n is composite,

because if r divides n (where [image: image]), then it can be shown that [image: image] must divide [image: image], and so [image: image] is composite: for example, when [image: image] and [image: image], we have

[image: image]

But it isn’t always true that [image: image] is prime when n is prime: for example,

[image: image]

Mersenne studied these numbers in 1644, and claimed that [image: image] is prime for each of the values

[image: image]

The fact that [image: image] is prime was first confirmed by Euler in 1750, and in 1876 the French mathematician Edouard Lucas showed that the following 39-digit Mersenne number is also prime:

[image: image]

So Mersenne was correct when [image: image] and [image: image]. But he was wrong in the cases [image: image] and [image: image], both of which give composite numbers: for example,

[image: image]

He omitted the cases [image: image], [image: image], and [image: image], which also give rise to primes, but when we consider the large numbers involved, he may surely be forgiven. A method for testing whether a given Mersenne number is prime is given in the next chapter.

There’s an amusing story about the number [image: image]. For many years mathematicians had struggled to determine whether this number is prime, as Mersenne had claimed, and in 1875 Lucas showed that it was composite but couldn’t find its factors. It was Frank Nelson Cole, a professor at Columbia University in New York, who found them after three years of systematic searching on Sunday afternoons. He presented his results on 31 October 1903 at a meeting of the American Mathematical Society, when he quietly walked into the lecture room and in complete silence painstakingly calculated 267 and subtracted 1 on one side of the blackboard. He then walked over to the other side of the board and, again in complete silence, calmly multiplied the numbers 193,707,721 and 761,838,257,287, obtaining the same answer, and quietly returned to his seat. The audience erupted and gave him a standing ovation and vigorous applause. At no stage had he uttered a single word!

Why are Mersenne primes important? In the continuing search for new and larger prime numbers it’s been usual to turn to Mersenne numbers, because all recently discovered large primes have been of this form—there’s even been a postage stamp celebrating the discovery of one of them (see Figure 19). Indeed, in recent years a new international collaborative online project has developed to track down such numbers. Involving thousands of mathematicians and computer enthusiasts, it’s called GIMPS (the Great Internet Mersenne Prime Search), and since it started around 1996 it has found seventeen of them. It’s not known whether there are infinitely many Mersenne primes.


[image: image]
19. A postage stamp celebrates the discovery in 2001 of the 39th Mersenne prime.




At the time of writing, fifty-one Mersenne primes have been found. The most recent of these, the largest prime number currently known, was found in December 2018. It is [image: image], has almost 25 million digits, and to print it out in full at 75 digits per line and 50 lines per page would take many thousands of pages!

Perfect numbers

Another important feature of Mersenne primes is their connection with perfect numbers. We recall from Chapter 1 that a number N is perfect if N is the sum of its proper factors (those that are less than N). For example, you’ve seen that

[image: image]

and that the next two perfect numbers are 496 and 8128. There are then no more of them until 33,550,336.

Is there a formula for perfect numbers? To find out, let’s factorize the ones we already know:

[image: image]

These numbers all have the form [image: image], where the number in parentheses is a Mersenne prime.

In Book IX of his Elements, Euclid investigated perfect numbers and found that the number

[image: image]

is indeed perfect whenever [image: image] is a prime. To see why, let [image: image]. Then the proper factors of [image: image] are

[image: image]

What’s the sum of all these factors? Using the fact that

[image: image]

we can write

[image: image]

So we find, after some calculation, that the sum of all the proper factors is

[image: image]

which equals N.

So [image: image] is perfect.

Are all perfect numbers of this type, or might there be some others? In 1638 the French philosopher René Descartes wrote to Mersenne saying that he believed that all even perfect numbers must indeed be of Euclid’s form, [image: image], for some number n, and this was subsequently proved by Euler and published posthumously. Euler also proved that every even perfect number must end with either 6 or 8: for example, the next three perfect numbers are

[image: image]

But what about odd perfect numbers? Descartes conjectured that these cannot exist, and it remains unknown to this day whether he was correct. But if there were any odd perfect numbers, then they would certainly be difficult to find. For a start, it’s known that any odd perfect number must be at least 101500, that it must have at least 101 prime factors with at least ten different ones, and that it must have the form [image: image], or [image: image], for some integer n. Few mathematicians consider their existence likely.

Fermat primes

Having just looked at prime numbers of the form [image: image], let’s now turn our attention to numbers of the form [image: image]. As we saw in Chapter 1, Pierre de Fermat investigated these numbers (now called Fermat numbers) and found five of them that are prime:

[image: image]

So is it true that [image: image] is prime when, and only when, n is a power of 2? Let’s draw up another table:


Table 3. Numbers of the form [image: image]
[image: Table_Image]

It certainly seems as though this is the case.

We first show that if [image: image] is prime, then n must be a power of 2. To do this, we note that if n had an odd factor (other than 1), then [image: image] would be composite. For, if we write [image: image], where m is odd, then it can be shown that [image: image] is a divisor of [image: image]: for example, if [image: image], [image: image], and [image: image], then

[image: image]

It follows that if [image: image] is prime, then n can have no odd factor, and so must be a power of 2.

Although Fermat was convinced that if n is a power of 2, then [image: image] must be prime, he confessed that he was unable to prove this, or even to show that the next one, the ten-digit number

[image: image]

is prime. In desperation, he wrote around to fellow mathematicians challenging them to prove his ‘distinguished theorem’. At the time, no-one could do so.

Euler learned of Fermat’s challenge in 1729, and after much tedious experimentation he showed it to be divisible by 641—in fact,

[image: image]

He later discovered that if [image: image] had any prime factors, then they would have to be of the form [image: image], for some integer k. This limits the search considerably, because the smallest prime numbers of this type are 193, 257, 449, and 557 (none of which divides [image: image]), and 641 (which does, as we’ve seen).

Is the next Fermat number prime? This number is

[image: image]

Euler showed that any prime factors of [image: image] must be of the form [image: image], for some integer k. Unfortunately, he could find no such prime number that divides [image: image], and he eventually gave up his search. But it turns out that [image: image] is indeed composite, with 274,177 as its smallest prime factor, so it’s not surprising that Euler missed it. In fact,

[image: image]

Worse was to come: the next twenty-six Fermat numbers were also found to be composite. Indeed, no-one has ever found another Fermat number that’s prime, and so Fermat’s conjecture has turned out to be a rather unfortunate one.

A geometrical digression

Fermat primes turn up in unexpected places. A celebrated example from geometry arises in the construction of regular polygons—those polygons whose sides all have the same length and whose angles are all the same, such as an equilateral triangle, a square, or a regular pentagon (see Figure 20).


[image: image]
20. Some regular polygons.



The Ancient Greeks were interested in the construction of geometrical figures using only a ruler (for drawing straight lines) and compasses (for drawing circles); the ruler is assumed to be unmarked and no measuring is allowed. Indeed, the very first proposition in Euclid’s Elements, Book I, includes the construction of an equilateral triangle. Briefly it goes as follows (see Figure 21):


[image: image]
21. Constructing an equilateral triangle.



Given a line segment AB, use the compasses to draw the circle with centre A and radius AB, and the circle with centre B and radius BA.

These circles intersect at the point C: draw the lines AC and BC.

Then ABC is an equilateral triangle.

Euclid also showed how to construct squares and regular pentagons, and in Book IV he combined the constructions for triangles and pentagons to produce a regular polygon with [image: image] sides. He also explained how to construct a regular polygon with 2n sides from one with n sides, by joining the centre of the surrounding circle to the midpoints of its sides (see Figure 22 for the case [image: image]).


[image: image]
22. Doubling the number of sides of a regular polygon.



It follows that:

from an equilateral triangle (with 3 sides), we can construct regular polygons with 6, 12, 24, … sides,

from a square (with 4 sides), we can construct regular polygons with 8, 16, 32, … sides,

from a regular pentagon (with 5 sides), we can construct regular polygons with 10, 20, 40, … sides.

So we can already construct regular polygons with 3, 4, 5, 6, 8, 10, 12, 15, and 16 sides.

But no-one has been able to construct regular polygons with 7, 9, 11, 13, or 14 sides, and this leads to the following question:

Which regular polygons can be constructed with an unmarked ruler and compasses?

The breakthrough was provided by the 18-year-old Carl Friedrich Gauss, who discovered a ruler-and-compasses method for constructing a regular 17-sided polygon. He then gave the following answer:

A regular polygon with n sides can be constructed if and only if n is a power of 2 multiplied by unequal Fermat primes.

It follows that one can construct regular polygons with

[image: image]

but not with

[image: image]

The following list gives the number of sides (up to 100) of regular polygons that can be constructed by an unmarked ruler and compasses:

[image: image]

It seems remarkable that Fermat primes arise in such a geometrical problem.

Two weird results

We conclude this chapter with two unexpected and rather bizarre results concerning primes.

The first of these is due to W. H. Mills who proved the following startling result in 1947:

There is a number x, with the property that, if we raise it to the powers 3, 9, 27, 81, … (the powers of 3) and then ignore the fractional part, we always get a prime number.

The smallest such number x, sometimes called Mills’ constant, is approximately equal to 1.30637788: for example,

[image: image]

Our second bizarre result involves the idea of a polynomial. This is an expression obtained by adding and subtracting multiples of powers of the variables a, b, c, etc.: for example,

[image: image]

In 1976 four mathematicians (J. Jones, D. Sato, H. Wada, and D. Wiens) discovered a somewhat horrendous polynomial in twenty-six variables (a, b, c, …, and z), with the following remarkable properties:

If you substitute any integers you wish for all of the twenty-six variables, and if the result you get is a positive number, then it must be a prime number.

Moreover, every prime number can be obtained in this way, by making a suitable choice of the integers a, b, c, …, and z.

Their polynomial is

[image: image]

where

[image: image]

This polynomial can take a positive value only if all the squared terms, A2, B2, …, and N2 are 0, and so to discover prime values we need to solve fourteen simultaneous equations. Surprisingly, specific integers a, b, c, …, and z have never been found that give the prime number 2—but it’s still possible to prove that every prime number can be obtained in this way!

We’ll continue with our explorations of prime numbers in Chapter 7. But first, we’ll investigate a different type of arithmetic.





Chapter 4





Congruences, clocks, and calendars


In 1801, in his revolutionary text Disquisitionae Arithmeticae, Gauss introduced the idea of ‘congruence’, a generalized form of equality that’s sometimes popularized as ‘clock arithmetic’. But its origins are much older than this, and in this chapter we’ll meet the ‘Chinese remainder theorem’, which can be traced back to Ancient China and yet has widespread applications throughout mathematics today. Further applications of congruences include testing for Mersenne primes and finding the day of the week on which a given date falls, and the chapter ends with Gauss’s celebrated law of quadratic reciprocity.

Clock arithmetic

Imagine a clock face (see Figure 23).


[image: image]
23. A 12-hour clock.



If it’s now 9 o’clock, then in 6 hours it will be 3 o’clock: we’ll write this as

[image: image]

Here, ‘mod 12’ means that we’re using a 12-hour clock, so that 15 (the sum of 9 and 6) is replaced by 3, and we write ‘≡’ instead of ‘=’ because it’s a different form of equality.

Similarly, if it’s now 10 o’clock, then in 7 hours it will be 5 o’clock, and we write this as

[image: image]

where 17 (the sum of 10 and 7) is replaced by 5. It turns out to be convenient to replace 12 by 0, so that if it’s 8 o’clock now, then in 4 hours it will be 0 o’clock, and we write this as

[image: image]

This type of calculation is called clock arithmetic: if we add the hours and get a number that’s 12 or larger, then we subtract 12 before giving the answer: the answer we give is then the remainder after we’ve divided the sum by 12, and is one of the numbers from 0 to 11.

In general, given any number n, greater than 1, we say that two integers a and b are congruent mod n if a and b leave the same remainder when divided by n, and we write

[image: image]

For example, as we’ve seen,

[image: image]

The abbreviation ‘mod’ is short for modulo, and the official name for clock arithmetic is modular arithmetic.

It follows from the definition that [image: image] whenever the difference [image: image] is divisible by n: for example,

[image: image]

Since the only remainders when we divide by n can be 0, 1, 2, …, or [image: image], every integer is congruent (mod n) to one of these: for example,

[image: image]

We can also carry out arithmetic on congruences, provided that we stick to the same modulus. For example, given the congruences [image: image] and [image: image],

we can add them to give [image: image], which we can rewrite as [image: image];

we can subtract them to give [image: image], or [image: image];

we can multiply them to give [image: image], or [image: image].

In general, if [image: image] and [image: image], then

[image: image]

We can also add, subtract, or multiply a congruence by a constant integer: for example, starting with [image: image] we can add 2, subtract 2, or multiply by 2, to give

[image: image]

In general, if [image: image] and k is a constant, then

[image: image]

But we must be careful with division: for example, if we try to divide the congruence [image: image] by 3, we get [image: image], which is false. In general, we can divide congruences mod n by a constant k only when n and k are coprime: for example, we can divide the congruence [image: image] by 5 to give [image: image], because 5 and 7 are coprime. The general rule is:

If [image: image] and if [image: image], then [image: image].

But if k and n are not coprime, then we have to change the modulus:

If [image: image] and if [image: image], then [image: image].

Several results from Chapter 2 can be conveniently stated in terms of congruences.

For example:

Every square has the form 4n or [image: image], for some integer n

can be restated as

Every square is congruent to 0 or 1 (mod 4),

and other results on squares and cubes can be rewritten as

The square of every odd number is congruent to 1 (mod 8),

Every cube is congruent to 0, 1, or 8 (mod 9).

