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In The Quantum Theory of Fields, Nobel Laureate Steven Weinberg combines his exceptional physical insight with his gift for clear exposition to provide a self-contained, comprehensive, and up-to-date introduction to quantum field theory. Volume II gives a current and self-contained account of the methods of quantum field theory, and how they have led to an understanding of the weak, strong, and electromagnetic interactions of the elementary particles. The presentation of modern mathematical methods is throughout interwoven with accounts of the problems of elemenatary particle physics and condensed matter physics to which they have been applied. Many topics are includded that are not usually found in books on quantum field theory. The book contains much original material, and is peppered with examples and insights from the author’s experience as a leader of elementary particle physics. Problems are included at the end of each chapter.

From reviews of Volume I

‘ . . . an impressively lucid and thorough presentation of the subject. . . Weinberg manages to present difficult topics with richness of meaning and marvellous clarity. Full of valuable insights, his treatise is sure to become a classic, doing for quantum field theory what Dirac’s Quantum Mechanics did for quantum mechanics. I eagerly await the publication of the second volume.’

S. S. Schweber, Nature

For over twenty years there has been no good modern textbook on the subject. For all that time, Steven Weinberg has been promising to write one. That he has finally done it is cause for celebration among those who try to teach and try to learn the subject. Weinberg’s book is for serious students of field theory. . . it is the first textbook to treat quantum field theory the way it is used by physicists today.’

Howard Georgi, Science

‘Steven Weinberg, who contributed to the development of quantum chromodynamics and shared the Nobel Prize in Physics for his contributions to the electroweak theory, has written a definitive text on the physical foundations of quantum field theory. His book differs significantly from the long line of previous books on quantum field theory. . . To summarize, Foundations builds the structure of quantum field theory on the sure footing of physical insight. It is beautifully produced and meticulously edited . . . and it is a real bargain in price. If you want to learn quantum field theory, or have already learned it and want to have a definitive reference at hand, purchase this book.’

O. W. Greenberg, Physics Today

‘In addition to a superb treatment of all the conventional topics there are numerous sections covering areas that are not normally emphasized, such as the subject of field redefinitions, higher-rank tensor fields and an unusually clear and thorough treatment of infrared effects. . . this latest book reinforces his high scholarly standards. It provides a unique exposition that will prove invaluable both to new research students as well as to experienced research workers. Together with Volume II, this will become a classic text on a subject of central importance to a wide area of theoretical physics.’

M. B. Green, CERN Courier

‘I believe that what readers will find particularly helpful in this volume is the consistency of the whole approach, and the emphasis on quantities and properties that are directly useful to particle physicists. This is particularly true for those who are interested in the more phenomenological aspects. The reader only needs limited background knowledge, and a clear line is followed throughout the book, making it easy to follow. The author presents extremely thorough but elementary discusssions of important physical questions, some of which seem to be an original way of addressing the subject.’

J. Zinn-Justin, Physics World

‘This is a well-written book by one of the masters of the subject . . . it is certainly destined to become a standard text book and should find its way to the shelves of every physics library.’

J. Madore, Classical and Quantum Gravity

‘The book starts out with an excellent historical introduction, not found anywhere else, giving citations to many by now classic papers. . . a valuable reference work as well as a textbook for graduate students.’

G. Roepstorff, Zentralblatt für Mathematik

From reviews of Volume II

‘It is a majestic exposition. The two volumes are structured in a logical way. Everything is explained with incisive clarity. Weinberg always goes to the heart of any argument, and includes many things that cannot be found elsewhere in the literature. Often I find myself thinking: “Ah! Now I understand that properly.”. . . I find it hard to imagine a better treatment of quantum field theory than Weinberg’s. All serious students and researchers will want to have these volumes on their shelves.’

John C. Taylor, Nature

‘Weinberg’s Modern Applications goes to the boundaries of our present understanding of field theory. It is unmatched by any other book on quantum field theory for its depth, generality and definitive character, and it will be an essential reference for serious students and researchers in elementary particle physics.’

O. W. Greenberg, Physics Today

‘. . . Steven Weinberg is one of our most gifted makers of theoretical tools as well as a virtuoso in their use. His new book conveys both the satisfaction of understanding nature and the feel of the atelier, for the “modern applications” of its subtitle include both the derivation of physical consequences and the development of new tools for understanding and applying field theory itself. . . Modern Applications is a splendid book, with abundant useful references to the original literature. It is a very interesting read from cover to cover, for the wholeness Weinberg’s personal perspective gives to quantum field theory and particle physics.’

Chris Quigg, Science

‘Experienced researchers and beginning graduate students will delight in the gems of wisdom to be found in these pages. This book combines exposition of technical detail with physical insight in a unique manner that confirms the promise of Volume I and I have no doubt that these two volumes will rapidly constitute the classic treatment of this important subject.’

M. B. Green, CERN Courier

‘. . . a valued reference and a mine of useful information for professional field theorists.’

Tom Kibble, New Scientist

‘. . . a clear presentation of the subject, explaining the underlying concepts in much depth and in an accessible style. I expect that these volumes will become the first source we turn to when trying to answer the challenging questions asked by bright postgraduates when they first encounter quantum field theory. . . I have no doubt that The Quantum Theory of Fields will soon be found on the bookshelves of most particle theorists, and that it will be one of the main sources used in the preparation of lectures on the subject for postgraduate students.’

C. T. C. Sachrajda, The Times Higher Education Supplement

‘. . . Weinberg has produced a masterpiece that will be a standard reference on the field for a long time to come.’

B. E. Y. Svensson, Elementa

From reviews of Volume III

‘. . . has produced a treatise that many of us had long awaited, perhaps without fully realizing it. . . with the publication of The Quantum Theory of Fields, Vol. III, has performed an analogous service for supersymmetry. . . Although this volume is the third in a trilogy, it is quite different from its two predecessors, and it stands on its own. . . May a new generation of students imbibe its content and spirit.’

Physics Today

‘The third volume of The Quantum Theory of Fields is a self-contained introduction to the world of supersymmetry and supergravity. It will be useful both for experienced researchers in the field and for students who want to take the first steps towards learning about supersymmetry. Unlike other books in this field, it covers the wide spectrum of possible applications of supersymmetry in physics.’

Hans Peter Nilles, Nature

‘Weinberg is of course one of the creators of modern quantum field theory, as well as of its physical culmination, the standard model of all (nongravitational) interactions. It is. . . very timely that this latest part of his monograph, devoted to supersymmetry and supergravity, has just appeared. As a text, it has been pretested by Weinberg for a freestanding one-year graduate course; as a clear organizing reference to this extremely vast field, it will help the experts as well. . . Weinberg’s style of presentation is as clear and meticulous as in his previous works.’

Stanley Deser, Journal of General Relativity and Gravitation

‘Weinberg tries to be as elementary and clear as possible and steers clear of more sophisticated mathematical tools. Together with the previous volumes, this volume will serve as an invaluable reference to researchers and a textbook for graduate students.’

G. Roepstorff, Zentralblatt MATH
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Preface To Volume II

This volume describes the advances in the quantum theory of fields that have led to an understanding of the electroweak and strong interactions of the elementary particles. These interactions have all turned out to be governed by principles of gauge invariance, so we start here in Chapters 15–17 with gauge theories, generalizing the familiar gauge invariance of electrodynamics to non-Abelian Lie groups.

Some of the most dramatic aspects of gauge theories appear at high energy, and are best studied by the methods of the renormalization group. These methods are introduced in Chapter 18, and applied to quantum chromodynamics, the modern non-Abelian gauge theory of strong interactions, and also to critical phenomena in condensed matter physics. Chapter 19 deals with general spontaneously broken global symmetries, and their application to the broken approximate SU(2) x SU(2) and SU(3) x SU(3) symmetries of quantum chromodynamics. Both the renormalization group method and broken symmetries find some of their most interesting applications in the context of operator product expansions, discussed in Chapter 20.

The key to the understanding of the electroweak interactions is the spontaneous breaking of gauge symmetries, which are explored in Chapter 21 and applied to superconductivity as well as to the electroweak interactions. Quite apart from spontaneous symmetry breaking is the possibility of symmetry breaking by quantum-mechanical effects known as anomalies. Anomalies and various of their physical implications are presented in Chapter 22. This volume concludes with a discussion in Chapter 23 of extended field configurations, which can arise either as new ingredients in physical states, such as skyrmions, monopoles, or vortex lines, or as non-perturbative quantum corrections to path integrals, where anomalies play a crucial role.

It would not be possible to provide a coherent account of these developments if they were presented in a historical order. I have chosen instead to describe the material of this book in an order that seems to me to work best pedagogically — I introduce each topic at a point where the motivation as well as the mathematics can be understood with the least possible reference to material in subsequent chapters, even where logic might suggest a somewhat different order. For instance, instead of having one long chapter to introduce non-Abelian gauge theories, this material is split between Chapters 15 and 17, because Chapter 15 provides a motivation for the external field formalism introduced in Chapter 16, and this formalism is necessary for the work of Chapter 17.

In the course of this presentation, the reader will be introduced to various formal devices, including BRST invariance, the quantum effective action, and homotopy theory. The Batalin–Vilkovisky formalism is presented as an optional side track. It is introduced in Chapter 15 as a compact way of formulating gauge theories, whether based on open or closed symmetry algebras, and then used in Chapter 17 to study the cancellation of infinities in ‘non-renormalizable’ gauge theories, including general relativity, and in Chapter 22 to show that certain gauge theories are anomaly-free to all orders of perturbation theory. The effective field theory approach is extensively used in this volume, especially in applications to theories with broken symmetry, including the theory of superconductivity. I have struggled throughout for the greatest possible clarity of presentation, taking time to show detailed calculations where I thought it might help the reader, and dropping topics that could not be clearly explained in the space available.

The guiding aim of both Volumes I and II of this book is to explain to the reader why quantum field theory takes the form it does, and why in this form it does such a good job of describing the real world. Volume I outlined the foundations of the quantum theory of fields, emphasizing the reasons why nature is described at accessible energies by effective quantum field theories, and in particular by gauge theories. (A list of chapters of Volume I is given at the end of the table of contents of this volume.) The present volume takes quantum field theory and gauge invariance as its starting points, and concentrates on their implications.

This volume should be accessible to readers who have some familiarity with the fundamentals of quantum field theory. It is not assumed that the reader is familiar with Volume I (though it wouldn’t hurt). Aspects of group theory and topology are explained where they are introduced.

Some of the formal methods described in this volume (such as BRST invariance and the renormalization group) have important applications in speculative theories that involve supersymmetry or superstrings. I am enthusiastic about the future prospects of these theories, but I have not included them in this book, because it seems to me that they require a whole book to themselves. (Perhaps supersymmetry and ‘supergravity will be the subjects of a Volume III.) I have excluded some other interesting topics here, such as finite temperature field theory, lattice gauge calculations and the large Nc approximation, because they were not needed to provide either motivation or mathematical techniques for the rest of the book, and the book was long enough.

The great volume of the literature on quantum field theory and its applications makes it impossible for me to read or quote all relevant articles. I have tried to supply citations to the classic papers on each topic, as well as to papers that describe further developments of material covered here, and to references that present detailed calculations, data, or proofs referred to in the text. As before, the mere absence of a citation should not be interpreted as a claim that the material presented is original, but some of it is.

In my experience this volume provides enough material for a one-year course for graduate students on advanced topics in quantum field theory, or on elementary particle physics. Selected parts of Volumes I and II would be suitable as the basis of a compressed one-year course on both the foundations and the modern applications of quantum field theory. I have supplied problems for each chapter. Some of these problems aim simply at providing exercise in the use of techniques described in the chapter; others are intended to suggest extensions of the results of the chapter to a wider class of theories.

[image: ]

I must acknowledge my special intellectual debt to colleagues at the University of Texas, notably Luis Boya, Phil Candelas, Bryce and Cecile De Witt, Willy Fischler, Joaquim Gomis, and Vadim Kaplunovsky, and especially Jacques Distler. Also, Luis Alvarez-Gaume, Sidney Coleman, John Dixon, Tony Duncan, Jürg Fröhlich, Arthur Jaffe, Marc Henneaux, Roman Jackiw, Joe Polchinski, Michael Tinkham, Cumrun Vafa, Don Weingarten, Edward Witten and Bruno Zumino gave valuable help with special topics. Jonathan Evans read through the manuscript of this volume, and made many valuable suggestions. For corrections to the first printing of this volume I am indebted to several students and colleagues, including Stephen Adler, Mark Byrd, Vincent Liu, Herbert Neuberger, Chun-yen Wang, and especially Michio Masujima. Thanks are due to Alyce Wilson, who prepared the illustrations and typed the [image: image] input files until I learned how to do it, to Terry Riley for finding countless books and articles, and to Jan Duffy for many helps. I am grateful to Maureen Storey and Alison Woollatt of Cambridge University Press for working to ready this book for publication, and especially to my editor, Rufus Neal, for his continued friendly good advice.

STEVEN WEINBERG

Austin, Texas

December, 1995


Notation

Latin indices i, j, k, and so on generally run over the three spatial coordinate labels, usually taken as 1, 2, 3. Where specifically indicated, they run over values 1, 2, 3, 4, with x4 = it.

Greek indices μ, v, etc. from the middle of the Greek alphabet generally run over the four spacetime coordinate labels 1, 2, 3, 0, with x0 the time coordinate.

Greek indices α, β, etc. from the beginning of the Greek alphabet generally run over the generators of a symmetry algebra.

Repeated indices are generally summed, unless otherwise indicated.

The spacetime metric ημv is diagonal, with elements η11 = η22 = η33 = 1, η00 = –1.

The d’Alembertian is defined as [image: image], where [image: image]2 is the Laplacian [image: image].

The ‘Levi–Civita tensor’ [image: image] is defined as the totally antisymmetric quantity with [image: image].

Spatial three-vectors are indicated by letters in boldface.

Three-vectors in isospin space are indicated by arrows.

A hat over any vector indicates the corresponding unit vector: Thus, [image: image]

A dot over any quantity denotes the time-derivative of that quantity.

Dirac matrices γμ are defined so that [image: image]. Also, γ5 = [image: image], and [image: image].

The step function θ(s) has the value +1 for s > 0 and 0 for s < 0.

The complex conjugate, transpose, and Hermitian adjoint of a matrix or vector A are denoted A*, AT, and A†. = A*T, respectively. The Hermitian adjoint of an operator O is denoted O†, except where an asterisk is used to emphasize that a vector or matrix of operators is not transposed. +H.c. or +c.c. at the end of an expression indicates the addition of the Hermitian adjoint or complex conjugate of the foregoing terms. A bar on a Dirac spinor u is defined by [image: image] = u†β. The antifield of a field χ in the Batalin–Vilkovisky formalism is denoted χ‡ rather than χ* to distinguish it from the ordinary complex conjugate or the antiparticle field.

Units are usually used with [image: image] and the speed of light taken to be unity. Throughout –e is the rationalized charge of the electron, so that the fine structure constant is α = e2/4π [image: image] 1/137.

Numbers in parenthesis at the end of quoted numerical data give the uncertainty in the last digits of the quoted figure. Where not otherwise indicated, experimental data are taken from ‘Review of Particle Properties,’ Phys. Rev. D50, 1173 (1994).
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Non-Abelian Gauge Theories

The quantum field theories that have proved successful in describing the real world are all non-Abelian gauge theories, theories based on principles of gauge invariance more general than the simple U(1) gauge invariance of quantum electrodynamics. These theories share with electrodynamics the attractive feature, outlined at the end of Section 8.1, that the existence and some of the properties of the gauge fields follow from a principle of invariance under local gauge transformations. In electrodynamics, fields ψn(x) of charge en undergo the gauge transformation ψn(x) → exp[image: image] with arbitrary Λ(x). Since [image: image] does not transform like ψn(x), we must introduce a field Aμ(x) with the gauge transformation property [image: image], and use it to construct a gauge-covariant derivative [image: image], which transforms just like ψn(x) and can therefore be used with ψn(x) to construct a gauge-invariant Lagrangian. In a similar way, the existence and some of the properties of the gravitational field gμv(x) in general relativity follow from a symmetry principle, under general coordinate transformations.1 Given these distinguished precedents, it was natural that local gauge invariance should be extended to invariance under local non-Abelian gauge transformations.

In the original 1954 work of Yang and Mills,1 the non-Abelian gauge group was taken to be the SU(2) group of isotopic spin rotations, and the vector fields analogous to the photon field were interpreted as the fields of strongly-interacting vector mesons of isotopic spin unity. This proposal immediately encountered the obstacle that these vector mesons would have to have zero mass, like photons, and it seemed that any such particles would already have been detected. Another problem was that, like all strong-interaction theories at that time, there was nothing that could be done with it; it seemed that the large coupling constant of the theory would preclude any use of perturbation theory.

Gauge theories were soon generalized to arbitrary non-Abelian gauge groups,2 and their quantization continued to be studied mathematically, notably by Feynman,3 Faddeev and Popov,4 and De Witt,5 in part as a warming up exercise for the harder problem of quantizing general relativity. They showed that the naive Feynman rules obtained by simply inspecting the Lagrangian need to be supplemented by additional ‘ghost’ loops. However, the physical relevance of these theories did not begin to be understood until the late 1960s. It eventually turned out that all of the observed interactions of elementary particles are generated by vector fields associated with local gauge symmetries; the corresponding spin 1 particles are either very heavy, as a result of a spontaneous breakdown of the gauge symmetry, or are ‘trapped’, as a result of the rise of the coupling constant at long distances. These matters will be the subjects respectively of Chapters 21 and 18. In this chapter we shall explore the formulation of the non-Abelian gauge theories, and the derivation of their Feynman rules.

15.1 Gauge Invariance

We assume that the Lagrangian of our theory is invariant under a set of infinitesimal transformations on the matter fields ψ[image: image](x)
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with some set of independent constant matrices2 tα, and with real infinitesimal parameters [image: image]α(x) which (as for gauge transformations in electrodynamics) are allowed to depend on position in spacetime. We assume that these symmetry transformations are the infinitesimal part of a Lie group; as shown in Section 2.2, this requires that the tα obey commutation relations
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where [image: image] are a set of real constants, known as the structure constants of the group. The antisymmetry of the commutator immediately tells us that the structure constants are similarly antisymmetric:
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Also, from the Jacobi identity
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we see that the Cs satisfy the further constraint
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Any set of constants [image: image] that satisfy Eqs. (15.1.3) and (15.1.5) define at least one set of matrices tAα :
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that satisfy the commutation relations (15.1.2) with structure constants [image: image]
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This is known as the ‘adjoine (or ‘regular’) representation of the Lie algebra with structure constants [image: image].

For example, in the original Yang–Mills theory, the matter fields were the doublet consisting of proton and neutron fields ψp and ψn:

[image: image]

and the tα with α = 1,2,3 were the isospin matrices

[image: image]

These satisfy the commutation relations (15.1.2) with

[image: image]

where as usual [image: image]γαβ is +1 or –1 if γ,α,β is an even or an odd permutation of 1, 2, 3, respectively, and vanishes otherwise. We recognize this as the same as the Lie algebra (2.4.18) of the three-dimensional rotation group; the matrices tα here furnish what we recognize as the spin 1/2 representation of this Lie algebra. The matrices (15.1.6) of the adjoint representation are here (in a basis with rows and columns labelled 1,2,3):

[image: image]

This is the spin 1 representation of the Lie algebra of the rotation group.

Now consider what is needed to make the Lagrangian invariant under the transformations (15.1.1). If there were no derivatives acting on the fields, the task would be easy — any function of the matter fields that was invariant under the transformation (15.1.1) with [image: image]α constant would also be invariant with [image: image]α arbitary real functions of the spacetime coordinates. This is not the case if the Lagrangian involves derivatives of the fields (as it must), because with position–dependent functions [image: image]α(x), the derivatives of the matter fields do not transform like the fields themselves. Differentiating Eq. (15.1.1) gives








	
[image: image]





		
(15.1.8)








To make the Lagrangian invariant, we need a field Aαμ, whose transformation rule involves a term [image: ], which can be used to cancel the second term in Eq. (15.1.8). Since this field carries an α-index, we would expect it also to undergo a matrix transformation like Eq. (15.1.1), but with tα replaced with the adjoint representation matrices (15.1.6). Let us therefore tentatively take the transformation relation of these new ‘gauge’ fields as
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or, using Eq. (15.1.6),
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This allows us to construct a ‘covariant derivative’:3
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As planned, the term [image: image] in the transformation of Aβμ in the second term of Eq. (15.1.10) cancels the term proportional to [image: image] in the transformation of the first term, leaving us with
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or, using Eq. (15.1.2),
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so that [image: image] transforms just like ψ itself.

We also need to worry about derivatives of the gauge field. In order to eliminate the term [image: image] in the transformation of [image: image], we antisymmetrize with respect to μ and v, just as in electrodynamics. However, we still have terms in the transformation of [image: image] proportional to first derivatives of [image: image](x), arising from the second term in Eq. (15.1.9). The easiest way to construct a ‘covariant curl’, [image: image] in whose transformation rule all such derivatives of [image: image](x) cancel, is to consider the commutator of two covariant derivatives acting on a matter field ψ:
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where
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Eq. (15.1.12) makes it obvious that Fγvμ must transform just like a matter field that happens to belong to the adjoint representation:
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The reader may check by direct calculation (using the relation (15.1.5)) that the quantity Fαvμ defined in (15.1.13) actually has the simple transformation rule (15.1.14).

For some purposes, it is useful to know that these infinitesimal gauge transformations can be upgraded to finite transformations. A group element can be parameterized by a set of real functions Λα(x) so that it acts on a general matter field ψ[image: image](x) through the matrix transformation
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We want the covariant derivative to transform in the same way:
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so we must impose on [image: image] the transformation rule [image: image], with
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or in other words
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Eqs. (15.1.15) and (15.1.17) reduce to the previous transformation rules (15.1.1) and (15.1.9) in the limit where Λα(x) is an infinitesimal [image: image]α(x).

From Eq. (15.1.17), we can see that by a suitable choice of Λβ(x), it is always possible to make [image: image] vanish at any one point, say x = z. (Simply take Λα(z) to vanish, and [image: image] Also, it is always possible to choose Λβ(x) so that any one spacetime component of [image: image] vanishes for all α everywhere in at least a finite domain around any given point. For instance, to make [image: image] vanish, we must solve the set of ordinary first-order differential equations for the parameters Λβ(x):
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which always have a solution in at least a finite domain around any ordinary point.

However, in general it is not possible to choose Λα(x) to make all four components [image: image] vanish in a finite region. For this purpose, we would have to be able to satisfy the partial differential equations
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which cannot be solved unless certain integrability conditions are satisfied. In particular, if [image: image] vanishes everywhere then so does [image: image], but since the field strength transforms homogeneously, [image: image] can vanish only if [image: image] does. A gauge field Aαμ(x) is called a ‘pure gauge’ field if there exists a gauge transformation which makes it vanish everywhere. It is not difficult to show that the condition that Fαμv should vanish everywhere is not only necessary but also sufficient for Aαμ(x) to be expressible in any simply connected region as a pure gauge field.6

[image: image]

There is a deep analogy between the construction here of objects that transform simply under gauge transformations and the construction in general relativity of objects that transform covariantly under general coordinate transformations. Just as we use the gauge field to construct covariant derivatives [image: image] of matter fields with the same gauge transformation properties as the matter fields themselves, so we use the affine connection [image: image] to construct covariant derivatives of tensors [image: image]:

[image: image]

which are themselves tensors. Also, from the derivatives of the gauge field we constructed a field strength [image: image], with the gauge transformation property of a matter field belonging to the adjoint representation of the gauge group; correspondingly, from the derivatives of the affine connection we may construct a quantity:

[image: image]

which transforms as a tensor, the Riemann–Christoffel curvature tensor. The commutator of two gauge-covariant derivatives Dμ and Dv may be expressed in terms of the field-strength tensor [image: image]; similarly, the commutator of two covariant derivatives with respect to xv and xk may be expressed in terms of the curvature:

[image: image]

The necessary and sufficient condition for the existence of a gauge in which the gauge field vanishes in a finite simply connected region is the vanishing of the field-strength tensor, and the necessary and sufficient condition for the existence of a coordinate system in which the affine connection vanishes in a finite simply connected region is the vanishing of the Riemann–Christoffel curvature tensor. The analogy breaks down in one important respect: in general relativity the affine connection is itself constructed from first derivatives of the metric tensor, while in gauge theories the gauge fields are not expressed in terms of any more fundamental fields.

15.2 Gauge Theory Lagrangians and Simple Lie Groups

The transformation rules of the gauge-field tensor [image: image] and the matter fields ψ and their gauge-covariant derivatives do not involve the derivatives of the transformation parameters [image: image]α(x), so if the Lagrangian is constructed solely from these ingredients, and if it is invariant under global transformations with [image: image]α. constant, then it is invariant under gauge transformations with general position-dependent [image: image]α(x). We therefore assume that the Lagrangian satisfies these conditions: that is,
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with the invariance condition:
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On the other hand, the Lagrangian may not depend on the gauge field itself, except insofar as it appears in [image: image], and in gauge-covariant derivatives Dμ. In particular, a mass term [image: image] is ruled out.

We shall concentrate now on the terms in the Lagrangian that depend only on [image: image]. Just as in electrodynamics, for any massless particle of unit spin the Lagrangian must contain a free-particle term quadratic in [image: image], and gauge invariance then dictates that this free-particle term should appear as part of a term quadratic in the field-strength tensor [image: ]. Lorentz invariance and parity conservation dictate its form as
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with a constant matrix gαβ. If we do not assume parity (or CP or T) conservation, then we may also include in the Lagrangian a term

[image: image]

with another constant matrix θαβ. This term is actually a derivative, and therefore does not affect the field equations or the Feynman rules. Such a term would, however, have non-perturbative quantum mechanical effects, to be discussed in Section 23.6.

Before going on to consider the properties of the matrix gαβ, it is worth drawing attention to the fact that it is not possible to introduce a kinematic term for the gauge field Aαμ(x) without also including interactions, the terms in Eq. (15.2.3) arising from the quadratic part of the field strength [image: image], defined by Eq. (15.1.13). This is one more respect in which non-Abelian gauge theories resemble general relativity, where the kinematic part of the Lagrangian for the gravitational field is contained in the Einstein–Hilbert Lagrangian density –[image: image], which also contains self-interactions of the field. The reasons in both cases are similar: the gravitational field interacts with itself because it interacts with anything that carries energy and momentum, and the gauge field interacts with itself because it interacts with anything that transforms according to a non-trivial representation (in this case the adjoint representation) of the gauge group. This is in contrast to the case of electrodynamics, where the photon does not carry electric charge, the quantum number with which it interacts, and it is consequently possible to introduce a kinematic term [image: image] for the electromagnetic field that does not entail interactions.

The numerical matrix [image: image] may be taken symmetric, and must be taken real to give a real Lagrangian. In order for this term to satisfy the gauge-invariance requirement (15.2.2), we must have for all δ:

[image: image]

In order for this to be true without having to impose any functional relations among the Fs, the matrix [image: image] must satisfy the condition:
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There is one more important condition on the matrix [image: image]. Just as in quantum electrodynamics, the rules of canonical quantization and the positivity properties of the quantum mechanical scalar product require that the matrix [image: image] in the Lagrangian (15.2.3) must be positive-definite. (That is, [image: image] is positive for all real u, and vanishes for some real u only if uα = 0 for all α.) This is analogous to the requirement that in the kinematic Lagrangian [image: image] for a real scalar field [image: image], the constant Z must be positive-definite.

These requirements on the matrix [image: ] have far reaching implications. They form one of a set of three equivalent conditions:

a: There exists a real symmetric positive-definite matrix [image: image] that satisfies the invariance condition (15.2.4).

b: There is a basis for the Lie algebra (that is, a set of generators [image: image] with [image: image] a real non-singular matrix) for which the structure constants [image: image] are antisymmetric not only in the lower indices β and γ but in all three indices α, β and γ. (In this basis it is convenient to drop the distinction between upper and lower indices α, β, etc., and write [image: image] in place of [image: image].)

c: The Lie algebra is the direct sum of commuting compact simple and U(1) subalgebras.4

Appendix A of this chapter presents a proof of the equivalence of the conditions a, b, and c.7

Before going on to discuss the physical implications of this result, it will be useful to say a bit more about the condition of compactness. We will not use this here, but a compact Lie algebra consists of the generators of a compact Lie group: one for which the invariant volume of the group is finite. For instance, the rotation group is compact; the Lorentz group is not. As a simple example of a simple Lie algebra that is not compact, consider the commutation relations

[image: image]

The structure constant here is real, but not completely antisymmetric; its non-vanishing components are

[image: image]

The metric given by Eq. (15.A.10) is here diagonal, with elements:

[image: image]

This is not a positive matrix, so the Lie algebra is not compact. It is in fact the Lie algebra of the non-compact group O(2, 1), the Lorentz group in two space and one time dimensions.

Two sets of generators that differ by a real non-singular linear transformation are considered to span the same Lie algebra, and generate the same group. This is not true for complex linear transformations of generators. In particular, any simple Lie algebra can be put into a compact form by a change of phase of the generators in a suitable basis. For instance, for the Lie algebra of the above example, it is only necessary to define new generators [image: image], for which the commutation relations are

[image: image]

The structure constant is now real and totally antisymmetric: [image: image]. Here [image: image], and the algebra is compact. We recognize this, of course, as the familiar algebra of the compact group O(3) of rotations in three dimensions. To see that this is always possible for any simple Lie algebra, note that the matrix gab defined by Eq. (15.A.10) is real, symmetric, and non-singular, so that by a real orthogonal transformation it may be put in a diagonal form with non-zero elements along the main diagonal. It is then only necessary to multiply all the generators that correspond in this basis to the negative diagonal elements of gab by factors i.

We note without proof that the finite-dimensional representations of compact Lie groups are all unitary, and the finite-dimensional representations of compact Lie algebras are correspondingly all Hermitian. Furthermore, it is easy to see that the only Lie algebras that can have any non-trivial representation by independent finite-dimensional Hermitian matrices tα, are direct sums of U(1) and compact simple Lie algebras. To show this, we may simply define

[image: image]

This matrix is obviously positive-definite, because [image: image] is positive for any real uα and vanishes only if [image: image], which is not possible unless all uα vanish because the tα are assumed independent. Furthermore this [image: image] satisfies the invariance condition (15.2.4), as can be seen by multiplying the commutation relation (15.1.2) with tδ and taking the trace; this gives

[image: image]

which is obviously antisymmetric in β and δ. Having verified a, we can rely on the above theorem to infer condition c, so that the Lie algebra must be a direct sum of compact simple and U(1) subalgebras.

Let’s now return to the physics of gauge theories. In this section we have inferred the existence of a positive symmetric real matrix [image: image], that satisfies the invariance condition (15.2.4), from the necessity of constructing a suitable kinematic term in the Lagrangian for the gauge field, and in Appendix A of this chapter we have shown that this result is equivalent to a condition on the Lie algebra, that it is a direct sum of compact simple and U(1) subalgebras. For our purposes, the important thing about this result is that the simple Lie algebras are all of certain limited types and dimensionalities. For instance, it is easy to see that there is no simple Lie algebra with less than three generators, because in one or two dimensions there can be no non-zero totally antisymmetric structure constants with three indices. With three generators, an invariant subalgebra can be avoided by taking C312, C231, and C123 all non-zero. In the basis in which the structure constant is real and totally antisymmetric, there is obviously only one possibility:

[image: image]

Here c is an arbitrary non-zero real constant, which can be eliminated by a change of scale of the generators, [image: image], so the Lie algebra is

[image: image]

This may be recognized as the Lie algebra of the three-dimensional rotation group O(3), and also of the group SU(2) of unitary unimodular matrices in two dimensions, and was used as a basis for the original non-Abelian gauge theory of Yang and Mills. Continuing in the same way, it can be shown that there are no simple Lie algebras with 4, 5, 6, or 7 generators, one with 8 generators, and so on. Mathematicians (notably Killing and E. Cartan) have been able to catalog all simple Lie algebras. The compact forms of the simple Lie algebras form several infinite classes of algebras of the ‘classical’ Lie groups — the unitary unimodular, unitary orthogonal, and unitary symplectic groups — plus just five exceptional Lie algebras. This catalog is presented in Appendix B of this chapter.