We can also revisit our earlier results on the divisibility of the integer

[image: image]

by various small numbers. For example:

Divisibility by 10: n is divisible by 10 if and only if its last digit is 0.

By the congruence rules, [image: image] (mod 10), which is congruent to 0 (mod 10) when a0 is 0.

Divisibility by 4: n is divisible by 4 if and only if n ends in 00, 04, 08, …, or 96:

Here, [image: image], which is congruent to 0 (mod 4) when the two-digit number [image: image] is 00, 04, …, or 96.

Divisibility by 9: n is divisible by 9 if and only if the sum of its digits is divisible by 9:

Here, the powers of 10 are all congruent to 1 (mod 9), and so

[image: image]

The method of ‘Casting out nines’ works because every number is congruent to its digital root (mod 9).

Testing for Mersenne primes

In Chapter 3 we saw that some Mersenne numbers (such as [image: image]) are prime, whereas others (such as [image: image]) are not. A method for testing whether a given Mersenne number is prime was discovered by Edouard Lucas in 1876 and refined in the 1930s by D. H. Lehmer:

The Lucas–Lehmer test. Let [image: image], where p is prime, and consider the sequence of numbers s0, s1, s2, s3, … in which [image: image] and each successive number is defined by

[image: image]

Then Mp is prime if and only if the number sp−2 is congruent to 0 (mod Mp).

For example, if [image: image] and [image: image], then we have

[image: image]

and [image: image], which is congruent to 0 (mod 127), so 127 is prime.

But, if [image: image] and [image: image], then we have, after some calculation,

[image: image]

and [image: image], which is not congruent to 0 (mod 2047), so 2047 isn’t prime.

Congruences and the calendar

The seven days of the week cycle around like the hours on a clock (see Figure 24).


[image: image]
24. A 7-day clock.



If it’s now Thursday, then in four days it will be Monday.

If it’s now Saturday, then in three days it will be Tuesday.

The analogy is more obvious if we number the days of the week and work (mod 7):

[image: image]

The two statements above then become [image: image] and [image: image].

We’ll use this analogy to answer various questions about the calendar: for example,

On which day of the week will 25 December 2099 fall?

In which years in the 21st century does February have five Sundays?

To simplify matters, we’ll concentrate mainly on dates in the 21st century.

The Gregorian calendar, introduced by Pope Gregory XIII in 1582, has been in use in the UK and its former colonies since 1752. In this calendar a regular year has 365 days and a leap year has an extra ‘leap day’ on 29 February. The leap years are those that are divisible by 4, except for the century years that are not also divisible by 400: so 2000 and 2400 are leap years, but 1900 and 2100 are not.

Because [image: image] and [image: image], the day of the week on which any particular date falls advances by 1 each year, or by 2 when a leap day intervenes: for example, 1 January fell on a Monday in 2001, on a Tuesday in 2002, on a Wednesday in 2003, on a Thursday in 2004, and on a Saturday in 2005.

It’s useful to note that the days of the calendar repeat every 28 years in which no century year intervenes: this is because the number of days (ordinary days and leap days) is

[image: image]

which is divisible by 7. If we wish to take account of the century years, we can likewise check that the days of the calendar repeat every 400 years.

How can we calculate the day of the week on which a given date falls? Several puzzlers have discovered clever methods for doing so, including one by Gauss and a modern one called ‘Doomsday’ devised by the English mathematician John Conway. Here we present a method invented by the Oxford mathematician Charles L. Dodgson, better known as Lewis Carroll, the author of Alice’s Adventures in Wonderland. He published it under his pen-name in March 1887, and claimed to be able to carry out all the mental calculations in about 20 seconds.

Carroll’s method involves calculating four numbers—the century, year, month, and day numbers—and finding their sum (mod 7). We’ll illustrate it by calculating the day of the week on which 25 December 2099 will fall.

Century number. Divide the first two digits of the year by 4, subtract the remainder from 3, and multiply the result by 2.

So for the year 2099, we divide 20 by 4, giving a remainder of 0; subtracting this from 3 gives 3, and multiplying this by 2 gives the century number 6.

Year number. Divide the last two digits of the year by 12, and add the quotient, the remainder, and the number of times that 4 divides into the remainder.

So for the year 2099, we divide 99 by 12, giving a quotient of 8 and a remainder of 3; 4 divides this remainder no times, so the year number is [image: image]

Month number. Carroll’s method for finding the month number was somewhat complicated, so we omit it. It yields the following table:

[image: image]

So for 25 December, the month number is 5.

Day number: this is simply the day of the month.

So for 25 December, the day number is 25.

Finally, the total of the four numbers then must be reduced by 1 if the date is in January or February of a leap year.

So for 25 December 2099, which is not in a leap year, adding the four numbers gives

[image: image]

so it will fall on a Friday.

We can now return to the following question that we asked earlier:

In which years in the 21st century does February have five Sundays?

For this to happen, the year must be a leap year, and the five Sundays must be 1, 8, 15, 22, and 29 February, so we need only to find out when 1 February is a Sunday. Now we know that 1 January 2001 was on a Monday, and that January has 31 ≡ 3 (mod 7) days, so that 1 February 2001 was on a Thursday. It follows that 1 February was on a Friday in 2002, on a Saturday in 2003, and on a Sunday in 2004. So February 2004 had five Sundays. Because the cycle of days repeats every 28 years, February also has five Sundays in the leap years 2032, 2060, and 2088.

Solving linear congruences

An ancient Chinese puzzle concerns a band of pirates and a hoard of gold coins:

A band of 17 pirates stole a sack of gold coins.

When they tried to divide the fortune into equal portions, 4 coins remained.

In the ensuing brawl over who should get the extra coins, one pirate was killed.

The wealth was then redistributed, but this time an equal division left 10 coins over.

Again an argument developed in which another pirate was killed.

But now the total fortune could be evenly distributed among the survivors.

What was the least number of coins that could have been stolen?

If x is the total number of coins, we can write down three congruences:

[image: image]

Can we find a number x that simultaneously satisfies these three congruences?

We’ll solve this puzzle later, but first we’ll need to solve linear congruences in general: these have the form [image: image], where n is a positive integer, a and b are given integers, and our task is to find the unknown x. We’ll then look at some problems that involve simultaneous linear congruences, such as the pirates puzzle above. Finally, we’ll extend our explorations to some quadratic congruences of the form [image: image].

We’ll start by looking in turn at three congruences:

[image: image]

For the first congruence we discover, after a little experimentation, that [image: image] is a solution, because

[image: image]

Exploring a little further, we find that [image: image] and [image: image] are also solutions, as are any other numbers that are congruent to 4 (mod 6). These turn out to be the only solutions.

The second congruence has two solutions, [image: image] and [image: image], or more generally any number that is congruent to 2 or 5 (mod 6).

The third congruence has no solutions.

To see why these different situations arise, let’s begin with the third congruence.

If [image: image], then the left-hand side is always even, and so can never equal a number of the form 3 (mod 6). So this congruence can have no solutions.

Turning our attention to the second congruence, we note that if [image: image], then [image: image], after cancelling throughout by 2. This has the single solution [image: image], which corresponds to [image: image] or 5 (mod 6).

For the first congruence, [image: image], we find, after some experimentation, that multiplication by 5 gives the congruence [image: image]—that is, [image: image]. This is the only solution.

In general, we have the following rules for solving the congruence [image: image].

If [image: image], then there is a single solution for x (mod n).

If [image: image], and if d divides b, then there are d solutions (mod n), which correspond to the single solution of the congruence [image: image].

If gcd (a, n) doesn’t divide b, then the congruence has no solutions.

For the congruences above:

when [image: image], [image: image], and the only solution is [image: image];

when [image: image], [image: image], so there are two solutions, [image: image] and 5 (mod 6), which correspond to the single solution [image: image] of the congruence [image: image];

when [image: image], [image: image], which doesn’t divide 3, so there are no solutions.

Simultaneous linear congruences

An ancient puzzle, posed in the 4th century by the Chinese mathematician Sunzi, asks:

There are an unknown number of things. If we count by threes, there’s a remainder of 2; if we count by fives, there’s a remainder of 3; if we count by sevens, there’s a remainder of 2. Find the number of things.

He answered this problem, together with many similar examples, in the Sunzi suan jing (Mathematical Classic of Master Sun), and over the next millennium it resurfaced in many lands and in many forms, such as the following:

I have some eggs. Arranged in rows of 3 there are 2 left over, in rows of 5 there are 3 left over, and in rows of 7 there are 2 left over. How many eggs have I altogether?

In either version, we seek a number x that simultaneously satisfies the congruences

[image: image]

We can answer Sunzi’s problem by first trawling through the numbers congruent to 2 (mod 7) until we reach a number that’s also congruent to 3 (mod 5): this gives

[image: image]

So [image: image] is a solution of the last two congruences, and it also satisfies the first one. Other answers can then be found by adding multiples of [image: image], because 105 is congruent to 0 (mod 3), 0 (mod 5), and 0 (mod 7): for example, [image: image] and [image: image] are also solutions to Sunzi’s problem.

We were fortunate that a solution to the last two congruences also satisfies the first one, but this doesn’t usually happen. For example, let’s return to the pirates puzzle, where we seek a simultaneous solution to the congruences

[image: image]

To solve this puzzle we first trawl through the numbers congruent to 4 (mod 17) until we reach a solution to the second congruence:

[image: image]

We next trawl through the simultaneous solutions of the first two congruences, by adding [image: image] each time, until we reach a solution of the third congruence:

[image: image]

So [image: image] satisfies all three congruences and is the smallest solution of the pirates problem. Other solutions can then be obtained by adding multiples of [image: image].

It turns out that any collection of simultaneous congruences has a single solution, provided that the moduli are coprime in pairs: for example, in Sunzi’s problem, the moduli 3 and 5 are coprime, as are 3 and 7, and 5 and 7, and the same is true for the moduli in the pirates puzzle. A statement of what became known as the Chinese remainder theorem, in the case of three congruences, is as follows:

Chinese remainder theorem: Let n1, n2, and n3 be positive integers with

[image: image]

Then the linear congruences

[image: image]

have a simultaneous solution which is unique (mod N).

We conclude this section with another poser that leads to solving simultaneous linear congruences. A number n is self-replicating if its square n2 terminates in the digits of the original number n: for example, 25 is self-replicating because [image: image], which terminates in 25. Are there any more?

The 1-digit self-replicating numbers are 0, 1, 5, and 6, because [image: image], [image: image], [image: image], and [image: image]. These numbers all satisfy the congruence [image: image].

For 2-digit self-replicating numbers, n is self-replicating if [image: image]. But if 100 divides [image: image], then so do 4 and 25, and we get the simultaneous congruences

[image: image]

It follows from the first of these congruences that [image: image] or 1 (mod 4).

For the second congruence, we notice that 25 divides [image: image], and so either 5 divides both n and [image: image] (which cannot happen) or 25 must divide n or [image: image]. It follows that [image: image] or 1 (mod 25). So we have four pairs of simultaneous linear congruences:

[image: image] and [image: image], with solution [image: image] which isn’t a 2-digit number;

[image: image] and [image: image]: this has the solution [image: image], which we saw earlier;

[image: image] and [image: image]: this has the solution [image: image], with [image: image];

[image: image] and [image: image], with solution [image: image] which isn’t a 2-digit number.

So the only two 2-digit self-replicating numbers are [image: image] and [image: image].

Likewise, for 3-digit self-replicating numbers, we have the congruence [image: image], from which we get the simultaneous congruences

[image: image]

These in turn lead to the simultaneous linear congruences [image: image] or 1 (mod 8) and [image: image] or 1 (mod 125), and on examining these in pairs, as above, we find that the only 3-digit self-replicating numbers are [image: image] and 625, with [image: image] and [image: image].

Squares and non-squares

We conclude this chapter by looking at some more quadratic congruences. Our explorations will lead us to one of the most important results in number theory, the law of quadratic reciprocity.

We’ll start with the congruence

[image: image]

We can solve this by multiplying by 4 and adding 9 to both sides, giving

[image: image]

Taking the square root now gives [image: image] or [image: image], and these two linear congruences can then be solved to give [image: image] and [image: image]. These solutions are correct, because

[image: image]

It turns out that many quadratic congruences can likewise be rewritten in the form [image: image]—here, [image: image], [image: image], and [image: image]—and this leads us to investigate which numbers b are squares (mod n) and which ones are non-squares. We’ll now explore this question when n is an odd prime number.

Let’s first find the squares (mod p) when [image: image]. Because [image: image] is always a square, whatever the value of p, we’ll seek only non-zero squares.

When [image: image], the non-zero squares are [image: image] and [image: image],

so the only non-zero square (mod 3) is 1, and the only non-square is 2.

When [image: image], the non-zero squares are

[image: image]

so the non-zero squares (mod 5) are 1 and 4, and the non-squares are 2 and 3.

When [image: image], the non-zero squares are:

[image: image]

so the non-zero squares (mod 7) are 1, 2, and 4, and the non-squares are 3, 5, and 6.

When [image: image], the non-zero squares are:

[image: image]

so the non-zero squares (mod 11) are 1, 3, 4, 5, and 9, and the non-squares are 2, 6, 7, 8, and 10.

We notice that in each case the numbers of squares and non-squares are the same, and this is the case for all primes. The squares are often called quadratic residues (mod p) and the non-squares are called quadratic non-residues (mod p).

If we multiply two squares (mod p) together, then the product is also a square: this is because

[image: image]

We can likewise prove that

the product of any two non-squares (mod p) is a square,

and

the product of a square and a non-square (mod p) is a non-square.

For example, when [image: image],

6 and 7 are both non-squares, and their product [image: image] is a square;

5 is a square and 7 is a non-square, and their product [image: image] is a non-square.

Given an odd prime number p, how can we decide whether a given number a is a square or a non-square (mod p)? For example, knowing that 2027 is a prime, is 1066 a square or a non-square (mod 2027)? We’ll answer this question later.

In 1798 Adrien-Marie Legendre introduced a useful notation that helps us when answering such questions. If p is an odd prime number and a is a number that’s not divisible by p, then his Legendre symbol (a / p) is defined by

[image: image]

for example, [image: image] and [image: image], because 5 is a square and 6 and 7 are non-squares (mod 11). We note that, for any odd prime number p, and any number a that is not divisible by p,

[image: image]

for example, [image: image].

There are some useful rules that help us to find Legendre symbols. The first is:

If a and b are not divisible by p, and if [image: image], then [image: image].

For example, 42 is a square (mod 11), because [image: image], and so

[image: image]

The second rule restates the above remarks about multiplying squares and non-squares:

If a and b are not divisible by p, then [image: image].

For example, 42 is a square (mod 11), because

[image: image]

It can also be shown that, for any odd prime p,

[image: image]

[image: image]

These results conveniently tell us when −1 and 2 are squares (mod p). For example,

[image: image] and [image: image], because [image: image] and [image: image];

[image: image] and [image: image], because [image: image] and [image: image].

Suppose next that we wish to decide whether 41 is a square (mod 23).

By the first rule we can write

[image: image]

So [image: image], and 41 is a square (mod 23).

Another way to deduce this is to spot that [image: image].

Suppose now that we wish to decide whether 42 is a square (mod 23)?

Here, [image: image], and so [image: image]. But how can we decide whether 19 is a square (mod 23) without having to calculate all the squares (mod 23)?

To answer this, we’ll introduce the ‘law of quadratic reciprocity’, which provides a reciprocal relationship between the squares (mod p) and the squares (mod q) when p and q are both odd primes. It was known to both Euler and Lagrange, but it was Gauss who presented no fewer than eight proofs of it—indeed, he became so excited by it that he called it his ‘Golden theorem’. There are now around two hundred proofs of the reciprocity law, which states:

[image: image]

For example,

[image: image]

We can now return to our problem of deciding whether 42 is a square (mod 23).

Above we saw that [image: image]. But

[image: image]

So [image: image], and 42 is a non-square (mod 23).

We conclude this chapter by returning to our earlier problem of deciding whether 1066 is a square or a non-square (mod 2027). We can now answer this by applying the law of quadratic reciprocity several times to reduce the numbers involved. Because [image: image], we have

[image: image]

But [image: image], because [image: image]. Also,

[image: image]

Finally,

[image: image]

Combining all of these results gives [image: image], and so 1066 is not a square (mod 2027).

In Chapter 6 we’ll continue our explorations into congruences with some fundamental results of Fermat and Euler and with some applications to cryptography and to the shuffling of cards and the colouring of necklaces.




Chapter 5





More triangles and squares


There are many intriguing problems that can be expressed in terms of equations requiring whole-number solutions: such equations are called Diophantine equations. They are named after Diophantus of Alexandria who, as we mentioned in Chapter 1, wrote a classic text called Arithmetica which contained many questions with such solutions. In this chapter we’ll present a number of Diophantine problems, ranging from finding right-angled triangles with integer sides to writing numbers as the sum of squares and higher powers, and we’ll conclude with a brief account of one of number theory’s most celebrated achievements—the proof of Fermat’s so-called ‘last theorem’.

Linear Diophantine equations

As an example of a Diophantine equation, we’ll consider the equation

[image: image]

If x and y can take any values, then there are infinitely many solutions—choose any number x, and calculate [image: image]: for example, if [image: image], then [image: image].

If we now require x and y to be integers, then there are still infinitely many solutions—reducing the equation (mod 3) gives [image: image], so [image: image] and the solutions become [image: image], [image: image], where k is an integer: for example, taking [image: image] gives the solution [image: image], [image: image].

But if we further require x and y to be positive integers, then there are only two solutions:

[image: image]

These solutions are illustrated in Figure 25.


[image: image]
25. Some solutions of the Diophantine equation [image: image].



In general, it can be shown that:

If a, b, and c are given integers, then the linear equation

[image: image]

has a solution in integers if and only if gcd (a, b) divides c.

For the example above, we had [image: image], [image: image], and [image: image], which divides 13.

Moreover:

If [image: image], and if we can spot a particular solution, [image: image], [image: image], then every solution can be written in the form

[image: image]

For the example above, [image: image] and [image: image], and [image: image], and so the solutions all have the form

[image: image]

as we saw earlier.

Another type of linear Diophantine problem is the following, adapted from one of Leonardo Fibonacci in 1202:

If I can buy partridges for 3 cents, pigeons for 2 cents, and 2 sparrows for a cent, and if I spend 30 cents on buying 30 birds, how many birds of each kind must I buy?

Because the birds are indivisible, we seek whole-number solutions. Further, we’ll assume that I buy at least one of each type of bird, so we seek positive solutions. If I buy a partridges, b pigeons, and c sparrows, then we can write down two equations:

[image: image]

At first sight it may seem that, with three unknowns and only two equations, we cannot answer the question. But we have a further piece of information: a, b, and c are all positive integers. Let’s proceed:

Multiplying the second equation by 2 gives

[image: image]

and then on subtracting the first equation from this to eliminate c, we get

[image: image]

So b is divisible by 5, and cannot be 10 (because a would then be 0). So [image: image], giving [image: image] and (from the first equation) [image: image].So I should buy 3 partridges, 5 pigeons, and 22 sparrows.

Right-angled triangles

In Chapter 1 we saw that the sides a, b, and c of a right-angled triangle satisfy the Pythagorean theorem,

[image: image]

and we gave two examples of right-angled triangles with integer sides:

[image: image]

We call (a, b, c) a Pythagorean triple if [image: image] and a, b, and c are positive integers, so (3, 4, 5) and (5, 12, 13) are Pythagorean triples. Our aim is to find all such triples.

We first note that if (a, b, c) is a Pythagorean triple, with [image: image], then so is any multiple (ka, kb, kc), where k is a positive integer, because

[image: image]

for example, (30, 40, 50) is also a Pythagorean triple. Geometrically, multiples of a Pythagorean triple correspond to scalings of the right-angled triangle.

Such scalings are not very interesting, and so we shall mainly consider triples in which the sides have no common factor k, other than 1. We call these primitive triples: for example, (3, 4, 5) and (5, 12, 13) are both primitive triples. Can we find a formula for generating all primitive triples?

We first note that if (a, b, c) is a primitive triple, then any two of the numbers a, b, and c must be coprime, for if (for example) a and b have a common factor that’s greater than 1, then they must have a common prime factor p. It follows that p must divide [image: image], which equals c2, and so p (being prime) also divides c. This contradicts the fact that a, b, and c have no common factor. We can therefore assume that

[image: image]

But we can say more. If (a, b, c) is a primitive triple, then a and b cannot both be even, as we’ve just seen. Can they both be odd? As we saw in Chapter 2, every square has the form 4n or [image: image], and so if a and b are both odd, then a2 and b2 must have the form [image: image], and c2 must have the form [image: image], which is impossible. So one of a and b must be even and the other must be odd, and c2, and hence c, must also be odd. For definiteness, we’ll always take a to be odd and b to be even.

Now, because a and c are both odd, their sum and difference are both even and we can write [image: image] and [image: image], for some integers u and v, with [image: image]. So [image: image] and [image: image].

Also, b is even and [image: image], and so

[image: image]

What can we say about u and v? If [image: image], where [image: image], then d divides [image: image] and [image: image], and so divides both c and a, which cannot happen. So u and v are coprime. Also, because uv is a square and u and v are coprime, u and v must separately be squares, and so we can write [image: image] and [image: image], for some integers x and y with [image: image]. So

[image: image]

It can be checked that one of the numbers x and y is odd and the other is even, and that they are coprime. Tying all this together, we have our desired formula for primitive triples:

Primitive Pythagorean triples: If (a, b, c) is a primitive Pythagorean triple, then

[image: image]

where x and y are coprime integers, one odd and the other even, with [image: image].

For example, if [image: image] and [image: image], then [image: image], [image: image], and [image: image], giving the triple (3, 4, 5). Likewise, if [image: image] and [image: image], then [image: image], [image: image], and [image: image], giving the triple (5, 12, 13).

We can use this recipe to draw up a table of primitive Pythagorean triples, by listing all pairs of coprime integers x and y with one odd and the other even and [image: image], and calculating the corresponding values of a, b, and c. Table 4 lists all the primitive triples with no numbers exceeding 100. By extending this table as far as necessary, and then taking multiples, we can generate all the right-angled triangles with whole number sides.


Table 4. Primitive Pythagorean triples
[image: Table_Image]

We can also use our formula for primitive triples to answer such questions as:

How many primitive triples include the number 60?

Because 60 is even, we have [image: image], and so [image: image]. Remembering that [image: image] and that x and y are coprime with one of them even and the other odd, we find the following four possibilities:

[image: image]

A similar question is:

How many right-angled triangles with whole-number sides have a side of length 29?

Because 29 is prime, the lengths of the sides must form a primitive triple, so either

[image: image]

In the former case, [image: image] and [image: image], and the triple [image: image] is (21, 20, 29).

In the latter case, [image: image], so [image: image] and [image: image]. So [image: image] and [image: image], and the triple [image: image] is (29, 420, 421).

Sums of squares

Having just investigated the equation [image: image], we may ask a more general question that can be traced back to Diophantus:

Which numbers can be written as the sum of two perfect squares?

The first few examples are:

[image: image]

The numbers up to 20 that cannot be written as the sum of two squares are 3, 6, 7, 11, 12, 14, 15, and 19. Can we deduce a general pattern from this?

The first thing to remember is that any square has the form 4n or [image: image], and so the sum of two squares must have the form 4n, [image: image], or [image: image]. So any number of the form [image: image] cannot be a sum of two squares, and this rules out 3, 7, 11, 15, and 19. We also note that 6, 12, and 14, which are multiples of the forbidden numbers 3 and 7, cannot be written as the sum of two squares, whereas 9 and 18, which are multiples of 32, can be so written. By using these observations as guidelines, it turns out that we can completely describe which numbers can be written as the sum of two squares. The following result was stated by Fermat, and proved by Legendre in 1798:

Sum of two squares: A number can be written as the sum of two squares if and only if every prime factor that is congruent to 3 (mod 4) occurs to an even power.

For example, [image: image] is the sum of two squares [image: image] because 3 occurs to an even power, whereas [image: image] and [image: image] cannot be the sum of two squares because 3 occurs to an odd power in each case.

A useful result is that if m and n can be written as the sum of two squares, then so can their product mn. This is because, for [image: image] and [image: image], a little algebra confirms the multiplication rule:

[image: image]

For example, knowing that [image: image] and [image: image], we can take [image: image], [image: image], [image: image], and [image: image], giving

[image: image]

or, on rewriting [image: image], we could take [image: image], [image: image], [image: image], and [image: image], giving

[image: image]

So some numbers can be written as the sum of two squares in more than one way: another example is

[image: image]

It follows from the above multiplication rule that if we can first decide which prime numbers can be written as the sum of two squares, then by combining them we can work out which numbers in general can be written in this way. This is another instance of the use of prime numbers as the building blocks for numbers in general. We now proceed to investigate the representation of prime numbers as the sum of two squares.

We have seen that [image: image], and that the odd primes of the form [image: image] cannot be written as the sum of two squares. But what about the odd primes of the form [image: image]? We can certainly write:

[image: image]

This list illustrates the following general rule, which was first stated by Albert Girard in 1625 and in a letter from Fermat to Mersenne on Christmas Day 1640, and was eventually proved by Euler in 1754:

An odd prime number p can be written as the sum of two squares if and only if p has the form [image: image]. Moreover, this can be done in only one way, apart from the order in which the two squares appear.

Before leaving this section, we ask a related question:

Which numbers can be written as the difference of two perfect squares?

This question is much easier to answer. Let’s look at some examples:

[image: image]

But 2, 6, 10, … cannot be written in this way, and it seems as though the following general rule applies:

Difference of two squares: A number can be written as the difference of two squares except when it has the form [image: image].

To see why this is, we note again that every perfect square has the form 4n or [image: image], and so the difference between two squares must have the form 4n, [image: image], or [image: image]. So the difference between two squares can never be of the form [image: image]. Moreover,

if [image: image], then we can write

[image: image]

if [image: image], then we can write

[image: image]

and if [image: image], then we can write

[image: image]

So every number can indeed be written as the difference of two squares, except when it has the form [image: image].

Sums of more squares

We’ve seen that we cannot write every number as the sum of just two squares. Can we write every number as the sum of three squares (zero being allowed)? Certainly we have

[image: image]

But we cannot write 7 or 15 as the sum of only three squares. To see why, we note that every odd square has the form [image: image] (see Chapter 2), and that every even square, being divisible by 4, has the form 8n or [image: image]. But we cannot combine three numbers of the form 8n, [image: image], or [image: image] to give a number of the form [image: image]. Diophantus had claimed this result 1700 years ago, and Fermat proposed the following more general result, which was proved by Legendre in 1798:

Sum of three squares: Every number can be written as the sum of three squares, except when it has the form [image: image], for some integers m and k.