It is also shown in Appendix A that under the equivalent conditions a, b, or c, the metric takes the form
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with real gm, where m and n label the simple or U(1) subalgebras, and a and b label the individual generators of these subalgebras. We can eliminate the constants [image: image] by a rescaling of the gauge fields
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but then in order to keep the same formulas (15.1.10) and (15.1.13) for Dμψ and Fαμv, we must also redefine the matrices tα and the structure constants

[image: image]

That is, we can always define the scale of the gauge fields (now dropping the tildes) so that gm, in Eq. (15.2.5) is unity:
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but then the transformation matrices tα and the structure constants Cαβγ contain an unknown multiplicative factor gm for each simple or U(1) subalgebra. These factors are the coupling constants of the gauge theory. Alternatively, it is sometimes more convenient to adopt some fixed though arbitrary normalization for the tα and structure constants within each simple or U(1) subalgebra, in which case the coupling constants appear in the gauge-field Lagrangian (15.2.3) as the factors [image: image] in Eq. (15.2.5).

15.3 Field Equations and Conservation Laws

Using Eq. (15.2.9) for the matrix [image: image] in Eq. (15.2.3), the full Lagrangian density is
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where in the absence of gauge fields [image: image] would be the ‘matter’ Lagrangian density. We could, in principle, include a dependence of [image: image]M on Fαμv as well as higher covariant derivatives [image: image], etc., but we exclude these non-renormalizable terms here for the same reason as in electrodynamics: as discussed in Section 12.3, such terms would be highly suppressed at ordinary energies by negative powers of some very large mass. For this reason the standard model of the weak, electromagnetic and strong interactions has a Lagrangian of the general form (15.3.1).

The equations of motion of the gauge field are here
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and so
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where [image: image] is the current:
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The current [image: image] is conserved in the ordinary sense
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as can be seen either from the Eulery–Lagrange equations for ψ and the invariance condition (15.2.2) or, more easily, directly from the field equations (15.3.2).

The derivatives in Eqs. (15.3.2) and (15.3.4) are ordinary derivatives, not the gauge-covariant derivatives Dv, so the gauge invariance of these equations is somewhat obscure. It can be made manifest by rewriting Eq. (15.3.2) in terms of the gauge-covariant derivative of the field strength
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Then Eq. (15.3.2) reads
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where [image: image] is the current of the matter fields alone
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This is gauge-covariant, if [image: image]M is gauge-invariant. Also, by operating on Eq. (15.3.6) with Dv, using the commutation relation
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we see that [image: image] satisfies a gauge-covariant conservation law
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rather than the ordinary conservation law (15.3.4) obeyed by the full current [image: image]. Also, it is straightforward (using Eq. (15.1.5)) to derive the identities:
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which hold whether or not the gauge fields satisfy the field equations.

These results serve to underscore the profound analogy mentioned in Section 15.1 between non-Abelian gauge theories and general relativity. In general relativity there is a matter energy-momentum tensor Tvμ, analogous to Jμ, which satisfies a generally covariant conservation law Tvμ;v = 0, and stands on the right-hand side of the Einstein field equations in their generally covariant form, [image: image]. However, Tvμ is not conserved in the ordinary sense: [image: image] does not vanish. On the other hand, moving the non-linear terms on the left-hand side of the Einstein equation to the right-hand side gives a field equation8
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where [image: image] is the non-tensor

[image: image]

analogous to [image: image]. Like [image: image], [image: image], is conserved in the ordinary sense
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and may be regarded as the current of energy and momentum:
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It contains a purely gravitational term, because gravitational fields carry energy and momentum; without this term, [image: image] could not be conserved. Similarly, [image: image] contains a gauge-field term (the first term on the right in Eq. (15.3.3)) because for non-Abelian groups (those with [image: image]) the gauge fields carry the quantum numbers with which they interact. Because [image: image] conserved in the ordinary sense, it can be regarded as the current of these quantum numbers, with the symmetry generators given by the time-independent quantities
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(Also, the homogeneous equations (15.3.9) involve covariant derivatives, just as do the Bianchi identities of general relativity.) In contrast, none of these complications arises in quantum electrodynamics, because photons do not carry the quantum number, electric charge, with which they interact.

15.4 Quantization

We now proceed to quantize the gauge theories described in the previous two sections. The Lagrangian density is taken in the form (15.3.1):
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with

[image: image]

We cannot immediately quantize this theory by setting commutators equal to i times the corresponding Poisson brackets. The problem is one of constraints. In the terminology of Dirac, described in Section 7.6, there is a primary constraint that
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and a secondary constraint provided by the field equation for [image: image]:
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where [image: image] is the ‘momentum’ conjugate to Aαk, with k running over the values 1,2,3. The Poisson brackets of ∏α0 and [image: image] vanish (because the latter quantity is independent of Aα0), so these are first class constraints, which cannot be dealt with by replacing Poisson brackets with Dirac brackets.

As in the case of electrodynamics, we deal with these constraints by choosing a gauge. The Coulomb gauge adopted for electrodynamics would lead to painful complications here,5 so instead we will work in what is known as axial gauge, based on the condition
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The canonical variables of the gauge field are then Aαi, with i now running over the values 1 and 2, together with their canonical conjugates
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The field Aα0 is not an independent canonical variable, but rather is defined in terms of the other variables by the constraint (15.4.3). To see this, note that the ‘electric’ field strengths [image: image] are








	
[image: image]


	
(15.4.6)








so the constraint (15.4.3) reads
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which can easily be solved (with reasonable boundary conditions) to give Aα0 as a functional of [image: image], and [image: image]. (We are using a summation convention, with indices i, j, etc. summed over the values 1 and 2.) It should be noted that the canonical conjugate to the matter field ψ[image: image] is
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so the time component of the matter current can be expressed in terms of the canonical variables of the matter fields alone
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Hence Eq. (15.4.7) defines Aα0 at a given time as a functional of the canonical variables [image: image] at the same time.

Now that we have identified the canonical variables in this gauge, we can proceed to the construction of a Hamiltonian. The Hamiltonian density is
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Using Eqs. (15.4.4) and (15.4.6), this is
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where [image: image]M is the matter Hamiltonian density:
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Following the general rules derived in Section 9.2, we can now use this Hamiltonian density to calculate matrix elements as path integrals over [image: image], with weighting factor exp(iI), where
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in which the ‘[image: image] terms’ serve only to supply the correct imaginary infinitesimal terms in propagator denominators. (See Section 9.2.) We note that Eqs. (15.4.7) and (15.4.9) give [image: image] as a functional of the canonical variables, linear in ∏αi and πℓ. Inspection of Eq. (15.4.11) shows then (assuming [image: image]M to be no more than quadratic in Dμψ) that the integrand of the complete action (15.4.13) is no more than quadratic in ∏αi and π[image: image]. We could therefore carry out the path integral over these canonical ‘momenta’ by the usual rules of Gaussian integration. The trouble with this procedure is that the coefficients of the terms in Eq. (15.4.13) of second order in ∏αi are functions of the Aαi, so the Gaussian integral would yield an awkward field-dependent determinant factor. Also, the whole formalism at this point looks hopelessly non-Lorentz-invariant.

Instead of proceeding in this way, we will apply a trick like that used in the path integral formulation of electrodynamics in Section 9.6. Note that if for a moment we think of [image: image] as an independent variable, then the action (15.4.13) is evidently quadratic in [image: image], with the coefficient of the second-order term [image: image] equal to the field-independent kernel [image: image]. As we saw in the appendix to Chapter 9, the integral of such a Gaussian over [image: image](x) is, up to a constant factor, equal to the value of the integrand at the stationary ‘point’ of the argument of the exponential. But the variational derivative of the action here is
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so the stationary ‘point’ of the action is the solution of the constraint equation (15.4.7). Hence, instead of using for [image: image] the solution of Eq. (15.4.7), we can just as well treat it as an independent variable of integration.

With [image: image] now regarded as an independent variable, the Hamiltonian [image: image] is evidently quadratic in [image: image], with the coefficient of the second-order term [image: image] given by the field-independent kernel [image: image](x – y)δij. Assuming that the same is true for the matter variable π[image: image], we can evaluate path integrals over π[image: image] and [image: image] up to a constant factor by simply setting π[image: image] and [image: image] at the stationary ‘points’ of the action corresponding to Eq. (15.4.1):
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Inserting these back into Eq. (15.4.13) gives
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where [image: image] is the Lagrangian (15.3.1) with which we started! In other words, we are to do path integrals over ψ[image: image](x) and all four components of Aαμ(x), with a manifestly covariant weighting factor exp(iI) given by Eqs. (15.4.14) and (15.3.1), but with the axial-gauge condition enforced by inserting a factor
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As long as [image: image]A, [image: image]B ··· are gauge-invariant, we have
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with Lorentz- and gauge-invariant action I given by Eq. (15.4.14).
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For future reference, we note that the volume element [image: image] for the integration over gauge fields in (15.4.16) is gauge-invariant, in the sense that
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where [image: image] is the result of acting on [image: image](x) with a gauge transformation having transformation parameters Λα(x). It will be enough to show that this is true for transformations near the identity, say with infinitesimal transformation parameters λα(x). In this case,
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so the volume elements are related by
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where [image: image] is the ‘matrix’:
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The determinant of [image: image] is unity to first order in λγ because the trace Cααγ vanishes.

In this chapter we shall assume that the volume element [image: image] for the integration over matter fields is also gauge-invariant. There are important subtleties here, to which we shall return in Chapter 22, but as shown there this assumption turns out to be valid in our present non-Abelian gauge theories of strong and electroweak interactions.

15.5 The De Witt–Faddeev–Popov Method

Our formula (15.4.16) for the path integral was derived in a gauge that is convenient for canonical quantization, but the Feynman rules that would be derived from this formula would hide the underlying rotational and Lorentz invariance of the theory. In order to derive manifestly Lorentz-invariant Feynman rules, we need to change the gauge.

We first note that Eq. (15.4.16) is (up to an unimportant constant factor) a special case of a general class of functional integrals, of the form:
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where [image: image]n(x) are a set of gauge and matter fields; [image: image] is a volume element; and [image: image][[image: image]] is a functional of the [image: image]n(x), satisfying the gauge-invariance condition:
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where [image: image]λn(x) is the result of operating on [image: image] with a gauge transformation having parameters λα(x). (Usually when this is satisfied both the functional [image: image] and the volume element are separately invariant, but Eq. (15.5.2) is all we need here.) Also, fα[[image: image]; x] is a non-gauge-invariant ‘gauge-fixing functional’ of these fields that also depends on x and α; B[f] is some numerical functional defined for general functions fα(x) of x and α; and is the [image: image] ‘matrix’:
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(In accordance with our usual notation for functionals of functions or of functionals, [image: image] is understood to depend on the values taken by fα[[image: image]; x] for all values of the undisplayed variables α and x, with the displayed variable, the function [image: image]n(x), held fixed.) Eq. (15.5.1) does not represent the widest possible generalization of Eq. (15.4.16); we will see in Section 15.7 that there is a further generalization that is needed for some purposes. We start here with Eq. (15.5.1) because it will help to motivate the formalism of Section 15.7, and it is adequate for dealing with non-Abelian gauge theories in the most convenient gauges.

We now must check that the path integral (15.4.16) is in fact a special case of Eq. (15.5.1). In Eq. (15.4.16) the fields [image: image]n(x) consist of both Aαμ(x) and matter fields ψ[image: image](x), and
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(We are now dropping the distinction between upper and lower indices α, β, ···.) Comparison of Eq. (15.4.16) with Eqs. (15.5.1)–(15.5.3) shows that these path integrals are indeed the same, aside from the factor Det[image: image][[image: image]]. For the particular gauge-fixing functional (15.5.4), this factor is field-independent: if [image: image], then the change in [image: image] under a gauge transformation with parameters λα,(x) is

[image: image]

so that here Eq. (15.5.3) is the field-independent ‘matrix’
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The determinant in Eq. (15.5.1) is therefore also field-independent in this gauge. As discussed in Chapter 9, field-independent factors in the functional integral affect only the vacuum-fluctuation part of expectation values and S-matrix elements, and so are irrelevant to the calculation of the connected parts of the S-matrix.

The point of recognizing the functional integral (15.4.16) for non-Abelian gauge theories as a special case of the general path integral (15.5.1) is that in this form we may freely change the gauge. Specifically, we have a theorem, that the integral (15.5.1) is actually independent (within broad limits) of the gauge-fixing functional fα,[[image: image];x], and depends on the choice of the functional B[f] only through an irrelevant constant factor.

Proof: Replace the integration variable [image: image] everywhere in Eq. (15.5.1) with a new integration variable [image: image]Λ, with Λα(x) any arbitrary (but fixed) set of gauge transformation parameters:
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(This step is a mathematical triviality, like changing an integral [image: image] to read [image: image], and does not yet make use of our assumptions regarding gauge invariance.) Now use the assumed gauge invariance (15.5.2) of the measure ∏d[image: image] times the functional [image: image][[image: image]] to rewrite this as
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Since Λα(x) was arbitrary, the left-hand side here cannot depend on it. Integrating over Λα(x) with some suitable weight-functional ρ[Λ] (to be chosen below) thus gives








	
[image: image]





		
(15.5.10)








where
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Now, Eq. (15.5.3) gives
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We are assuming that these transformations form a group; that is, we may write the result of performing the gauge transformation with parameters Λα(x) followed by the gauge transformation with parameters λα(x) as the action of a single ‘product’ gauge transformation with parameters [image: image],
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Using the chain rule of partial (functional) differentiation, we have then
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where
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and
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It follows that
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We note that Det[image: image][[image: image], Λ] is nothing but the Jacobian of the transformation of integration variables from the Λα(x) to (for a fixed [image: image]) the [image: image]. Hence, if we choose the weight-function ρ(Λ) as
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then
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which is clearly independent of [image: image]. (Eq. (15.5.18) may be recognized by the reader as giving the invariant (Haar) measure on the space of group parameters.) We have then at last
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This is clearly independent of our choice of fα[[image: image]; x] which has been reduced to a mere variable of integration, and it depends on B[f] only through the constant C, as was to be proved.

Before proceeding with the applications of this theorem, we should pause to note a tricky point in the derivation. The integrals in the numerator and denominator of Eq. (15.5.20) are both ill-defined for the same reason. Since [image: image][[image: image]] is assumed to be gauge-invariant, its integral over [image: image] cannot possibly converge; the integrand is constant along all ‘orbits,’ obtained by sending [image: image] into [image: image]λ with all possible λα(x). Likewise, the integrand in the denominator is divergent, because [image: image] is nothing but the usual invariant volume element for integrating over the group, and this is also constant along ‘orbits’ [image: image]. This divergence can be eliminated in both the numerator and denominator of Eq. (15.5.20) by formulating the theory on a finite spacetime lattice, in which case the volume of the gauge group is just the volume of the global Lie group itself times the number of lattice sites. Because the gauge-fixing factor B[f] eliminates this divergence in the original definition (15.5.1) of the left-hand side of Eq. (15.5.20), we may presume that, as the number of lattice sites goes to infinity, it cancels between the numerator and denominator of the right-hand side of Eq. (15.5.20).

Now to the point. We have seen that the vacuum expectation value (15.4.16) in axial gauge is given by a functional integral of the general form (15.5.1). Armed with the above theorem, we conclude then that
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for (almost) any choice of fα[A,ψ;x] and B[f]. We are now therefore free to use Eq. (15.5.21) to derive the Feynman rules in a more convenient gauge.

The path integrals that we understand how to calculate are of Gaussians times polynomials, so we will generally take
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with arbitrary real parameter ξ. With this choice, the effect of the factor B in Eq. (15.5.21) is just to add a term to the effective Lagrangian
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The simplest Lorentz-invariant choice of the gauge-fixing function fα is the same as in electrodynamics:
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The bare gauge-field propagator can then be calculated just as in quantum electrodynamics. The free-vector-boson part of the effective action can be written
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where
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Taking the reciprocal of the matrix in square brackets, we find the propagator:
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This is a generalization of both Landau and Feynman gauges, which are recovered by taking ξ = 0 and ξ = 1, respectively. For ξ → 0, the functional (15.5.22) oscillates very rapidly except near fα = 0, so this functional acts like a delta-function imposing the Landau gauge condition [image: image], leading naturally to a propagator satisfying the corresponding condition [image: image]. For non-zero values of ξ the functional B[f] does not pick out gauge fields satisfying any specific gauge condition on the field Aαμ, but it is common to refer to the propagator (15.5.25) as being in a ‘generalized Feynman gauge’ or ‘generalized ξ-gauge’. It is often a good strategy to calculate physical amplitudes with ξ left arbitrary, and then at the end of the calculation check that the results are ξ-independent.

With one qualification, the Feynman rules are now obvious: the contributions of vertices are to be read off from the interaction terms in the original Lagrangian [image: image], with gauge-field propagators given by Eq. (15.5.25), and matter-field propagators calculated as before. To be specific, the trilinear interaction term in [image: image]
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corresponds to a vertex to which are attached three vector boson lines. If these lines carry (incoming) momenta p,q,k and Lorentz and gauge-field indices [image: image], then according to the momentum-space Feynman rules, the contribution of such a vertex to the integrand is
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Also, the A4 interaction term in [image: image]
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corresponds to a vertex to which are attached four vector boson lines. If these lines carry (incoming) momenta p,q,k,[image: image], and Lorentz and gauge indices [image: image], and σδ, then the contribution of such a vertex to the integrand is
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(Recall that the structure constants Cαβγ contain coupling constant factors, so the factors (15.5.26) and (15.5.27) are respectively of first and second order in coupling constants.)

The one complication in the Feynman rules with which we have not yet dealt is the presence in Eq. (15.5.21) of the factor Det [image: image], which for general gauges is not a constant. We now turn to a consideration of this factor.

15.6 Ghosts

We now consider the effect of the factor Det [image: image], in Eq. (15.5.21) on the Feynman rules for a non-Abelian gauge theory. In order to be able to treat this effect as a modification of the Feynman rules, recall that as shown in Section 9.5, the determinant of any matrix [image: image]αx,βy may be expressed as a path integral
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where








	
[image: image]


	
(15.6.2)








Here [image: image] and ωα, are a set of independent anticommuting classical variables, and the constant of proportionality is field-independent. (We have to choose the ωα and [image: image] field variables to be fermionic in order to reproduce the factor Det [image: image] had we chosen these field variables to be bosonic, the path integral (15.6.1) would have been proportional to (Det [image: image])–1.) The fields [image: image], and ωα, are not necessarily related by complex conjugation; indeed, in Section 15.7 we shall see that for some purposes we need to assume that [image: image] and ωα are independent real variables. The whole effect of the factor Det [image: image] is the same as that of including IGH[ω, ω*] in the full effective action, and integrating over ‘fields’ ω and ω*. That is, for arbitrary gauge-fixing functionals fα(x),
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where IMOD is a modified action
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The fields ωα, and [image: image] Lorentz scalars (at least in covariant gauges) but satisfy Fermi statistics. The connection between spin and statistics is not really violated here, because there are no particles described by these fields that can appear in initial or final states. For that reason, ωα and [image: image] are called the fields of ‘ghost’ and ‘antighose particles. Inspection of Eq. (15.6.2) shows that the action respects the conservation of a quantity known as ‘ghost number,’ equal to +1 for ωα, –1 for [image: image], and zero for all other fields.

The Feynman rules for the ghosts are simplest in the case in which the ‘matrix’ [image: image] may be expressed as
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where [image: image]0 is field-independent and of zeroth order in coupling constants, while [image: image]1 is field-dependent and proportional to one or more coupling constant factors. In this case, the ghost propagator is just
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and the ghost vertices are to be read off from the interaction term
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For instance, in the generalized ξ-gauge discussed in the previous section, we have








	
[image: image]


	
(15.6.8)








and for infinitesimal gauge parameters λα, Eq. (15.1.9) gives:
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so that
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This is of the form (15.6.5), with
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From Eqs. (15.6.6) and (15.6.10), we see that the ghost propagator is
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so in this gauge the ghosts behave like spinless fermions of zero mass, transforming according to the adjoint representation of the gauge group. Using Eqs. (15.6.7) and (15.6.11) and integrating by parts, we find that the ghost interaction term in the action is now
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This interaction corresponds to vertices to which are attached one outgoing ghost line, one incoming ghost line, and one vector boson line. If these lines carry (incoming) momenta p,q,k respectively and gauge group indices α,β,γ respectively, and the gauge field carries a vector index μ, then the contribution of such a vertex to the integrand is given by the momentum-space Feynman rules as
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The ghosts propagate around loops, with single vector boson lines attached at each vertex along the loops, and with an extra minus sign supplied for each loop as is usual for fermionic field variables.

The extra minus sign for ghost loops suggests that each ghost field ωα together with the associated antighost field [image: image] represents something like a negative degree of freedom. These negative degrees of freedom are necessary because in using covariant gauge field propagators we are really over-counting; the physical degrees of freedom are the components of [image: image], less the parameters Λα(x) needed to describe a gauge transformation.

In summary, the modified action (15.6.4) may be written in generalized ξ-gauge as
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with a modified Lagrangian density:
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It is important that this Lagrangian is renormalizable (if the matter Lagrangian [image: image]M is), in the elementary sense that its terms involve products of fields and their derivatives of total dimensionality (in powers of mass) four or less. (The kinematic term [image: image] in Eq. (15.6.16) fixes the dimensionality of the fields ω and ω* to be mass to the power unity, just like ordinary scalar and gauge fields.) However, there is more to renormalizability than power counting; it is necessary also that there be a counterterm to absorb every divergence. In the next section we shall consider a remarkable symmetry that will be used in Section 17.2 to show that non-Abelian gauge theories are indeed renormalizable in this sense, and that can even take the place of the Faddeev–Popov–De Witt approach that we have been following.

15.7 BRST Symmetry

Although the Faddeev–Popov–De Witt method described in the previous two sections makes the Lorentz invariance of the theory manifest, it still rests on a choice of gauge, and hence naturally it hides the underlying gauge invariance of the theory. This is a serious problem in trying to prove the renormalizability of the theory — gauge invariance restricts the form of the terms in the Lagrangian that are available as counterterms to absorb ultraviolet divergences, but once we choose a gauge, how do we know that gauge invariance still restricts the ways that the infinities can appear?

Remarkably, however, even after we choose a gauge, the path integral still does have a symmetry related to gauge invariance. This symmetry was discovered by Becchi, Rouet, and Stora,10 (and independently by Tyutin,11) in 1975, several years after the work of Faddeev and Popov and De Witt, and is known in honor of its discoverers as BRST symmetry. This symmetry will be presented more-or-less as it was originally discovered, as a by-product of the method of Faddeev, Popov, and De Witt, but as we shall see it can also be regarded as a replacement for the Faddeev–Popov–De Witt approach.

We have seen in Eqs. (15.6.3) and (15.6.4) that the Feynman rules for a non-Abelian gauge theory may be obtained from a path integral over matter, gauge, and ghost fields, with a modified action, which we may write
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where we have now introduced the quantity
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This is for the choice
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of the gauge-fixing functional in Eq. (15.5.21). For our present purposes, it will be helpful to rewrite B[f] as a Fourier integral:
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We must now do our path integrals over the field hα (often known as a Nakanishi–Lautrup’ field11a) as well as over matter, gauge, ghost and antighost fields, with a new modified action
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This modified action is not gauge-invariant — indeed, it had better not be, if we are to be able to use it in path integrals. However, it is invariant under a ‘BRST’ symmetry transformation, parameterized by an infinitesimal constant θ that anticommutes with ωα, [image: image], and all fermionic matter fields. For a given θ, the BRST transformation is

[image: image]

(Recall that in fermionic path integrals, there is no connection between ωα, and [image: image], so that Eq. (15.7.9) does not need to be the adjoint of Eq. (15.7.10).) Because hα, is BRST-invariant, we could if we like replace the Gaussian factor [image: image] in Eq. (15.7.5) with an arbitrary smooth functional of hα, yielding an arbitrary functional B[f], without affecting the BRST invariance of the action. However, for the purposes of diagrammatic calculation and renormalization it will help to leave B[f] as a Gaussian.

In checking the invariance of the action (15.7.1), it will be very useful first to note that the transformation (15.7.7)–(15.7.11) is nilpotent; that is, if F is any functional of ψ, A, ω, ω*, and h, and we define sF by
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then6
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or equivalently
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It is straightforward to verify this nilpotence when δθ acts on a single field. First, acting on a matter field,
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The product [image: image] in the second term on the right is antisymmetric in α and β, so we can replace tαtβ in this term with [image: image], and this term thus cancels the first term:
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Next, acting on a gauge field, we have
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The first two terms of the final expression cancel because Cαβγ is antisymmetric in β and γ, and the third and fourth terms cancel because of the Jacobi identity (15.1.5), so
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Eqs. (15.7.9) and (15.7.11) show immediately that
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and
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Finally,
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But the product [image: image], is antisymmetric, so the Jacobi identity (15.1.5) shows that this too vanishes
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Now consider a product of two fields [image: image]1 and [image: image]2, either or both of which may be ψ, A, ω, ω*, or h, not necessarily at the same point in spacetime. Then
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where the sign [image: image] is plus if [image: image]1 is bosonic, minus if [image: image]1 is fermionic. That is,
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Since as we have seen [image: image], the effect of a BRST transformation on s([image: image]1[image: image]2) is
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But s[image: image] always has statistics opposite to [image: image], so moving θ to the left in the first term on the right-hand side introduces a sign factor [image: image]:
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Continuing in this way, we see that BRST transformations are nilpotent acting on any product of fields at arbitrary spacetime points:
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Any functional F[[image: image]] can be written as a sum of multiple integrals of such products with c-number coefficients, so likewise
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This completes the proof of the nilpotency of the BRST transformation.

Now let us return to the verification of the BRST invariance of the action (15.7.6). First note that for any functional of matter and gauge fields alone, the BRST transformation is just a gauge transformation with infinitesimal gauge parameter
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Therefore the first term in Eq. (15.7.6) is automatically BRST-invariant:
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To calculate the effect of a BRST transformation on the rest of the action (15.7.6), note that its effect on the gauge-fixing function is just the gauge transformation (15.7.21), so
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or in terms of the quantity (15.7.3)
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(Note that [image: image] is a bosonic quantity, so there is no sign change in moving θ to the left here.) Also recall that [image: image]. Therefore the terms in the integrand of the ‘new’ action (15.7.6) other than [image: image] may be written
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or in other words
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where
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The nilpotence of the BRST transformation tells us immediately that the term sΨ as well as [image: image] is BRST-invariant.

In a sense the converse of this result also applies: we shall see in Section 17.2 that a renormalizable Lagrangian that obeys BRST invariance and the other symmetries of the Lagrangian (15.7.25) must take the form of Eq. (15.7.25), aside from changes in the values of various constant coefficients. But this is not enough to establish the renormalizability of these theories. BRST symmetry transformations act non-linearly on the fields, and in this case there is no simple connection between the symmetries of the Lagrangian and the symmetries of matrix elements and Greens functions. Using the external field methods developed in the next chapter, it will be shown in Section 17.2 that the ultraviolet divergent terms in Feynman amplitudes (though not the finite parts) do obey a sort of renormalized BRST invariance, which allows the proof of renormalizability to be completed.

Eq. (15.7.25) shows that the physical content of any gauge theory is contained in the kernel of the BRST operator (that is, in a general BRST-invariant term [image: image], modulo terms in the image of the BRST transformation (that is, terms of the form sΨ). The kernel modulo the image of any nilpotent transformation is said to form the cohomology of the transformation. There is another sense in which the physical content of a gauge theory may be identified with the cohomology of the BRST operator.12 It is a fundamental physical requirement that matrix elements between physical states should be independent of our choice of the gauge-fixing function fα, or in other words, of the functional Ψ in Eq. (15.7.25). The change in any matrix element [image: image]α[image: image]β[image: image] due to a change [image: image] in Ψ is
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(We use a tilde here to distinguish this arbitrary change in the gauge-fixing function from a BRST transformation or a gauge transformation.) We can introduce a fermionic BRST ‘charge’ Q, defined so that for any field operator Φ,
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or in other words,
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the sign being – or + according as Φ is bosonic or fermionic. The nilpotence of the BRST transformation then gives
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For this to be satisfied for all operators Φ, it is necessary for Q2 either to vanish or be proportional to the unit operator. But Q2 cannot be proportional to the unit operator, since it has a non-vanishing ghost quantum number7, so it must vanish:
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From Eqs. (15.7.27) and (15.7.28), we have
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In order for this to vanish for all changes [image: image] in Ψ, it is necessary that
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Thus physical states are in the kernel of the nilpotent operator Q. Two physical states that differ only by a state vector in the image of Q, that is, of form Q[image: image] ···[image: image], evidently have the same matrix element with all other physical states, and are therefore physically equivalent. Hence independent physical states correspond to states in the kernel of Q, modulo the image of Q — that is, they correspond to the cohomology of Q.

To see how this works in practice, let us consider the simple example of pure electrodynamics.8 Taking the gauge-fixing function as [image: image] and integrating over the auxiliary field h, the BRST transformation (15.7.8)–(15.7.10) is here
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We expand the fields in normal modes9
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Matching coefficients of [image: image] on both sides of Eq. (15.7.28) yields
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Consider any state [image: image]ψ[image: image] satisfying the physicality condition (15.7.31):
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The states [image: image] with one additional photon then satisfy the physicality condition [image: image]. Also, the state [image: image] satisfies
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so [image: image], and is therefore physically equivalent to [image: image]. From this we conclude that eμ is physically equivalent to eμ + αpμ, which is the usual ‘gauge-invariance’ condition on photon polarization vectors. On the other hand,
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so [image: image] does not satisfy the physicality condition (15.7.31). Also, for any eμ with e · p ≠ 0,
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so c*[image: image] is BRST-exact, and hence equivalent to zero. Thus the physical Hithert space is free of ghosts and antighosts.

To maintain Lorentz invariance, we must interpret all four components of aμ(p) as annihilation operators, in the sense that
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where [image: image]0[image: image] is the BRST-invariant vacuum state. But the canonical commutation relations derived from the BRST-invariant action (say, with ξ = 1) give
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corresponding to the propagator in Feynman gauge. This violates the usual positivity rules of quantum mechanics, because Eqs. (15.7.37) and (15.7.38) yield13
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Nevertheless we can rest assured that all amplitudes among physical states satisfy the usual positivity conditions, because these states satisfy Eq. (15.7.31), and for such states the transition amplitudes are the same as they would be in a more physical gauge like Coulomb or axial gauge, where there is no problem of positivity or unitarity.

The Faddeev–Popov–De Witt formalism described so far necessarily yields an action that is bilinear in the ghost fields [image: image] and ωα. This is adequate for renormalizable Yang–Mills theories with the gauge-fixing function [image: image] but not in more general cases. For instance, as we shall see in Section 17.2, in other gauges renormalizable Yang–Mills theories need ω*ω*ωω terms in the Lagrangian density to serve as counterterms for the ultraviolet divergences in loop graphs with four external ghost lines.

Fortunately the Faddeev–Popov–De Witt formalism represents only one way of generating a class of equivalent Lagrangians that yield the same unitary S-matrix. The BRST formalism provides a more general approach, that dispenses altogether with the Faddeev–Popov–De Witt formalism. In this approach, one takes the action to be the most general local functional of matter, gauge, ωA, ω*A and hA fields with ghost number zero that is invariant under the BRST transformation (15.7.7)–(15.7.11) and under any other global symmetries of the theory. (For renormalizable theories one would also limit the Lagrangian density to operators of dimensionality four or less, but this restriction plays no role in the following discussion.) In the next section we shall prove, in a context more general than Yang–Mills theories, that the most general action of this sort is the sum of a functional of the matter and gauge fields (collectively called [image: image]) alone, plus a term given by the action of the BRST operator s on an arbitrary functional Ψ of ghost number –1:
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as for instance in the Faddeev–Popov–De Witt action (15.7.25), but with sΨ now not necessarily bilinear in ghost and antighost fields.

By the same argument as before, the S-matrix elements for states that are annihilated by the BRST generator Q are independent of the choice of Ψ in Eq. (15.7.40), so if there is any choice of Ψ for which the ghosts decouple, then the ghosts decouple in general. In Yang–Mills theories, such a Ψ is provided by quantization of the theory in axial gauge, so in such theories ghosts decouple for arbitrary choices of the functional Ψ[[image: image],ω,ω*, h], not just those choices like (15.7.26) that are generated by the Faddeev–Popov–De Witt formalism.

We can go further, and free ourselves of all dependence on canonical quantization in Lorentz-non-invariant gauges like axial gauge. Again, take the action to be the most general functional of gauge, matter, ωA, ω*A and hA fields with ghost number zero, that is invariant under the BRST transformation (15.7.7)–(15.7.11) and under any other global symmetries of the theory, including Lorentz invariance. From the BRST invariance of the action we can infer the existence of a conserved nilpotent BRST generator Q. With the ghost and antighost fields treated as Hermitian, Q is also Hermitian. The space of physical states is defined as above as consisting of states annihilated by Q, with two states treated as equivalent if their difference is Q acting on another state. It has been shown that for Yang–Mills theories this space is free of ghosts and antighosts and has a positive-definite norm, and that the S-matrix in this space is unitary.13a

This procedure is known as BRST quantization. It has been extended to theories with other local symmetries, such as general relativity and string theories. Unfortunately, it seems so far to be necessary to give separate proofs in each case that the BRST-cohomology is ghost-free and that the S-matrix acting in this space is unitary. The key point in these proofs is that, for each negative-norm degree of freedom, such as the time components of the gauge fields in Yang–Mills theories, there is one local symmetry that allows this degree of freedom to be transformed away.

[image: image]

Although we shall not use it here, there is a beautiful geometric interpretation14 of the ghosts and the BRST symmetry that should be mentioned. The gauge fields [image: image] may be written as one-forms [image: image], where dxμ are a set of anticommuting c-numbers. (See Section 5.8.) This can be combined with the ghost to compose a one-form [image: image] in an extended space. Also, the ordinary exterior derivative [image: image] may be combined with the BRST operator s to form an exterior derivative [image: image] in this space, which is nilpotent because [image: image]

The next chapter will introduce external field methods, which will be used along with the BRST symmetry in Chapter 17 to complete the proof of the renormalizability of non-Abelian gauge theories.

15.8 Generalizations of BRST Symmetry10

The BRST symmetry described in the previous section has a useful generalization to the quantization of a wide class of theories, including general relativity and string theories. In all these cases, we deal with an action I[[image: image]] and measure [image: image] that are invariant under a set of infinitesimal transformations
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This is an abbreviated ‘De Witt’ notation, with r and A including spacetime coordinates as well as discrete labels, and sums including integrals over these coordinates. For instance, for the gauge transformation (15.1.9), the index A consists of a group index α and a spacetime coordinate x, with [image: image], while the index r consists of a vector index μ as well as a group index α and a spacetime coordinate x, with [image: image]; in the notation of Eq. (15.8.1), the variation [image: image] in the transformation (15.1.9) reads
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As in the special case of Yang–Mills theories discussed in the previous section, BRST invariance can be used as a substitute for the Faddeev–Popov–De Witt formulation of these theories, one that is applicable even where the Faddeev–Popov–De Witt approach fails. Nevertheless, in order to motivate the introduction of BRST invariance, we shall begin here with the Faddeev–Popov–De Witt formulation of theories with general local symmetries, and then go on to consider further generalizations.

By following the same arguments used to derive Eq. (15.5.21), we obtain the general Faddeev–Popov–De Witt theorem:
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where V[[image: image]] is an arbitrary functional of [image: image]r that is invariant under the gauge transformations (15.8.1); fA[[image: image]] are a set of gauge-fixing functionals11 of the [image: image]r, chosen so that the ‘matrix’ [image: image] has a non-vanishing determinant, and B[f] is a more-or-less arbitrary functional of the fA (as for instance [image: image]. The constant Ω is the volume of the gauge group, and the constant C is defined (as in Eq. (15.5.19)) by
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As we have seen, in gauge theories the importance of Eq. (15.8.2) is that it tells us that the integral on the right-hand side is independent of the choice of the gauge-fixing functionals fA and depends on B[f] only through the constant C. Where some meaning can be given to the usually infinite group volume Ω, as in gauge theories on a finite spacetime lattice, Eq. (15.8.2) can also have value as a formula for the integral on the left-hand side.

To define a nilpotent BRST transformation, we must first express the functional B[f] as a Fourier transform
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where [image: image]. Also, the determinant can be expressed as an integral over fermionic c-number fields12 ω*A and ωA:
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where [image: image], and as usual ‘[image: image]’ means proportional with field-independent factors. Inserting these in Eq. (15.8.2) gives a general formula for the gauge-fixed path integral
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where INEW is the new total action:
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As mentioned in Section 15.6, we can think of the ghost fields as compensation for the fact that we are integrating over all [image: image]r, including those [image: image]r that differ only by gauge transformations (15.8.1). Because ghosts are fermions, loops of ghost lines carry extra minus signs that allow these loops to compensate for the integration over gauge-equivalent [image: image]s. But for this to work, there must be just as many ghost fields ωA as there are independent gauge transformations. That is, since the ωA are independent, the gauge transformations (15.8.1) must all be independent. This is the case for gauge transformations in Yang–Mills theory and coordinate transformations in general relativity, but not always. The classic example of a theory with non-independent gauge transformations is the theory of p-form gauge fields, described in Section 8.8. A p-form A (an antisymmetric tensor of rank p) undergoes a gauge transformation A → A + d[image: image], where [image: image] is a (p – 1)-form, and d[image: image] is its exterior derivative (the antisymmetrized derivative). Because d is nilpotent, for p ≥ 2 we can shift [image: image] by an amount dψ without changing the gauge transformation, so there is a sort of invariance under gauge transformations of gauge transformations, in which the transformation parameters are the (p – 2)- forms ψ. In such cases we must compensate for introducing too many ghosts by also introducing ‘ghosts of ghosts.’15 For p ≥ 3 we need to compensate further by introducing ‘ghosts of ghosts of ghosts,’ and so on. In what follows we shall assume that the gauge transformations (15.8.1) are all independent, so that the ghost fields ωA (and the antighosts ω*A) are all we need.

Although the original symmetry (15.8.1) has been eliminated by the insertion of the non-gauge-invariant functional B[f], the new total action has an exact symmetry under the infinitesimal BRST transformations
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where χ is any of the [image: image]r, ωA, ωA* or hA; θ is an infinitesimal anticommuting c-number; and s is the Slavnov operator
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In Eq. (15.8.9) the subscript L denotes left differentiation, defined so that if [image: image], then [image: image], and fABC is the structure constant13 appearing in the commutation relation
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The fABC are field-independent in non-Abelian gauge theories and in string theories, though not always, but the BRST formalism is not limited to this case. A straightforward calculation gives
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Hence the condition that the BRST transformation be nilpotent is equivalent to the commutation relation (15.8.10), together with a consistency condition

[image: image]

where the brackets in subscripts indicate antisymmetrization with respect to the enclosed indices B, C, and D. Eq. (15.8.12) may be derived from the commutation relation (15.8.10) in the same way as the usual Jacobi identity, and takes the place of the Jacobi identity for symmetries with field-dependent structure constants.

To show that the transformation (15.8.8) is a symmetry of INEW, we note (recalling that θ anticommutes with ω*A) that Eq. (15.8.7) may be rewritten








	
[image: image]


	
(15.8.13)








The term I[[image: image]] is BRST-invariant, because on the fields [image: image]r a BRST transformation is just a gauge transformation (15.8.1) with [image: image]A replaced with θωA, which commutes with all [image: image]r. The term [image: image] is BRST-invariant because BRST transformations are nilpotent.

For several reasons we may need to consider a wider class of actions than those that can be constructed by the Faddeev–Popov–De Witt approach, by simply requiring that the action is invariant under the BRST transformation (15.8.8). As a step toward showing that such an action yields physically sensible results, we shall now prove the general result (already used in the previous section) that the most general BRST-invariant functional of ghost number zero is the sum of a functional of the [image: image] alone, plus a term given by the action of the BRST operator s on an arbitrary functional Ψ of ghost number –1:
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as for instance in the Faddeev–Popov–De Witt action (15.8.13). In brief, the BRST cohomology consists of gauge-invariant functionals I[[image: image]] of the fields [image: image]r alone.

To prove Eq. (15.8.14), we note that the BRST transformation (15.8.8)–(15.8.9) does not change the total number of hA and ω*A fields, so if we expand I in a series of terms IN that contain definite total numbers N of hA and ω*A fields, then there can be no cancellations in sI between terms with different N, so each term must be separately BRST-invariant:
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We next introduce what is called a Hodge operator:
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It is straightforward to check the anticommutation relation
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Applying the operator {s, t} to IN and using Eq. (15.8.15) then gives
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so each IN except for I0 is BRST-exact, in the sense that it may be written as the operator s acting on some other functional. The complete functional I may therefore be written in the form I0 + sΨ, with
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The term I0 is by definition independent of ω*A and hA, and since we assume it has zero ghost number it must also be independent of ωA, as was to be proved.

To show the invariance of physical matrix elements under changes in the definition of the gauge-fixing functional Ψ, we define a fermionic ‘charge’ Q, such that the change under a BRST transformation of any operator Φ is
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with the top or bottom sign in [image: image] according as Φ is bosonic or fermionic. Just as in the previous section, the nilpotence of the BRST transformation then tells us that Q2 = 0. Matrix elements of gauge-invariant operators between physical states will be independent of the choice of Ψ if and only if the physical states [image: image]α[image: image] and [image: image]β[image: image] satisfy
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so that physically distinguishable physical states are again in one-to-one correspondence with elements of the cohomology of Q. The general BRST-invariant action (15.8.14) will therefore yield physically sensible results for any gauge-fixing functional Ψ if we can find some Ψ, like axial gauge in Yang–Mills theories, in which the ghosts do not interact with other fields. If this ghost-free choice of Ψ is inconvenient for actual calculation, as for instance axial gauge is inconvenient because it violates Lorentz invariance, we can adopt any gauge-fixing Ψ we like, and still be confident that there is a unitary S-matrix with no ghosts in initial or final states.

This approach works well in string theories, where so-called light-cone quantization takes the place of axial gauge. But in other theories like general relativity there is no way of choosing a coordinate system in which the ghosts decouple. Such theories may be dealt with by the BRST-quantization method described at the end of the previous section, using BRST invariance to prove that the S-matrix in a physical ghost-free Hilbert space is unitary.

The discovery17 of invariance under an ‘anti-BRST" symmetry18 showed that, despite appearances, there is a similarity between the roles of ωA and ω*A, which remains somewhat mysterious.

15.9 The Batalin–Vilkovisky Formalism14

This section will describe a powerful formalism, widely known as the Batalin–Vilkovisky19 method. It is developed in the Lagrangian framework, but has its roots in the earlier Batalin–Fradkin–Vilkovisky formalism,20 which had been derived in the Hamiltonian framework. (The two schemes have been proved perturbatively equivalent.21) As we shall see in Section 17.1, the same formal machinery had been developed even earlier by Zinn-Justin22 in order to deal with the renormalization of gauge theories. There are at least three areas where this formalism has proved invaluable:

(i) Up to this point, we have considered only irreducible symmetries with an algebra that closes in the sense of Eq. (15.8.10). In some theories, such as supergravity (without auxiliary fields)23 the algebra is open: it closes only when the field equations are satisfied, so that terms appear in Eq. (15.8.10) proportional to [image: image]. Similar terms will also then appear in the consistency conditions (15.8.12). Eq. (15.8.11) then shows that in such theories s2 will not vanish, but rather will equal a linear combination of the derivatives [image: image]. As we will see in this section, the Batalin–Vilkovisky method allows us to deal with very general gauge theories, including those with open or reducible gauge symmetry algebras.

(ii) As mentioned above, essential aspects of the Batalin–Vilkovisky formalism were originally developed by Zinn-Justin in order to prove the renormalizability of gauge theories. The crucial point, to be explained in Section 17.1, is that although the sum of all one-particle-irreducible diagrams in a background field does not obey the BRST symmetries of the original action, it does share one of the key properties of the action, known as the master equation.

(iii) The Batalin–Vilkovisky method provides a convenient way of analyzing the possible violations of symmetries of the action by quantum effects. It is used for this purpose in Section 22.6

The starting point of the Batalin–Vilkovisky formalism is the introduction of what are called ‘antifields,’ one for each field in the theory. We let χn run over all the fields [image: image]r, ωA, ω*A, and hA, and for each χn we introduce an external antifield15 [image: image], with the same Bose or Fermi statistics and opposite ghost number as that of the BRST-transformed field sχn. That is, [image: image] has the opposite statistics to χn, and a ghost number equal to –gh(χn) – 1, where gh(χn) is the ghost number of χn. In the simplest cases, including Yang–Mills theories and quantum gravity, the original gauge-invariant action I[[image: image]] is supplemented with a term coupling the antifields [image: image] to the sχn, giving an action
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This satisfies what is called the master equation








	
[image: image]


	
(15.9.2)








with ‘R’ and ‘L’ here denoting right- and left-differentiation. To check this, note that the terms in Eq. (15.9.2) of zeroth order in antifields just yield the condition of gauge invariance
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while the terms linear in the antifields [image: image] provide the condition of nilpotence :
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The [image: image] are external fields, and must be given suitable values before we use [image: image] to calculate the S-matrix. For this purpose, we introduce an arbitrary fermionic functional Ψ[χ] with ghost number –1, and set16
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Then Eq. (15.9.1) becomes
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Comparison with Eq. (15.8.14) shows that this is the same as the gauge-fixed action INEW[χ]. Thus, using the same arguments as in the previous section, physical matrix elements are not affected by small changes in Ψ. The action (15.8.7) constructed by the Faddeev–Popov–De Witt method corresponds to the choice [image: image], for which [image: image], [image: image], and [image: image].

So far, nothing new has been accomplished. The first new point is that the master equation (15.9.2) can be used for more general theories by letting [image: image] be a non-linear functional of the antifields [image: image]. (For reducible theories we must also include ghosts for ghosts among the χn, as discussed in the previous section, along with their antifields.) As above, we take the statistics of [image: image] to be opposite to that of χn, and its ghost number equal to – gh(χn) – 1, and we require [image: image] to be a bosonic operator of ghost number zero. Because ω*A and hA have linear BRST transformations they are unaffected by the complications affecting the other χn (in this connection, see Section 16.4), so they and their antifields enter in the action [image: image] in the same way as in Eq. (15.9.1). That is,








	
[image: image]


	
(15.9.7)








where [image: image] and [image: image] are the antifields of [image: image]r, ωA, and ω*A, with ghost numbers –1, –2, and 0, respectively, and[image: image] is some bosonic functional of ghost number zero. The last term in (15.9.7) has no effect on the master equation, so Smin satisfies the master equation by itself.17

Because Smin has ghost number zero, its expansion in powers of antifields must take the form
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The term in the master equation (15.9.2) of zeroth order in antifields (and hence first order in ωA yields
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which is just the statement that I[[image: image]] is invariant under the transformation
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with [image: image]A arbitrary infinitesimals. The term in the master equation proportional to [image: image] on the right and ωA ωB on the left yields
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which, when the field equations [image: image] are satisfied, becomes the commutation relation (with structure constant [image: image] for the transformation (15.9.10). The other term in the master equation linear in antifields is proportional to ωAωBωC on the left and [image: image] on the right; it yields

[image: image]

where square brackets in the subscripts indicate antisymmetrization with respect to the enclosed indices A, B, and C. When the field equations are satisfied this becomes the generalized Jacobi identity (15.8.12). Eq. (15.9.11) is necessary for the consistency of the symmetry condition (15.9.9) (assuming that the [image: image] furnish a complete set of gauge symmetries), while Eq. (15.9.12) is necessary for the consistency of the commutation relations (15.9.11). Note that the terms in Eqs. (15.9.11) and (15.9.12) that arise from the terms in Smin quadratic in antifields are proportional to [image: image], so they vanish when the field equations are satisfied, and in this sense are characteristic of open symmetry algebras. Terms in the master equation of second or higher order in antifields involve terms in Smin that are of third and/or higher order in antifields. These provide consistency conditions for Eqs. (15.9.11) and (15.9.12), consistency conditions for these consistency conditions, and so on. It is a virtue of the Batalin–Vilkovisky formalism that all these consistency conditions are incorporated in the one master equation.

The master equation may be reinterpreted as a statement of invariance of S under a generalized BRST transformation. In order to see this, and for future purposes, it is useful to introduce a formal device known as the antibracket. Returning now to our previous notation, the antibracket of two general functionals [image: image] and [image: image] is defined by
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Note that right- and left-functional derivatives of a bosonic functional like S with respect to a bosonic or fermionic field variable are equal to each other or negatives of each other, respectively. Since just one of either [image: image] or χn is always fermionic and the other bosonic, it follows that for the antibracket (S,S) the second term on the right-hand side in Eq. (15.9.13) changes sign if we reverse left- and right-differentiation

[image: image]

(The last step is allowed because, since one of the factors here is bosonic, their order is immaterial.) We see that the second term on the right in Eq. (15.9.13) for (S, S) is the negative of the first. The master equation (15.9.2) may therefore be written as the requirement that the antibracket of S with itself vanishes:
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This is a non-trivial requirement, because the antibracket has the general symmetry property
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the sign being +1 where F and G are both bosonic, and –1 otherwise. In particular, (F, F) automatically vanishes if F is fermionic, but not if F is bosonic.

The generalized BRST transformation is defined by
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where θ is a fermionic infinitesimal constant. (When S is of the form (15.9.1), the transformation of χ is the same as the original BRST transformation [image: image].) To evaluate the effect of this transformation on general functionals, we note that the antibracket acts as a derivative, in the sense that
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where the sign is –1 if G is fermionic and F is bosonic, and +1 otherwise. Hence if G and H are arbitrary functionals of χ and χ‡ with [image: image] and [image: image], then

[image: image]

where the sign is + or – if G is bosonic or fermionic. Taking F in Eq. (15.9.18) equal to the bosonic functional S, we see then that
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Together with Eqs. (15.9.16) and (15.9.17), this shows that for any functional F formed as a sum of products of fields and antifields
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The master equation (15.9.14) may be interpreted as the statement that these generalized BRST transformations leave S invariant
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Like the original BRST transformation, this symmetry transformation is nilpotent. To see this, we use the Jacobi identity for the antibracket:
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where the sign in the first term is – if F and H are bosonic and + otherwise, with corresponding signs for the other two cyclic permutations of F, G, and H. Taking F = G = S, Eq. (15.9.21) becomes
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where the sign is – or + if H is bosonic or fermionic. The master equation (15.9.14) then yields the nilpotency condition
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Because of this symmetry, the solution of the master equation is not unique. For instance, Eq. (15.9.22) shows that for any given solution S we can find another solution given by the infinitesimal transformation
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with δF an infinitesimal functional of χ and χ‡ that is arbitrary, except that it must be fermionic and have ghost number –1 in order that S′ should be bosonic and have ghost number zero. In particular, taking δF to be a fermionic functional etP of xn alone gives
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These infinitesimal transformations may be trivially integrated, and show that the master equation is still satisfied if we shift the antifields to new variables [image: image].

The transformation (15.9.23) is a special case of what are usually called canonical transformations, and will here be called ‘anticanonical transformations’ to distinguish them from the canonical transformations of Chapter 7. An anticanonical transformation is any transformation of fields and antifields, finite or infinitesimal, that leaves unchanged the fundamental antibracket relations:
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For instance, consider the infinitesimal anticanonical transformation generated by an infinitesimal fermion generator δF, under which any bosonic or fermionic functional G is transformed into
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It is easy to show that this does not change the fundamental antibrackets (15.9.25). For this purpose, note that the antibracket (G, H) of two functionals G and H is transformed into (G′, H′), which to first order in infinitesimals is
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Using the Jacobi identity (15.9.21), this is
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with the sign + if G and H are both bosonic, and – otherwise. In particular, if (G, H) is a c-number then it is unchanged by an anticanonical transformation. (This is another way of seeing that the transformation (15.9.23) leaves the master equation unchanged.) The fields and antifields have c-number antibrackets (15.9.25), so the same must be true for the transformed fields and antifields.

To calculate the S-matrix we must give some definite value to the antifields. As in the simple case of closed gauge algebras where S is of the linear form (15.9.5), we can do this by taking the antifields in the form (15.9.5); that is, we calculate the S-matrix using the ‘gauge-fixed’ action
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where Ψ[χ] is a fermionic functional of ghost number –1. According to the remarks following Eq. (15.9.24), this is the same as taking the canonically transformed antifields χ‡′ equal to zero.

The gauge-fixed action is invariant under a BRST transformation that acts on fields χn alone:
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To check this, note that
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The first term on the right-hand side vanishes as a result of the master equation, and the second because the summand is antisymmetrict18 in m and n.

For closed algebras with S of the form (15.9.1), the transformation (15.9.29) is the original BRST transformation [image: image]. But for general open algebras, the transformation (15.9.29) is not the same as the original BRST transformation, and in general is not even nilpotent unless the field equations are satisfied. Instead, from the terms in the master equation of first order in the shifted antifields [image: image], we find
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with the sign – or + if χm is bosonic or fermionic, respectively. Again, we see that the dependence on the field equations characteristic of open gauge algebras is associated with terms in S quadratic in the antifields.

Until now we have been considering only the formulation of a classical field theory based on an open or closed gauge algebra. Now we must consider how quantum mechanical calculations are done in such theories. Physical matrix elements may be calculated by functional integrals weighted with [image: image], where as explained above, [image: image] is obtained from [image: image] by setting [image: image], or in other words [image: image]. We wish to evaluate the effect of a change in Ψ[χ] on these matrix elements. First consider the vacuum–vacuum amplitude
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Under a shift δΨ[χ] in Ψ[χ] this changes by an amount
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Integrating by parts in field space, this becomes
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where
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We see that the condition for the Ψ independence of the vacuum–vacuum amplitude is in general not the master equation (15.9.2), but rather what is called the quantum master equation
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In cgs units a factor 1/[image: image] would accompany each factor of [image: image], so the second term in Eq. (15.9.35) would have a coefficient –2i[image: image] in place of –2i Thus whenever the quantum master equation (15.9.35) is satisfied, the term in S of zeroth order in [image: image] satisfies the original master equation (15.9.2). Usually it is easy to construct an action that satisfies the classical master equation, so that the first term in Eq. (15.9.35) vanishes, and the question is then whether the second term also vanishes. The case where the quantum master equation is not satisfied by a local action is considered in Chapter 22, on anomalies.

Assuming the quantum master equation (15.9.35) to be satisfied, the change in the vacuum expectation value of an operator [image: image][χ] due to a change δΨ in Ψ is
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The coefficient of the exponential in the integrand in Eq. (15.9.36) is just s[image: image][χ]. We see that expectation values of operators that are invariant19 under the generalized BRST transformation (15.9.16)–(15.9.17) are unaffected by a change in the gauge-fixing fermion Ψ. Corresponding results hold for vacuum expectation values of two or more operators.

Appendix A A Theorem Regarding Lie Algebras

In this appendix we consider a general Lie algebra with [image: image] generators tα and structure constants [image: image], and prove the equivalence of three conditions:

a: There exists a real symmetric positive-definite matrix [image: image] that satisfies the invariance condition
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(This is the condition (15.2.4) shown in Section 15.2 to be necessary on physical grounds.)

b: There is a basis for the Lie algebra (that is, a set of generators [image: image] = [image: image], with [image: image] a real non-singular matrix) for which the structure constants [image: image] are antisymmetric not only in the lower indices β and γ but in all three indices α, β and γ.

c: The Lie algebra [image: image] is the direct sum of commuting compact simple and U(1) subalgebras [image: image]m.

We shall prove the equivalence of statements a, b, and c by showing that a implies b, b implies c, and c implies a. As a by-product, we shall also show that if these conditions are satisfied, then it is possible to choose the generators of [image: image] as tma, with m labelling the simple or U(1) subalgebra [image: image]m to which tma belongs and a labelling the individual generators in this subalgebra, and with the matrix gma,nb that satisfies Eq. (15.A.1) taking the form
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where the [image: image] are arbitrary real positive constants.

First, let us assume a, the existence of a real symmetric positive-definite [image: image] satisfying the invariance condition (15.A.1). We may then define new generators
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in which the existence of a real inverse square-root matrix g–1/2 is guaranteed by the positive-definiteness of [image: image]. These satisfy a Lie algebra
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where
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(In this basis it is convenient to drop the distinction between upper and lower indices α, β, etc., and write [image: image] in place of [image: image].) Then Eq. (15.A.1) tells us that [image: image] is antisymmetric in α and γ as well as in γ and δ, and hence is totally antisymmetric, verifying b.

Next let us assume b, the existence of a basis for the Lie algebra for which the structure constants are totally antisymmetric. In this basis, the matrices [image: image] of the adjoint representation are imaginary and antisymmetric, and hence Hermitian. According to a general theorem about Hermitian matrices,20 the [image: image], are then either irreducible or totally reducible.

By an irreducible set of N × N matrices [image: image] is meant a set for which there exists no subspace of dimensionality < N that is left invariant by all the [image: image] — that is, no set of less than N non-zero vectors (ur)β for which [image: image] is for each α and r a linear combination of vectors (us)β. Since the matrices [image: image] are proportional to the structure constants in this basis, this is equivalent to the statement that there is no set of linear combinations [image: image] that is closed under commutation with all the [image: image], that is, for which [[image: image], [image: image]r] is for each α and r a linear combination of the [image: image]s. Such a set of matrices [image: image]r would furnish the generators of an invariant subalgebra of the full Lie algebra; the absence of such a set means that the Lie algebra is simple.

By a totally reducible set of matrices [image: image], is meant one that by a suitable choice of basis may be written as block-diagonal supermatrices
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where the submatrices tA(m)α are either irreducible or vanish.21 Adopting this basis also for the Lie algebra itself, the structure constants are then
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But since this is totally antisymmetric, and proportional to δmn, it must also be proportional to δℓn and δℓm:
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In other words, for any representation [image: image] of the Lie algebra in this basis, we have
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with [image: image] real and totally antisymmetric in the indices a,b,c. The fact that it is possible to construct a basis in which the generators fall into sets t(m), with the commutators of the generators in one set with each other given by a linear combination of generators in that set, and with all members of one set commuting with all members of any other set, is what we mean when we say that the Lie algebra is a direct sum of the subalgebras t(m). For each m, the set of matrices of the adjoint representation t(m)A is either irreducible or zero, corresponding to a subalgebra that is either simple or consists of so-called U(1) generators, which commute with all generators of the whole algebra.

We have thus shown that the most general Lie algebra with totally antisymmetric real structure constants is a direct sum of one or more simple and/or U(1) Lie algebras. Furthermore, the simple subalgebras are compact, in the sense that each matrix [image: image] is positive-definite, because for any real vector ua, [image: image] is a sum of positive quantities, which cannot vanish unless ua = 0, since for ua ≠ 0 the condition that [image: image] would imply that [image: image] is itself an invariant Abelian subalgebra, in contradiction with the fact that the t(m)a form a simple Lie algebra. This completes the proof of c.

Finally, let us assume c, that we have a Lie algebra that is the direct sum of a set of simple or U(1) Lie algebras; that is, in some basis [image: image] with real non-singular [image: image], we have

[image: image]

where each subalgebra t(m) is either simple or commutes with everything. We furthermore assume that the simple subalgebras are compact, in the sense that the matrices
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are positive-definite. To construct a real positive-definite matrix gαβ satisfying Eq. (15.A.1), in the basis of generators [image: image], we take








	
[image: image]


	
(15.A.11)








where [image: image] is taken as the matrix (15.A.10) when t(m) is a simple subalgebra, and is taken as an arbitrary real symmetric positive-definite matrix when t(m) is a direct sum of one or more U(1) subalgebras. The matrix (15.A.11) is obviously real, symmetric, and positive-definite because each [image: image] is. To check the requirement (15.A.1), recall the Jacobi identity for the structure constants:
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and contract with [image: image]. After renaming the summation indices in the third term so that [image: image] and using Eq. (15.A.10), the result for the simple subalgebras may be written:
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The important point is that this shows that the left-hand side is antisymmetric in a and f:
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The same result holds trivially for the U(1) subalgebras, where the structure constants vanish. The symmetry condition (15.A.1) follows immediately from Eq. (15.A.13), thus completing the proof of a. This concludes our proof of the equivalence of statements a, b, and c.

Now we come back to the matrix [image: image]. With totally antisymmetric structure constants, the invariance condition (15.2.4) may be expressed as the statement that this matrix commutes with all the matrices in the adjoint representation of the Lie algebra
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We have seen that all [image: image] can be put in block-diagonal form, with irreducible (or zero) submatrices along the main diagonal. A well-known theorem25 tells us that then [image: image] must also be block-diagonal, with blocks of the same size and position as in the tAγ, and with the submatrix in each block proportional to the unit matrix. (Where two of the submatrices in the tAγ are equivalent, in the sense that they can be related by a similarity transformation, it may be necessary to make a suitable change of basis in order to bring the submatrices of [image: image]. into a form proportional to unit matrices.) In the notation of Eq. (15.A.11), the metric is then given by Eq. (15.A.2).

Appendix B The Cartan Catalog

We present here without proof the complete catalog of simple Lie algebras, worked out in its final form by E. Cartan.26 These will be presented here in their ‘compact’ form — that is, with generators that can be faithfully represented by finite-dimensional Hermitian matrices. The Lie algebras will be labelled with a subscript n ≥ 1 indicating their ‘rank’ — the number of independent commuting linear combinations of generators.

An: This is the algebra of the special unitary group SU(n + 1), the group of all unitary (U† = U–1) unimodular (Det U = 1) matrices in n + 1 dimensions. Any such matrix that is infinitesimally close to the identity may be expressed as

[image: image]

with infinitesimal H satisfying the conditions

[image: image]

so An is the Lie algebra of all Hermitian traceless matrices in n + 1 dimensions. Any set of commuting Hermitian matrices may be simultaneously diagonalized, and the maximum number of independent diagonal traceless matrices in n + 1 dimensions is n, so this is the rank of An. Any Hermitian matrix in n + 1 dimensions has (n + 1)2 independent real parameters (n + 1 real numbers on the main diagonal, and n(n + 1)/2 complex numbers above the main diagonal, equal to the complex conjugates of those below it), and one of these is eliminated by the tracelessness condition, so the dimensionality of An is

[image: image]

All of the An are simple.