For example,

[image: image]

cannot be written as the sum of three squares, and nor can their multiples,

[image: image]

But these numbers can all be written as the sum of four squares: for example,

[image: image]

In fact, every positive integer without exception can be written as the sum of four squares. This remarkable result was stated by Claude Bachet de Méziriac in 1621, and was proved by Joseph-Louis Lagrange using ideas of Euler:

Lagrange’s four-square theorem: Every number can be written as the sum of four squares.

As with Fermat’s earlier result on the sum of two squares, it is enough to prove this for prime numbers only, and then to use a multiplication rule to obtain the general result. This rule, discovered by Euler, states that if m and n can each be written as the sum of four squares, then so can their product mn. This is because, for [image: image] and [image: image], we have

[image: image]

For example, knowing that [image: image] and [image: image], we can take [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], [image: image], and [image: image], and write [image: image] as a sum of four squares as follows:

[image: image]

Higher powers

Having looked at sums of squares, we now turn our attention to sums of cubes and higher powers. A well-known story concerns the Cambridge mathematician G. H. Hardy who in 1918 was visiting his friend and colleague Srinivasa Ramanujan, one of the most intuitive mathematicians of all time, who was seriously ill in hospital. Together they’d solved some important problems in number theory. Hardy, finding it difficult to think of anything to say, remarked that his taxicab to the hospital had the number 1729 which seemed to be rather a dull number. As Hardy recalled, Ramanujan replied: ‘No, Hardy! It is a very interesting number. It is the smallest number expressible as the sum of two cubes in two different ways.’(These are [image: image] and [image: image].)

Waring’s problem

As we have seen, Lagrange’s four-square theorem asserts that every number can be written as the sum of four squares. In 1770 the Cambridge mathematician Edward Waring suggested that there were similar results for higher powers, claiming the following results for cubes and fourth powers:

Every number can be written as the sum of nine cubes.

Every number can be written as the sum of nineteen fourth powers.

Waring’s claims were correct, and cannot be improved because there are numbers that actually require nine cubes and nineteen fourth powers, such as

for cubes: [image: image]

for fourth powers: [image: image]

Waring asked whether these ideas can be extended to higher powers:

Waring’s problem: For each positive integer k, does there exist a number g(k) such that every number can be written as the sum of g(k) kth powers?

For example, [image: image], by Lagrange’s four-square theorem, and the results just asserted tell us that [image: image] and [image: image]. Other known values are [image: image] for sums of fifth powers, and [image: image] for sums of sixth powers. In 1909, the German mathematician David Hilbert answered Waring’s question in the affirmative by proving that there is such a number g(k) for each value of k.

What can we say about g(k)? Around 1772, Johann Albrecht Euler, Leonhard’s eldest son, suggested that

[image: image]

where ⌊x⌋ is the integer part of x: for example, [image: image].

Note that,

[image: image]

so this bound gives the correct value for g(k) in these two cases. It has since been proved to give the right answer for all values of k up to 471.6 million, and with all this evidence it’s believed to be correct in every case, although this has never been proved.

But we can say more. When [image: image], it turns out that only two numbers (23 and 239) actually need nine cubes, and that only a finite number need eight cubes. So we can say that,

From some point onwards, every number can be written as the sum of just seven cubes.

It is also believed, although this has never been proved, that the number of cubes can be reduced further, possibly even to four.

For fourth powers it can be proved that,

From some point onwards, every number can be written as the sum of just sixteen fourth powers.

Corresponding results can be proved for higher powers.

Fermat’s last theorem

We conclude this chapter with a brief account of one of the most famous achievements in number theory—the proof of Fermat’s last theorem.

In our discussion of Pythagorean triples, we saw how to find integer solutions of the Diophantine equation

[image: image]

Can we likewise find integer solutions to the equations

[image: image]

and in general,

[image: image]

We can make a couple of general observations.

First, there are always ‘trivial’ solutions, in which one of the numbers a, b, and c is 0: for example,

[image: image]

In what follows we’re interested only in positive solutions.

Secondly, suppose that we knew that there were no integer solutions of the equation [image: image]. Then we could deduce that the same is true when the exponent is any multiple of 3. For example, the equation [image: image] could then have no integer solutions, because we can rewrite it as

[image: image]

which we’ve assumed to have no solutions. So, when investigating solutions of the equation [image: image], we can restrict our attention to the cases when n is 4 or a prime number.

Fermat became interested in the problem while reading a Latin translation of Diophantus’s Arithmetica that had been published by Claude Bachet de la Méziriac in 1621 (see Figure 26). In the section on Pythagorean triples Fermat added a now-famous marginal comment:

On the other hand, it is impossible for a cube to be written as a sum of two cubes or a fourth power to be written as a sum of two fourth powers or, in general, for any number which is a power greater than the second to be written as a sum of two like powers. I have a truly marvellous proof of this proposition which this margin is too narrow to contain.


[image: image]
26. Bachet’s translation of Diophantus’s Arithmetica.



This is often called ‘Fermat’s last theorem’, because it became the last of Fermat’s assertions to be proved—but it should perhaps have been called ‘Fermat’s conjecture’:

Fermat’s last theorem. The equation [image: image] has no positive integer solutions when [image: image].

Most mathematicians believe that Fermat couldn’t have had a valid proof of his conjecture. Many attempts have since been made to find one, and the belief is that, if he really had found a correct argument, then it would surely have been rediscovered over the ensuing years.

Fermat himself proved that the equation [image: image] can have no integer solutions. To do so, he invented a method of proof known as the method of infinite descent, showing by an algebraic argument that if this equation (or, more precisely, one closely related to it) had a solution in positive integers, then there would be another solution that involved smaller numbers than before. By repeating this argument over and over again, he’d then get smaller and smaller positive solutions—but this cannot happen indefinitely. This contradiction shows that the original solution couldn’t have existed in the first place.

More than a century later, in 1770, Euler produced a proof for the case [image: image], but it had a gap in it that was subsequently filled by Legendre.

Major advances were made in the 1820s by Sophie Germain, a self-taught mathematician who made several substantial contributions to number theory and to the theory of elasticity. Interested in primes p for which [image: image] is also prime (such as 2, 3, 5, 11, and 23), she proved several results concerning them—for example, that if [image: image], then one of a, b, and c must be divisible by [image: image], and one of them must be divisible by p2. Then Legendre and Lejeune Dirichlet proved the theorem when [image: image], using her results, and in 1835 Gabriel Lamé of Paris proved it for [image: image].

A big advance was made by Ernst Kummer, who proved the result when n is a so-called regular prime: this settled the argument for almost all values of n that are less than 100. Over the years more and more cases were settled, and by the mid-20th century Fermat’s conjecture had been proved for all values of n up to 2500, and by 1990 for all values up to 4 million. But there was still a long way to go!

In June 1993 Andrew Wiles, a British mathematician working at Princeton University in the US, announced to great excitement at a conference in Cambridge that he had proved Fermat’s last theorem. Although this turned out to be premature, as a gap was found in his argument, he eventually patched it up with the help of his former student, Richard Taylor. Wiles’s remarkable proof was published in 1995 to great acclaim. Fermat’s last theorem had at last been proved (see Figure 27).


[image: image]
27. A postage stamp celebrates Andrew Wiles’s proof of Fermat’s last theorem.







Chapter 6





From cards to cryptography


In this chapter we introduce a fundamental theorem of Pierre de Fermat and apply it to a recreational problem on the shuffling of cards. We then present a generalization of Fermat’s result that’s due to Leonhard Euler, and a method of factorizing numbers that’s also due to Fermat. We conclude by applying Euler’s theorem to the sending of secret messages in cryptography, describing its use in ensuring the security of our credit cards.

Fermat’s little theorem

Over two thousand years ago, Chinese mathematicians supposedly observed that

[image: image]

This led them to claim that n divides [image: image] if and only if n is prime. Is their claim true? In this section we’ll investigate this and similar questions.

In Chapter 4 we studied squares (mod p), where p is an odd prime, and we’ll now look at higher powers. We’ll start with the first few powers of 3 and 4 (mod 7):

[image: image]

noting, in particular, that [image: image] and [image: image]. It turns out, in fact, that if a is any integer that’s not divisible by 7, then [image: image]: for example,

[image: image]

These results are special cases of a celebrated result that Pierre de Fermat announced in 1640, but which was first proved by Gottfried Leibniz sometime before 1683. It is usually called ‘Fermat’s little theorem’.

Fermat’s little theorem: If p is a prime, and if a is an integer that is not divisible by p, then [image: image].

For example, if [image: image] and [image: image], then 17 is not divisible by 7, and so [image: image]. This is correct, because [image: image].

It can further be shown that if [image: image], then k must be a factor of [image: image].

The idea of the proof of Fermat’s little theorem is to look at the first [image: image] positive multiples of a and reduce them (mod p). For example, if [image: image] and [image: image] then the first six positive multiples of a are 3, 6, 9, 12, 15, and 18, and reducing them (mod 7) gives 3, 6, 2, 5, 1, 4. Likewise, if [image: image], then the multiples are 4, 8, 12, 16, 20, 24, and reducing them (mod 7) gives 4, 1, 5, 2, 6, 3. In each case we get a rearrangement of the numbers 1, 2, 3, 4, 5, and 6.

In general, the first [image: image] positive multiples of a are

[image: image]

and when we reduce them (mod p) the results are all different; this is because if [image: image], for non-zero numbers m and n, then [image: image], after cancelling the term a on both sides (which we can do because a is coprime to p). So these non-zero multiples (mod p) are all different, and must therefore be the numbers [image: image], in some order.

We’ll now multiply these [image: image] multiples together, giving

[image: image]

But, as we have just seen, these multiples are just [image: image] in some order, and their product is

[image: image]

Equating these two products gives

[image: image]

and cancelling the terms [image: image] (which are all coprime to p) gives

[image: image]

as we wished to prove.

In the statement of Fermat’s little theorem, we made the proviso that a is not divisible by p. We can remove this condition by multiplying both sides of the congruence by a, giving the following alternative form:

Fermat’s little theorem: If p is a prime and a is an integer, then [image: image].

Here we can omit the above proviso, because if a is divisible by p, then the result is still true, because both sides are congruent to 0 (mod p).

Can we turn things around? Is it true that if [image: image] for all numbers a, then n must be a prime? This is usually the case but, as the London schoolteacher Robert Carmichael discovered in 1912, there are exceptions. The smallest example is [image: image] where [image: image] for all numbers a. Although there are infinitely many such ‘Carmichael numbers’, they seem to occur quite rarely, with only six others that are less than 10,000, and only forty-three up to one million.

Even if we restrict our attention to [image: image], there are exceptions: for example, [image: image], but [image: image] is not prime. So the ancient Chinese were right in their claim above that n must divide [image: image] when n is prime, but were wrong to assert that if n divides [image: image], then n must always be prime.

Counting necklaces

As a brief diversion, we can also derive Fermat’s little theorem by counting necklaces! A necklace is a circular arrangement of coloured beads. How many different coloured necklaces are there if there are p beads (where p is prime) and a available colours, and if we use at least two colours?

Because of the circular arrangement of beads, each necklace can be counted in p ways, depending on where we start: for example, the necklace in Figure 28 arises from five different strings of beads,

[image: image]


[image: image]
28. A necklace with five beads.



where R, B, and Y stand for red, blue, and yellow.

How many different necklaces can there be? Because there are p beads in up to a colours, there are ap possible strings of beads, or [image: image] strings when we exclude the a single-colour ones (such as RRRRR) that can each be coloured in only one way. But each necklace arises from p different strings, and so the number of different necklaces is [image: image]. Because this must be an integer, [image: image] must be divisible by p—that is, [image: image], which is Fermat’s little theorem.

Shuffling cards

An amusing application of Fermat’s result is to the shuffling of cards (sometimes called ‘Faro shuffling’). Starting with a normal pack of cards we first cut it into two piles, so that the cards in one pile are in positions 1 to 26 and those in the other pile are in positions 27 to 52. We now shuffle the cards so that the cards in positions 1, 2, 3, …, 26 are moved to positions 2, 4, 6, …, 52, and the cards in positions 27, 28, 29, …, 52 are moved to positions 1, 3, 5, …, 51, giving the new ordering

[image: image]

(see Figure 29). It follows, as we can easily check, that for each a, the card initially in position a has moved to the new position 2a (mod 53).


[image: image]
29. Shuffling cards.



How many shuffles are needed to restore the pack of cards to its original order? After n shuffles, the card initially in position a has moved to position [image: image] (mod 53), so after the pack has been restored to its original order, [image: image] for all numbers a. Now gcd [image: image], so we can cancel the a, giving us [image: image]. But by Fermat’s little theorem, [image: image], so the pack is certainly restored to its original order after 52 shuffles.

But can this happen earlier? If so, the number of shuffles must be a factor of 52, by our remark following the first statement of Fermat’s result—that is, 2, 4, 13, or 26. But, after some calculation, we find that

[image: image]

None of these works, so the order of the cards is restored for the first time after 52 shuffles.

What happens if we now add two Jokers to the pack, making 54 cards in total? Carrying out a similar analysis, we seek the smallest value of n for which [image: image]. Now [image: image] is not prime, and we can no longer apply Fermat’s result directly. But Fermat’s little theorem tells us that [image: image], and so [image: image]. It also tells us that [image: image], and so [image: image]. Combining these results (which we can, because [image: image], we deduce that [image: image], and so the order of the cards is certainly restored after 20 shuffles.