Bn: This is the algebra of the unitary orthogonal group O(2n + 1), consisting of all unitary ([image: image]† = [image: image]–1) and orthogonal ([image: image]T = [image: image]–1) and hence real matrices in 2n + 1 dimensions. (The restriction to unitary matrices is sometimes indicated by calling the group UO(2n + 1).) Any such matrix [image: image] that is infinitesimally close to the identity may be expressed as

[image: image]

where A is an infinitesimal matrix satisfying the conditions

[image: image]

(It would make no difference here if we restricted ourselves to the subgroup SO(2n+1), for which [image: image] is subject to the further condition Det [image: image] = 1, since any orthogonal matrix [image: image] that is close to the identity would have Det [image: image] = 1 anyway.) Any set of commuting imaginary antisymmetric (2n + 1)-dimensional matrices may (by a common orthogonal transformation) be put in the form of a supermatrix

[image: image]

where σ2 is the usual 2 × 2 matrix

[image: image]

and a1, ···, an are real. The rank of Bn is thus evidently n. An imaginary antisymmetric matrix is completely specified by the imaginary numbers above the real diagonal, so its dimensionality is

[image: image]

All of the Bn are simple.

There is an alternative definition of O(N) that will help in understanding the motivation for the next large set of simple Lie algebras. Instead of defining O(N) as the group of N-dimensional real matrices that satisfy the orthogonality condition [image: image]T [image: image] = 1, it can just as well be defined as the group of N-dimensional real matrices [image: image] that satisfy the condition

[image: image]

where [image: image] is an arbitrary positive-definite real symmetric matrix. This is because any such [image: image] may always be expressed as [image: image] = [image: image]T[image: image] with [image: image] some real non-singular matrix, so there is a similarity transformation that takes any matrix [image: image] satisfying the above condition into a real orthogonal matrix, [image: image][image: image][image: image]–1. Thus we may let [image: image] be various different real symmetric positive-definite matrices without changing the group.

Cn: This is the algebra of the unitary symplectic group USp(2n), the group of unitary matrices [image: image] that leave an antisymmetric non-singular matrix [image: image] invariant:

[image: image]

(Note that in d dimensions, Det [image: image] = Det [image: image]T = (–)dDet [image: image], so if d is odd then Det [image: image] must vanish. Thus there is no USp(d) unless d is even.) Any such antisymmetric non-singular (perhaps complex) matrix [image: image] may be written in the standard form

[image: image]

where [image: image] is unitary and [image: image]0 is the supermatrix:

[image: image]

(Alternatively, we could take [image: image]0 as a block-diagonal supermatrix, with σ2s along the main diagonal.) Hence USp(2n) may be described as the group of unitary matrices [image: image]satisfying

[image: image]

since by a unitary transformation any such [image: image] can be transformed into a unitary matrix [image: image] = [image: image]–1 [image: image][image: image] that satisfies the previous condition [image: image]T [image: image][image: image] = [image: image]. Any such matrix [image: image] that is infinitesimally far from the identity may be written

[image: image]

where [image: image] is an infinitesimal matrix satisfying the conditions

[image: image]

The most general 2n-dimensional matrix [image: image] satisfying these conditions may be written as a supermatrix

[image: image]

where the n-dimensional complex submatrices d, [image: image],[image: image] satisfy

[image: image]

A maximal set of commuting generators have [image: ] diagonal and [image: ] zero, and so are of the form

[image: image]

with al,··· , an real. The rank of Cn is thus evidently n. The dimensionality of Cn is the number n2 of independent real parameters in the Hermitian matrix [image: image], plus the number 2n(n + 1)/2 of independent real parameters in the complex symmetric matrix [image: image]

[image: image]

All of the Cn algebras are simple.

Dn: This is the algebra of the unitary orthogonal group O(2n), consisting of all unitary orthogonal matrices in 2n dimensions. The discussion of Bn can be carried over to Dn, except that here any set of commuting generators can be put in the form

[image: image]

so the rank is still n. Also, the dimensionality here is

[image: image]

All of the Dn are simple except for D1, which is the Abelian algebra with just one generator, and D2, which is the direct sum B1 + B1.

Exceptional Lie Algebras: In addition to the above classical Lie algebras, there are just five special cases, the algebras G2(d = 14); F4(d = 52); E6(d = 78); E7(d = 133); E8(d = 248).

Not all of the classical Lie algebras are really different. There are just four isomorphisms

[image: image]

These correspond to isomorphisms among Lie groups of which these are the algebras. However, isomorphisms like B1 = A1, B2 = C2, and D3 = A3 do not mean that SO(3) is isomorphic to SU(2), or that SO(5) is isomorphic to USp(4), or that SO(6) is isomorphic to SU(4). Instead, SU(2),USp(4), and SU(4) are the simply connected covering groups of SO(3), SO(S), and SO(6). (Covering groups are discussed in Chapter 2.) Nevertheless, the isomorphisms of the Lie algebras make it especially easy to construct the double-valued fundamental spinor representations of SO(3), SO(5), and SO(6); they are just the defining representations of SU(2), USp(4), and SU(4), respectively. Also SO(4) is isomorphic to SO(3) × SO(3), so its double-valued spinor representation is just the defining representation of SU(2) × SU(2). For d ≥ 7 the double-valued spinor representations of SO(d) must be constructed by other means. The simplest technique uses Clifford algebras, discussed in Section 5.4.

Problems

1.   Derive the Bianchi identity

[image: image]

2.   Suppose we use generalized Coulomb gauge in a non-Abelian gauge theory, taking the gauge-fixing function as [image: image]. Derive the ghost Lagrangian. What is the ghost propagator? (Take B[f] = [image: image].)

3.   Suppose that in electrodynamics we use a gauge-fixing function [image: image], with c an arbitrary constant. Derive the ghost Lagrangian. (Take B[f] = [image: image].) What is the ghost propagator?

4.   Show that there is no simple Lie algebra with just four generators.

5.   Show that if a field [image: image] belonging to a representation of a gauge group with generator matrices tα varies along a path [image: image] according to the differential equation

[image: image]

(with both [image: image] and Aαμ(x) classical c-number fields) then the change in ψ around any small closed path [image: ] around a point Xμ is proportional to

[image: image]

Find the constant of proportionality. Use this result to show that if Fαμv(x) vanishes everywhere then it is possible by a gauge transformation to make Aαμ(x) vanish throughout at least a finite region. (Hint: Follow the analogous argument in electrodynamics, or in general relativity, as in Ref. 6.)

6.   Applying path-integral methods to a general non-Abelian gauge theory, calculate the propagator of the gauge field Aαμ(x) if we choose a gauge-fixing functional [image: image], with nμ arbitrary constants. (Take B[f] = [image: image].) What is the ghost Lagrangian? What is the ghost propagator? What is the ghost interaction vertex?

7.   Suppose we adopt BRST invariance instead of gauge invariance as a fundamental physical principle. Derive the most general Lagrangian density constructed from sums of products of fields and field derivatives of dimensionality (mass)d with d ≤ 4, constructed from [image: image], and/or their derivatives, that is invariant (up to total derivatives) under Lorentz transformations, ghost number phase transformations [image: image], global gauge transformations ([image: image]α constant), and BRST transformations.

8.   Show that the antibracket satisfies the symmetry condition (15.9.15) and the Jacobi identity (15.9.21).

9.   Show that if a functional O satisfies the condition [image: image] and the action S satisfies the quantum master equation then the quantum average [image: image]O[image: image] is independent of the gauge-fixing functional Ψ.
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1   Of course, both local gauge invariance and general covariance can be realized in a trivial way, by taking Aμ(x) and gμv(x) to be non-dynamical c-number functions that simply characterize a choice of phase or coordinate system, respectively. These symmetries become physically significant when we treat Aμ(x) and gμv(x) as dynamical fields, over which we integrate in calculating S-matrix elements.

2   In this book we shall generally label symmetry generators with letters α, β, etc. from the beginning of the Greek alphabet, in order to keep these labels distinct from the indices μ, v, etc. from the middle of the Greek alphabet that are used to label spacetime coordinates. Later, in dealing with broken symmetries, we will often use letters a, b, etc. from the beginning of the Latin alphabet to label generators of spontaneously broken symmetries, and letters i, j, etc. from the middle of the Latin alphabet to label generators of unbroken symmetries.

3   As discussed in the next section, in writing Eq. (15.1.10) we are tacitly supposing that any coupling-constant factors like the electric charge are included in the tβ, and hence also in the structure constants.

4   Some definitions: A subalgebra [image: image] of a Lie algebra [image: image] is a linear space, spanned by certain real linear combinations [image: image] of the generators tα of [image: image] such that [image: image] is itself a Lie algebra, in the sense that the commutators of the ti with each other are of the form [image: image]. A subalgebra [image: image] is called invariant if the commutator of any element of the whole algebra [image: image] with any element of the subalgebra [image: image] is in the subalgebra [image: image]. A simple Lie algebra is one without invariant subalgebras. A U(1) subalgebra of [image: ] is one with just a single generator that commutes with all generators of the whole algebra [image: image]. A semi-simple Lie algebra is one that has no invariant Abelian subalgebras, i.e., invariant subalgebras whose generators all commute with each other. Semi-simple Lie algebras are direct sums of simple (but not U(1)) Lie algebras. A simple or semi-simple Lie algebra is said to be compact if the matrix [image: image] is positive-definite. The meaning and importance of the properties of simplicity and compactness will be discussed further below. In saying that a Lie algebra [image: image] is a direct sum of subgroups [image: image]n, it is meant that it is possible to find a basis for [image: image] with generators tna for which the structure constants take the form

[image: image]

where C(n)cab is the structure constant of the subalgebra [image: image]n.

5   In addition to purely algebraic complications, Coulomb gauge (like many other gauges) has a problem known as the Gribov ambiguity:9 even with the condition that Aα vanishes at spatial infinity, for each solution of the Coulomb gauge condition [image: image] there are other solutions that differ by finite gauge transformations. The Gribov ambiguity will not bother us here, because we quantize in axial gauge where it is absent, and we shall use other gauges like Lorentz gauge only to generate a perturbation series.

6   In the original work on BRST symmetry the functional B[f] was left in the form (15.7.4), so that hα, was replaced in Eq. (15.7.9) with –fα/ξ, and the BRST transformation was only nilpotent when acting on functions of ωα and the gauge and matter fields, but not of [image: image].

7   Recall that the ghost quantum number is defined as +1 for ωα, –1 for [image: image], and 0 for all gauge and matter fields.

8   Eqs. (15.6.11) and (15.6.7) show that because the structure constants vanish in electrodynamics, the ghosts here are not coupled to other fields. Nevertheless, electrodynamics provides a good example of the use of BRST symmetry in identifying physical states. Indeed, in analyzing the physicality conditions on ‘in’ and ‘out’ states we ignore interactions, so for this purpose a non-Abelian gauge theory is treated like several copies of quantum electrodynamics.

9   Just as ω*(x) is not to be thought of as the Hermitian adjoint of ω(x), b* and c* are not the adjoints of c and b. But since Aμ(x) is Hermitian, ω(x) is Hermitian if Q is.

10   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

11   We use the same letters A, B, etc. to label the fA as the gauge variations δA, in order to emphasize that there must be as many gauge-fixing functionals as there are independent gauge transformations. However, in some cases like string theory it is natural to use gauge-fixing functionals fa for which, although the index a runs over ‘as many’ values as the index A on the gauge variations δA, the values taken by these indices are quite different. No change is needed in the present formalism as long as we can define fA = cAafa, with cAa field-independent and non-singular.

12   It is common in string theories and elsewhere to find the ghost fields ω*A and ωA written bA (or bA) and cA, respectively.

13   For instance, for a gauge transformation acting on a matter field ψ(x) we have [image: image], and so [image: image]. Hence in this case we have faxpy [image: image].

14   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

15   The symbol ‡ is used here in place of the more usual * in order to emphasize that it has nothing whatever to do with complex conjugation or charge conjugation. In particular, the antighost field ω*A is not the same as the antifield [image: image] of ωA.

16   It is not necessary to distinguish between left- and right-differentiation here, because either χn or δΨ / δχn must be bosonic.

17   The fields [image: image] are sometimes called minimal variables, while fields like ω*A and hA which together with their antifields enter bilinearly as in Eq. (15.9.7), are called trivial pairs.

18   For χn and χm both bosonic this is because δS / χn and δS / χm anticommute. For one of χn and χm fermionic and the other bosonic, this is because the right- and left-derivatives of S with respect to whichever χ is fermionic have opposite signs. The terms with χn and χm both fermionic are antisymmetric because for these terms [image: image] is antisymmetric.

19   For open gauge theories there are generally no operators other than constants that are invariant under the transformations (15.9.16)–(15.9.17). Instead one should consider operators O(χ, χ‡) that are invariant under the nilpotent ‘quantum BRST operator’ σ, defined by σO = (O,S) – iΔO. Where 0 depends only on χ, this condition reduces to Eq. (15.9.36). If σO = 0 then the expectation value of O(Ψ,δΨ / δχ) is unaffected by a small change in the gauge-fixing fermion Ψ.24

20   If a set of matrices Hα is not irreducible, then by definition there must be a set of vectors un that span a subspace (other than the whole space) that is left invariant by the Hα: that is, for all α and n, [image: image]. In this case we can adopt a basis consisting of the vectors un together with a set vk that span the space orthogonal to all the un. If the Hα are Hermitian then [image: image], so the space spanned by the vk is also invariant under the [image: image]. In this basis the matrices Hα are simultaneously reduced to a block-diagonal form:

[image: image]

Continuing in this way, we can completely reduce the matrices Hα to a block-diagonal form with irreducible matrices in the blocks.

21   Here m and n label the blocks along the main diagonal, and a and b label rows and columns within these blocks. Also, m is not summed, and the range of the indices a, b, etc. in general depends on m.


16

External Field Methods

It is often useful to consider quantum field theories in the presence of a classical external field. One reason is that in many physical situations, there really is an external field present, such as a classical electromagnetic or gravitational field, or a scalar field with a non-vanishing vacuum expectation value. (As we shall see in Chapter 19, such scalar fields can play an important role in the spontaneous breakdown of symmetries of the Lagrangian.) But even where there is no actual external field present in a problem, some calculations are greatly facilitated by considering physical amplitudes in the presence of a fictitious external field. This chapter will show that it is possible to take all multiloop effects into account by summing ‘tree’ graphs whose vertices and propagators are taken from a quantum effective action, which is nothing but the one-particle-irreducible connected vacuum–vacuum amplitude in the presence of an external field. It will turn out in the next chapter that this provides an especially handy way both of completing the proof of the renormalizabilty of non-Abelian gauge theories begun in Chapter 15, and of calculating the charge renormalization factors that we need in order to establish the crucial property of asymptotic freedom in quantum chromodynamics.

16.1 The Quantum Effective Action

Consider a quantum field theory with action I [ϕ], and suppose we ‘turn on’ a set of classical currents Jr(x) coupled to the fields ϕr(x) of the theory. The complete vacuum–vacuum amplitude in the presence of these currents is then








	[image: image]




		(16.1.1)









(The fields ϕr(x) need not be scalars. They might even be fermionic, though until Section 16.4 we shall not bother to keep track of the signs that would appear in that case.) The Feynman rules for calculating Z[J] are just the same as for calculating the vacuum–vacuum amplitude Z[0] in the absence of the external current, except that the Feynman diagrams now contain vertices of a new kind, to which a single ϕr-line is attached. Such a vertex labelled with a coordinate x contributes a ‘coupling’ factor iJr(x) to the integrand of the position-space Feynman amplitude. Equivalently, we could say that in the expansion of Z[J] in powers of J, the coefficient of the term proportional to iJr(x)iJs(y) ··· is just the sum of diagrams with external lines (including propagators) corresponding to the fields ϕr(x), ϕs(y), etc. In particular, the first derivative gives the vacuum matrix element of the quantum mechanical operator Φr(x) corresponding to ϕr(x):
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		(16.1.2)







We sometimes work with functionals Z[J] defined by (16.1.1) where the ϕr(x) are not elementary fields (that is, fields appearing in the action) but products of such fields. Where ϕr(x) is a product of N elementary fields, the new vertices in the Feynman rules for Z[J] have N lines attached. Some of the results of this chapter (including Eq. (16.1.2)) apply in this case, but where Feynman diagrams are involved, it will be tacitly assumed that the ϕr(x) are elementary.

Now, Z[J] is given by the sum of all vacuum–vacuum amplitudes in the presence of the current J, including disconnected as well as connected diagrams, but not counting as different those diagrams that differ only by a permutation of vertices in the same or different connected subdiagrams. A general diagram that consists of N connected components will contribute to Z[J] a term equal to the product of the contributions of these components, divided by the number N! of permutations of vertices that merely permute all the vertices in one connected component with all the vertices in another.1 Hence, the sum of all graphs is
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	(16.1.3)









where iW[J] is the sum of all connected vacuum–vacuum amplitudes, again not counting as different those diagrams that differ only by a permutation of vertices.

For many purposes, it will be useful to go one step further, and in place of W(J) work with the sum of all connected one-particle-irreducible graphs. (A one-particle-irreducible graph is one that cannot be disconnected by cutting through any one internal line.) We can give a formal expression for this sum as follows. First, define [image: image] as the vacuum expectation value of the operator Φr(x) in the presence of the current J:
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		(16.1.4)







or in terms of the sum of connected graphs
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	(16.1.5)







This formula can be inverted. Define Jϕr(x) as the current for which (16.1.4) has a prescribed value ϕr(x) :

[image: image]

The quantum effective actionl Γ[ϕ] is defined (as a functional of ϕ, not J) by the Legendre transformation
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	(16.1.6)







We will soon show that Γ[ϕ] is the sum of all connected one-particle-irreducible graphs in the presence of the current Jϕ. However, let us first take a look at another aspect of its physical significance.

Note that the variational derivative of Γ[ϕ] is

[image: image]

or, using Eq. (16.1.5),
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	(16.1.7)







Thus Γ[ϕ] is the ‘effective action’, in the sense that the possible values for the external fields ϕs(y) in the absence of a current J are given by the stationary ‘points’ of Γ:
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	(16.1.8)









This may be compared with the classical field equations, which just require that the actual action I[ϕ] be stationary. Hence Eq. (16.1.8) may be regarded as the equation of motion for the external field ϕ, taking quantum corrections into account.

Not only does Γ[ϕ] provide the quantum-corrected field equations; it is an effective action in the sense that iW[J] may be calculated as a sum of connected tree graphs for the vacuum–vacuum amplitude, with vertices calculated as if the action were Γ[ϕ] instead of I[ϕ]. By a tree graph is meant one that becomes disconnected if we cut any internal line. All the effects of loop diagrams are taken into account by using Γ[ϕ] in place of I[ϕ].

To see this,2 let us consider the quantity WΓ[J, g] that we would get instead of W[J], if we used an action g−1Γ[ϕ] in place of I[ϕ] :
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		(16.1.9)







with arbitrary constant g. The propagator here is the inverse of the coefficient of the term in g−1Γ(ϕ) quadratic in ϕ, and is hence proportional to g, while all vertices make a contribution proportional to 1/g, so a graph with V vertices (including those produced by the current J) and I internal lines (including those attached to the J vertices) is proportional to gl−v. For any connected graph, the number of loops is L = I − V + 1, so the L-loop term in WΓ[J,g] has the g dependence
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	(16.1.10)







Equivalently, we may write (at least formally)
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	(16.1.11)







where (as can be seen by setting g = 1), the quantity [image: image] is the L-loop contribution to the connected vacuum amplitude WΓ[J, 1] that we would obtain if we used Γ[ϕ] (without a factor g) in place of the action I[ϕ].

Now, we are specially interested here in the sum of tree graphs, those without loops, calculated with vertices and propagators calculated as if the action were Γ[ϕ] instead of I[ϕ]. In our present notation, this is [image: image]. In order to isolate the L = 0 term in Eq. (16.1.11), consider the limit g → 0. In this limit, the path integral (16.1.9) is dominated by the point of stationary phase,
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		(16.1.12)









where, because of its definition as the field produced by the current j, the field ϕj is the stationary point of the exponent, in the sense that
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	(16.1.13)







The proportionality factor in Eq. (16.1.12) is in general a functional of J, but it is a power series in g starting with terms of order g0. Hence taking the logarithm of both sides and isolating the terms of order g−1 gives
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	(16.1.14)







By setting ϕ = ϕJ in Eq. (16.1.6), we see that the right-hand side of Eq. (16.1.14) is just W[J] :
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	(16.1.15)







To recapitulate, this says that W[J] may be calculated by using Γ[ϕ] in place of I[ϕ] (the subscript Γ) and keeping only tree (0-loop) graphs:
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		(16.1.16)







Now, any connected graph for iW[J] can be regarded as a tree, whose vertices consist of one-particle-irreducible subgraphs. Thus in order for Eq. (16.1.16) to be correct, iΓ[ϕ] must be the sum of all one-particle-irreducible connected graphs with arbitrary numbers of external lines, each external line corresponding to a factor ϕ rather than a propagator or wave function. For this reason, the coefficients in an expansion of Γ[ϕ] in powers of fields and their derivatives around some fixed field ϕ0 may be regarded as renormalized coupling constants, with the renormalization ‘point’ specified by ϕ0 rather than by some set of momenta.

Equivalently, iΓ[ϕ0] for some fixed field [image: image] may be expressed as the sum of one-particle-irreducible graphs for the vacuum–vacuum amplitude, calculated with a shifted action I[ϕ + ϕ0]
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		(16.1.17)







This is because any place where ϕ0 appears in any of the vertices or propagators within the one-particle-irreducible graphs in Eq. (16.1.17) is also a place where an external ϕ-line could be attached. (The restriction to one-particle-irreducible graphs plays an essential role in Eq. (16.1.17); without this restriction we could shift the variable of integration, yielding an integral that would be manifestly independent of ϕ0.) In place of Eq. (16.1.17), it is often convenient to write
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		(16.1.18)







in which we evaluate the path integral including all graphs, connected or not, in which each connected component is one-particle-irreducible.

* * *

This formalism provides a simple method of summing tree graphs. As one example, consider the relation between the complete two-point function Δrx,sy and its one-particle-irreducible part Πrx,sy. From Eqs. (16.1.5) and (16.1.7), we find

[image: image]

It follows immediately that the ‘matrices’ Δ and Π are related by
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	(16.1.21)







This is the counterpart of the familiar relation (10.3.15) between propagators and self-energy parts, with the extra term q2 + m2 in the denominator in Eq. (10.3.15) representing the zeroth-order term in the one-particle-irreducible two-point function.

16.2 Calculation of the Effective Potential

To see how the formalism of the previous section works in practice, consider a simple example, the renormalizable theory of a single real scalar field ϕ(x), with action
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		(16.2.1)







(We are here including a ‘cosmological constant’ −λ in the Lagrangian density, for reasons that will become apparent). Suppose for simplicity that we wish to calculate Γ[ϕ0] for a position-independent field ϕ0(x) = ϕ0. Then every term in Γ[ϕ0] will contain a factor of the volume of

spacetime








	[image: image]

	(16.2.2)







arising from the momentum conservation delta-function. We will therefore write, for ϕ0 constant
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	(16.2.3)







where V(ϕ0) is an ordinary function, known as the effective potential. In this section we will calculate the effective potential to one-loop order. This was originally done by Coleman and E. Weinberg3 in a study of spontaneous symmetry breaking, the subject of Chapters 19 and 21. The results were also used by them in one of the early applications of the renormalization group, to be described in Section 18.2.

Shifting ϕ by ϕ0, the action in Eq. (16.1.18) is:2
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		(16.2.4)







where μ2 is the field-dependent mass
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	(16.2.5)







Note that there now appear new interactions proportional to ϕ (which have no effect on one-particle-irreducible graphs) and also ϕ3, as well as terms with the same structure as those in the original action.

The Feynman diagrams for Γ[ϕ0] with up to two loops are shown in Figure 16.1. The zero-loop term in the vacuum–vacuum amplitude is just given by the constant term in I[ϕ + ϕ0]
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		(16.2.6)









The one-loop term is given by
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		(16.2.7)







We learned how to calculate such integrals in Chapter 9; the result is given by Eq. (9.A.18):
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		(16.2.8)







where here
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	(16.2.9)







As usual, to calculate such traces it is helpful to diagonalize the ‘matrix’ K by passing to momentum space:
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	(16.2.10)







The logarithm of this diagonal matrix is just the diagonal matrix with logarithms along the main diagonal:
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		(16.2.11)







and its trace is then
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		(16.2.12)







Putting together Eqs. (16.2.6) and (16.2.12), we have the effective potential to one-loop order
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	(16.2.13)







where








	[image: image]




		(16.2.14)







It is painfully obvious that this formula for the effective potential contains ultraviolet divergences. Fortunately, these are naturally absorbed into a renormalization of the parameters of the theory. Although the integral (16.2.14) is divergent, simple power-counting shows that it is made convergent by differentiating three times with respect to μ2:

[image: image]

Once again, the −i[image: image] term tells us that we must rotate the p0 contour counterclockwise, so that p0 = ip4, with p4 running from −∞ to +∞:

[image: image]

Integrating thrice, we have then

[image: image]

The constants A, B, C are not determined by this method of calculation, which is hardly a serious problem since they are obviously infinite anyway. We eliminate these constants by defining ‘renormalized’ values for λ, m2, and g:

[image: image]

Our final result for the potential to one-loop order is then
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		(16.2.15)







where μ(ϕ0) is the field-dependent mass defined by Eq. (16.2.5), which to this order can be calculated using mR and gR in place of m and g:

[image: image]

Similar results hold if the theory contains a complex spin [image: image] fermion field ψ(x) that interacts with the scalar ϕ. For instance, if this interaction Hamiltonian density has the simple form Gϕ[image: image]ψ, then the mass M(ϕ0) of the fermion in the presence of a constant scalar background field ϕ0 is of the form:

[image: image]

It is easy to see that in this case the potential (16.2.15) then receives an additional term:
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		(16.2.16)









The numerical coefficient in the new term is four times that of the μ4 in μ2 term in Eq. (16.2.15), because the fermion and antifermion described by ψ and [image: image] are assumed here to be different, and because each has two spin states, while the sign is opposite because (as shown in Chapter 9) fermionic path integrals of Gaussians give a result proportional to the determinant of the matrix coefficient in the exponent, in contrast to bosonic path integrals, which give a result proportional to the inverse of this determinant.

[image: image]

Figure 16.1. Feynman diagrams with zero, one, or two loops for the quantum effective action of the theory of a neutral scalar field ϕ with interaction ϕ4.

16.3 Energy Interpretation

The effective action Γ[ϕ] and potential V[ϕ] have an important interpretation in terms of the energy and energy density respectively.4 To see this, suppose that we turn on a current Jn(x,t) that rises smoothly from zero at t = −∞ to a finite value [image: image]n(x), and remains at that value for a long time T, after which it drops smoothly again to zero at t = +∞. The effect of this perturbation is to convert the vacuum to a state with a definite energy E[[image: image]] (a functional of [image: image]n(x)), in which it remains for a time T, after which it returns to the vacuum. However, although the ‘out’ vacuum is the same physical state as the ‘in’ vacuum, the state vectors differ by the phase exp(−iE[[image: image]]T) accumulated during the time T:
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	(16.3.1)







Comparing with Eqs. (16.1.1) and (16.1.3), this gives
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	(16.3.2)







To see the connection between this energy and the effective action, suppose we seek Ωϕ the state no that minimizes the energy expectation value
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	(16.3.3)







subject to the condition that the quantum fields Φn(x, t) have the time-independent expectation value ϕn(x)
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	(16.3.4)







It is convenient also to impose the condition that Ω is normalized
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	(16.3.5)







To minimize the expectation value (16.3.3) subject to the constraints (16.3.4) and (16.3.5), we use the method of Lagrange multipliers, and instead minimize the quantity
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		(16.3.6)







with no constraints on Ω. This gives
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	(16.3.7)







Both α and βn(x) are to be chosen in such a way as to satisfy the constraints (16.3.4) and (16.3.5) and therefore depend functionally on the prescribed expectation value ϕn(x).

Now, we have said that in the presence of a current [image: image]n(x), the Hamiltonian H − ∫ d3x [image: image]n(x)Φn(x) has an eigenvalue E[[image: image]]:
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	(16.3.8)







with a normalized eigenvector ψ[image: image]. Furthermore, since slowly turning on this current converts the vacuum into this energy eigenstate, we can presume that E[[image: image]] is the lowest energy eigenstate in the presence of this current. Therefore Eqs. (16.3.4), (16.3.5), and (16.3.7) are satisfied by

[image: image]

where [image: image]ϕ(x) is the current for which Φ(x) has an expectation value ϕ(x) in the state ψ[image: image].

Setting [image: image] = [image: image]ϕ in Eq. (16.3.8) and taking the scalar product with ψ[image: image]ϕ, the minimum energy of states in which the fields Φn are constrained to have the expectation values ϕn is seen to be
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	(16.3.12)







Recalling Eq. (16.3.2) and the assumed form of J(x), this is








	[image: image]




		(16.3.13)







As noted in the previous section, if the field ϕ(x) has a constant value ϕ over a large spacetime volume [image: image], then we may write the effective action in terms of an effective potential V(ϕ):
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	(16.3.14)







In this case Eq. (16.3.13) tells us that the energy density is
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	(16.3.15)









This is the main result: V(ϕ) is the minimum of the expectation value of the energy density for all states constrained by the condition that the scalar fields Φn have expectation values ϕn. One consequence is that in the absence of external currents the vacuum state will relax to a state in which the potential V(ϕ) is not only stationary, which is required by the field equations (16.1.8), but also a minimum.

This result helps to resolve a problem in the interpretation of the quantum effective potential. The Euclidean version of the path-integral formalism (described in Appendix A of Chapter 23) makes it manifest that the two-point function Δ is positive (in the matrix sense), so according to Eq. (16.1.2) the same is true of −Π = Δ−1. Together with Eq. (16.2.3), this implies that for a single scalar field the effective potential V(ϕ) must have a positive (or zero) second derivative with respect to ϕ. More generally, the effective potential must be convex:5

[image: image]

But inspection of Eq. (16.2.13) shows that for m2 < 0 and g > 0 the zero-loop approximation to the effective potential for the scalar field theory with action (16.2.1) has a negative-definite second derivative when ϕ is between the two minima of the effective potential at [image: image]. This contradiction arises because the derivation of perturbation theory implicitly relies on the existence of a stable vacuum, but when V″(ϕ) < 0, the field ϕ is at a value of [image: image] where V([image: image]) − Jϕ[image: image] is a maximum rather than a minimum, which means that the vacuum state in the presence of the current Jϕ is unstable.

So what is the true effective potential for this scalar field theory when m2 < 0 and ϕ lies between the two minima of the potential? The result of this section is that we must find the state of minimum energy in which the expectation value of the operator Φ equals ϕ. As long as ϕ is between the two minima of the potential, we can give Φ an expectation value ϕ by taking the state as a suitable linear combination of the two states where ϕ is at the minima [image: image]. The energy in this state is equal to the energy at the minima, so this state clearly minimizes the energy. (Interference terms here vanish in the limit of infinite volume, for reasons explained in Section 19.1.) Thus the effective potential between the two minima of the potential is a constant, satisfying the requirement that it have a nonpositive second derivative. The same argument shows that in more general theories where the potential has two local minima of unequal energy, the potential between these minima is linear.6



16.4 Symmetries of the Effective Action

In some but not all cases, the symmetries of the action I[ϕ] are automatically also symmetries of the effective action Γ[ϕ]. For instance, in the example of Section 16.2, the action (16.2.1) has a symmetry under the discrete transformation ϕ → −ϕ. Thus it follows from their definition that Z[J] and W[J] are even under the corresponding reflection J → −J. Eq. (16.1.5) then shows that ϕ−J = −ϕJ, and hence J−ϕ = −Jϕ, so Eq. (16.1.6) shows that Γ[ϕ] is even under ϕ → −ϕ. This is borne out by the one-loop result (16.2.15). The fermion-loop contribution in (16.2.16) also exhibits the symmetry under ϕ → −ϕ in the special case where M(0) = 0, because in this case the action is invariant under the combined transformation ϕ → −ϕ, ψ → γ5ψ

We encounter problems in establishing the renormalizability of a theory, unless we can show that the symmetries that we impose on the action also apply to the effective action. For instance, in the example above, if I[ϕ] were assumed to be even in ϕ but Γ[ϕ] turned out not to be, then the coefficients of the terms in Γ proportional to ∫ d4x ϕ and ∫ d4x ϕ3 would be divergent, but the symmetry of the action would not allow us to introduce counterterms to absorb these infinities.