Can this happen earlier? If so, the number of shuffles must be a factor of 20—that is, 2, 4, 5, or 10. But

[image: image]

None of these works, so the order of the cards is restored for the first time after 20 shuffles.

Generalizing Fermat’s little theorem

We’ve presented Fermat’s little theorem, that if p is a prime number and a is any integer that isn’t divisible by p, then [image: image]. But what happens if p is replaced by a composite number? Is Fermat’s result still true, and if not, can we adapt it so that it holds in this more general case?

To show that Fermat’s result can fail when the modulus is not prime, let’s look at congruences (mod 10), and let [image: image] (which is coprime to 10). Then [image: image], which is not congruent to 1 (mod 10).

Euler’s φ-function

Before we answer the questions above, we’ll first need to introduce what Euler called the ‘totient function’; the choice of the Greek letter φ (phi) to denote it was made by Gauss in 1801. We define it as follows:

For each positive integer n, let φ(n) be the number of positive integers up to n that are coprime to n—that is, the number of positive integers [image: image] for which [image: image].

For example, [image: image], because the numbers (up to 10) that are coprime to 10 are 1, 3, 7, and 9; likewise, [image: image], where the relevant integers are 1, 3, 7, 9, 11, 13, 17, and 19. A table of values of φ(n) for [image: image] appears in Table 5:


Table 5. Values of φ(n), for [image: image]
[image: Table_Image]

There are a few things to notice here. For a start,

If p is a prime number, then [image: image],

because every number up to p is coprime to p, except for p itself.

Also, [image: image], because every number up to p2 is counted, except for the p multiples of p: for example, [image: image], because we count every number up to 9 except for 3, 6, and 9. Likewise, for any power pe,

[image: image]

For example,

[image: image]

Also, if p and q are different primes, then

[image: image]

because we need to discount the p multiples of q and the q multiples of p, and then restore the number pq (which we had discounted twice). We’ll need this result later.

More generally, if [image: image], where a and b are coprime, then [image: image]: for example, [image: image], and so

[image: image]

This multiplicative idea holds in general: if n is any product of numbers that are coprime in pairs, then φ(n) is the product of the φ-values of the separate numbers: for example,

if [image: image], then

[image: image]

We can also rewrite this product as

[image: image]

or as

[image: image]

and both of these forms are useful. In general, if the number n is written in canonical form as a product of primes—that is, if [image: image], then

[image: image]

This can also be written as

[image: image]

for example, 100 has prime factors 2 and 5, and so

[image: image]

as we saw earlier.

These formulas can be used for calculation, and also to prove some general results about φ(n). For example, we can prove that

If [image: image], then φ(n) is even,

as indicated in our table of φ-values. This is because either n is a power of 2 (larger than 2) or it has an odd prime factor p. In the former case, if [image: image], where [image: image], then [image: image], which is even. In the latter case, the formula for φ(n) must include the factor [image: image] which is even, and so φ(n) is even.

But some even numbers can never appear as φ-values: for example, our table includes the even numbers 2, 4, 6, 8, 10, 12, 16, and 18, but not 14. To see why, suppose that [image: image]. Now if n has a prime factor p, then [image: image] must divide 14, and this can happen only when p is 2 or 3. So n must be 2r, or 3s, or [image: image], for some numbers r and s, and so [image: image], or [image: image], or [image: image], respectively. But none of these has 7 as a factor, and so φ(n) cannot be 14.

Euler’s φ-function has some interesting properties. For example, what do we get if we’re given a number n and we add up the φ-values of all its factors? If [image: image], then its factors are 1, 2, 5, and 10, and their sum is

[image: image]

More generally, it turns out that if we add up the φ-values of the factors of any number n, then we get n itself.

Euler’s theorem

We’ll now return to the task of extending Fermat’s little theorem about the powers of a number (mod p) to powers of a number (mod n), where n may be composite. When we introduced Fermat’s result we started by looking at the powers of certain numbers (mod 7). We’ll now imitate the process by looking at the first few powers of certain numbers (mod 9):

[image: image]

It turns out that, apart from the powers of 0, 3, and 6, every 6th power is 1.

Now [image: image], and we can summarize this by saying:

If a is coprime to 9, then [image: image].

This result is a special case of the result we were seeking:

Euler’s theorem: If n is a positive integer, and if a is any integer with [image: image], then [image: image].

For example, if [image: image] and [image: image], then [image: image] and [image: image], and we deduce that [image: image], which is correct because

[image: image]

To see why Euler’s theorem is true, let’s imitate what we did earlier and look at the first few positive multiples of the numbers coprime to 9—that is, 1, 2, 4, 5, 7, and 8—and reduce them (mod 9). Multiplying these numbers by 4 gives 4, 8, 16, 20, 28, 32, and reducing them (mod 9) gives 4, 8, 7, 2, 1, 5. Likewise, multiplying them by 7 gives 7, 14, 28, 35, 49, 56, and reducing them (mod 9) gives 7, 5, 1, 8, 4, 2. In each case we get a rearrangement of the numbers 1, 2, 4, 5, 7, and 8.

To prove Euler’s theorem in this case, we’ll mimic the proof of Fermat’s little theorem. Multiplying the numbers 1, 2, 4, 5, 7, and 8 by a (where [image: image]) gives 1a, 2a, 4a, 5a, 7a, and 8a, and reducing these (mod 9) gives 1, 2, 4, 5, 7, and 8, though possibly in a different order. So, on multiplying them all together, we get

[image: image]

Cancelling the numbers 1, 2, 4, 5, 7, and 8 (which are all coprime to 9) then gives [image: image], as we saw above.

The general proof is similar. We begin by listing the φ(n) numbers up to n that are coprime to n—we’ll call them b1, b2, …, bk, where [image: image]. We then multiply them by a, to give the multiples b1a, b2a, …, bka, and reduce them (mod n). The results will all be different, and must therefore be b1, b2, …, bk in some order.

Multiplying these multiples of a together and equating the two products, as above, gives

[image: image]

Cancelling the terms b1, b2, …, bk (which are all coprime to n) then gives

[image: image]

as we wished to prove.

We conclude this section by noting that if n is a prime number p, then [image: image], and we get [image: image], which is Fermat’s little theorem, as we’d expect.

Factorizing large numbers

Before we see how Euler’s theorem makes its appearance in cryptography, let’s consider briefly the subject of trying to factorize a number into its prime factors.

Many real-life processes are irreversible: for example, it’s easy to squeeze toothpaste from a tube but difficult to reverse the operation, and it’s easy to break an egg but impossible to ‘unbreak’ it, especially if it’s Humpty Dumpty.

Another example is the factorization of large numbers. It’s generally straightforward to multiply two primes together, but if we’re given the product, then it’s often more difficult to factorize it into its two prime constituents: for example, we can easily multiply 23 and 89 to give 2047, but given the number 2047 it may take us some time to find its factors by hand. If the primes are large—say, 250 digits—then their product can easily be calculated by machine, but no current computer can factorize their 500-digit product in a reasonable amount of time.

A traditional method for testing whether a given number n is prime is due to Fermat, and works particularly well when n is the product of two numbers that are close to each other. The method is based on the fact that

[image: image]

To apply Fermat’s method, we first find the smallest integer m that’s √n or larger, and we calculate the numbers

[image: image]

until we reach a square. Then, if [image: image] (say), we have

[image: image]

which gives a factorization.

For example, if [image: image], we check that [image: image], and so we take [image: image]. Then:

[image: image]

So [image: image].

Fermat used his method to factorize the number [image: image].

Noting that [image: image], he took [image: image] and calculated as follows:

[image: image]

Now [image: image], and so

[image: image]

giving him a factorization.

Fermat’s approach to factorization is the basis of several rather more sophisticated methods for factorizing large numbers. One of these is called the quadratic sieve method which seeks some numbers among the above differences whose product is a square, rather than simply being a square. Another method, due to Euler and based on an idea of Mersenne, led to the factorization [image: image]. Many other methods have been described, but no efficient algorithm has ever been discovered.

RSA public key cryptography

We’ve just seen that multiplying two prime numbers is comparatively simple, but factorizing a large number into its prime factors can be extremely difficult. It’s from this asymmetric process that a method for secretly encrypting messages has been devised. It was proposed in 1973 by Clifford Cocks, formerly of the secret World War II codebreaking unit at Bletchley Park in England, but remained classified until 1997. Independently rediscovered in 1978 by Ron Rivest, Adi Shamir, and Leonard Adleman, it’s now known by their initials as RSA encryption. It’s essentially this method that is used to preserve intelligence information, and it provides us with an excellent example of how results in pure mathematics that were investigated for their own interest (such as Euler’s theorem) can later be applied in unexpected ways in highly practical situations.

Suppose that Alice wishes to send a very secret message to Bob, in such a way that no eavesdropper who might intercept it can decode it. Bob first selects two large primes, p and q, and calculates their product, [image: image]. He also chooses a number e that is coprime to φ(N)—that is,

[image: image]

Bob then publicly announces the numbers e and N, but he doesn’t release N’s factors, p and q. The numbers e and N are the public key that’s known to all, while Bob remains the only person who knows p and q, and therefore φ(N).

Alice can now send her secret message. She first converts it to a numerical form—for example, by writing [image: image], [image: image]—and calls the resulting message M. Knowing the numbers e and N, she can then calculate the number [image: image], and send it to Bob, the only person who can decrypt it. But how can he do so?

To recover M, Bob first calculates a number m for which [image: image]. To do so, he can use Euclid’s algorithm from Chapter 2: because [image: image], he can find integers m and n for which [image: image], and so [image: image].

Then, on receiving the encrypted message E and knowing m, he calculates

[image: image]

But, by Euler’s theorem, [image: image], and so [image: image]. It follows that [image: image], and so all that Bob needs to do is to calculate Em (mod N) in order to retrieve Alice’s original message M.

As an example of the calculations involved, suppose that the public key consists of the numbers [image: image] and [image: image]. Bob knows that [image: image], and so he can calculate

[image: image]

and check that [image: image], as required.

The congruence [image: image] now becomes [image: image]. By using Euclid’s algorithm, Bob finds that

[image: image]

so that [image: image], and so he takes [image: image]. Having received Alice’s coded message as E, Bob now calculates E275 (mod 1073), and so recaptures her original message.




Chapter 7





Conjectures and theorems


In this chapter we’ll explore some further topics that are related to prime numbers. We’ll start with two problems that we met in Chapter 1, on sums of primes and twin primes, and follow this by investigating the distribution of prime numbers. We then turn our attention to lists of primes that are equally spaced, and to a fuller exploration of unique factorization. This chapter presents several of the deepest results in number theory, and includes some examples of recent work in the subject.

Two famous conjectures

In this section we explore two conjectures on primes that are very easy to state but have never yet been proved. Their difficulty is linked to the fact that they involve addition or subtraction, whereas the primes are mainly concerned with multiplication.

Goldbach’s conjecture

On 7 June 1742, the German mathematician Christian Goldbach wrote a letter to Euler about writing numbers as the sum of primes. This contained a claim that is now known as ‘Goldbach’s conjecture’, but which Euler described as ‘a completely certain theorem, although I cannot prove it’:

Goldbach’s conjecture: Every even number that is larger than 2 can be written as the sum of two primes.

In Chapter 1 you saw some instances of this, and further examples are [image: image] and [image: image].

Goldbach’s conjecture is now known to be true for all even numbers up to [image: image], and so finding a counter-example seems extremely unlikely.

A major advance in settling Goldbach’s conjecture was made in 1966 by the Chinese mathematician Chen Jingrun, who proved that every even number that is larger than 2 can be written as the sum of a prime number and an ‘almost prime’—that is, another number that is either a prime or a number with just two prime factors. His work involved some systematic sieve methods, an area of number theory whose origins can be traced back to the sieve of Eratosthenes which we met in Chapter 3.

A result that seems related to Goldbach’s conjecture had already been proved a few years earlier, in 1937, by the Russian mathematician Ivan Matveevich Vinogradov:

From some point onwards, every odd number can be written as the sum of three primes.

Here, the phrase ‘from some point onwards’ might seem to indicate that only a small number of cases remain to be checked—which is a finite task that could quickly be carried out by hand, or by computer. But in practice, the point from which the result had been proved true was massive, with millions of digits, and checking the remaining cases was way beyond the capacity of any existing computers. However, in 2013, and following much further theoretical work by several people, the Peruvian mathematician Harald Helfgott (working in France, with computational help from the British number theorist Dave Platt) managed to reduce, and eventually to eliminate, the huge gap between what had been proved for large numbers and what was already known for small numbers, giving the following result:

Every odd number that is larger than 5 can be written as the sum of three primes.

What has this to do with Goldbach’s conjecture? Well, if Goldbach’s conjecture is true, then every even number (≥ 4) is the sum of at most two primes p and q, and adding 3 tells us that every odd number (≥ 7) is the sum of at most three primes (p, q, and 3). But unfortunately the argument doesn’t work the other way around: Helfgott’s achievement doesn’t yield a proof of Goldbach’s conjecture, but it does provide a weaker form of it. For if n is an even number that is larger than 8, then [image: image] can be written as the sum of three primes. Also, [image: image], and so

Every even number that is larger than 6 can be written as the sum of four primes.

The twin prime conjecture

The second conjecture concerns twin primes which, as you saw in Chapter 1, are pairs of primes that differ by 2. Those up to 100 are

[image: image]

There are thirty-five pairs of twin primes up to one thousand, over eight thousand pairs up to one million, and over three million pairs up to one billion. The largest known pair has over fifty thousand digits!