With this motivation, let’s now turn to the important class of symmetries generated by infinitesimal transformations
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	(16.4.1)







where Fn is a function of xμ that depends functionally on χn. (For instance, Fn[x; χ] may be an ordinary function of the χn and their derivatives at the point x.) We are now using the symbol χn rather than ϕn to denote the different types of fields, to emphasize that these include not only ordinary gauge and matter fields (which in the next chapter will be denoted ϕr(x)), but all other fields appearing in the gauge-fixed action, including ghost fields. We repeat that these χn(x) may be of any type, not necessarily scalars.

We assume that both the action and the measure are invariant under the symmetry transformation (16.4.1):
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(It is actually sufficient for only the product (Πn,x dχn(x))exp(iI ) to be invariant, but where this is true usually Eqs. (16.4.2) and (16.4.3) both apply.) Replacing the integration variables in Eq. (16.1.1) with χn(x) +  [image: image] Fn[x;χ], we have then
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and hence
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	(16.4.4)







where [image: image] [image: image]J denotes the quantum average in the presence of the current Jn(x)
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		(16.4.5)







normalized so that [image: image]1[image: image]J = 1. But recall that Jn(y) is given in terms of the effective action Γ[χ] by Eq. (16.1.7)
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Therefore Eq. (16.4.4) may be written as
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	(16.4.6)







In other words, Γ[x] is invariant under the infinitesimal transformation
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	(16.4.7)







Such symmetry conditions are known as Slavnov–Taylor identities.7

Is this the symmetry transformation with which we started? It is for one very important class of infinitesimal symmetry transformations: those that are linear. For such symmetries F is
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	(16.4.8)









(In the most common case sn(x) vanishes and tnm(x, y) is a constant matrix times δ4(x − y).) For any linear F, we have
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But for any fixed χ, Jχ is defined as the value of the current J that makes [image: image]χm(y)[image: image]J equal to χm(y), so
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		(16.4.9)







Hence Eq. (16.4.6) requires that Γ[χ] be invariant under all the functional linear transformations χn → χn + [image: image]Fn that leave I[χ] and the measure invariant.

We occasionally have to deal with symmetry transformations that are not linear. One important example is provided by the BRST transformation discussed in Section 15.7. For non-linear transformations, the symmetry transformation (16.4.7) under which the effective action is invariant is not generally the same as the assumed symmetry transformation (16.4.1) that leaves the original action invariant, because the average of a non-linear functional of fields is not generally the same as the functional of the average fields. Indeed, the form of [image: image] as a functional of χ depends in general on the dynamics of the system, and is usually non-local. This complication will be dealt with in the next chapter by the method of antibrackets.

* * *

Up to now, we have tacitly been assuming that the fields χn and the corresponding transformation functions Fn and currents Jn are all bosonic. We will need to take note of the sign factors that appear when some of these are fermionic, as in particular for supersymmetry or BRST transformations, where [image: image] is fermionic and χn and Fn have opposite statistics. With currents inserted to the right of fields, as in Eqs. (16.1.1) and (16.4.5), Eqs. (16.1.5) and (16.1.7) hold in the form

[image: image]

with the subscripts R and L indicating that the derivative is to act from the right or left. In consequence, the Slavnov–Taylor identity (16.4.6) should be written
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	(16.4.12)









Problems

1.   Consider a theory of real pseudoscalars ϕ(x) and complex Dirac fields ψ(x), with masses M and m respectively, and interaction g[image: image]δ5ψϕ. Evaluate the effective potential for ϕ = constant, ψ = 0, to one-loop order.

2.   Derive general formulas for δ3W[J]/δJn(x)δJm(y)δJ[image: image](z) and δ3W[J]/δJn(x)δJm(y)δJ[image: image](z)δJk(w) in terms of the variational derivatives of Γ[ϕ] with respect to ϕ. Show which Feynman diagrams correspond to each term in these formulas.

3.   Calculate the effective potential to one-loop order for the theory of a neutral scalar field ϕ with interaction Lagrangian density gϕ3/6 in six spacetime dimensions.

4.   Suppose that the action I[ϕ] is invariant under a finite matrix transformation ϕn(x) → ∑mMnmϕm(x). Under which transformation of the currents is W[J] then invariant? Use this result to derive a symmetry property of Γ[ϕ].
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1   The contribution of a Feynman diagram with N connected components containing n1, n2, · · · nN vertices will be proportional to a factor 1/(n1 + · · · nN)! from the Dyson expansion, and a factor (n1 + · · · nN!/N! equal to the number of permutations of these vertices, counting as identical those permutations that merely permute all the vertices in one component with all the vertices in another.

2   There are limitations on the applicability of perturbation theory for m2 < 0, discussed in the following section.




17

Renormalization of Gauge Theories

We now return to gauge theories, and use the external field formalism described in the previous chapter to study the renormalizability of these theories and to carry out an important calculation.

17.1 The Zinn-Justin Equation

In this section the BRST symmetry described in Section 15.7 will be used to demonstrate a fundamental property of the quantum effective action, first derived by Zinn-Justin.1 According to the general rules outlined in Section 16.4, the BRST invariance of the action I[x] imposes on the effective action Γ[χ] the condition
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	(17.1.1)







where the change in χn(x) under a BRST transformation with infinitesimal fermionic parameter θ is








	[image: image]

	(17.1.2)







and [image: image] · · ·[image: image] here denotes a vacuum expectation value taken in the presence of a current Jχ that makes the vacuum expectation value of the operator fields Xn(x) equal to the c-number functions χn(x). The implied sum over n runs over all of the fields in the BRST formalism; that is, over coct, ωα,[image: image], and hα, as well as the gauge and matter fields that in Section 15.8 we have collectively called ϕr. Because Δn(x) is quadratic in the fields when χn is a gauge or matter field or ωα, Eq. (17.1.1) does not in general tell us that the effective action is invariant under the same BRST transformations as the action itself.

To handle this complication, we employ a trick that proves useful in dealing with any sort of nilpotent symmetry transformation. First, we introduce a set of c-number external fields Kn(x), and define a new effective action by
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		(17.1.3)







where the connected vacuum persistence amplitude W is here calculated with the gauge-fixed action1 I + ∫ d4xΔnKn:
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		(17.1.4)







and Jχ,K is the current required to give the fields the expectation values χ in the presence of the external fields K:
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	(17.1.5)







(The Kn must have the same fermionic or bosonic statistics as Δn, which is opposite to that of χn.) Since the BRST transformation is nilpotent, the quantities Δn(x) are BRST-invariant, so in the same way as in Section 16.4 we can show that the new effective action Γ[χ, K] satisfies a BRSTinvariance condition:
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	(17.1.6)







where [image: image] · · · [image: image]J,K denotes a vacuum expectation value calculated in the presence of the current J and the external fields K:
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		(17.1.7)







It is convenient to express the expectation value of Δn as a variational derivative of the effective action. Taking the right variational derivative of Eq. (17.1.3) with respect to K gives
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Using Eq. (17.1.5) we see that the last two terms cancel, and using the definitions (17.1.4) and (17.1.7) gives us then our desired relation
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		(17.1.8)







The BRST symmetry condition (17.1.6) may now be written as a simple condition, the Zinn-Justin equation, involving the effective action alone:
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	(17.1.9)







As remarked after Eq. (15.9.3), the interchange of fields and antifields (or in this case χn and Kn) results simply in a change of sign of the left-hand side of Eq. (17.1.9), so this can be written as
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	(17.1.10)







where the antibracket is calculated here with Kn in place of the antifield of χn:
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		(17.1.11)







This is formally the same as the Batalin–Vilkovisky ‘master equation’ discussed in Section 15.9, but appears here as a constraint on the quantum effective action Γ[χ,K] rather than on the fundamental action S[χ, χ‡]. The Zinn-Justin equation (17.1.10) will be used in the next two sections to show how to renormalize gauge theories, and in Section 22.6 to study anomalies in these theories.

17.2 Renormalization: Direct Analysis

The simplest non-Abelian gauge theories are renormalizable in the ‘Dyson’ sense that the operators in the Lagrangian density all have dimensionality (in powers of mass) four or less. As we saw in Chapter 12, this guarantees that the infinities in the quantum effective action only appear in terms that could be cancelled by the counterterms in interactions of dimensionality four or less. But there is more to renormalizability than this. The Lagrangian density is constrained by gauge invariance and other symmetries. For a theory to be renormalizable, it is necessary that the infinities in the quantum effective action satisfy the same constraints, up to possible renormalizations of the fields.2

The effective action Γ[χ, K] is a complicated functional of both χ and K, about which the symmetry condition (17.1.9) says complicated things, but fortunately matters are much simpler for the infinite terms in Γ. We will write the action S[χ, K] ≡ I[χ] + ∫ d4x ΔnKn as the sum of a term SR[χ, K] in which masses and coupling constants are set equal to their renormalized values, plus a correction S∞[χ, K], which contains the counterterms that we intend to cancel the infinities from loop graphs. Both SR and S∞ must be taken to have the symmetries of the original action S∞[χ,K], so the question is whether the infinite parts of the higher-order contributions to Γ share the same symmetries, so that they can be cancelled by the counterterms in S∞.

We may expand Γ in a series of terms ΓN that arise both from diagrams with just N loops and also from graphs with N − M loops (where 1 ≤ M ≤ N) involving various counterterms in S∞[χ,K] that will be used to cancel infinities in graphs with a total of M loops:
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	(17.2.1)







The symmetry condition (17.1.10) then reads,2 for each N,
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	(17.2.2)







In the sum (17.2.1) the leading term is just Γ0[χ, K] = SR[χ, K], which of course is finite. Suppose that, for all M ≤ N − 1, all infinities arising from M-loop graphs have been cancelled by counterterms in S∞. Then infinities can appear in Eq. (17.2.2) only in the N′ = 0 and N′ = N terms, which are equal, and the infinite part of this condition tells us that the ΓN,∞ of ΓN is subject to the condition that
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	(17.2.3)







This is a symmetry principle generated by SR, just like that described by Eqs. (15.9.16) and (15.9.17). Note in particular that the transformation X [image: image] (SR, X) acts on the external fields Kn as well as the fields χn.

Up to this point, we have used none of the special properties of a renormalizable Yang–Mills theory. Now note that, according to the general power-counting rules of renormalization theory, with all infinities cancelled in subgraphs of ΓN, the infinite part ΓN,∞[χ, K] of ΓN[χ, K] can only be a sum of products of fields (including K) and their derivatives of  dimensionality (in powers of mass) four or less. Finally, the arguments of Section 16.4 show that Γ[χ, K] and hence also ΓN,∞[χ, K] are invariant under all of the linearly realized symmetry transformations under which the action is invariant. (As described below, these are: Lorentz transformations, global gauge transformations, antighost translations, and the ghost phase transformations associated with ghost number conservation. Of course, the auxiliary fields Kn must be assigned suitable transformation properties under these symmetry transformations.) These conditions together with Eq. (17.2.3) will suffice to tell us all we need to know about the structure of ΓN,∞[χ,K].

To implement these conditions, we need to know the dimensionalities of the external fields Kn. If a field χn has dimensionality dn (that is, dn powers of mass), then Δn correspondingly has dimensionality dn + 1 (as can be seen by inspection of the BRST transformation rules (15.7.7) – (15.7.11)), so in order for ∫ d4xKnΔn to be dimensionless, Kn must have dimensionality 3–dn. The fields Aαμ, ωα, and ωα∗ all have dimensionalities dn = + 1, so the corresponding Kn all have dimensionalities +2. (We do not introduce any external field corresponding to hα, because this field is BRST-invariant.) Any spin 1/2 matter fields ψ[image: image] have dimensionalities 3/2, and the corresponding Kn thus also have dimensionalities 3/2. Thus a dimension four quantity like ΓN,∞[χ, K] is at most quadratic in any of the Kn. Furthermore terms that are of second order in the Kn cannot involve any other fields, except that a term of second order in the Kn for spin 1/2 matter fields may involve at most one additional field of dimensionality unity.

We can now use ghost number conservation to show that in fact ΓN,∞[χ, K] does not contain any terms of second order in the Kn. For this purpose, we also need the ghost quantum numbers of the Kn. If χn has ghost quantum number γn, then Δn has ghost quantum number γn + 1, so Kn must be assigned ghost quantum number −γn − 1. The ghost quantum numbers of the fields Aα,μ, ψ[image: image], ωα, and ωα∗ are respectively 0, 0, +1, and − 1, so the corresponding external fields Kn have ghost quantum numbers − 1, −1, −2, and 0, respectively. This rules out any terms in ΓN,∞[χ, K] that are of second order in the Kn, with the one possible exception of a term of second order in the external fields [image: image] associated with ωα∗ (and involving no other fields). However, these last terms are also forbidden, for a different reason. The BRST transformation of ωα∗ is linear in the fields, with
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	(17.2.4)







so here
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is independent of [image: image]. It follows that ΓN,∞[χ, K] is linear in Kα,∗, and depends on Kα,∗ only through a term − ∫ d4x[image: image]hα. (Both [image: image] and hα are bosonic, so their order is immaterial.) In particular, for N > 0, ΓN,∞[χ, K] is independent of Kα,∗. We have seen that ΓN,∞[χ, K] is at most linear in all of the Kα,∗ We will write it as

We have seen that ΓN,∞[χ, K] is at most linear in all of the K. We will write it as
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		(17.2.5)







We also recall that SR has the K dependence:
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The terms in Eq. (17.2.3) of zeroth and first order in K therefore give3
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and
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respectively. These relations may be made more perspicuous by introducing the quantities
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	(17.2.8)







and
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	(17.2.9)







with [image: image] infinitesimal. Then (17.2.6) (together with the BRST invariance of SR) just says that [image: image] is invariant under the transformation
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	(17.2.10)







while Eq. (17.2.7) (together with the nilpotence of the original BRST transformation) tells us that this transformation is nilpotent.

We must now consider what form this nilpotent transformation may take. As already mentioned, ΓN,∞ consists only of terms of dimensionality four or less, so [image: image] and hence [image: image] have at most the dimensionality of the original BRST transformation function Γn(x). Also, [image: image] and hence also [image: image] must have the same Lorentz transformation properties and ghost quantum numbers as Γn(x). Hence the most general form of the transformation (17.2.10) is

[image: image]

where Tα is some matrix acting on the spinor fields, and Bαβ, Dαβγ, and Eαβγ are constants, with Eαβγ antisymmetric in β and γ. Also, the transformations of [image: image] and hα are linear, and are therefore unchanged:

[image: image]

Next we impose the condition of nilpotence. The most important requirement is that Eαβγωβωγ should be invariant. This yields the requirement that EαβγEβδ[image: image]ωβω[image: image]ωγ should vanish, so that the part of EαβγEβδ[image: image] that is totally antisymmetric in δ, [image: image], γ vanishes:

[image: image]

But this just tells us that Eαβγ is the structure constant of some Lie algebra [image: image]. Because Eαβγ goes to the structure constant Cαβγ of the original gauge Lie algebra [image: image] for [image: image] → 0, [image: image] must be the same as [image: image], and the structure constants Eαβγ can differ from the original Cαβγ only by a multiplicative factor4

[image: image]

(This is for simple gauge groups; in the general case we would have a separate factor [image: image] for each simple subgroup.)

Next we turn to the condition that the transformation (17.2.10) be nilpotent when acting on the gauge fields. The requirement that Bαβ∂μωβ + DαβγAβμωγ be invariant tells us that
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and
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The first condition has the unique solution5
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The second condition tells us that the matrix Bαβ commutes with the adjoint representation of the gauge group, and hence (since we have chosen the structure constants totally antisymmetric) must be proportional to a Kronecker delta, with a coefficient we shall call [image: image][image: image]:
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Finally, the condition that the transformation (17.2.10) be nilpotent when acting on the fermion fields (if any) requires that ωαTαψ is invariant. This tells us that
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so Tα differs from the generator tα in the original Lagrangian only by a factor [image: image]:

[image: image]

We have thus seen that, apart from the appearance of the new constants [image: image] and [image: image], the transformation (17.2.10) is just the BRST transformation with which we started:
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Now we must use this symmetry to constrain the structure of the corrected action (17.2.8). Since this contains only the original renormalized action plus the infinite part of the N-loop contribution, it must be the integral of a Lagrangian density
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	(17.2.16)







with [image: image] a local function of fields and field derivatives of dimensionality (in powers of mass) no greater than 4. Furthermore, as we found in Section 16.4, [image: image] must be invariant under all the symmetries of the  original Lagrangian that act linearly on the fields. To identify these symmetries, recall that in generalized [image: image]-gauge, the ‘new’ Lagrangian density in Eq. (15.7.6) takes a form given by replacing the term [image: image] in Eq. (15.6.16) with the terms [image: image] in Eq. (15.7.6):
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Inspection of this formula reveals the following linear symmetries:

(1) Lorentz invariance.

(2) Global gauge invariance – that is, invariance under the transformations

[image: image]

with constant infinitesimal parameters [image: image]α.

(3) Antighost translation invariance — that is, invariance under the transformation
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with arbitrary constant parameters cα.

(4) Ghost number conservation — that is, the conservation of a ghost number equal to +1 for ωα, −1 for [image: image], and 0 for all other fields.

We shall now proceed to work out the structure of the most general Lagrangian density that is renormalizable, in the sense that it consists only of terms of dimensionality +4 or less, that has these linearly acting symmetries, and that is invariant under the modified BRST transformations (17.2.11)–(17.2.15).

From Eq. (17.2.17) we may conclude that the fields [image: image], and hα have the dimensionalities +1, +1, +1, and +2, respectively (in powers of mass). Note also that ghost number conservation requires that ω and ω∗ come in pairs, while antighost translation invariance dictates that ω∗ always appears as a derivative. Each pair of ω and ω∗ fields adds +3 to the dimensionality, so renormalizability rules out any term with more than one such pair. With one such pair we can have at most one more derivative or one additional gauge field, and Lorentz invariance dictates that we must have one or the other. The only renormalizable allowed interactions involving ghost fields are then linear combinations of terms of the form [image: image].

Next, let us consider the terms that involve the field hα, and possibly other fields but not ω or ω∗. This field has dimensionality +2, so renormalizability and Lorentz invariance allows this field to appear only6 multiplied with another hβ or [image: image] or [image: image].

Finally, the Lagrangian will contain renormalizable terms involving only the matter and gauge fields. We will call the sum of these terms [image: image]ψA. Putting this all together and using global gauge invariance, the most general renormalizable interaction allowed by the assumed symmetries (aside from BRST invariance) takes the form:
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where ξ′, Zω, c, dαβγ, and eαβγ are unknown constants, with no constraints except obvious symmetry properties such as global gauge invariance and eαβγ = eαγβ. (As mentioned earlier, we are assuming for simplicity that the gauge group is simple, but the extension to a direct sum of simple and U(1) gauge groups would be trivial; for instance, instead of one term proportional to hαhα we would have a sum of such terms, one for each simple subgroup of the gauge group.)

Now we impose BRST invariance. The cancellation of terms in [image: image] proportional to θ∂μhα∂μωα tells us that
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The cancellation of terms in [image: image] proportional to [image: image], (or θ∂μ[image: image]ωβ∂μωγ) requires that
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The terms in [image: image] proportional to [image: image] automatically then cancel by virtue of the Jacobi identity for the structure constants. The cancellation of terms in [image: image] proportional to [image: image] (or [image: image]) yields
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Finally, the effect of the infinitesimal transformation (17.2.10) on matter and gauge fields is the same as a local gauge transformation with gauge parameters [image: image]α = [image: image][image: image]θωα and gauge couplings renormalized by a factor 1/[image: image] (that is, with tα and Cαβγ replaced with [image: image] and [image: image]), so the cancellation of terms in [image: image] with only one factor of ωα and no factors hα or [image: image] simply tells us that the Lagrangian [image: image]ψ,A for these fields is gauge-invariant, with a renormalized gauge coupling. We conclude then that the most general renormalizable Lagrangian density allowed by our assumed symmetry principles is
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where the tilde on [image: image] indicates that the field strength is to be calculated using the renormalized structure constant [image: image]. But apart from the appearance of a number of new constant coefficients, this is the same Lagrangian with which we started. The new constants in this Lagrangian (including the gauge coupling constant) may be freely shifted by adjusting the Nth-order terms in the corresponding constants in the original unrenormalized Lagrangian. In particular, we can adjust these terms to make [image: image], in which case ΓN,∞ = 0, completing the proof.

* * *

In the above proof we made important use of the accidental invariance of the gauge-fixed Lagrangian (17.2.17) under the antighost translation transformation (17.2.23). This symmetry would not be present for gauge-fixing functions other than [image: image] which are not spacetime derivatives. One frequently cited example which preserves Lorentz invariance and global gauge invariance is [image: image], where aαβγ is a constant matrix, symmetric in β and γ, which transforms as a tensor under global gauge transformations. (Such constant tensors exist for all SU(N) groups with N ≥ 3.) Another more important example is the background gauge-fixing functional to be introduced in Section 17.4.

The absence of antighost translation invariance does not affect our argument that [image: image] is a Lorentz- and global gauge-invariant local function of fields and field derivatives of dimensionality no greater than 4, that is invariant under the renormalized BRST transformation (17.2.11)–(17.2.15). But without antighost translation invariance there are new terms in [image: image] that satisfy these conditions. Since the transformation (17.2.11)–(17.2.15) is nilpotent, we can construct such terms as s′F, where the transformation (17.2.11)–(17.2.15) is written as χn + χn θs′χn, and F is an arbitrary Lorentz- and global gauge-invariant function of ghost number −1. One such term is

[image: image]

This causes no trouble: it is just a renormalized version of the usual ghost and gauge-fixing terms arising from terms [image: image] in the gauge-fixing function fα. But there is also another possible term of the form

[image: image]



where bαβγ is a constant, antisymmetric in α and β, which transforms as a tensor under global gauge transformations. (Such tensors exist for any Lie group; for instance, we could take bαβγ to be proportional to Cαβγ.) But the Faddeev–Popov–De Witt method cannot yield four-ghost interactions in the Lagrangian, so there are no counterterms available to absorb ultraviolet divergences in this term. This is not just a technical obstacle to proving renormalizability; for gauge-fixing functions like [image: image], one-loop graphs actually do yield divergences in four-ghost amplitudes that cannot be cancelled by counterterms in the Faddeev–Popov–De Witt Lagrangian.

Aside from avoiding gauge-fixing functions other than [image: image], the only solution to this problem seems to be the one mentioned in Section 15.7. We must give up the Faddeev–Popov–De Witt approach, and instead take the action from the beginning as the most general renormalizable function of the gauge, matter, ghost, and auxiliary fields that is invariant under BRST and the other symmetries of the theory. According to the arguments of Section 15.8, the action can be written in the form I0 + sΨ with I0 ghost-free, and the S-matrix is independent of Ψ, so we can justify this procedure by quantizing the gauge theory in axial gauge, where ghosts decouple, and then taking Ψ to be anything we like. In particular, we can include s(ω∗ω∗ω) terms in the action that can serve as counterterms to the divergences in four-ghost vertices.

17.3 Renormalization: General Gauge Theories7

The proof of the renormalizability of non-Abelian gauge theories in the previous section relied on a ‘brute force’ analysis of the possible terms in the action of dimensionality four or less. But as we saw in Chapter 12, this limitation on the dimensionality of terms in the action can be at best a good approximation. The successful renormalizable quantum field theories that are used to describe the strong, weak, and electromagnetic interactions are almost certainly effective field theories, accompanied with terms of dimensionality d > 4; these terms are normally not observed because they are suppressed by 4 – d powers of some very large mass, perhaps of order 1016 – 1018 GeV. Gravitation too can be described by an effective field theory, in which the Lagrangian density contains not only the Einstein–Hilbert term – [image: image]R/167πG, but also all scalars constructed from four or more derivatives of the gravitational field. We need to show that gauge theories of this sort, which are not renormalizable in the power-counting sense, are nonetheless renormalizable in the modern sense that the ultraviolet divergences are governed by the gauge symmetries in such a way that there is a counterterm available to cancel every infinity.3

For this purpose, let us return to the action S[χ, χ‡] introduced in Section 15.9, taken as a function of independent fields χn (including gauge and matter fields ϕr and ghost fields ωA as well as the non-minimal fields ωA∗ and hA), together with their antifields [image: image]. In theories like quantum gravity or Yang–Mills theories, that are based on a closed gauge algebra with structure constants fCAB, this action is constrained to be of the form
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where I[ϕ] is invariant under the infinitesimal gauge transformations ϕr → ϕr + [image: image]A [image: image]. (As in Section 15.9, the indices r, A, etc. include a spacetime coordinate, over which we integrate in sums over these indices.)

We shall not limit ourselves here to actions of this form, but we shall suppose that the local symmetries of the theory are imposed by requiring that the action must obey some ‘structural constraints’ on its antifield dependence, of which Eq. (17.3.1) provides just one example. The structural constraints are assumed to be linear, in the sense that if they are satisfied for S + [image: image]1 and for S + [image: image]2, then for any constants α1, α2 they are satisfied for S + α1[image: image]1 + α2[image: image]2. We also impose the quantum master equation (15.9.35)
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with ΔS defined by Eq. (15.9.34), and the factor [image: image] now made explicit as a loop-counting’ parameter, in the sense described in the footnote of the previous section.

The action is taken as a power series in [image: image]
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where SR is an action of the same general form as S, but with all coupling parameters replaced with finite renormalized values, and the SN are a set of infinite counterterms. The action S is supposed to satisfy the quantum master equation (17.3.2) for all [image: image], so SR satisfies the classical master equation
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while the counterterms satisfy
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The counterterms SN are not by themselves sufficient to cancel the ultra-violet divergences in loop graphs. As a generalization of the conventional renormalization of fields, we also have to introduce a set of renormalized fields and antifields, defined in terms of the original fields and antifields by an arbitrary anticanonical transformation. An infinitesimal anticanonical transformation may be defined in terms of an infinitesimal generating functional δF by Eq. (15.9.26), so a sequence of anticanonical transformations G(t) → G(t + δt) = G(t) + (F(t)δt, G(t)) (where G(t) is any functional of fields and antifields, and F(t) is the generating functional) leads to a finite canonical transformation G → [image: image] ≡ G(1), with
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If F(t) is given by a power series
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then Eqs. (17.3.3), (17.3.6), and (17.3.7) yield a transformed action
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The question is whether we can use what freedom we have to choose the FN and SN so as to cancel all infinities arising from loop graphs.

As already noted, the first term SR in Eq. (17.3.3) is automatically finite. Suppose that by cancellation of infinities with SM and FM for M < N it has been possible to eliminate all infinities in the terms ΓM of order [image: image]M in the quantum effective action with M < N. As we saw in the previous section, the Zinn-Justin equation (derived here by setting [image: image] = Kn + δΨδχn) tells us in this case that the infinite part ΓN, ∞ of the term in the quantum effective action of order [image: image]N satisfies the condition
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The field and antifield variables χn and [image: image] are related to the variables χn and Kn by an anticanonical transformation, which preserves all antibrackets, so the antibracket in Eq. (17.3.9) may be calculated in terms of χn and [image: image] instead of χn and Kn.

The condition (17.3.5) satisfied by the counterterm SN is not the same as the condition (17.3.9) satisfied by ΓN∞. However, given any [image: image] that satisfies Eq. (17.3.5), we can find a class of other solutions
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where SN′ is arbitrary, except for the condition that SR + SN′ like SR + [image: image] satisfies the same symmetry conditions as SR, and that
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so as not to invalidate Eq. (17.3.5). The infinite part of the Nth-order term in the quantum effective action may therefore be written
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where XN consists of terms from loop graphs, as well as from the term [image: image] and various terms in Γ that involve SM and FM for M < N. For instance, for N = 2 Eq. (17.3.8) gives

[image: image]

For our purposes the only thing we need to know about XN is that it does not involve SN′ or FN, and that it is invariant under any linearly realized global symmetries of SR.

Now, because (SR, SR) = 0, the operation F [image: image] (SR, F) is nilpotent; for all F,
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Hence it follows from Eqs. (17.3.9) and (17.3.11)–(17.3.13) that








	[image: image]

	(17.3.14)







Any term in XN, ∞ of the form (SR, Y) may be cancelled in Eq. (17.3.12) by choosing FN, ∞ equal to Y. Thus the space of possible remaining infinite terms in XN, ∞ that need to be cancelled by the counterterm SN, ∞′ consists of those functionals X that satisfy (SR, X) = 0, counting as equivalent functionals that differ only by terms of the form (SR, Y). In other words, the infinities in ΓN that need to be cancelled by the counterterms SN′ belong to the cohomology of the mapping X [image: image] (SR, X).

The possible form of the counterterm SN′ is limited by the requirement that SR + SN′ must satisfy whatever structural constraints are imposed on the action S. Thus we can complete the proof of renormalizability if we can show that the cohomology of the mapping X [image: image] (SR, X) consists only of functionals that satisfy this structural constraint.

In the case of quantum gravity coupled to the Yang-Mills fields of a semisimple gauge symmetry, the symmetries of the theory are implemented by the structural constraint (17.3.1). In this case there is a theorem4 that states that the cohomology of the mapping X [image: image] (SR, X) (on the space of local functionals, rather than spacetime-dependent functions, of ghost number zero) consists8 of functionals A[ϕ] that are invariant under the gauge transformation [image: image] with structure constants fCAB. Any Nth-order infinity of this sort may be cancelled with a counterterm SN′ of the same form, so although these theories are not renormalizable in the conventional power-counting sense, they are renormalizable in the sense that all infinities can be eliminated by a choice of parameters in the original bare action I[ϕ] and by a suitable renormalization of fields and antifields.

In other theories the cohomology of the map X [image: image] (SR, X) contains additional terms. This does not necessarily require a weakening of the structural constraints, because the additional terms in the cohomology may not correspond to actual ultraviolet divergences. For instance, in gauge theories with U(1) factors the cohomology contains terms4 corresponding to a redefinition of the action of the U(1) gauge symmetry on the various fields of the theory, which if infinite would require us to weaken the structural constraints by leaving the normalization of the transformation functions [image: image] in Eq. (17.3.1) arbitrary. But this infinity is forbidden by the same soft-photon theorems that tell us that ratios of U(1) couplings to various fields (like the ratios of the various lepton charges in quantum electrodynamics) are unaffected by radiative corrections. (See Section 10.4.) Where the extra terms in the cohomology do contain ultraviolet divergences, it is necessary to weaken the structural constraint imposed on S in order that there should be a counterterm for every possible ultraviolet divergence. It is not known whether this will always be possible; if not, some theories may have to be rejected because of their unremovable ultraviolet divergences.

17.4 Background Field Gauge

We next turn to a method of calculation that explicitly preserves a sort of gauge invariance, and that therefore proves extremely convenient, especially in one-loop calculations. We consider the effective action Γ[A, ψ, ω, ω∗] as a functional9 of classical external gauge, matter, ghost and antighost fields: Aαμ(x), ψ[image: image](x), ωα(x), [image: image](x). Even though ghosts and antighosts never appear in initial or final states, we are considering background ghost and antighost fields as well as gauge and matter fields in order to deal with parts of diagrams that have external ghost or antighost lines.

As described in Section 16.1, Γ[A, ψ, ω, ω∗] is the sum of connected one-particle-irreducible graphs for the vacuum–vacuum amplitude, calculated in a theory in which the quantum fields A′, ψ′, ω′, ω∗ over which we integrate are replaced in the action with shifted fields A + A′,ψ + ψ′, ω + ω′ ω∗ + ω′∗, the path integral being taken over primed fields with the unprimed fields held fixed. We are free to choose the gauge-fixing function fα(x) pretty much any way we like; instead of our previous choice fα = [image: image] (or [image: image]) we shall now take5
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The reason for this choice is that it makes the gauge-fixing term fαfα invariant under a formal transformation, in which the background field [image: image] transforms as a gauge field, while the quantum field [image: image] transforms homogeneously, like an ordinary matter field that happens to belong to the adjoint representation of the gauge group

[image: image]

The transformation properties of fα can be seen most easily by writing it as a new sort of covariant derivative
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where for any field ϕa in the adjoint representation
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We see that under the transformation (17.4.2), (17.4.3), the function (17.4.1) transforms just like Aα′:
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so the term fαfα in the modified Lagrangian is invariant
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Also, the original Lagrangian density [image: image] depends on A and A′ only through the sum A + A′ , which under the combined transformation (17.4.2), (17.4.3) undergoes an ordinary gauge transformation
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If we transform the background and quantum matter fields by

[image: image]

then also
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The original Lagrangian [image: image] is invariant under the original gauge transformations (17.4.8), (17.4.11), and only depends on A + A′ and ψ + ψ′, so it is also invariant under the new formal transformations (17.4.2), (17.4.3), (17.4.9), (17.4.10).

It will be useful to make this invariance property more explicit, by writing [image: image] in terms of the background-covariant derivative [image: image]μ. In general, we have
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where, as in Eq. (17.4.5),
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and Fαμv, is the background field strength
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(The square in the first term of [image: image] is intended to imply obvious index contractions.) Clearly [image: image] is invariant under the new transformations (17.4.2), (17.4.3), (17.4.9), (17.4.10), because it involves Aαμ only in the field strength Fαμv and in background covariant derivatives [image: image]μ of ‘matter’ fields A′αμ,ψ′ and ψ.

This new transformation should be carefully distinguished from a true gauge transformation. Such a transformation can have no effect on A or ψ, which are just prescribed classical background fields, and induces an ordinary gauge transformation on A + A′ and ψ + ψ′, so

[image: image]

and

[image: image]

Of course, this is the same as the formal transformations (17.4.2), (17.4.3), (17.4.9), (17.4.10) in its effect on A + A′ and ψ + ψ′, and therefore also leaves the original Lagrangian [image: image] invariant. However, for our new choice  (17.4.1) of fα, the term fαfα does not depend only on A + A′, and is not invariant under (17.4.16) and (17.4.17). Instead,
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with [image: image]μ, given by (17.4.5).

Finally, let us consider the ghost Lagrangian in this new gauge. The quantity (15.7.3) in the ghost action is given in general by just replacing [image: image]α with the ghost field ωα, + ωα′ in δTRUEfα:
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The ghost Lagrangian in Eq. (15.6.2) is therefore
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or, integrating by parts,
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This is manifestly invariant under the joint transformations (17.4.2), (17.4.3), supplemented now with transformations on ω and ω′:

[image: image]

and likewise

[image: image]

We see that the formal combined transformation (17.4.2), (17.4.3), (17.4.9), (17.4.10), and (17.4.24)–(17.4.27) leave invariant the complete Lagrangian in the modified action (15.6.4):








	[image: image]

	(17.4.28)







We are integrating over A′, ψ′, ω′, and ω∗ with a measure that is presumed to be invariant under the simple matrix transformations (17.4.3), (17.4.10), (17.4.25), and (17.4.27), so the effective action Γ[A, ψ, ω, ω∗] is invariant under the remaining transformations (17.4.2), (17.4.9), (17.4.24), and (17.4.26). In other words, it is gauge-invariant in the same sense as the original action I[A, ψ, ω, ω∗].

This formal gauge invariance sets powerful constraints on the infinities that can occur in the effective action. The ultraviolet divergences in Γ-appear in the coefficients of terms whose dimensionalities are [mass]d with d < 4, but here these terms are invariant under the background gauge transformations (17.4.2), (17.4.9), (17.4.24), and (17.4.26). For instance, in a gauge theory based on a simple gauge group, with spin 1/2 fermions belonging to an irreducible representation of this group, the only such terms are of the form

[image: image]

where here Fαμv, [image: image]μψ, [image: image]μωα, and [image: image]μ[image: image]); are constructed entirely from background fields:10

[image: image]

Dimensional analysis leads us to expect that the constants LA, Lψ), Lm, and Lω are logarithmically divergent.

To deal with these infinities, we note that the Lagrangian (17.4.12) contains a purely classical piece
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obtained by dropping all terms in [image: image]MOD that involve the quantum fields A′, ψ′, ω′, ω∗. We define renormalized fields
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so that the sum of the terms (17.4.30) and (17.4.35) takes the form
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where mR is the renormalized mass
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and
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The renormalized structure constants and group generators here are just

[image: image]

Because we assumed that the Lie algebra here is simple, the structure constant Cαβγ and group generator tα, are fixed by the group structure except for a single common factor, the unrenormalized gauge coupling constant g. Eqs. (17.4.46) and (17.4.47) thus simply tell us that the gauge coupling constant gR factor in CR and tR is renormalized by
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This result exhibits the particular virtue of the background field gauge. In a general gauge we would encounter independent renormalization factors for the gauge field and the gauge coupling constant, and we would have to calculate two separate amplitudes (say, the vacuum polarization and three-gauge-field vertex function) in order to be able to sort these out. In background field gauge, background field gauge invariance ties these two renormalizations together by requiring that the infinite terms in the effective Lagrangian involve the field strength in its original form (17.4.31), and so we can calculate the charge renormalization factor by studying just one gauge field amplitude.

17.5 A One-Loop Calculation in Background Field Gauge

As an exercise, we are now going to calculate the one-loop renormalization factor for the gauge coupling constant in a general non-Abelian gauge theory. As we will see in the next chapter, this provides an essential input in so-called ‘renormalization group’ calculations of physical processes at high energy; the results we obtain here will be used there to demonstrate the asymptotic freedom of non-Abelian gauge theories.

The method to be employed here is somewhat novel. Usually, one considers the effective action in a spacetime-dependent background gauge field, and calculates the terms quadratic in this field, extracting a factor (qμAαv – qvAαμ)2 (where q is the gauge field four-momentum), and only then isolating the logarithmic divergence by setting q = 0 in the coefficient of this factor. Instead we shall follow the much simpler course of taking the gauge field to be spacetime-independent from the beginning. In this case the terms in the effective action that are quadratic or cubic in the gauge field of course vanish, but there is a non-vanishing quartic term that is ultraviolet divergent, and which can be used to calculate the coupling constant renormalization factor (1 + LA)−1/2. In this way our one-loop calculation becomes a matter of simple matrix algebra. Note that this procedure can only work in background field gauge; otherwise there would be independent logarithmic divergences in the parts of the effective action that are quartic and quadratic in the background gauge field.

With this motivation, we turn to the calculation of the one-loop effective action in a background field for which Aαμ is constant and ψ = ω = ω∗ = 0. For such a background field, the full modified Lagrangian is11

[image: image]

One-loop graphs for vacuum–vacuum amplitudes are calculated from the part of the action that is quadratic in the quantum fields A′ ψ′, ω′ ω′∗ over which one integrates. Keeping only such quadratic terms, we have
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The corresponding action may be put in the general quadratic form:
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with
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(The minus signs in front of ∂/∂x and ∂/∂y drop out when we integrate by parts.)

The one-loop contribution to the effective action is given (as in Section 16.2) by
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(The exponents −1/2 and +1 appear because A′ is a real boson field, while ψ′, [image: image]′, ω′ and ω′* are distinct fermionic fields.) The calculation of such determinants is generally not an easy task. However, it becomes much simpler in the case of constant external fields, where the [image: image]s can be diagonalized by passing to momentum space.

Let’s therefore now consider the case of constant background field Aαμ. For non-Abelian gauge theories such a constant field cannot be removed by a gauge transformation, as shown by the non-zero values of various gauge-covariant fields
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and so on. Lorentz and gauge invariance tell us how to express the part of Γ[A] of a given dimensionality as the integral of a finite number of local functions of Fαμυ, DλFαμυ, etc.; the coefficients of the terms in this expression can be inferred by comparing the contribution that these terms  make to Γ[A] for constant background field Aαμ, with the results of a perturbative expansion.

We transform each of the ‘matrices’ [image: image]A, [image: image]ψ, and [image: image]ω to a momentum basis by the usual normalized Fourier transform
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With A constant, this gives
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where · · · denotes discrete indices, and the [image: image] are finite q-dependent matrices
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with Fγμυ given by Eq. (17.5.11). From Eq. (17.5.10) we have then
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We denote traces by ‘tr’ instead of ‘Tr’ in the last line of Eq. (17.5.18) (and from now on in this section) to indicate that these are the usual traces of finite matrices rather than of integral operators.

Since we are aiming here at a calculation of the infinite factor LA multiplying FF terms in the effective action, let’s isolate the term in (17.5.18) that is of fourth order in the background field A. For this purpose, it is convenient to divide each [image: image] into terms [image: image]n containing n = 0,1, or 2 factors of A:
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It is then elementary algebra to show that the term in (17.5.18) of fourth order is Aαμ
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(To see this, insert factors [image: image] and [image: image]2 multiplying [image: image]1 and [image: image]2 in Eq. (17.5.19), differentiate tr ln [image: image] four times with respect to [image: image], divide by 4! and set [image: image] = 0.) The [image: image] factors here are just the usual propagators; for ξ = 1, these are
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Indeed, the three terms in Eq. (17.5.20) just correspond to the three Feynman diagrams shown in Figure 17.1; the present method of calculation saves us from having to think about signs and combinatoric factors.

[image: image]

Figure 17.1. One-loop Feynman diagrams for the term in the quantum effective action that is quartic in a constant background gauge field [image: image]. Here solid lines represent internal gauge, ghost, or matter lines; dashed lines indicate factors of [image: image]. These three diagrams correspond to the three terms in Eq. (17.5.20).

For the A loop, Eq. (17.5.15) gives for c = 1:
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where [image: image]λ is the matrix
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for which
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The integrals have the structure
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We then find, for ξ = 1:
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where [image: image] is the divergent integral
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whose significance is discussed below. Putting this together in Eq. (17.5.20), we have

[image: image]

Both terms are actually of the same form, and when combined yield
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Now jumping ahead to the ghost loop, we see from Eq. (17.5.17) that
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We then find
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Thus for the ghost loop the integral of the quantity (17.5.20) is
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Finally, the vertices in the matter loop are
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so here there is only one term in Eq. (17.5.20):
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We are interested in the ultraviolet-divergent part of this integral, so we may drop the mass (which is negligible for large qv) and write
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where [image: image] is the same divergent integral as in Eq. (17.5.24). To calculate the traces of Dirac matrices, we use the anticommutation relations of these matrices to write
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Eq. (17.5.29) then gives
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Using Eqs. (17.5.25), (17.5.28), and (17.5.30) in Eq. (17.5.18) gives at last
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where we have expressed the momentum-space delta-function in (17.5.14) as
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It is important that the result turns out to depend on Aαμ only through the field strength (17.5.11), as required by background gauge invariance.

Let us now (for the first time in this section) use the assumed simplicity of the gauge group and irreducibility of the matter field multiplet. In this case
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where g is the common gauge coupling constant appearing as a factor in Cγαβ and tγ, and C1 and C2 are numerical constants that characterize the gauge group and the representation of this group provided by the matter multiplet. For instance, in the original Yang–Mills theory the gauge group is SU(2) (or equivalently SO(3)) and the structure constants are
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with α, β, and γ running over the values 1, 2, 3. Comparing with Eq. (17.5.33), we see that here
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Also in this theory the matter field forms a doublet with tα given by g/2 times the usual Pauli matrix σα, so
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Somewhat more generally, for the group SU(N) with nf fermions in the defining representation, with a conventional normalization of generators we have12
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Returning now to the general case, Eqs. (17.5.33) and (17.5.34) give
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That is, the infinite constant LA in Eq. (17.4.30) is
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It remains to say a word about the interpretation of the divergent integral [image: image]. First, before we try to integrate over the three-momentum q, we can rotate the contour of integration of q0 in Eq. (17.5.24) to the imaginary axis; as usual, the −i[image: image] in the denominator forces us to rotate counterclockwise, so that q0 = iq4, with q4 running from −∞ to +∞. The integral is then
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where q is now the magnitude of the Euclidean four-vector (q1, q2, q3, q4). To go further, we evidently need some method of regulating the integral. The simplest way of dealing with the ultraviolet divergence is just to cut off the integral for q above a scale Λ. However, we also need a lower cut-off to deal with the infrared divergence. This is provided by the physics of the situation. If the momenta of the four vector particles is not zero, then a momentum flows through the internal lines of the diagrams, providing an infrared cut-off at the scale μ of these momenta. Similarly, if we evaluate the fourth variational derivative of Γ[A] with respect to A not at A = 0 but at a finite A, then the propagators of the internal lines do not blow up at zero momenta, and we have an infrared cut-off at a scale μ ~ gA. Either way, [image: image] takes the form
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and hence
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Eq. (17.4.48) then gives the renormalized coupling as
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We note that while in quantum electrodynamics the radiative corrections discussed in Section 11.2 decrease the physical coupling gR relative to the bare coupling g, in non-Abelian gauge theories they increase the physical coupling over the bare coupling, provided that the fermion multiplet is small enough so that C2 < 11C1/4. The importance of this point will be explored in Chapter 18.

Alternatively, we can deal with the ultraviolet divergence by the methods of dimensional regularization, discussed in Section 11.2. Here, in place of Eq. (17.5.39), we write
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where d is a complex dimensionality, allowed to approach 4 at the end of the calculation, and μ is an infrared cut-off, again taken of the order of the external momenta (or of the background fields times g). As long as d is complex with Re d < 0 and μ2 > 0, this has the finite value
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Analytically continuing to d → 4, this is
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where · · · denotes finite μ-independent terms. Here we have
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and so
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Note that the ultraviolet divergence here takes a different form, but the dependence on the infrared cut-off μ is the same. Eq. (17.5.44) will provide an important input to our discussion of asymptotic freedom in Section 18.7.

Problems

1.  Carry out the proof of renormalizability given in Section 17.2, including elementary scalar fields in the Lagrangian.

2.  Carry out the quantization of a non-Abelian gauge theory in background field gauge, using the BRST method of quantization discussed at the end of Section 17.2.

3.  Derive the relation (17.5.44) between the renormalized and unrenormalized gauge couplings by calculating the terms in Γ(1 loop) that are quadratic in a spacetime-dependent gauge field.

4.  Calculate the one-loop relation between the renormalized and unrenormalized gauge couplings in a gauge theory containing elementary scalar fields.
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1   Here I is the action INEW modified as described in Section 15.7 to depend on the ghost and antighost fields ωα, and [image: image] and on the auxiliary field hα, with the subscript ‘NEW’ dropped from now on.

2   Such order-by-order relations may be derived formally by repeating the reasoning of Section 16.1: When the action SR is replaced with g−1SR, the contribution of a connected L-loop graph with I internal lines and V vertices is multiplied by a factor gv−I = gL−1 If the counterterms in S∞ associated with N-loop diagrams are also provided with factors gN, then ΓL is the value for g = 1 of the term in Γ of order gL−1 Eq. (17.2.2) then follows by requiring Eq. (17.1.10) to hold in each order in g. In cgs units the action has the same dimensions as [image: image], and so appears in the path integral multiplied with a factor 1/[image: image], so we can also use [image: image] as a loop-counting parameter in place of g.

3   The second terms in Eqs. (17.2.6) and (17.2.7) have been put into the form shown here by recalling that, because χn and Kn have opposite statistics, for any bosonic functionals A and B,
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4   The requirement of global gauge invariance rules out any non-trivial similarity transformation in the relation between Eαβγ, and Cαβγ.

5   The matrix [image: image] satisfies the commutation relations of the gauge Lie algebra, [image: image]. But the only representation of a simple Lie algebra with the same dimensionality and [image: image] transformation properties as the adjoint representation of si is the adjoint representation itself.

6   In a theory with scalar fields, we could also have renormalizable terms with hα, multiplied with one or two scalar fields. Such terms cause no trouble, but for brevity they will not be considered here.

7   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

8   Strictly speaking, this is valid if one requires that the constant coefficients in S do not take special values for which S would be invariant under a larger group of local symmetries. For instance, this excludes the case S = 0.

9   We are now returning to the specific choice of the gauge-fixing functional B[f] as the Gaussian (15.7.4), and we are integrating out the auxiliary field hα, so that the gauge-fixing term in the modified Lagrangian is just −fαfα/2ξ.

10   The condition of a simple gauge group insures that there is just a single kinetic term for A and for ω, proportional to [image: image] and [image: image] respectively, while the condition that ψ transforms irreducibly insures that there is just a single kinetic term and a single mass term for ψ. It would be easy to treat more general possibilities, at the cost of a slight complication in notation. We are also implicitly using the conservation of ghost number.

11   See Eqs. (17.4.12), (17.4.4), and (17.4.23). We are here specializing to the case of matter fields forming a multiplet of spin [image: image] fermions. The squares in [image: image] and [image: image]f include obvious index contractions.

12   For SU(3) the tα are taken as g/2 times the Gell-Mann matrices λα used in Section 19.7, so that Cαβγ = (g/2)fαβγ.


18

Renormalization Group Methods

The method of the renormalization group was originally introduced by Gell-Mann and Low1 as a means of dealing with the failure of perturbation theory at very high energies in quantum electrodynamics. An n-loop contribution to an amplitude involving momenta of order q, such as the vacuum polarization ∏μv(q), is found to contain up to n factors of [image: image] as well as a factor αn, so perturbation theory will break down when [image: image] is large, even though the fine structure constant α is small. Even in a massless theory like a non-Abelian gauge theory we must introduce some scale μ to specify a renormalization point at which the renormalized coupling constants are to be defined, and in this case we encounter logarithms ln(E/μ), so that perturbation theory may break down if E [image: image] μ or E [image: image] μ, even if the coupling constant is small.

Fortunately, there is a modified version of perturbation theory that can often be used in such cases. The key idea of this approach consists in the introduction of coupling constants gμ defined at a sliding renormalization scale μ — that is, a scale that is not related to particle masses in any fixed way. By then choosing μ to be of the same order of magnitude as the energy E that is typical of the process in question, the factors ln(E/μ) are rendered harmless. We can then do perturbation theory as long as gμ remains small. In particular, given the coupling constants defined at scale μ, we can use perturbation theory to calculate physical amplitudes at an energy μ + dμ, and use these to calculate the coupling constants defined at a renormalization scale μ + dμ. By integrating the resulting differential equation we can then relate the coupling constants at the scale of interest to the coupling constants as conventionally defined. (The name ‘renormalization group’ arose originally because one is concerned here with equations that describe how the appearance of a theory changes under a redefinition of the renormalized coupling constants, but it really has nothing to do with group theory.) The method of the renormalization group can also provide qualitative guidance regarding asymptotic behavior at very high or (in massless theories) at very low energy, even where the coupling constants at the scale of interest are too large to allow the use of perturbation theory.

Although the method of the renormalization group arose originally in connection with changes in the prescription used to define renormalized coupling constants, it has come to have a wider meaning. When we replace bare couplings and fields with renormalized couplings and fields defined in terms of matrix elements evaluated at a characteristic energy scale μ, the integrals over virtual momenta will be effectively cut off at energy and momentum scales of order μ. Thus as we change μ, we are in effect changing the scope of the degrees of freedom taken into account in our calculations. The lesson of the renormalization group, that in order to avoid large logarithms we should take μ to be of the order of the energy E typical of the process being studied, is a special case of a broader principle, that in order to do calculations at a given energy we should first get rid of the degrees of freedom of much higher energy.

There are various other ways to accomplish this. As we saw in Section 12.4, in the approach to the renormalization group pioneered by Wilson2 one introduces a finite explicit cut-off accompanied by a change in the parameters of the theory designed to keep physical quantities cut-off-independent. This approach requires introduction of an infinite number of interaction types, all those allowed by the symmetries of the theory, and is therefore not particularly convenient in dealing with theories that are actually renormalizable, like quantum electrodynamics (although, as discussed in Section 12.3, quantum electrodynamics is today regarded as only a very good approximation to a non-renormalizable theory in which the higher-dimensional interactions are suppressed by negative powers of some very large mass.) Where the cut-off is imposed by quantizing a gauge theory on a finite spacetime lattice, the Wilson approach has the advantage that calculations can be done while maintaining manifest gauge invariance (the volume of the gauge group equaling the volume of the global symmetry group times the number of lattice sites), but it has the disadvantage of not maintaining manifest Lorentz or rotational invariance. In any case much of the formalism of the renormalization group remains the same whatever approach is used to eliminate the high-energy degrees of freedom.

18.1 Where do the Large Logarithms Come From?

Let us first consider how large logarithms can arise at very high energies. Consider a physical amplitude or cross section or other rate parameter Γ(E, x,g,m), that depends on an over-all energy scale E, on various angles and energy ratios collectively called x, on various dimensionless coupling costants collectively called g, and on various masses collectively called m. If Γ has dimensionality [mass]D (as, for instance, a cross section would have D = –2) then simple dimensional analysis tells us that
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We might expect that in the limit [image: image] such an amplitude would behave as a simple power
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But this is not what is found. Instead, in perturbation theory calculations the factor ED is found to be accompanied by powers of ln(E/m), which invalidate this simple power-law behavior.

Clearly, powers of ln(E / m) can enter as [image: image] with fixed m only if the amplitude Γ at fixed energy E becomes singular as m → 0. There are two classes of such mass singularities, one which is simply eliminated by calculating the right sort of amplitude or rate constant, the other of which requires a change in our renormalization procedure.

Zero-mass singularities of the first sort arise from a confluence of poles of propagators on the mass shells of the corresponding particles. For instance, suppose that a Feynman diagram has an incoming line with total four-momentum pμ, attached at a vertex to internal lines of mass m1, m2, ...,mn. According to the arguments of Chapter 10, the corresponding Feynman diagram will have a cut running along the negative real p2 axis, from p2 = –(m1 +...+mn)2 to –∞. This does not lead to singularities if the external line is for a stable particle, with a mass M < m1 +... + mn, because then p2 = –M2 is off the cut. However, when M, m1,...,mn all go to zero, the value of –p2 on the mass shell and the branch point at the tip of this cut move together to join at p2 = 0, producing a singularity.

This suggests that we can avoid the infrared divergences at m = 0 by simply staying off the mass shell, as, for instance, by letting p2 for all external lines go to +∞ along with all energy variables. We would then have to employ dispersion relations or some other technique of analytic continuation to use the results for the behavior of Feynman amplitudes in this limit to tell us anything about S-matrix elements. Often this continuation is unnecessary because we are interested not in on-shell S-matrix elements but rather in the matrix elements of currents carrying momenta q unrelated to any masses. For instance, the vacuum polarization function π(q2) defined in Section 10.5 is free of zero-mass singularities of the first sort except for q2 < 0.

Another approach to the elimination of mass singularities of the first type is suggested by the observation that zero-mass singularities typically occur if we try to calculate a cross section that becomes unmeasurable in the limit m → 0. For instance, in quantum electrodynamics the cross section for any process involving definite numbers of electrons and photons becomes infrared-divergent in the limit me → 0, even if we sum over unlimited numbers of soft photons, because for me → 0 it is impossible to distinguish an electron from a jet of electrons, positrons, and photons with total charge –e, all moving in the same direction at the same speed. As shown in Chapter 13, such infrared divergences can be cured by considering only suitably integrated cross sections, which would be measurable for me → 0. For instance, instead of trying to calculate the cross section for a specific Compton scattering process, we would calculate the cross section for the scattering of a jet with total charge–e with another of total charge zero into two other such jets, plus soft photons. Such inclusive rates or cross sections, which remain finite when all masses vanish, are known as ‘infrared safe.’

Our troubles are not over. Even where we avoid infrared divergences by integrating over cross sections or staying off the mass shell, the resulting integrated cross sections or off-shell amplitudes for energies E contain mass singularities of a second type, leading to factors ln(E/m) that invalidate the naive power-law behavior suggested by dimensional analysis. The reason can be traced to the fact that renormalized coupling constants are conventionally defined in terms of amplitudes that become infrared-divergent when all masses vanish. For instance, consider the theory of a real scalar field with Lagrangian density
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To one-loop order, the invariant elastic scattering amplitude for a scattering process with initial four-momenta p1, p2, and final four-momenta [image: image], [image: image], is given by Eq. (12.2.24) as
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where s, t, and u are the Mandelstam variables

[image: image]

and Λ is an ultraviolet cut-off. This has no zero-mass singularities as long as we keep s, t, and u away from the positive real axis, and in particular if they all go to –∞ (which violates the mass shell condition s+t+u = 4m2.) Of course, the amplitude depends on the cut-off Λ as well as on m, so even though there are no zero-mass singularities, we do not find the result A → constant that would be found on the basis of naive scaling arguments in the limit as s, t, and u go to –∞. The dependence on the cut-off can be buried by renormalization; we replace the bare coupling g with a renormalized coupling gR, defined as the value of A at some convenient renormalization point. For instance, we might take
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Then (18.1.3) becomes
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(We can freely replace g2 with [image: image] in the second term, because the difference is only of order g3.) This is free of ultraviolet divergences, but it now has a singularity at m = 0, even where s, t, and u are all kept negative. In consequence, where s, t, and u all go to –∞, we again find an asymptotic behavior in disagreement with expectations based on naive scaling








	
[image: image]





		
(18.1.6)








(Much the same happens with any other ‘natural’ definition of the renormalized coupling; for instance, we might define gR as the value of A at the on-shell symmetrical point s = t = u = 4m2/3, and would recover the same asymptotic behavior as in Eq. (18.1.6), except that –6 would be replaced with some other numerical constant.) It is clear that the zero-mass singularity that is encountered when A is expressed in terms of gR arises entirely from the ln m2 term in the formula (18.1.4) for the renormalized coupling gR in terms of the bare coupling g.

There are in addition other zero-mass singularities that are encountered when we calculate matrix elements of operators (such as off-shell Feynman amplitudes) rather than integrals of cross sections. These are due to the necessity of renormalizing these operators as well as coupling constants. For instance, suppose that in the scalar field theory with Lagrangian (18.1.2), we wish to calculate some matrix element [image: image]β[image: image][image: image](p)[image: image]α[image: image] of the operator
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In Feynman diagram terms, this corresponds to inserting a vertex in which two internal [image: image]-lines come together, and through which flows a total four-momentum p in diagrams for the transition α → β. (See Figure 18.1.) Ultraviolet divergences arise from a class of diagrams in which this new vertex is part of a subdiagram that is connected to the rest of the graph by just two [image: image]-lines. (See Figure 18.2.) Dimensional analysis shows that the subgraph would be convergent if connected to the rest of the diagram by more than two [image: image]-lines, because the interaction [image: image]2 has dimensionality +2, and hence a subdiagram in which this vertex is connected to the rest of the graph by n > 2 lines has dimensionality 4 – 2 – n < 0. The divergent part of this subdiagram is just a logarithmically divergent constant, so the matrix elements of [image: image]2 can be made finite1 by multiplying [image: image]2 with a suitable divergent constant Zϕ2. To order g2, the relevant subdiagram is given by the diagrams of Figure 18.3, and hence contributes to matrix elements of [image: image](p) a divergent factor
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Combining denominators, rotating the k0 integration contour, and imposing an ultraviolet cut-off Λ gives a result, for Λ → ∞
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This has no zero-mass singularity (as long as we keep p2 positive), but of course it does depend on the cut-off. This logarithmic divergence is eliminated by defining a renormalized ϕ2 operator
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with N([image: image]) chosen so that N([image: image])F(p) has some definite finite value at some definite renormalization point. For instance, we could define the renormalized [image: image]2 operator so that
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in which case
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The matrix elements of the renormalized operator ([image: image]2)R then contain a factor








	
[image: image]





		
(18.1.13)








This is finite for all p2 > 0 and m2 < 0, but it now contains an infrared singularity for m → 0, corresponding to large logarithms in the asymptotic behavior when p2 → +∞. Of course in order to eliminate the cut-off in higher-order calculations we would have to introduce a renormalized coupling constant as well as a renormalized [image: image]2 operator, and we would encounter logarithms arising from both sources.

[image: image]

Figure 18.1. Momentum-space Feynman diagrams for the matrix element of the operator [image: image] in the theory of an elementary scalar field [image: image](x). The cross-hatched disk represents the sum of diagrams with the indicated external lines. Apart from the pair of external lines that meet in a [image: image]2 vertex, the other external lines attached to the disk represent the particles in the initial and final states between which the matrix element is evaluated.
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Figure 18.2. A class of Feynman diagrams for the matrix element of the operator [image: image] that exhibit an ultraviolet divergence. The notation is the same as in Figure 18.1.

[image: image]

Figure 18.3. The divergent part of the diagram in Figure 18.2, to one-loop order.

Similar renormalization factors are needed for any sort of operator, not just [image: image]2(x). In particular, taking a matrix element of one of the elementary fields ψ of a theory introduces ultraviolet divergences that arise from radiative corrections to the corresponding propagator. As we saw in Chapter 12, these infinities can be cancelled by working with a renormalized field ψR:
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with N(ψ) chosen to make the matrix element of ψR between a one-particle state and the vacuum the same as for a conventionally normalized field in the absence of interactions. This is related to the usual Z-factor of renormalization theory by
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For instance, let’s recall our earlier results for the renormalization of the photon field in spinor quantum electrodynamics.2 In this case, the renormalized electromagnetic field [image: image] is conventionally written in terms of the ‘bare’ field [image: image] as
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with Z3 given by Eq. (11.2.21) as
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This has a zero-mass singularity, which will affect the asymptotic behavior of matrix elements of the renormalized photon field. In particular, Eq. (11.2.22) gives the self-energy function of the renormalized electromagnetic field as
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This has a singularity at m = 0, and so has large logarithms in its asymptotic behavior: for q2 +∞
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Electrodynamics has the special feature that the constant Z3 that appears in the renormalization of the electromagnetic field also appears in the renormalization of the electric charge:








	
[image: image]


	
(18.1.19)








but this is not generally the case. Renormalization group techniques were first applied in quantum electrodynamics, but the scalar field theory discussed here gives a more typical illustration of these methods, with separate renormalizations for fields and couplings.

18.2 The Sliding Scale

We have seen in the previous section that the large logarithms that appear at high energy in suitably integrated cross sections or off-shell Feynman amplitudes can be traced to the prescription used to define renormalized coupling constants and operators. The central idea of the renormalization group method is to change this prescription.

Suppose we find some way of defining a new kind of renormalized coupling constant g(μ), that depends on a sliding energy scale μ, but that (at least for μ [image: image] m) has no dependence on the scale m of the masses of the theory. Then suitably integrated cross sections or other infrared-safe rate parameters may be expressed as functions of gμ and μ instead of gR. By dimensional analysis such functions may be written as
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(Our notation here is the same as in Section 18.1; in particular, x stands for all dimensionless angles, energy ratios, etc. on which Γ may depend.) Since μ is a completely arbitrary renormalization scale, we can choose μ = E, in which case Eq. (18.2.1) reads
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This now has no zero-mass singularities because gE does not depend on m for m < E, so there are no large logarithms, and we can use perturbation theory to calculate Γ in terms of gE as long as gE itself remains sufficiently small. In particular, in any finite order of perturbation theory Γ has the asymptotic behavior, for E [image: image] m,
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(Non-perturbative corrections are considered in Section 18.4.)