In 1846 the following conjecture was formulated by the French number theorist Alphonse de Polignac:

Twin prime conjecture: There are infinitely many pairs of twin primes.

For many years, number theorists have tried to prove this, but with little success. Then, in 1966, and associated with his work on Goldbach’s conjecture, Chen Jingrun used sieve methods to prove that there are infinitely many prime numbers p for which [image: image] is either a prime or an almost prime.

Among other more recent investigations were proofs that the twin prime conjecture is true if one is allowed to assume certain additional results. Then, suddenly and unexpectedly, a major breakthrough was made in June 2013 by the Chinese-born American mathematician Yitang Zhang. Using some of this earlier work, but without needing to assume any other results, he proved that infinitely many pairs of prime numbers differ by at most 70 million. This is a very far cry from the desired result, with 70 million instead of 2, but it was the first result of its kind and it created a whole cottage industry of mathematicians seeking to reduce the gap to something more manageable.

At first, the gap came down from 70 million to around 42 million, and then something rather remarkable happened. Mathematicians are used to writing up their research and then publishing it in polished form in journals, a process that can take a year or more: this means that much time may elapse before their results become widely known. But from around 2009 various mathematicians—notably, Tim Gowers from Cambridge and Terry Tao from Los Angeles—had proposed a more collaborative approach, known as the Polymath project, in which contributors from around the world could work on problems publicly by pooling their ideas, feeding in comments, and suggesting improvements. Advances could thereby be made and shared at a much faster rate, while individual contributors would still receive due credit for their ideas.

In June 2013 Tao initiated Polymath8, a project entitled ‘Bounded gaps between primes’, in which contributors were invited to improve Zhang’s result. Within a few weeks, with contributions from many people, the gap had decreased from 42 million to 387,620, and then to about 12,000, and after another month to 4680.

This was followed by a lull in activity, and new ideas were needed. By this time, James Maynard, who had gained his doctorate in Oxford and was then in Montreal, appeared on the scene with a different approach, also discovered independently by Tao. By the end of 2013 Maynard had reduced the gap to 600 and, as he wrote at the time:

I was surprised at how much time I ended up devoting to the Polymath project. This was partly because the nature of the project was so compelling—there were clear numerical metrics of ‘progress’ and always several possible ways of obtaining small improvement, which was continually encouraging. The general enthusiasm amongst the participants (and others outside of the project) also encouraged me to get more and more involved in the project.

At the time of writing, the current gap is 246. This is a massive improvement on the original 70 million—but there’s still quite a way to go before the twin prime conjecture is finally laid to rest.

The distribution of primes

How are the prime numbers distributed? Although they generally seem to ‘thin out’, the further along the list we proceed, they don’t seem to be distributed in a regular manner. For example, the hundred numbers just below 10 million include nine primes,

[image: image]

whereas the hundred numbers just above it include only two,

[image: image]

But although twin primes seem to crop up however far we go, we can also construct arbitrarily long strings of numbers that aren’t prime. To do so, we’ll use the factorial numbers n!, defined by

[image: image]

and in general,

[image: image]

Now, because the number n! is divisible by all the numbers from 1 to n, we see that:

[image: image]

and so the numbers

[image: image]

are all composite, giving us a string of [image: image] composite numbers. Another example is:

[image: image]

So, for example, two strings of 1000 successive composite numbers are

[image: image]

and

[image: image]

The prime number theorem

In his inaugural lecture as professor at the University of Bonn in 1975, the distinguished number-theorist Don Zagier remarked:

There are two facts of which I hope to convince you so overwhelmingly that they will permanently be engraved in your hearts.

The first is that the prime numbers belong to the most arbitrary objects studied by mathematicians: they grow like weeds, seeming to obey no other law than that of chance, and nobody can predict where the next one will sprout.

The second fact is even more astonishing, for it states just the opposite: that the prime numbers exhibit stunning regularity, that there are laws governing their behaviour, and that they obey these laws with almost military precision.

To see what he meant by this, we’ll introduce the prime-counting function π(x), which counts the number of primes up to any number x. (This use of the Greek letter π (pi) is nothing to do with the circle number π.) So [image: image], because there are exactly four primes (2, 3, 5, and 7) up to 10, and [image: image], because there are four more primes (11, 13, 17, and 19). Continuing, we find that [image: image], [image: image], and [image: image].

If we plot the values of the primes up to 100 on a graph we get a jagged pattern—each new prime creates a jump (see Figure 30). But if we stand back and view the primes up to 100,000, we get a lovely smooth curve—the primes do indeed seem to increase very regularly.


[image: image]
30. The distribution of primes.




Table 6. x, π(x), and x /π(x), when x is a power of 10


	x
	π(x)
	x /π(x)


	10
	4
	2.5


	100
	25
	4.0


	1000
	168
	6.0


	10,000
	1229
	8.1


	100,000
	9592
	10.4


	1,000,000
	78,498
	12.7


	10,000,000
	664,579
	15.0


	100,000,000
	5,761,455
	17.4


	...
	...
	...



We can describe this overall regularity more precisely by comparing the values of x and π(x) as x increases. We get the following table which lists x, π(x), and their ratio x/π(x) (to one decimal place).

So up to 100 one-quarter of the numbers are prime, up to 1000 about one-sixth of them are prime, and so on. We can express this ‘thinning-out’ more precisely by noting that whenever x is multiplied by 10, the ratio x/π(x) seems to increase by around 2.3. This number 2.3 turns out to be the natural logarithm of 10. So what do we mean by ‘natural logarithm’?

The logarithm function, introduced in the early 1600s, is a mathematical device for turning multiplication problems into simpler addition ones, by using the basic rule:

[image: image]

There are actually several different logarithm functions, but the one we’re concerned with here is the natural logarithm. It has the property that [image: image], where e is an important number that’s about 2.71828. This number appears throughout mathematics and is connected with exponential growth. The graph of the natural logarithm, [image: image] (sometimes written as ln x), is shown in Figure 31.


[image: image]
31. The graph of the natural logarithm.




Because the natural logarithm x turns multiplication into addition, and, in particular,

[image: image]

we can explain the phenomenon illustrated in the above table of values by saying that, as x increases, π(x) behaves rather like x/log x—or, more precisely, that their ratio approaches 1 as x becomes large. Figure 32 shows the similarity between the graphs of π(x) and x/log x.


[image: image]
32. The graphs of π(x) and x/log x.



Gauss guessed this connection (and even closer approximations) while experimenting with prime numbers at the age of 15. But it wasn’t proved until 1896, when Jacques Hadamard (from France) and Charles de la Vallée Poussin (from Belgium) did so independently, using sophisticated ideas from an area of calculus called complex analysis. It is known as the ‘prime number theorem’.

Prime number theorem: As x increases indefinitely, the ratio of π(x)/(x/log x) tends to 1.

It then took a further fifty years until the Norwegian Atle Selberg and the Hungarian Paul Erdős discovered a purely number-theoretical proof—and because Hadamard lived to 98, de la Vallée Poussin lived to 96, and Selberg lived to 90, it seems that proving the prime number theorem assists longevity!

Primes in arithmetic progressions

In Chapter 3 you met Euclid’s proof that there are infinitely many prime numbers, and we shall now adapt his ideas to derive more precise information. Recalling that every number has the form [image: image], [image: image], or [image: image], we note that numbers of the form 4q and those of the form [image: image] (other than 2) cannot be prime, because they’re even and so have 2 as a factor. On the other hand, there are many primes of the form [image: image] and many primes of the form [image: image]:

primes of the form [image: image]: 5, 13, 17, 29, 37, 41, 53, 61, 73, 89, 97, 101, …

primes of the form [image: image]: 3, 7, 11, 19, 23, 31, 43, 47, 59, 67, 71, 79, 83, 103, …  .

By modifying Euclid’s argument slightly we can prove that there are infinitely many prime numbers of the form [image: image]. To do so, we’ll assume (for a contradiction) that there are only finitely many primes, p1, p2, …, pn, of this form (other than 3), but this time we’ll consider the number

[image: image]

which certainly has the form [image: image]. Now, each of our primes divides the product [image: image], and so cannot also divide N. So either N is a new prime of the form [image: image], or it’s a composite number, in which case it must split into new primes. But these new primes cannot all be of the form [image: image], because multiplying any numbers of that form always gives another one:

[image: image]

So at least one of the new primes must have the form [image: image]. It follows in either case that there’s a prime of the form [image: image] other than p1, p2, …, and pn, and this contradiction shows that there must be infinitely many prime numbers of this form.

We can imitate this proof to show that there are infinitely many prime numbers of the form [image: image]. We assume that there are only finitely many primes, p1, p2, …, pn, of this form, but this time we consider the number

[image: image]

noting that multiplying any numbers of the form [image: image] always gives another one. We deduce that there are infinitely many primes of the form [image: image].

We can also adapt Euclid’s proof to deduce that there are infinitely many primes of certain other forms. But we cannot use this approach to prove that there are infinitely many primes of the form [image: image], because such numbers can also be obtained by multiplying only numbers of the form [image: image]: for example, [image: image]. We’re likewise unable to adapt this approach to prove that there are infinitely many primes of the form [image: image], because such numbers can be obtained by multiplying only numbers of the form [image: image]: for example, [image: image].

But there are indeed infinitely many prime numbers of the form [image: image], and we can prove this by recalling from Chapter 4 that if −1 is a square (mod p), then p must be a prime of the form [image: image]. To get a contradiction we’ll assume that there are finitely many primes, p1, p2, …, pn, of the form [image: image], and this time we’ll consider the number

[image: image]

which certainly has the form [image: image]. As before, none of our primes p1, p2, …, pn can divide N, so N is either a new prime or is a product of new primes. In either case there’s a new prime, which we’ll call p, that divides N. It follows that

[image: image]

−1 is a square (mod p) and we deduce that p has the form so [image: image]. This contradiction proves there must be infinitely many primes of the form [image: image]. A similar proof shows that that there are infinitely many primes of the form [image: image].

Having shown that there are infinitely many primes of these forms, we may now ask whether there are infinitely many prime numbers of the form [image: image], for any given numbers a and b. In its most general form, the answer to this question is ‘no’, for if a and b have a common factor d that’s greater than 1, then d must also divide all numbers of the form [image: image]. For example, there are no primes of the form [image: image] (because all such numbers have 2 as a factor) or of the form [image: image] (because all such numbers have 3 as a factor).

But if a and b are coprime, then we have the following result, conjectured in 1785 by Legendre and proved in 1837 by Lejeune Dirichlet.

Dirichlet’s theorem: If a and b are given numbers with [image: image], then there are infinitely many prime numbers of the form [image: image], where q is an integer.

For example, there are infinitely many prime numbers of the form [image: image], because [image: image], and there are infinitely many prime numbers of the form [image: image], because [image: image]. Also, because [image: image], there are infinitely many prime numbers of the form [image: image]—that is, there are infinitely many primes with final digit 9—and likewise there are infinitely many primes with final digit 1, 3, or 7.

An arithmetic progression with first term b and common difference k is a finite or infinite sequence of equally spaced numbers of the form

[image: image]

For example, the sequence of numbers

[image: image]

is a finite arithmetic progression with first term [image: image] and common difference [image: image], and the sequence

[image: image]

of numbers of the form [image: image] is an infinite arithmetic progression with first term [image: image] and common difference [image: image]. More generally, the sequence of numbers of the form [image: image] is an infinite arithmetic progression with first term b and common difference a, and if [image: image], then such a sequence must include infinitely many primes, by Dirichlet’s theorem.

Let’s now turn the above question around. The sequence

[image: image]

is an arithmetic progression of five primes with first term 5 and common difference 6, but it cannot be extended to an arithmetic progression of six primes because the next term is the composite number [image: image]. An example of an arithmetic progression of six primes is

[image: image]

More generally, we can ask:

Does the list of primes contain arithmetic progressions of any chosen length n?

As we’ve just seen, the answer to this is ‘yes’ when [image: image] and 6. For [image: image], the following arithmetic progression with first term 199 and common difference 210 consists entirely of primes:

[image: image]

Likewise, for [image: image], the arithmetic progression with first term 56,211,383,760,397 and common difference 44,546,738,095,860 consists entirely of primes. At the time of writing, the longest known arithmetic progressions of primes contain 26 primes.

The general question was answered in the affirmative by Ben Green and Terry Tao in 2004:

The Green–Tao theorem: Given any number n, the list of prime numbers contains an arithmetic progression of n primes.

Unique factorization

In Chapter 3 we saw that the factorization of positive integers into primes is unique, apart from the order of the factors—it’s a basic property of our number system. But it doesn’t hold for certain other systems of numbers. Here are two examples:

Example 1. Consider just the positive even numbers (which we’ll call e-numbers),

[image: image]

and consider the factorization of e-numbers into smaller e-numbers. We’ll call an e-number e-composite if it can be written as a product of smaller e-numbers, and e-prime if not. So 16 and 24 are e-composite numbers because [image: image] and [image: image], but 6 and 10 are e-prime numbers because they can’t be written as products of smaller e-numbers. The first few e-primes are

[image: image]

But in this number system we don’t have unique factorization into e-primes: for example, 2, 6, and 18 are all e-primes, and the e-number 36 can be written as either [image: image] or [image: image].