It remains to calculate gE. For instance, in the scalar field theory with Lagrangian (18.1.2), we may define gμ in terms of the value of the scattering amplitude at a renormalization point s = t = u = –μ2:
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or, in terms of the conventional renormalized coupling (18.1.4),
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But this formula is reliable only if the correction term is smaller than gR; that is, only if [image: image]gR ln(μ/m)[image: image] [image: image] 1. If this were the case for μ [image: image] E, then we would not need the methods of the renormalization group; ordinary perturbation theory would be good enough.

Instead of using formulas like (18.2.5) directly for large μ, we must instead proceed in stages: gμ may be calculated in terms of gR as long as μ/m is not much larger than unity; then gμ′, may be calculated in terms of gμ as long as μ′/μ is not much larger than unity; and so on, up to gE. Instead of discrete stages, this may also be done continuously. Dimensional analysis tells us that the relation between gμ′, and gμ takes the form
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Differentiating with respect to μ′ and then setting μ′ = μ yields the differential equation
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where
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There are no zero-mass singularities here, so for μ [image: image] m the differential equation becomes simply
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which is often known as the Callan–Symanzik equation.1 We are to calculate gE by integrating the differential equation (18.2.9), with an initial value gM at some scale μ = M, chosen in practice large enough so that for μ ≥ M we can neglect the masses m compared with μ, but small enough so that large logarithms ln(M/m) do not prevent us from using perturbation theory to calculate gM in terms of the conventional renormalized coupling constant gR. The solution may be formally written
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as long as β(g) does not vanish between gM and gE.

The results of the previous paragraph do not rely on perturbation theory, but we usually need to use perturbation theory to calculate the functions G and β. As an example, suppose we calculate gμ′ in the scalar field theory with interaction Hamiltonian density g[image: image]4/24, renormalizing by expressing g in terms of gμ rather than gR. Following the same procedure that led to Eq. (18.2.5), this gives
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Then Eq. (18.2.8) gives
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For μ [image: image] m, this is
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In next order, the beta-function for μ [image: image] m is3
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If we are content with the one-loop approximation the calculation of β(g) can be done even more easily. In order to avoid large radiative corrections in matrix elements at energies of order μ, we must write the bare coupling g in terms of a finite renormalized coupling gμ, as
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For instance, from Eq. (18.1.3) we could have immediately read off that the In Λ terms in g have coefficient
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The unrenormalized coupling is of course independent of μ, so to lowest order
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and so to lowest order
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With B(g) given by Eq. (18.2.14), this agrees with our previous result (18.2.12) for β(g) in the [image: image]4 scalar field theory.

Instead of using a simple ultraviolet cut-off, which can interfere with gauge invariance, it is often more convenient to deal with ultraviolet divergences by use of dimensional regularization. For a spacetime dimensionality d < 4, we find in place of ln(Λ/μ) the convergent integral
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Thus instead of eliminating the cut-off dependence by writing the unrenormalized coupling constant as in (18.2.13), we instead write
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with the same function B(gμ) as before. Thus in order to calculate B(gμ), all we need to do is to pick out the coefficient of the singular factor 1/(4 – d) in the renormalized coupling. This argument is extended to all orders of perturbation theory in Section 18.6.

As long as gμ is sufficiently small in the scalar field theory with Lagrangian (18.1.2), the solution of Eqs. (18.2.9) and (18.2.12) can be well approximated by
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where M is an integration constant. This expression illustrates a common aspect of renormalization group calculations, that dimensionless couplings like gR become replaced with parameters like M that have the dimensionality of mass. The value of M may be related to gR by comparing the solution (18.2.17) with the behavior of the coupling for values of μ that are large enough to allow us to use approximations based on μ [image: image] m, but small enough so that [image: image]gR ln(μ/m)[image: image] [image: image] 1, where (18.2.5) gives
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In this way, we find
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so that Eq. (18.2.17) may be put in a more conventional form
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To repeat, this is valid provided gμ is small, even if [image: image]gR ln(μ/m)[image: image] is of order unity, so it represents a significant improvement over the perturbative result (18.2.18). Of course, the condition that gμ should be small will become violated when gR ln(μ/m) is sufficiently close to the critical value 16π2/3. But at least Eq. (18.2.20) makes the unequivocal prediction that gE becomes large enough to invalidate perturbation theory at some energy E below the critical value (18.2.19).

In calculating off-shell matrix elements of operators instead of integrated cross sections, we also need to take into account the N-factors that appear in the definition of the renormalized operators whose matrix elements are finite. We saw in the previous section that if these N-factors are defined in a conventional way (say, so that the correction factors produced by the divergent subgraphs are cancelled when the operator carries zero four-momentum, or is a field on its mass shell) then the formula for the N-factor involves zero-mass singularities as in Eq. (18.1.12) or Eq. (18.1.16), resulting in large logarithms at energies E [image: image] m. The cure is to define renormalization constants [image: image] at a sliding scale μ, so that in matrix elements of the renormalized operator
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the correction factor produced by divergent subgraphs containing operator [image: image] are cancelled at a renormalization point characterized by four-momenta of order μ. If MR is a matrix element of operators that are conventionally renormalized, and M is one in which the operators are renormalized as in Eq. (18.2.21), then for any μ
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We can again use dimensional ana ysis (assuming M has dimensionality D) and set μ = E, to write this as
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Thus to find the high energy behavior of an off-shell amplitude MR, we need to know how Nμ, varies with the renormalization scale μ.

For any two renormalization scales μ and μ′, the renormalized operators [image: image][image: image] and [image: image][image: image] both have finite matrix elements, so the ratio [image: image]/[image: image] must be cut-off independent. On dimensional grounds, this ratio must take the form
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Differentiating with respect to μ′ and then setting μ′ = μ gives
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where
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The solution is
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This is a useful result because the introduction of the sliding scale prevents the appearance of zero-mass singularities in [image: image] and [image: image], and hence also in G([image: image]) and γ([image: image]). Hence as long as gμ is small, there are no large logarithms that prevent the application of perturbation theory to calculate γ([image: image]) Also, for μ [image: ] m, γ([image: image])(gμ,m/μ) has a smooth limit
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As an example, consider the operator [image: image] = [image: image]2 in the scalar field theory with interaction g[image: image]4/24. Instead of renormalizing it so that the correction factor (18.1.9) is cancelled at p2 = 0, we cancel it at a sliding scale p2 = μ2, by introducing a new renormalized [image: image]2 operator [image: image], with
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Then the function (18.2.24) for this operator is
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(We can use gμ here instead of g or gμ′ because the difference only affects the terms of order [image: ] higher.) From Eq. (18.2.26), we have then
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or for μ [image: ] m,
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Another good example is provided by the N-factor associated with the renormalization of the electromagnetic field in quantum electrodynamics. Recall that the photon propagator can be made finite for all momenta by evaluating it for renormalized electromagnetic fields, or equivalently by multiplying the propagator of the unrenormalized field by [image: image]:
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Eq. (10.5.17) shows that this renormalized propagator may be written
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Suppose we instead define a renormalized field [image: image], whose propagator has a term proportional to [image: image] with a coefficient that is equal to unity at a sliding renormalization scale q2 = μ2. For this purpose, we must clearly take
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Using Eq. (11.2.22), the function (18.2.24) is then
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and so Eq. (18.2.26) gives
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As promised, this has a smooth limit for μ [image: ] m
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As already mentioned, electrodynamics is a special case, because the renormalization constant [image: image] in the definition of the renormalized electromagnetic field is just the reciprocal of the constant used to define the renormalized electric charge of the electron: [image: image]. The natural definition of the renormalized electric charge at a sliding scale μ is then
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so that eμ times the field [image: image] renormalized at scale μ is independent of μ. From Eq. (18.2.25) we see that the function β(e) which gives the μ dependence of eμ according to Eq. (18.2.9) for μ [image: image] m has the value
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Using an earlier calculation3a of the fourth-order term in the vacuum polarization function π(q2), Gell-Mann and Low were able also to give the term in β(e) of next order in e:
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In other words, the electric charge at a sliding scale μ satisfies the renormalization group equation
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This shows, for small eμ, that eμ increases with increasing μ.

We also need an initial condition. This is provided by the known value of the conventionally renormalized charge [image: image], for which [image: image]. Eqs. (18.2.32) and (18.2.36) yield
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We need to match this with the solution of Eq. (18.2.39) at a value of μ which is large enough to justify the approximation μ [image: image] me in (18.2.39) but small enough so that the logarithm in Eq. (18.2.40) is still small enough compared with [image: image] to justify the use of perturbation theory. (For instance, we might take μ to be of order 100 MeV.) For such values of μ, Eq. (18.2.40) gives








	
[image: image]


	
(18.2.41)








On the other hand, the solution of Eq. (18.2.39) for eμ small (keeping only the leading term on the right-hand side) is
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Comparing Eqs. (18.2.41) and (18.2.42) gives the solution
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Unlike Eq. (18.2.41), Eq. (18.2.43) is valid as long as [image: image] is small, whether or not [image: image] is small.

For instance, we have already seen in Section 11.3 that the leading fourth-order radiative correction to the magnetic moment of the muon can be obtained by multiplying the second-order (Schwinger) term (11.3.16) by the vacuum polarization function πe(k2) at [image: image], which according to Eq. (18.2.40) is the same (to this order) as using [image: image] in place of α in the Schwinger term.

Another example: Experiments at high energy electron–positron colliders such as LEP at CERN or SLC at SLAC now study physical processes at energies of the order of the mass of the Z0 particle, or 91 GeV. Eq. (18.2.43) shows that at these energies, radiative corrections in pure quantum electrodynamics should be calculated using a value for the fine structure constant which is not α = 1/137.036 but rather
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This is for a theory in which electrons are the only charged particles with masses below mZ. In the real world there are many such particle types, and the effective fine structure constant4 at mZ is (128.87 [image: image] 0.12)–1.
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The sliding scale at which the coupling parameters of a theory are calculated may be the value of an external field rather than the momentum of an external line. In one of the early applications of the renormalization group method, Coleman and E. Weinberg4a considered the effective potential V([image: image]) for a spacetime-independent external scalar field [image: image]. In the simple case where the field interacts with itself alone, their one-loop result is given by Eq. (16.2.15). It is particularly interesting to consider this potential in the case where the renormalized mass mR vanishes, where to one-loop order we may set μ2([image: image]) in the last term equal to gR[image: image]2/2, so that Eq. (16.2.15) here reads (with g a slightly redefined coupling):
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This looks like at first sight as if for g > 0 the potential becomes less than λR for very small [image: image], so that the point [image: image] = 0 is a local maximum instead of a minimum, but for such small values of [image: image] the third term is larger than the second, and the perturbation theory is obviously untrustworthy. Also, we would like to be able to argue that g must be positive in order for the potential to be bounded below at large fields, but Eq. (18.2.45) shows that however small g is, there is some sufficiently large [image: image] where perturbation theory breaks down, and hence Eq. (18.2.45) cannot be trusted to tell us whether the potential is bounded below at large fields.

We can do much better by using a coupling constant defined at a sliding scale μ of field strength. Suppose we define a coupling gμ by the condition that
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If we had used gμ as the coupling parameter from the beginning, then in place of Eq. (18.2.45) we would have obtained
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which obviously satisfies Eq. (18.2.46).3 The renormalization group equation for gμ can be obtained from the condition that this effective potential is independent of μ,4
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(Terms involving the derivative of [image: image] are dropped here, because they are of higher order in gμ, and are hence negligible as long as gμ, is sufficiently small.) It is not a coincidence that this takes the same form as the renormalization group equation (18.2.9), (18.2.12), where μ was a renormalization momentum, because as we shall see in the next section the first two terms in the renormalization group equation are always independent of the way that we define the sliding scale. The solution of this equation is given by Eq. (18.2.17), in general with a different integration constant M. Hence by taking μ = [image: image] in Eq. (18.2.17), we now have
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This result should be used with some care, because it is only valid where the coupling constant [image: image] is small. The problem is not just that Eq. (18.2.49) loses its validity for [image: image] near M; we also cannot integrate the renormalization group equation through the singularity at [image: image] = M, so a knowledge of [image: image] on one side of this singularity tells us nothing about its behavior on the other side.

If [image: image] is found to have a small positive value for some [image: image]0 then from Eq. (18.2.50) we know that M > [image: image][image: image]0[image: image], so gϕ remains small and Eq. (18.2.49) is valid for [image: image][image: image][image: image] < [image: image][image: image]0[image: image]. This shows that the point [image: image] = 0 is a local minimum of V([image: image]), contrary to what Eq. (18.2.45) might have led us to suppose. This means that the vacuum which is invariant under the symmetry transformation [image: image] → – [image: image] is stable in this model, aside from the possibility of quantum mechanical barrier penetration. On the other hand, we do not know that Eq. (18.2.49) becomes valid for [image: image][image: image][image: image] sufficiently large compared with M. The coupling might remain too large to use perturbation theory for all [image: image][image: image][image: image] > M, and even if it becomes small for some [image: image][image: image][image: image] > M, the potential might be given for such [image: image] by Eq. (18.2.49) with a renormalization scale M′ > [image: image], producing a second singularity. Thus in this case we cannot conclude that V([image: image]) → – ∞ for [image: image][image: image][image: image] → ∞.

Similarly, if [image: image] is found to have a small negative value for some [image: image]0 then we know that M < [image: image][image: image]0[image: image], so [image: image] remains small and Eq. (18.2.49) is valid for [image: image][image: image][image: image] > [image: image][image: image]0[image: image]. In this case we cannot conclude anything about the behavior of the potential for [image: image][image: image][image: image] < M, but here we can use Eq. (18.2.49) to see that V([image: image])→ –∞ for [image: image][image: image][image: image] → ∞, ruling out the possibility of any stable vacuum. Because we are here considering the limit [image: image][image: image][image: image] → ∞, this conclusion holds also for scalar fields of mass m > 0, provided m [image: image] [image: image][image: image]0[image: image]. This is why it is necessary to assume that the [image: image]4 coupling (renormalized at any scale much larger than the scalar mass) is positive.

18.3 Varieties of Asymptotic Behavior

The renormalization group method provides useful insight into the types of possible asymptotic behavior that are encountered in quantum field theories, even in cases where the running coupling gμ does not remain small enough to allow the use of perturbation theory. We will distinguish four different ways that gμ may behave for μ → ∞, that correspond to four different shapes of the function β(g) in theories with a single coupling constant. In the next section we will take up the case of theories with several independent couplings.

Let’s first recall the results for β(g) obtained for the two examples considered in the previous section. One of these is the scalar field theory with interaction g[image: image]4/24, for which the beta-function for small g is
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The other is quantum electrodynamics. Instead of writing the beta-function here in the form (18.2.38), we will emphasize the similarities between this theory and the scalar field theory by writing
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with β(gμ) now understood to be μ dgμ/dμ, so that for small g
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Note that in both cases the physically allowed coupling constants fall in the range g ≥ 0, where β(g) ≥ 0 for small g. In electrodynamics this is simply because the reality of the Lagrangian requires e to be real. In the scalar field theory, as we saw at the end of the previous section, it is necessary to have g > 0 in order to have any stable vacuum state. However, there are other examples that have β(g) ≤ 0 for g ≥ 0. For instance, we can consider a scalar field theory with interaction Hamiltonian –g[image: image]4/24, with g taken positive. This may be unphysical, but stability problems will not bother us as long as we stick to perturbation theory. Eq. (18.2.9) shows that if we redefine g → –g the beta-function undergoes the change β(g) → –β(–g), so our previous result that β(g) = 3g2/16π2 + O(g3) for an interaction g[image: image]4/24 now gives
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for an interaction Hamiltonian density –g[image: image]4/24. Of greater relevance to physics, we shall see in Section 18.7 that non-Abelian gauge theories with not too many spinor fields have β ≤ 0 for small positive gauge coupling constants. In what follows we will always define the coupling g so that g ≥ 0, but we shall consider the cases of β(g) either positive or negative for small g.

Now let us turn to our list of possibilities. (See Figure 18.4.)

[image: image]

Figure 18.4. Schematic representation of four possible forms of the function β(g). For such forms of β(g), the running coupling gμ would: (a) approach infinity at a finite value of μ; (b) continue to grow as μ increases; (c) approach a finite limit g* for μ → ∞; (d) approach zero for μ → ∞.

(a) Singularity at Finite Energy

Suppose that β(g) > 0 for small positive g (as is the case for Eqs. (18.3.1) and (18.3.3)), and that β(g) remains positive and continues to rise sufficiently rapidly with increasing g, so that the integral [image: image] converges:
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Then gμ will move steadily away from gμ = 0, and Eq. (18.2.10) shows that gE must become infinite at a finite value of E:
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where μ is any renormalization scale with μ [image: image] m. We saw an example of this phenomenon in the previous section; if the lowest-order formula β(g) = 3g2/6π2 for the beta-function in the scalar field theory were taken as exact for all values of g, then the running coupling (18.2.17) would become infinite at the energy (18.2.19). Similarly, if the lowest order formula β(g) = g2/6π2 (with g ≡ e2) for the beta-function in spinor quantum electrodynamics were taken as exact for all g, then the energy (18.3.6) at which gE and eE become infinite would be
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Using Eq. (18.2.43), we may express this in terms of the conventional renormalized charge:
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Of course, the approximation that β(g) = g2/6π2 will break down before this energy is reached, so all we can say with confidence is that eE will become large enough to invalidate perturbation theory at some energy E below E∞.

(b) Continued Growth

Now suppose that in some theory β(g) remains positive definite for g → ∞, but rises slowly enough (or decreases) so that [image: image] is divergent. The coupling constant gE then continues to increase as E → ∞, but becomes infinite only for E = ∞. Furthermore, the leading term in the asymptotic behavior of gE for E → ∞ is independent of the conventionally renormalized coupling. For instance, if β(g) behaves for large g like bgk with b > 0 and k < 1, then the solution of Eq (18.2.9) is
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If gμ is small for some μ (say, of order m) then the growth of gE is seen only at energies which are exponentially large compared with this μ. However, in the extreme high energy limit the coupling grows according to
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a limiting behavior independent of gμ !

(c) Fixed Point at Finite Coupling

Suppose next that β(g) remains positive-definite for 0 < g < g*, but drops to zero at g = g* and is negative thereafter. Then Eq. (18.2.9) dictates that as μ increases gμ will increase for gμ < g* and decrease for gμ > g*, in either case approaching the fixed point g* for μ → ∞. If the zero of β(g) at g* is simple, then in the neighborhood of this point we have
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with a > 0. The solution of Eq. (18.2.9) is then
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(The behavior of type (b) described above may be regarded as the special case where the fixed point g* is at infinity.) Also, λ(g) for a general operator [image: image] may be expected to behave smoothly near g*:
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(We are here dropping the label [image: image] on γ and c.) Hence in matrix elements of this (and perhaps other) operators, we encounter a factor (see Eq. (18.2.27))
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The product of the factors E–γ(g*) can be lumped together with the factor ED in Eq. (18.2.23), with the result that the whole matrix element goes as
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where the dimensionality D* is calculated adding an ‘anomalous dimension’ –γ(g*) to the actual dimensionality of each operator appearing in the matrix element.

(d) Asymptotic Freedom

In the examples that have been discussed so far, β(g) was positive for small positive g, so that gμ is driven away from g = 0 as μ increases. Suppose that for some other theory β(g) is negative for small positive g. Then








	
[image: image]


	
(18.3.16)








where b > 0. Here n is the order of the lowest-order diagrams that contribute to β(g), and hence is always an integer greater than unity. (In the theories used as examples here, n = 2.) The solution of Eq. (18.2.9) here is
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For E → ∞, this has a limit independent of gμ:
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Since this gives a vanishing gE for E → ∞, we can trust perturbation theory in this limit, provided only that gE for some finite E is within the region around g = 0 where g and β(g) have opposite signs. The anomalous dimensions γ([image: image]) of various operators [image: image] are expected to have the weak-coupling behavior (dropping the label [image: image])
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where m is the order of the lowest-order diagrams that contribute to the renormalization of the operator, and c is a real constant that can be positive or negative. The asymptotic behavior at high energies of the factor introduced into matrix elements by renormalization of this operator is then
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except that for m = n –1
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We see that in the case of asymptotic freedom there are no corrections to those effective dimensionalities that determine the powers of energy appearing in the asymptotic behavior of the matrix element, but this asymptotic behavior is instead modified by powers of ln E.

For a toy model that exhibits asymptotic freedom, we can use the scalar field theory with interaction Hamiltonian density –g[image: image]4/24, with g taken positive. Eq. (18.3.4) here gives the parameters of Eq. (18.3.16) as:
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so Eq. (18.3.17) gives, for E → ∞,
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Also, the operator [image: image]2 in this theory has an anomalous dimension given by Eq. (18.2.29) as
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Hence Eq. (18.3.19) applies here, with
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Each [image: image]2 operator in a matrix element therefore contributes a factor given by Eq. (18.3.21) as
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The scalar field [image: image] itself in this theory has γ(g) [image: image] g2, and hence m = 2, so each [image: image] operator in a matrix element therefore contributes a factor given by Eq. (18.3.20) as
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We will see another, more physical, example of asymptotic freedom when we take up quantum chromodynamics in Section 18.7.

In all cases where gE can be extended to infinite energy, its behavior in this limit turns out to be independent of the renormalized coupling gR. However, this does not necessarily mean that the theory involves no arbitrary dimensionless parameters. In all cases, in order to describe how gE approaches its limit for E → ∞, we need to specify a free parameter λ with the dimensions of energy. For case (b), Eq. (18.3.10) may be written
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For case (c), Eq. (18.3.12) may be written
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Finally, for case (d), Eq. (18.3.18) may be written
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Such theories in general do have a free dimensionless parameter: the ratio of λ to the mass m. Coupling constants like eR that are renormalized at scales tied to m may be expressed as functions of m/λ. It is only when all masses in a theory vanish that we can say that the theory has no free dimensionless parameters.

Of the four types of asymptotic behavior described here, types (a) and (b) lead to the apparently unphysical behavior that the running coupling gE becomes infinite, either at a finite energy (case (a)) or for E → ∞ (case (b)). This does not in itself mean disaster: we have to look at how the coupling is defined. For instance, if gμ drops smoothly from a finite value gm at μ = m to zero for μ → ∞, and we define a new coupling [image: image], then [image: image] becomes infinite at μ = 2m, but this is just an artifact of this particular choice of coupling parameter. However, the conventional renormalized couplings gμ in both the [image: image]4 scalar field theory and quantum electrodynamics have been defined here in terms of the values of matrix elements at energies of order μ. Specifically, gμ in [image: image]4 scalar field theory is defined as the invariant Feynman amplitude A for scalar–scalar scattering at s = t = u = μ2, where A is supposed to be analytic. Also, [image: image] in spinor electrodynamics is given by
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An infinity in [image: image] at a point μ∞ would therefore produce a pole or other singularity in the renormalized photon propagator at a positive value of p2, that is, at [image: image], where the propagator is supposed to be analytic. Thus, with gμ, as defined here, the type of asymptotic behavior described in case (a) is ruled out physically.

How then do our various quantum field theories behave? Years ago, Landau4b argued that in quantum electrodynamics the increasing powers of ln(E/M) encountered at each order of perturbation theory would add up to give singularities (so-called ‘Landau ghosts’) at finite values of E. In modern terms, Landau could be said to have discovered possibility (a) above, but he did not give any argument against cases (b) or (c).

Nevertheless, there is today a widespread view that interacting quantum field theories that are not asymptotically free, like quantum electrodynamics or the scalar field theory with [image: image]4 interaction, are not mathematically consistent. In quantum electrodynamics there is some evidence against case (c), the existence of a finite fixed point e*. Such a fixed point would only be possible4c if non-perturbative effects changed the qualitative nature of the operator product expansion, the subject of Chapter 20, or if there were a non-perturbative renormalization of the triangle anomaly discussed in Chapter 22. But even if case (c) is indeed ruled out in quantum electrodynamics, there is still the possibility of case (b), a fixed point at infinite coupling.

Most of the evidence against the consistency of interacting nonasymptotically free quantum field theories comes from the study of the scalar field theory in four spacetime dimensions with [image: image]4 interaction, quantized on a finite spacetime lattice. There are rigorous theorems4d to the effect that this theory (with arbitrary dependence of the parameters of the theory on lattice spacing) does not have an interacting continuum theory as its limit for zero lattice spacing unless the theory is asymptotically free, which of course is contrary to what is found for this theory in perturbation theory. This argument also seems inconclusive. It is true that if there were a consistent continuum scalar field theory that is not asymptotically free, then it would be possible to construct a lattice theory by integrating out the values of the scalar field at all points except on a spacetime lattice. But this would not be the lattice theory that is considered in these theorems. It would be a lattice theory with every possible coupling allowed by symmetry principles — not just a term proportional to [image: image]4, but also terms proportional to [image: image]6, [image: image]3[image: image][image: image], etc, with coefficients having a dependence on the cut-off (the inverse lattice spacing) governed by the Wilson renormalization group equations discussed in Section 12.4. No one has proved anything about the continuum limit of such a theory.

If it is really true that there is no interacting continuum scalar field theory in the limit of zero lattice spacing, then we must encounter some obstruction when we try to solve the Wilson renormalization group equations, which for weak renormalized couplings would have to be at very small lattice spacings. Such a theory would appear like an interacting continuum field theory unless examined at very short distances. The renormalized coupling constant in this approximate continuum theory presumably has a singularity at finite energy, as in case (a) above, so that it too breaks down at short distances. (But for strong couplings there is no direct connection between the forms of the Wilson and Gell-Mann–Low renormalization group equations, so the existence of a singularity in the bare couplings at finite lattice spacing does not necessarily imply a singularity in the renormalized coupling constants at a finite renormalization scale.)

Theories of this sort are sometimes called trivial, either because, under various assumptions about the bare couplings of the theory quantized on a lattice, the continuum limit turns out to be a free field theory, or because the only way to make a continuum theory of type (a) physically satisfactory at all energies is to adopt the solution gμ = 0 of the renormalization group equation (18.2.9). Even if a field theory is trivial in either sense, there is no reason not to include it as part of a realistic theory of physical phenomena. The existence of an obstruction to the solution of the Wilson renormalization group equations for a field theory at very small lattice spacings is not important if in the real world there are other fields that must also be taken into account at such short distances. Similarly, the fact that a given quantum field theory has unphysical singularities at some large energy E∞ is not a physical problem if the theory in question is only a low-energy approximation to a larger theory, an approximation valid only at energies far below E∞. In particular, long before we reach the energies near (18.3.8) where quantum electrodynamics could be expected to become singular, it becomes necessary to take even gravitation into account, and no one knows how to calculate the effects of strong gravitational forces at such energies.

Despite these reassuring remarks, it is possible that in order to avoid unphysical singularities, all our separate quantum field theories like spinor quantum electrodynamics will eventually have to be integrated into an asymptotically free theory. Fortunately, the question of whether a theory is asymptotically free for some finite range of coupling constants can be settled by perturbative calculations: if β(g) is negative as g → 0+, then the theory is asymptotically free for all renormalized couplings gμ lying between zero and the first zero of β(g).

[image: image]

In this connection, it is worth noting that although the detailed form of β(g) depends on the gauge and on precisely how the running coupling is defined, the first two terms in the power series for β(g) do not. Suppose we have two definitions gμ and [image: image] of the running coupling, perhaps employing different definitions of the renormalization scale μ or different gauges. Since both gμ and [image: image] are dimensionless and cut-off independent, there is no way that [image: image] for μ [image: image] m can depend on anything but gμ:
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We then have
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and so
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As long as we are sticking to the same definition of the unrenormalized coupling, all renormalized couplings are equal in lowest order, so the power series for [image: image] in terms of g may be written
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or, equivalently,
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The derivative is
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Also, for the couplings we have been considering here (including g = e2) the power series for β(g) takes the form
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or in terms of [image: image]
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From (18.3.29), we have then
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We see that the first two terms in the power series for [image: image] in terms of [image: image] have the same coefficients as in the power series for β in terms of g. However, this is definitely not the case for the higher-order terms. In fact, it is always possible to choose the function [image: image](g) so that all terms in [image: image]([image: image]) of higher than third order in [image: image] vanish, so we can describe the asymptotic behavior of [image: image]E for E → ∞ by inspection of the first two terms in the perturbation series for β(g). But this is of little value, since we would need to carry our calculations to all orders to determine how g depends on [image: image], and without this we cannot use our knowledge of the asymptotic behavior of [image: image] to say anything about the asymptotic behavior of g, or of physical quantities.

The same argument that led to Eq. (18.3.30) shows that, at small coupling, the Wilson renormalization group equation for the bare coupling constant as a function of lattice spacing for inverse lattice spacings greater than particle masses is the same as the Gell-Mann–Low renormalization group equation for the renormalized coupling constant as a function of renormalization scale for scales greater than particle masses. Hence if a continuum theory is asymptotically free, then there will be no obstruction in passing to the continuum limit of the theory quantized on a lattice.

18.4 Multiple Couplings and Mass Effects

Up to now, we have considered theories with only one dimensionless coupling g. It is easy to extend the formalism to incorporate several such couplings [image: image]: for each [image: image], we have a renormalization group equation that for μ [image: image] m takes the form
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with each [image: image] depending in general on all the gs. There are now many more possibilities for the asymptotic behavior of the [image: image](μ) as μ → ∞; in a given theory we may have some trajectories in g-space that go off to infinity, at finite or infinite values of μ, other trajectories that approach fixed points, and yet other trajectories that approach closed curves known as ‘limit cycles’. To get a taste of some of the various possibilities, let’s consider the behavior of [image: image](μ) near a fixed point.

Eq. (18.4.1) has a fixed-point solution [image: image] if
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In the neighborhood of this point, Eq. (18.4.1) becomes
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where M is the matrix
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The solution can be expanded in eigenvectors of this matrix
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where Vm is a eigenvector of M with eigenvalue λm (normalized in any convenient way):
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and the cm are a set of expansion coefficients.5 (The summation convention is suspended in this section.)

Eq. (18.4.5) shows that the coupling constants approach the fixed point as μ → ∞ if and only if cm = 0 for all eigenvectors with λm > 0. (For simplicity we are assuming here that none of the eigenvalues vanish.) Thus in general the trajectories that are attracted to the fixed point lie on an N_-dimensional surface, where N_ is the number of negative eigenvalues of M; the tangents to this surface at g* are the eigenvectors with negative eigenvalues. Trajectories that are not on this surface may approach close to the fixed point, but are eventually repelled, predominantly in the direction of eigenvectors with the largest positive eigenvalues. Of course, if all eigenvalues are negative then there is a finite region around the fixed point within which all trajectories converge on this point.

Since the eigenvalues λm are evidently important in learning the asymptotic behavior of trajectories that approach a fixed point, it is useful to note that these eigenvalues are independent of the definition of the couplings. Suppose we introduce a new set of couplings [image: image], defined as functions of the gs. These satisfy renormalization group equations
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so
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(That is, β transforms as a contravariant vector in coupling-constant space.) Differentiating, we have
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At a fixed point g* the first term on the right vanishes, so this gives the matrix equation
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where
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As long as the transformation g → [image: image] is non-singular, Eq. (18.4.8) is a similarity transformation, and hence M and [image: image] have the same eigenvalues λm.