Example 2 (due to David Hilbert). Consider just the numbers of the form [image: image],

[image: image]

and consider the factorization of h-numbers into smaller h-numbers. We’ll call an h-number h-composite if it can be written as a product of smaller h-numbers, and h-prime if not. So 25 and 45 are h-composite numbers because [image: image] and [image: image], but 9 and 21 are h-prime numbers because they can’t be written as products of smaller h-numbers. The first few h-primes are

[image: image]

But in this number system we don’t have unique factorization into h-primes: for example, 9, 21, and 49 are all h-primes, and the h-number 441 can be written as either [image: image] or [image: image].

However, there are some number systems, other than the positive integers, where we do have unique factorization. We give two examples:

Example 3. Consider the numbers of the form [image: image], where a and b are integers (√2-numbers). Such numbers include [image: image] and [image: image], and we can carry out ordinary arithmetic with them, replacing (√2)2 wherever it arises by 2:

[image: image]

In this system we can define √2-prime and √2-composite numbers: for example, [image: image] is √2-composite, because it can be written as [image: image]. It is less easy to decide which are the √2-primes, but this can be done, and we can prove that every √2-number can be written as a product of √2-primes in only one way, apart from the order in which they appear.

Example 4. This is similar to the previous example, except that we replace √2 by i, the (imaginary) square root of −1. These numbers of the form [image: image], where a and b are integers, were introduced by Gauss in 1801, and are known as Gaussian integers. Such numbers include [image: image] and [image: image], and we can carry out arithmetic with them, replacing i2 wherever it arises by −1: for example,

[image: image]

In this system Gauss defined Gaussian primes and Gaussian composite numbers, and proved that every Gaussian integer can be written as a product of Gaussian primes in just one way, apart from the order in which the Gaussian primes appear.

We can imitate the ideas of Examples 3 and 4 to explore prime and composite numbers of the form [image: image], where n is an integer. We’ll assume that n is ‘square-free’—that is, it has no square factors other than 1, because we can simply remove them: for example, because [image: image] we can replace √18 by √2.

We sometimes have unique factorization into primes, as happened for [image: image] and [image: image], but not always. When n is positive, it is not known in general when there’s factorization into primes in just one way. But when n is negative, we can give a complete answer. As before we don’t always get unique factorization: for example, when [image: image], the numbers, [image: image], and [image: image] all play the role of primes, and yet we can write

[image: image]

so the factorization into primes is not unique in this case.

In his Disquisitiones Arithmeticae Gauss showed that there is unique factorization when [image: image] (the Gaussian integers), and for a few other negative square-free values which he listed. He believed these to be the only ones, and this was eventually confirmed in the 1950s and 1960s by several writers, including Kurt Heegner (whose proof was incomplete), Harold Stark (who provided a complete proof) and Alan Baker (who proved it independently). We conclude this chapter with their remarkable result:

The Baker–Heegner–Stark theorem: For numbers of the form [image: image], where n is negative and square-free, factorization into primes is unique if and only if

[image: image]





Chapter 8





How to win a million dollars


In 2000 the Clay Mathematics Institute offered a prize of one million US dollars for the solution of each of seven famous problems, widely considered to be among the most important in the subject. The Riemann hypothesis was one of these ‘millennium problems’, and experts have been trying to prove it for more than 150 years.

So what is the Riemann hypothesis, and why is it important? The problem is concerned with the distribution of prime numbers, and was introduced by Bernhard Riemann, a German mathematician who died at the early age of 39 while a professor at Göttingen University, where he had followed in the footsteps of Gauss and Dirichlet. Elected to the Berlin Academy in 1859, Riemann expressed his gratitude by presenting his only paper in number theory, ‘On the number of primes less than a given magnitude’ (see Figure 33). Only nine pages long, it is now regarded as a classic.


[image: image]
33. (a) Bernhard Riemann.




[image: image]
33. (b) Riemann’s 1859 paper.



In very broad terms the Riemann hypothesis asks whether all the solutions of a particular equation have a particular form. This is very vague, and the detailed assertion, which is still unproved, is:

Riemann hypothesis: All the non-trivial zeros of the Riemann zeta function have real part [image: image].

But what does this mean, and what is its connection with prime numbers?

Infinite series

To investigate these questions we’ll need to enter the world of infinite series. The series

[image: image]

where the denominators are the powers of 2, continues for ever. What happens when we add all these numbers together? Adding them one number at a time gives

[image: image]

Although we never reach 2 by adding a finite number of terms of the series (see Figure 34), we can get as close to 2 as we wish by adding enough of them—say, the first hundred or the first million: for example, we can get within 0.001 of 2 by adding the first twelve terms. We express this by saying that the infinite series converges to 2, or has the finite sum 2, and we write

[image: image]


[image: image]
34. Summing the powers of [image: image]



In the same way, we can show that the infinite series

[image: image]

whose denominators are the powers of 3, converges to [image: image], and that the infinite series

[image: image]

whose denominators are the powers of 5, converges to [image: image], More generally, we can show that, for any number p,

[image: image]

We’ll need this result later on.

Not all infinite series converge. A celebrated example is the so-called harmonic series

[image: image]

whose denominators are the positive integers. To see why it doesn’t have a finite sum we’ll group the terms as

[image: image]

Now this sum is larger than the following sum:

[image: image]

which equals [image: image] , because each group of terms has sum [image: image].

But the sum of this latter series increases without limit as we add more terms, and the harmonic series has an even larger sum and so it cannot have a finite sum either.

So the harmonic series doesn’t converge: and surprisingly, as Euler proved in 1737, even if we throw away most of its terms and leave only those whose denominators are primes—that is,

[image: image]

—then there is still no finite sum.

The zeta function

In the early 18th century a celebrated challenge was to find the exact sum of the infinite series

[image: image]

whose denominators are the squares, 1, 4, 9, 16, 25, … . The Swiss mathematician Johann Bernoulli, then possibly the world’s greatest mathematician, failed to solve the problem, and it was eventually answered by his former pupil, Leonhard Euler, who proved that this series converges to π2/6, a remarkable result in that it involves the ‘circle number’ π. As Euler proudly observed:

Quite unexpectedly I have found an elegant formula involving the quadrature of the circle.

In the same way, Euler proved that:

when the denominators are the fourth powers, the sum is π4/90,

when the denominators are the sixth powers, the sum is π6/945,

and when the denominators are the eighth powers, the sum is π8/9450.

He subsequently continued his calculations up to the twenty-sixth powers. Here the sum is

[image: image]

which he calculated correctly.

When the denominators are the nth powers, Euler denoted the sum as ζ(n), where ζ is the Greek letter zeta, and named it the zeta function—that is,

[image: image]

So ζ(1) is undefined (because the harmonic series has no finite sum), but [image: image], [image: image], [image: image], etc. It turns out that the series for ζ(n) converges for every number n that is greater than 1.

Although the zeta function ζ(n) may seem to have nothing in common with prime numbers, Euler spotted a crucial connection, which we now explore. This connection can be used to give another proof that the list of primes is never-ending.

The zeta function and prime numbers

We can write the series for ζ(1) as follows:

[image: image]

where each bracket involves the powers of just one prime number. This is because, by unique factorization, each term 1/n in the series for ζ(1) appears exactly once in the product on the right: for example,

[image: image]

We now sum the series in each bracket, using our earlier result that

[image: image]

this gives

[image: image]

We can use this product to prove that there are infinitely many primes. For, if there were only finitely many primes, then the right-hand side would be a finite product, and so would have a fixed value. But this would require ζ(1) to have this same value, which is impossible because it is undefined. So there must be infinitely many primes.

Euler extended these ideas to prove that, for any number n that’s greater than 1,

[image: image]

This remarkable result is called the Euler product, and provides an unexpected link between the zeta function, which involves powers of numbers and seems to have nothing to do with primes, and a product that intimately involves all the prime numbers. It was a major breakthrough.

Complex numbers

Before we present the Riemann hypothesis, we’ll also need the idea of a complex number. This involves i, the ‘imaginary’ square root of −1, which we met briefly in Chapter 7.A complex number is a symbol of the form [image: image]; x is called the real part of the complex number, and y is the imaginary part. Examples of complex numbers are [image: image] (which equals [image: image]), and 3 (which can be thought of as [image: image]).

We can represent complex numbers geometrically as points on the ‘complex plane’. This two-dimensional picture consists of all points (x, y), where (x, y) represents the complex number [image: image]; for example, the points [image: image], and (3, 0) represent the complex numbers [image: image], and 3 (see Figure 35).


[image: image]
35. Points on the complex plane.



The Riemann hypothesis

We’ve now set the scene for the Riemann hypothesis.

As we’ve seen, the zeta function ζ(n) is defined for any number n that is greater than 1. But can we define it for other numbers n too? For example, how might we define ζ(0) or ζ(−1)? We can’t define them by the same infinite series, because we’d then have

[image: image]

and

[image: image]

and neither of these series has a finite sum. So we’ll need to find some other way.

As a clue to how to proceed, we can show that, for certain values of x,

[image: image]

we’ve already seen that this is true when [image: image]. But it can be shown that the series on the left-hand side converges only when x lies between −1 and 1, whereas the formula on the right-hand side has a value for any x, apart from 1 (when we get 1/0, which is undefined). So we can extend the definition of the series on the left-hand side to all values of x (other than 1) by redefining it as the formula on the right-hand side.

In the same way, Riemann found a way of extending the above infinite series definition of the zeta-function to all numbers x other than 1 (including 0 and −1). But he went much further than this. Using a technique called ‘analytic continuation’, Riemann extended the definition of the zeta function to all complex numbers other than 1 (because ζ(1) is undefined) in such a way that when k is a real number greater than 1, we get the same value as before. Because of this, the function is now known as the Riemann zeta function.

In Chapter 7 we saw Gauss’s attempt to explain why the primes thin out on average, by proposing the estimate x/log x for the number of primes up to x. Riemann’s great achievement was to obtain an exact formula for the number of primes up to x, and his formula involved in a crucial way the so-called zeros of the zeta function—that is, the complex numbers z that satisfy the equation [image: image]. But where are these zeros?

It turns out that [image: image] when [image: image]; these are called the trivial zeros of the zeta function. All the other zeros of the zeta function, the non-trivial zeros, are known to lie within a vertical strip between [image: image] and [image: image] (the so-called critical strip), as shown in Figure 36. As we move away from the horizontal axis, the first few non-trivial zeros occur at the following points:

[image: image]


[image: image]
36. The zeros of the Riemann zeta function in the complex plane.



Here, the imaginary parts (such as 14.1) are approximate, but the real parts are all equal to [image: image]. Because all of these points all have the form [image: image] multiple of i, the question arises:

Does every zero of the Riemann zeta function in the critical strip lie on the line x= [image: image]?

The Riemann hypothesis is that the answer to this question is ‘yes’. It has been proved that the zeros in the critical strip are symmetrically placed, both above and below the x-axis and on either side of the line [image: image], and that as we progress vertically up and down the line [image: image], many zeros do lie on it—in fact, the first trillion zeros lie on this line! But do all of the non-trivial zeros lie on the line [image: image], or might the first trillion be just a coincidence?

It’s now generally believed that all the non-trivial zeros do lie on this line, but proving this is one of the most difficult unsolved challenges throughout the whole of mathematics. Indeed no-one has yet been able to prove the Riemann hypothesis, even after a century and a half. The million dollar prize is still up for grabs!

Consequences

If the actual statement of the Riemann hypothesis seems an anticlimax after the big build-up, its consequences are substantial. Recalling Riemann’s discovery of the role that the zeta function’s zeros play in the prime-counting function π(x) and in his exact formula (involving the zeta function) for the number of primes up to x, we note that any divergence of these zeros from the line [image: image] would crucially affect Riemann’s exact formula, because our understanding about how the prime numbers behave is so tied up in this formula. Indeed, finding just one zero off the line would cause major havoc in number theory—and in fact throughout mathematics: for a mathematician, truth must be absolute, and admitting even a single exception is forbidden. The prime number theorem would still be true, but would lose its influence on the primes. Instead of Don Zagier’s ‘military precision’, mentioned in Chapter 7, the primes would be found to be in full mutiny!

We conclude this chapter with an unexpected development. In 1972 the American number theorist Hugh Montgomery was visiting the tea-room at Princeton’s Institute for Advanced Study and found himself sitting opposite the celebrated physicist Freeman Dyson. Montgomery had been exploring the spacings between the zeros on the critical line, and Dyson said ‘But those are just the spacings between the energy levels of a quantum chaotic system’. If this analogy indeed holds, as many think possible, then the Riemann hypothesis may well have consequences in quantum physics. Conversely, using their knowledge of these energy levels, quantum physicists rather than mathematicians may be the ones to prove the Riemann hypothesis. This is truly an intriguing thought!
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Aftermath


In the previous seven chapters we have explored a range of topics from number theory, and we can now return to the questions that we raised in Chapter 1. Most of these questions we were able to answer, while a few others turned out to be famous problems that remain unresolved. For each question we refer back to the chapter in which it was discussed.

The first ten questions

We opened Chapter 1 by posing ten questions.

In which years does February have five Sundays?

Questions that ask for the day of the week on which a particular event falls have a long history, and their solutions often involve the idea of congruence. As we saw in Chapter 4, February has five Sundays in the years 2004, 2032, 2060, and 2088. Also, because 2000 was a leap year, we can find the corresponding years in the previous century by subtracting multiples of 28 years from 2004; those years were 1976, 1948, and 1920. The corresponding years for other centuries can be found in a similar way.

What is special about the number 4,294,967,297?

This number is [image: image]. As we saw in Chapter 3, Pierre de Fermat believed that all numbers of the form [image: image], where n is a power of 2, are prime (the so-called ‘Fermat primes’), and this number, where [image: image], was the smallest that he was unable to check. Years later Leonhard Euler showed that it is not prime, and that 641 is a factor.

How many right-angled triangles with whole-number sides have a side of length 29?

Triples of numbers (a, b, c) for which a, b, and c are whole numbers and [image: image] are called Pythagorean triples, and correspond to side-lengths of right-angled triangles. As we discovered in Chapter 5, there are only two such Pythagorean triples in which one side has length 29: these are (20, 21, 29) and (29, 420, 421).

Are any of the numbers 11, 111, 1111, 11111, . . . perfect squares?

In Chapter 2 we showed that all perfect squares must have the form 4n or [image: image], for some integer n. The numbers in this question all have the form [image: image], and so none of them can be a perfect square.

I have some eggs. When arranged in rows of 3 there are 2 left over, in rows of 5 there are 3 left over, and in rows of 7 there are 2 left over. How many eggs are there altogether?

In Chapter 4 we discussed the solution of simultaneous linear congruences, and gave this problem as an example. It is a version of Sunzi’s problem, and asks for the solution of the simultaneous congruences [image: image], [image: image], and [image: image]. The smallest solution is [image: image], and other answers are found by adding multiples of [image: image].

Can one construct a regular polygon with 100 sides if measuring is forbidden?

In Chapter 3 we noted a connection between the construction of regular polygons and the Fermat primes mentioned above: this is Gauss’s result that a regular polygon with n sides can be constructed by an unmarked ruler and compasses if and only if n is the product of a power of 2 and unequal Fermat primes. But [image: image], where the Fermat prime 5 is repeated, and so a regular polygon with 100 sides cannot be so constructed.

How many shuffles are needed to restore the order of the cards in a pack with two Jokers?

Questions involving the shuffling of cards can be answered with help from Fermat’s little theorem on primes, as we described in Chapter 6. In this case, where there are 54 cards, the answer is 20 shuffles.

If I can buy partridges for 3 cents, pigeons for 2 cents, and two sparrows for a cent, and if I spend 30 pence on buying 30 birds, how many birds of each kind must I buy?

This is a Diophantine problem requiring an integer solution. As we discussed in Chapter 5, the solution involves two linear equations in three unknowns, together with the extra requirement that the number of each kind of bird that I buy must be a positive integer. The only answer is 5 partridges, 3 pigeons, and 22 sparrows.

How do prime numbers help to keep our credit cards secure?

In Chapter 6 we saw that multiplying large primes is usually a simple matter, whereas trying to factorize large numbers into their prime factors is not. The RSA method of encryption and decryption recognizes this difficulty and involves Euler’s theorem, a generalization of Fermat’s little theorem.

What is the Riemann hypothesis, and how can I earn a million dollars?

The Riemann hypothesis (or conjecture) was discussed in Chapter 8, and is one of the most famous unsolved problems in mathematics. The conjecture is closely related to that of locating the places where a certain function (called the ‘zeta function’) has a zero value. It turns out that its proof would tell us much about how prime numbers are distributed, as well as providing its solver with lasting fame and an award of one million dollars by the Clay Mathematics Institute.

Integers

How can we recognize whether a given number, such as 12,345,678, is a multiple of 8? or of 9?  or of 11? or of 88?

In Chapter 2 we discussed several tests for divisibility by various numbers, such as 8, 9, and 11. The given number is not a multiple of 8 because the number given by its last three digits (678) is not divisible by 8. The sum of its digits is 36, which is divisible by 9, and so the given number is divisible by 9. The alternating sum of its digits is −4, which is not divisible by 11, and so the given number is not divisible by 11 or by any of its multiples, such as 88.

Squares and cubes

We discussed various topics related to squares and higher powers in Chapters 2 and 5. The next three questions were answered in the section on Squares in Chapter 2.

Do any squares end in 2, 3, 7, or 8?

We showed that all squares must end in 0, 1, 4, 5, 6, or 9, and so there can be no squares that end in 2, 3, 7, or 8.

Must all squares be of the form 4n or [image: image], where n is an integer?

As mentioned above, we showed that all squares must be of these forms—in particular, squares of even numbers all have the form 4n, and squares of odd numbers all have the form [image: image]. We can also express this by saying that all squares must be congruent to 0 or 1 (mod 4).

Must the sum of the first few odd numbers, 1, 3, 5, 7, …, always be a square?

For any number k, the first k odd numbers are 1, 3, 5, …, [image: image], and on adding these numbers together we find that their sum is k2. So the sum of the first few odd numbers is always a square.

The next two questions were discussed in Chapter 5, where we investigated which numbers can be written as the sum of two or more squares.

Which numbers can be written as the sum of two squares?

Because every square is congruent to 0 or 1 (mod 4), the sum of two squares must be congruent to 0, 1, or 2 (mod 4). So no number that is congruent to 3 (mod 4) can be a perfect square. More generally, as stated by Fermat and proved by Legendre, a number can be written as the sum of two squares if and only if every prime factor that is congruent to 3 (mod 4) occurs to an even power.

Can 9999 be written as the sum of two squares? or of three squares? or of four squares?

It follows from our discussions that 9999 cannot be written as the sum of two squares because [image: image], or as the sum of three squares because [image: image]. But, as proved by Lagrange, every positive integer can be written as the sum of four squares: for example, 9999 can be written as [image: image] or as [image: image].

Chapter 5 also contained a discussion of which right-angled triangles have sides whose lengths are all integers.

Which right-angled triangles have integer-length sides?

For a right-angled triangle to have integer-length sides, these lengths must be of the form [image: image], where k is a constant, x and y are coprime integers with one odd and the other even, and [image: image]. Chapter 5 includes a table of all triples with [image: image] (the so-called ‘primitive triples’) and no numbers exceeding 100.

In Chapters 2 and 5 our discussions then extended to cubes.

Must all cubes be of the form 9n, [image: image], or [image: image], where n is an integer?

The answer to this question is ‘yes’, as we proved in Chapter 2, at the end of the section on Squares. We can also express this result by saying that every cube is congruent to 0, 1, or 8 (mod 9).

Are there any integers a, b, c for which [image: image]?

By Fermat’s last theorem, discussed in Chapter 5, the equation [image: image] has no non-zero solutions when [image: image]. So this equation can have solutions only when at least one of the integers a, b, and c is 0: for example, [image: image] and [image: image].

Can every number be written as the sum of six cubes?

In our discussion of Waring’s problem at the end of Chapter 5, we saw that 23, for example, requires at least nine cubes. However, as we remarked, every number from some point onwards can be written as the sum of seven cubes. It is not yet known whether ‘seven’ can be reduced to ‘six’.

Perfect numbers

In Chapter 3 we discussed perfect numbers, where a number n is perfect if the sum of all its proper factors (those different from n) is equal to n. The first four perfect numbers, known since the time of the Greeks, are 6, 28, 496, and 8128. The next two questions were discussed in Chapter 3.

What is the next perfect number after 8128?

After 8128 there is a large gap, and the next perfect number does not occur until 33,550,336.

Is there a formula for producing perfect numbers?

As we showed in Chapter 3, every number of the form [image: image], where [image: image] is prime, is a perfect number, and all even perfect numbers can be written in this form—for example,

[image: image]

It is not yet known whether there are any odd perfect numbers.

Prime numbers

Prime numbers were discussed in Chapters 3 and 7. The next two questions were discussed at the beginning of Chapter 7, in the section on Two famous conjectures.

Does the list of twin primes go on for ever?

Twin primes are pairs of primes that differ by 2, and many examples are known. The twin prime conjecture is that there are infinitely many pairs of twin primes. It is generally believed to be true, but this has never been proved. Some related results are presented in Chapter 7.

Can every even number be written as the sum of two primes?

Another famous unanswered question is Goldbach’s conjecture, which asks whether every even number greater than 2 can be written as the sum of two primes. It is known to be true for all even numbers up to 400 trillion, but has not yet been proved in general.

In Chapter 7 we also saw how to construct strings of consecutive composite numbers of any desired length.

Is there a string of 1000 consecutive composite numbers?

As we saw in the section on The distribution of primes, an example of such a string of composite numbers is

[image: image]

In Chapter 5 we reduced the problem of deciding which numbers can be written as the sum of two squares to the corresponding problem for primes.

Which prime numbers can be written as the sum of two squares?

As we saw in the section on Sums of squares, every prime number of the form [image: image] can be written in exactly one way as the sum of two squares, as can the prime 2 [image: image]. However, no numbers of the form [image: image] (and primes of this form, in particular) can be written as the sum of two squares.

The next two questions were discussed in Chapter 3 in connection with Mersenne and Fermat primes.

Is the number [image: image] always prime when n is prime, and always composite when n is composite?

In our discussion of Mersenne primes, we saw that [image: image] must be composite when n is composite. However, [image: image] need not be prime when n is prime: for example, [image: image].

Are all numbers of the form [image: image], where n is a power of 2, prime?

In our discussion of Fermat primes, we saw that the first five ‘Fermat numbers’, [image: image], [image: image], [image: image], [image: image], and [image: image], are all prime. No other examples have ever been found.

The last two questions were discussed in Chapter 7, in the section on Primes in arithmetic progressions.

Are there infinitely many primes of the form [image: image]? or of the form [image: image]?

The answer to these questions is ‘yes’, and both can be proved by adapting Euclid’s proof that there are infinitely many primes. In the former case we also used the fact that −1 is a square (mod p) for any prime p of the form [image: image]. These results can also be deduced directly from Dirichlet’s more general theorem on primes in arithmetic progressions, which states that there are infinitely many prime numbers of the form [image: image], where n is an integer, as long as [image: image].

Are there infinitely many primes with final digit 9?

Again, by Dirichlet’s theorem, there are infinitely many prime numbers of the form [image: image]—that is, primes with final digit 9.

We have now reached the end of our story. Number theory continues to be an exciting part of modern mathematics, with many startling new developments over recent years. However, there are many parts of the subject that we have been unable to explore within these pages, and we hope that you will wish to continue your interest in the subject by referring to the items in our list of further reading.
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A Very Short Introduction

Partha Dasgupta

Economics has the capacity to offer us deep insights into some of the most formidable problems of life, and offer solutions to them too. Combining a global approach with examples from everyday life, Partha Dasgupta describes the lives of two children who live very different lives in different parts of the world: in the Mid-West USA and in Ethiopia. He compares the obstacles facing them, and the processes that shape their lives, their families, and their futures. He shows how economics uncovers these processes, finds explanations for them, and how it forms policies and solutions.
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Luciano Floridi

Luciano Floridi, a philosopher of information, cuts across many subjects, from a brief look at the mathematical roots of information - its definition and measurement in ‘bits’ - to its role in genetics (we are information), and its social meaning and value. He ends by considering the ethics of information, including issues of ownership, privacy, and accessibility; copyright and open source. For those unfamiliar with its precise meaning and wide applicability as a philosophical concept, ‘information’ may seem a bland or mundane topic. Those who have studied some science or philosophy or sociology will already be aware of its centrality and richness. But for all readers, whether from the humanities or sciences, Floridi gives a fascinating and inspirational introduction to this most fundamental of ideas.
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A Very Short Introduction

Mark Dodgson & David Gann

This Very Short Introduction looks at what innovation is and why it affects us so profoundly. It examines how it occurs, who stimulates it, how it is pursued, and what its outcomes are, both positive and negative. Innovation is hugely challenging and failure is common, yet it is essential to our social and economic progress. Mark Dodgson and David Gann consider the extent to which our understanding of innovation developed over the past century and how it might be used to interpret the global economy we all face in the future.

‘Innovation has always been fundamental to leadership, be it in the public or private arena. This insightful book teaches lessons from the successes of the past, and spotlights the challenges and the opportunities for innovation as we move from the industrial age to the knowledge economy.’

Sanford, Senior Vice President, IBM
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Nothing

A Very Short Introduction

Frank Close

What is ‘nothing’? What remains when you take all the matter away? Can empty space - a void - exist? This Very Short Introduction explores the science and history of the elusive void: from Aristotle’s theories to black holes and quantum particles, and why the latest discoveries about the vacuum tell us extraordinary things about the cosmos. Frank Close tells the story of how scientists have explored the elusive void, and the rich discoveries that they have made there. He takes the reader on a lively and accessible history through ancient ideas and cultural superstitions to the frontiers of current research.

‘An accessible and entertaining read for layperson and scientist
alike.’

Physics World
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(lonatsberichte der Beriner Akndemie, November 1850)

Meinen Dank fur die Auszeichoung, welche mir die Akademic
durch die Aufuabme unter ihre Correspondenton hat zu Theil werden
Tassen, glaube ich am besten dadurch zu erkenmen zu geben, dass ich
von der hierdurch erhaltenen Erlaubniss baldigst Gebrauch mache
durch Mittheilung einer Untersuchung ber die Hiufigkeit der Prim-
zablen; cin Gegenstand, welcher durch das Interesse, welches Gauss
und Dirichlet demselben lingere Zeit geschenkt haben, einer solchen
Mittheilung viclleicht nicht ganz unwerth erscheint.

Bei dieser Untersuchung diente mir als Ausgangspunkt die von
Euler gemachio Bemerkung, dass das Product

-z

wenn fur p alle Primzahlen, fiir n alle ganzen Zahlen gosetst werden.
Die Function dor complexen Verinderlichen s, welche durch  diese
beiden Ausdriicke, so lange sie convergiren, dargestellt wird, bezeichne
ich durch £(s). Beide convergiren nur, so lange der reelle Theil von
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