The renormalization group formalism may be extended to non-renormalizable as well as renormalizable theories. As explained in Section 12.3, the infinities in non-renormalizable theories are eliminated by a suitable renormalization of coupling constants and masses, just as in renormalizable theories; the only difference is that in non-renormalizable theories the Lagrangian must be supposed to contain all possible interactions allowed by the symmetries of the theory. If [image: image] is the unrenormalized coupling constant multiplying an operator of dimensionality D[image: image] in the Lagrangian (that is, a product of fields and spacetime derivatives of fields whose dimensionality in powers of mass or energy is D[image: image]), then [image: image] will have a dimensionality [image: image]. We may then re-express the bare couplings in terms of a set of dimensionless renormalized couplings [image: image](μ) and a cut-off Λ, through relations of the general form
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with the dimensionless numerical coefficients [image: image] and similar coefficients in higher-order terms chosen to cancel the cut-off dependence of physical quantities. (In some theories the leading term might be trilinear or even higher order in couplings; the modifications that would be needed here are obvious.) From the requirement that gB be cut-off-independent, we obtain the renormalization group equation (18.4.1), with
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Non-renormalizable interactions are those with D[image: image] > 4, or ∆[image: image] < 0, so as long as the [image: image](μ) all remain sufficiently small we expect the non-renormalizable renormalized couplings to have positive [image: image] and hence to grow with μ, but no one knows what happens when the couplings become large enough to invalidate perturbation theory.

However, as explained in the next section, even theories with infinite number of independent parameters commonly have fixed points g. at which the number N_ of negative eigenvalues of the matrix (18.4.6) is finite, just as it is at zero coupling. (In particular, often N_ = 1.) Where N_ ≠ 0, the fixed point lies on an N_-dimensional critical surface, consisting of trajectories that are attracted into the fixed point as μ → ∞. A non-renormalizable theory with coupling parameters on such a critical surface, although not of course asymptotically free, is said to be asymptotically safe,5 because the renormalized couplings remain finite for large values of μ. The condition of asymptotic safety in such a theory would play the role that used to be associated with the principle of renormalizability, of eliminating all but a finite number of free parameters, the coordinates of the critical surface.

In a renormalizable theory, all physical quantities are made cut-off-independent by adjusting the cut-off dependence of a finite number of bare couplings. These bare couplings may be expressed in terms of an equal number of μ-dependent renormalized couplings, and the condition that the bare couplings are μ-independent yields renormalization group equations relating only these renormalized couplings. From the broader point of view which allows non-renormalizable as well as renormalizable couplings, a renormalizable theory just corresponds to a finite-dimensional invariant surface in the infinite-dimensional space of all renormalizable and non-renormalizable theories; that is, it is a surface for which [image: image](g) at any point g on the surface is tangent to the surface at that point.

So far in this section we have tacitly assumed that μ [image: image] m, so that we could neglect the dependence of [image: image] on m/μ. However, this is not necessary; we can if we like treat a mass as just another coupling parameter.6 That is, all renormalized couplings can be defined as before in terms of various Greens functions at off-mass-shell momenta of order μ, but now evaluated with all bare masses zero. The dimensionless renormalized mass parameters for Dirac fields ψ or scalar fields [image: image] may be defined as
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where N([image: image])(Λ/μ) are the dimensionless constants which, when multiplied into corresponding operators [image: image], cancel the infinities in the matrix elements of these operators, also evaluated with all bare masses zero. (See Section 18.1.) These new renormalized masses and couplings have no direct physical significance, but the true physical masses and all physical matrix elements can be expressed in terms of them. These matrix elements take the form of sums of matrix elements for zero bare mass, with any number of insertions of the renormalized mass operators [image: image] and [image: image], times the corresponding renormalized mass parameters.

In this renormalization scheme the beta-functions for the various couplings are obviously mass-independent, and the beta-functions for the mass parameters are proportional to these parameters, with coefficients that depend on all the various couplings; using Eq. (18.2.25), we have
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For instance, we noted in Section 18.2 that in the scalar field theory with Lagrangian (18.1.2), the mass operator [image: image]2 has anomalous dimension (18.2.29) for m = 0, so here
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Also, Eq. (11.4.3) shows that the effect of higher-order corrections to the electron propagator is to replace the electron mass by [image: image], so the effect of these corrections on matrix elements of the operator [image: image] between one-electron states of four-momentum pμ is to multiply them by a factor
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The renormalization constant [image: image] for the operator [image: image] is therefore equal to F–1(p), evaluated with p2 equal to some renormalization scale, say +μ2. According to Eq. (11.4.8), to one-loop order this is
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where Λ is an ultraviolet cut-off,6 and we take the limit Λ [image: image] μ. The anomalous dimension of the operator [image: image] is therefore given by (18.2.25) as
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so Eq. (18.4.15) here reads
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The same formula holds in general gauge theories, with e2 replaced with the value of [image: image] for the particular species of fermion in question.

The important difference between the m(μ) and the other renormalized parameters of the theory is of course that bare masses have positive dimensionality, so as long as the couplings remain small the m(μ) all decrease in magnitude. Our previous assumption that masses may be neglected as μ → ∞ is justified if in fact m(μ) does vanish for μ → ∞. However this is only known to be the case in asymptotically free theories, where the couplings all do remain small for μ → ∞; in all other cases this assumption is just an educated guess.

18.5 Critical Phenomena7

For some purposes we may be interested in the limit of very low rather than high energies or wave numbers. The arguments of Section 18.2 can be repeated to study this limit, except that here we must examine the case μ → 0 rather than μ → ∞. This limit is of course simplest if there are no masses in the theory, as, for instance, in quantum electrodynamics with a symmetry under the chiral transformation [image: image] which forbids an electron mass. In this particular case the only renormalizable coupling [image: image] as well as all non-renormalizable couplings have [image: image] > 0 for sufficiently small couplings, so all trajectories in at least a finite region around the origin are attracted into the point [image: image] = 0 as μ → 0.

The same considerations may be applied even to theories with very small but non-zero masses if we include these masses among the coupling parameters of the theory, as described in the previous section. The coefficient ∆ in Eq. (18.4.12) is positive for a mass parameter, so in this case the trajectories can never reach the point g = 0, but they may come close if the masses are small.

Of course, even if we can regard some degree of freedom like the electron field as having zero or very small mass, in the real world there are many other degrees of freedom whose masses are not small. The renormalization group should properly be applied not to the true theory that encompasses all these heavy degrees of freedom, but to an ‘effective’ field theory, in which only massless or nearly massless degrees of freedom appear explicitly, with interactions that include the effects of internal heavy particle lines. (We shall have more to say about effective field theories in Chapter 19.)

The low wave number limit is of particular interest in the study of critical phenomena, such as long-range correlations at or near a second-order phase transition (a smooth phase transition, with no latent heat) in condensed matter. Because we are interested in the limit μ → 0, the important eigenvectors of the matrix (18.4.4) are those with eigenvalues λ < 0, which are called relevant. The eigenvectors with λ = 0 and λ > 0 are called marginal and irrelevant, respectively.

Suppose that there is a non-trivial fixed point g* with just one negative eigenvalue λ0, perhaps corresponding approximately to a mass operator. The set of trajectories of [image: image](μ) that are attracted into this fixed point for μ → 0 therefore forms a critical surface of codimension one; that is, a surface defined by a single condition on the couplings, the condition that for g → g*, the tangents [image: image] have no components in the direction of the eigenvector with negative eigenvalue. There is a phase transition as the physical value of the couplings at any fixed characteristic scale approaches this surface. Because the critical surface has codimension one, the phase transition can be reached by adjusting any one parameter on which the couplings depend, such as the pressure or temperature. The fact that a wide variety of substances do exhibit phase transitions of this sort shows that it is common to encounter fixed points for which the matrix (18.4.4) has a single negative eigenvalue, as already mentioned in the previous section.

To be specific, as the temperature T approaches its critical value Tc we expect the coefficient c0 of the growing term in Eq. (18.4.5) to become proportional to T – Tc, because there is no reason why it should be singular or why it should vanish faster than this. Hence for μ → 0 and then T → Tc, the couplings go as
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where λ0 is the only negative eigenvalue at g*, and [image: image] is the corresponding eigenvector.8 Applying our renormalization group arguments to wave numbers instead of energies, the N-point function (the Nth partial derivative of the effective action with respect to a field [image: image] of dimensionality [wave number]Dϕ) at a small characteristic wave number scale κ has the form9
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where γ[image: image](g) is the anomalous dimension associated with the field [image: image], and d is the spacetime dimensionality, or in classical statistical mechanics the spatial dimensionality. It is convenient to rewrite this in the equivalent form
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This shows for one thing that the correlation length ξ (the characteristic length that determines the scale over which the Fourier transform of ΓN varies) increases as T approaches Tc like
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where v is a conventionally defined positive ‘critical exponent’, given by Eq. (18.5.3) as
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Also, the zero-field effective action Γ0 (or in statistical physics, the free energy) must be κ-independent because it corresponds to graphs with no external lines. It follows that Eq. (18.5.3) here becomes for T → Tc:








	
[image: image]


	
(18.5.6)








where the constant F0 is the effective action or free energy due to the heavy degrees of freedom which have been integrated out. Thus the exponent v also governs the behavior of the part of the free energy which is not analytic in temperature for T near Tc.

In 1972 Wilson and Fisher7 used an expansion in powers of d – 4 both to show that the theory of a scalar field actually fits the above description, and also to carry out an approximate calculation of critical exponents such as v. Consider a theory with a single ‘light’ degree of freedom, a scalar field [image: image], such as the magnetization in a ferromagnet, with a symmetry under [image: image] → –[image: image] that rules out interactions odd in [image: image]. In addition to the ‘mass’ term →g2[image: image]2/2, the Lagrangian density of the effective field theory will contain interactions [image: image], etc. The dimensionality of the field [image: image] in powers of wave number is (d – 2)/2 (so that [image: image] should be dimensionless) so the dimensionalities of the couplings g2, g4, g6, etc. in d dimensions are +2, 4 – d, 6 – 2d, etc. For the fixed point at zero coupling in three dimensions, there are two relevant couplings, g2 and g4, but this conclusion is changed by interactions at non-trivial fixed points. Let’s examine the surface in coupling constant space in which only g2 and g4 are non-zero, and take g4 to be small.10 Eq. (18.2.12) gives [image: image] for d = 4, and Eq. (18.4.12) tells us that for d = 4 – [image: image] dimensions we must add to this a term –[image: image]g4, so
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Also, Eq. (18.4.17) gives
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Therefore for small [image: image] there is a non-trivial fixed point at
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The matrix (18.4.4) at this fixed point is diagonal, with eigenvalues
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From Eq. (18.5.10) we see that the coupling g4 is actually irrelevant, so that there is just one relevant coupling here, signalling the presence of a second-order phase transition. From Eq. (18.5.11) we see that the anomalous exponent (18.5.5) is
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For the physical value [image: image] = 1 the first two terms give v [image: image] 0.58. Three-loop calculations8a give this critical exponent to order [image: image]3 as
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which for [image: image] = 1 gives v = 0.61.

In the calculation presented here nothing was assumed about the system under study except that there is a second-order phase transition, near which the only long-wavelength degree of freedom is a single scalar field. There are a number of different physical systems that fit this description, such as the spontaneous appearance of magnetization (represented here by [image: image]) in ferromagnetic and antiferromagnetic materials, and also second-order phase transitions between liquids and gases and in binary fluids. All of these systems are therefore expected to have the same value of v. This is confirmed by experiment, which gives a value8 v = 0.63 [image: image] 0.04, in good agreement with the three-loop result (18.5.13), and in fair agreement even with the one-loop result (18.5.12). It is fortunate though still somewhat mysterious that an expansion in powers of 1 should work so well.

More generally, all the systems that are described by the same set of long-wavelength degrees of freedom near their second-order phase transitions are said to belong to the same universality class. All the critical exponents are the same for all systems in a given universality class.

18.6 Minimal Subtraction

We saw in Section 11.2 that dimensional regularization provides a particularly convenient method for calculating radiative corrections in quantum electrodynamics, because it preserves the conservation laws associated with gauge invariance. For the same reason, dimensional regularization also turns out to provide a very convenient alternative definition for the sliding scale of the renormalization group in general gauge theories.9

In calculations using dimensional regularization, ultraviolet divergences arise as poles in physical amplitudes when the spacetime dimensionality d approaches the physical value d = 4. (For an example, see Eq. (11.2.13).) To cancel these poles, the bare coupling constants [image: image](d) (including masses) must themselves have such poles, with residues fixed by the condition that physical amplitudes be regular as d → 4. These bare couplings in general have non-zero dimensionalities ∆[image: image](d) that depend on the spacetime dimensionality d, so it is convenient to consider the dimensionless quantity [image: image], where μ is a sliding scale with the dimensions of energy or mass. This rescaled bare coupling may be expressed as a sum of terms proportional to positive-definite powers v of 1/(d – 4), with coefficients bv fixed by the requirement of cancellation of singularities as d → 4 in physical amplitudes, plus a remainder that is analytic in d at d = 4. This remainder is identified as the dimensionless renormalized coupling constant [image: image](μ, d), so
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We are free to give the bare couplings any d dependence we like, as long as the singularities at d = 4 in physical amplitudes are cancelled; we shall remove this ambiguity by requiring that [image: image](μ, d) be analytic in d not only at d = 4, but for all d.

To calculate the renormalization group equation satisfied by [image: image](μ, d), first differentiate Eq. (18.6.1) with respect to μ:
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where
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and as before
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Note that [image: image] is a function of all of the gm(μ, d) and also of d, but it cannot depend separately on μ because, with rescaled masses included among the dimensionless coupling parameters, there are no other dimensionful parameters besides μ.

As we have seen, the dimensionalities ∆[image: image](d) are always linear functions of d, which we shall now write as
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We rewrite the left-hand side of Eq. (18.6.2) as
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The highest power of d in the analytic part here is of first order, so the same must be true on the right-hand side of Eq. (18.6.2), and therefore β(g, d) must be linear in d:
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Equating terms of first and zeroth order in (18.6.2) gives then
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and, more importantly,
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It is noteworthy that the beta-function depends only on the coefficients of the simple pole in the bare couplings. In fact, these coefficients also determine the coefficients of all the higher poles; equating the pole terms on the right and left of Eq. (18.6.2) yields the recursion relation
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For instance, in order for [image: image] to be dimensionless, any gauge field Aμ must have dimensions (in powers of mass) (d – 2)/2, and since [image: image] must have the same dimensions as [image: image] must have dimensions (4 – d)/2, so that for gauge couplings ∆ = 0 and ρ = –1/2. Eq. (18.6.8) gives then for a gauge theory with a single coupling constant:
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In particular, Eq. (11.2.20) shows that in quantum electrodynamics in one-loop order the bare electric charge has a pole at d → 4 with
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Setting [image: image] in Eq. (18.6.10) gives then
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in agreement with the previous result (18.2.37).

The coupling constants [image: image](μ) introduced in this section are said to be defined by minimal subtraction. There is a slightly different scheme that is somewhat more convenient. The simple poles (d – 4)–1 typically arise from functions [image: image] (as in Eq. (11.2.13)) which for d → 4 have the limit
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where γ is the Euler constant, γ = 0.5772157. It is therefore convenient to make the replacement everywhere in Eq. (18.6.1):
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With this prescription, the coupling constants are said to be defined by modified minimal subtraction.

One of the distinguishing characteristics of the definition of couplings by minimal subtraction (or modified minimal subtraction) is that, since no factors of an ultraviolet cut-off ever appear in any calculation, loop diagrams have poles at d = 4 that correspond only to logarithmic ultraviolet divergences, not divergences that are linear, quadratic, etc. Hence a residue function [image: image] can contain a term of order [image: image] only if at d = 4 the dimensionality of [image: ] equals the total dimensionality of the couplings [image: image], etc.:
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and it follows then from (18.6.8) that the same is true of [image: image](g). In particular, in a theory with no superrenormalizable couplings (like a gauge theory with massless spinors and no scalars, such as quantum electrodynamics with vanishing electron mass) all couplings have ∆[image: image] ≤ 0, so the renormalization group equations for the renormalizable couplings (with ∆[image: image] = 0) are unaffected by the presence of any non-renormalizable interactions.5 Also, in such a theory the beta-functions for the non-renormalizable couplings are polynomials of finite order in the non-renormalizable couplings, with each coefficient in each polynomial given by an infinite series of powers of the renormalizable couplings. For instance, in the theory of photons and massless electrons (assuming invariance under [image: image] and P), there are no nonrenormalizable interactions of dimensionality +5, and several interactions of dimensionality +6 (four-fermion interactions as well as the purely photonic interaction [image: image]) with couplings fi of dimensionality –2. The beta-function for fi is of the form [image: image], with the coefficients bij(e) given by a power series in e.

18.7 Quantum Chromodynamics

Quantum chromodynamics is the modern theory of strong interactions. It is a non-Abelian gauge theory, based on the gauge group SU(3). In addition to the gauge fields, quantum chromodynamics involves fields of spin [image: image] particles known as quarks. There are quarks of six types, or ‘flavors’, the u, c, and t quarks having charge 2e/3, and the d, s, and b quarks having charge –e/3. Quarks of each flavor come in three ‘colors’ which furnish the defining representation 3 of the SU(3) gauge group.11 Baryons like the protons and neutron may be approximately regarded as color-neutral bound states of three quarks, totally antisymmetric in quark colors, while mesons like the rho meson behave approximately like color-neutral bound states of quarks and antiquarks.11

In the approximation where the quark masses may be regarded as negligible compared with the energies of interest, the inversion of Eq. (17.5.44) shows that the bare coupling constant in a general gauge theory has a pole at spacetime dimensionality d → 4 with residue given by
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where C1 and C2 are defined by Eqs. (17.5.33) and (17.5.34). That is, in the notation of the previous section,
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Using this in Eq. (18.6.10) gives
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For an SU(3) theory with nf massless quarks in the defining representation 3 of SU(3), Eq. (17.5.35) gives
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Because we are taking the quarks as massless here, this formula may be applied only in the effective field theory obtained by integrating out all quarks heavier than the typical energy E under consideration, so that nf is the number of quark flavors with masses much less than E. With this understanding, Eqs. (18.7.2) and (18.7.3) yield
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We see that the theory is asymptotically free as long as there are no more than 16 quark flavors with masses below the energy scale of interest. Since in fact there seem to be only six quark flavors of any mass, the theory of strong interactions based on the gauge group SU(3) is asymptotically free.

It was the 1973 discovery of asymptotic freedom in non-Abelian gauge theories of this sort by Gross and Wilczek12 and Politzer13 that convinced theoretical physicists that this is the correct theory of strong interactions. Their calculation immediately explained the puzzling result of a famous 1968 experiment14 at SLAC on deep-inelastic electron–nucleon scattering, that strong interactions seem to get weaker at high energies.12 (This experiment will be discussed further in Section 20.6.) But the historical importance of the discovery of asymptotic freedom in Yang–Mills theories is not just that it explained an old experimental result; it for the first time opened up the prospect of doing reliable perturbative calculations of strong interaction processes, at least at high energy.

Asymptotic freedom was soon found to have another important implication. At first after the discovery of asymptotic freedom it was widely assumed that the gauge bosons in a realistic Yang–Mills theory of strong interactions would have to be quite heavy, to explain why these strongly-interacting bosons had not been discovered long before. Following the precedent of the theory of weak and electromagnetic interactions (discussed in Chapter 21), it was supposed that the masses of the gauge bosons arose from a spontaneous breakdown of the color SU(3) gauge group, triggered by the vacuum expectation values of scalar fields in a non-trivial representation of this group. But these strongly interacting scalars would contribute positive terms to β(g), which could destroy asymptotic freedom. Even worse, in a theory with strongly interacting scalar fields, radiative corrections involving weak interactions would introduce large violations of various symmetries like charge conjugation invariance and flavor conservation which, as we shall see, would not be violated without the scalars.17 Then it was suggested to drop the strongly-interacting scalars, and accept the consequence that the gluons, the SU(3) gauge bosons, have zero mass.18 The decrease of the strong coupling constant at high energy or short distance of course implies an increase at low energy or large distance, and it was suggested that this might explain why massless gluons and quarks had not been detected. According to this hypothesis, only color-neutral particles like baryons or mesons will ever appear in isolation.19 This is unfortunately still a hypothesis rather than a theorem, but after two decades there seems to be little doubt that it is correct.

Even though quarks cannot materialize as free particles, they are in a sense observed as jets produced in high energy collision processes. For instance, in many events in electron–positron annihilation, the final state consists of two narrowly collimated hadron jets, with a distribution in the angle θ between the colliding lepton momenta and the jet directions (in the center-of-mass system) given by 1 + sin2 θ, just as expected from the tree graph for electron–positron annihilation into quark–antiquark final states.20 This can be understood21 in terms of the general analysis of infrared divergences in Section 13.4. At extremely high energies we would expect the rate for a physical process to be given by lowest-order perturbation theory, provided it is ‘infrared-safe,’ in the sense of not becoming infrared divergent when all masses are taken to zero. The total rate for electron-positron annihilation into hadrons is infrared-safe, since we sum over all hadronic final states. (We are ignoring higher-order electromagnetic effects here.) Therefore we can rely on perturbation theory, which immediately tells us that the ratio R of this rate to the rate for [image: image] is [image: image], where the sum runs over all quark flavors, Qq is their charge in units of e, and the factor 3 is the number of colors. (For instance, in the wide energy range between mb ≈ 4.5 GeV and mt ≈ 180 GeV, R [image: image] 3(2(2/3)2 + 3(–1/3)2) = 11/3.) On the other hand, the rate for electron–positron annihilation into some definite state of quarks and gluons is not infrared-safe, and its rate therefore cannot be calculated in perturbation theory at all; in fact, it is zero. In between these two extremes is the rate for electron–positron annihilation into a definite number of jets, each jet carrying a definite total momentum and charge, together with a set of unobserved hadrons with limited total energy outside the jets. As discussed in Section 13.4, this rate is infrared-safe. It can therefore be calculated at high energy in the tree approximation of perturbation theory, identifying jets (in this order of perturbation theory) with the outgoing quarks, antiquarks, and gluons. We can even calculate the rate for three-jet events, arising from tree diagrams in which a gluon is emitted from the outgoing quark or antiquark, and use the comparison of the results with experiment to measure the value of αs(μ).22 But we cannot use perturbation theory to predict the distribution of momenta within a jet, because such a differential rate is not infrared-safe. Similar remarks apply to the production of jets in deep inelastic lepton–hadron collisions, to be discussed in Section 20.6, but the presence of hadrons in the initial state makes the analysis more complicated.

Following the same reasoning as in Section 12.5, with no scalar fields the most general renormalizable Lagrangian for quantum chromodynamics can be put in the form
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where [image: image] is the color gauge vector potential; [image: image] is the color gauge-covariant field strength tensor; g is the strong coupling constant; tα are a complete set of generators of color SU(3) in the 3 representation (that is, Hermitian traceless 3 × 3 matrices with rows and columns labelled by the three quark colors), normalized so that [image: image]; and the subscript n labels quark flavors, with quark color indices suppressed. Just as we found for electrodynamics in Section 12.5, this Lagrangian has important accidental symmetries: it conserves space parity,13 charge conjugation parity, and the numbers of quarks of each flavor (minus the number of the corresponding antiquarks), including the long-established ‘strangeness’ quantum number, which counts the numbers of ‘s’ quarks. Thus quantum chromodynamics immediately explained the mysterious fact that the strong interactions respect various symmetries that are not symmetries of all interactions. This argument also makes it clear why, as mentioned earlier, in this theory the weak interactions do not introduce large violations of parity, charge conjugation, strangeness, etc. Since all renormalizable interactions among quarks and gluons conserve these symmetries, at energies E much less than the masses mW of the particles that carry the weak interactions these symmetries could be violated only by non-renormalizable terms in the effective field theory, such as [image: image] interactions, which as discussed in Section 12.3 would be suppressed by negative powers of mW as well as by the coupling constants of the weak interactions.

Of course, it is possible that the quarks and gluons exhibit some new kind of strong interaction at an energy scale Λ′ much larger than the scale Λ characteristic of quantum chromodynamics. For instance, as discussed in Section 22.5, the quarks might be bound states of more fundamental fermions, which interact with gauge fields whose asymptotically free couplings become strong at energies of order Λ′, trapping them into the quarks. In that case the effective Lagrangian density for quarks at energies E [image: image] Λ′ would contain non-renormalizable interactions such as [image: image], which are suppressed only by powers of E/Λ′. These interactions could show up, not only in small violations of symmetries like parity and quark flavor conservation at ordinary energies, but also in departures23 from the quantitative predictions of quantum chromodynamics at energies approaching Λ′.

Now let us consider the behaviour of the coupling constant of quantum chromodynamics in greater detail. In lowest order, the renormalization group equation is given by Eq. (18.7.4) as
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The solution is
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where Λ is an integration constant. This formula exhibits a characteristic property of theories of massless (or, for the quarks, approximately massless) particles: in such theories one of the dimensionless couplings in the Lagrangian is exchanged for a free dimensionful parameter. Eq. (18.7.7) involves no free dimensionless parameters, but it does involve one free parameter with the dimensions of mass, the integration constant Λ.

These calculations have been carried to three-loop order. The renormalization group equations to this order are24
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where βn are the numerical coefficients:
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The solution is
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It should be recalled that nf in the above results is the number of quark flavors with masses below the energies of interest. In each energy range between any two successive quark masses we have a different value of nf, and also a different Λ, chosen to make g(μ) continuous at each quark mass. In particular, experiments on the deep inelastic scattering of electrons typically involve energies above only the first four quark flavors (u, d, s, and c), so here we must take nf = 4. On the other hand, experiments at electron–positron colliders like PEP, PETRA, TRISTRAN, and LEP are at energies well above the fifth (b) quark mass, so in these experiments we must take nf = 5. But these results may be expressed in terms of those for nf = 4 by matching the solutions of the renormalization group equations at the b quark mass. In this way it is found25 (using the modified minimum subtraction prescription in calculating β2) that the strong coupling extrapolated to mZ = 91.2 GeV is [image: image] = 0.118 [image: image] 0.006, corresponding to Λ ≈ 250 MeV for energies μ with mb [image: image] μ [image: image] mt where nf = 5. A more recent study26 of hadronic production in e+–e– annihilation at the Z resonance has given a directly measured value αs(mZ) = 0.1200 [image: image] 0.0025, with a theoretical uncertainty of [image: image]0.0078, corresponding to [image: image] MeV.

18.8 Improved Perturbation Theory14

The ground-breaking paper1 of Gell-Mann and Low was in large part directed to the problem of ‘improving’ perturbation theory — that is, of using the ideas of the renormalization group and the results of perturbation theory to a given order to say something about the next order of perturbation theory. To illustrate this, let’s return to the specific case studied by Gell-Mann and Low: vacuum polarization in quantum electrodynamics.

Recall that the renormalized electric charge eμ at a sliding scale μ is given by Eq. (18.2.36) in terms of the bare charge eB as
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where [image: image] is the constant which, when multiplied into the unrenormalized electromagnetic field, gives a field renormalized at scale μ. (See Eq. (18.2.21).) Thus we can define a renormalized (and hence cut-off-independent) complete photon propagator [image: image] in terms of the complete propagator [image: image] of the unrenormalized field as








	
[image: image]


	
(18.8.2)








in such a way that the function [image: image] is both independent of μ, because it equals [image: image], and independent of the cut-off, because both eμ and [image: image] are renormalized quantities. (We are not explicitly displaying cut-off dependence here.) But Lorentz invariance and dimensional analysis tell us that this function must take the form:
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Since Eq. (18.8.3) is μ-independent, we can set [image: image] here, so that
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Now let us see what this tells us about the structure of the perturbation series for [image: image]. The beta-function for e has the expansion:
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The renormalization group equation for eμ then has a power series solution
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If we also expand d:
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then
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Note that the leading powers of ln(q2/μ2) in each order of [image: image] are respectively 0,1, 1, 2, 3, .... Also, if we calculate [image: image] to order [image: image] and thus determine b1 and b2, we can immediately write down the coefficient of the leading logarithm in order [image: image], as – [image: ]b1b2. None of this would be easy to infer without using the method of the renormalization group.

Problems

1.   Consider an SU(N) gauge theory with a scalar field in the defining representation of SU(N). Calculate the beta-function for the gauge coupling to one-loop order, including the contribution of a scalar loop. (Recommendation: Use the background field gauge, with a constant background field.)

2.   Suppose that the beta-function β(g) for a theory with positive coupling constant g has a simple zero at g = g*, where β(g) → a(g* – g) with a > 0. What is the asymptotic behavior of the correction to the leading term [image: image] in the factor [image: image] associated with the inclusion of an operator [image: image] in a vacuum expectation value.

3.   Show that in a theory with [image: image], it is possible by a redefinition of the coupling constant to make the coefficient b′′ anything we want.

4.   Calculate the effective electric charge that should be used in studying processes at energy 100 GeV, taking account of all known charged quarks and leptons with masses below 100 GeV.

5.   Calculate the asymptotic behavior for large four-momentum of the electron propagator in quantum electrodynamics. (You may use the one-loop value of Z2 calculated elsewhere, for instance in Section 11.4.)

6.   Calculate the anomalous exponent v to first order in the expansion in [image: image] = 4 – d for an O(N)-invariant theory of scalar fields [image: image]n(x) with n = 1,···, N belonging to the vector representation of O(N), and an interaction [image: image].
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1   In making this argument it was assumed that any divergences arising from subsubdiagrams containing the 02 vertex which are attached to the rest of the subdiagram by just two 0-lines are eliminated in the same way.

2   In the scalar field theory with [image: image]4 interaction used as an example above, the lowest-order terms in N(ϕ) arise from a two-loop graph, so it will not be convenient to use this theory to illustrate the calculation of the N-factors.

3   Eq. (18.2.47) differs from what we would get from Eq. (18.2.45) by simply using Eq. (18.2.46) to express g in terms of gμ, in that the last term is proportional to [image: image] rather than g2. The difference is of higher order in g, but can become significant if V([image: image]) is evaluated at [image: image] very different from μ, where large logarithms can compensate for powers of coupling. If we use g, as the coupling parameter from the beginning and take μ to be of order [image: image] then no such large logarithms occur, and the approximation Eq. (18.2.47) is valid as long as gμ, remains small.

4   To eliminate all cut-off dependence, [image: image] should be written in terms of a renormalized field [image: image], which gives V([image: image]μ) a μ dependence arising from the μ dependence of the renormalization constant [image: image]. This point is ignored here, because in the scalar field theory with interaction [image: image] [image: image]4 the lowest-order graphs contributing to the μ dependence of [image: image] have two loops, so that to the order of the calculations presented here we can take [image: image] = 1.

5   We are assuming here that the eigenvectors Vm form a complete set. This is not always so, but it is the generic case; the eigenvectors of a finite matrix M will form a complete set if all of the roots of the secular equation Det(M – λ1) = 0 are different. A matrix whose eigenvectors do not form a complete set can be regarded as a limiting case of a matrix with a complete set of eigenvectors when some of its eigenvalues become degenerate.

6   This notation is different from that of Eq. (11.4.8), where the ultraviolet cut-off was called μ.

7   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

8   Other contributions to the couplings will go as (T — T0)0μλ1 with λ1 > 0. Thus Eq. (18.5.1) is valid here provided T — T0 does not go to zero as fast as μλ1 – λ0.

9   The function FN also depends on dimensionless angles and ratios of wave numbers. Note that ΓN has ‘naive’ dimensionality d – NDϕ because [image: image] must be dimensionless.

10   These are the only renormalizable couplings for 3 ≤ d ≤ 4, so for such d this is an invariant surface. Note that we do not include the coefficient of [image: image] among the couplings here, because this is a redundant coupling, in the sense described in Section 7.7.

11   Before the final formulation of quantum chromodynamics several authors had speculated that there might be three varieties of quarks of each flavor,10 both in order to account for the rate of decays like [image: image] (see Sections 22.1 and 22.2) and to introduce an additional degree of freedom that would explain how the wave function of fermionic quarks in a baryon could be symmetric in spin, space, and flavor coordinates.11

12   Zee15 and perhaps other theorists had already understood that this experimental result could be understood in a theory with a beta-function that becomes negative for small positive coupling, but calculations of β(g) in all renormalizable field theories except non-Abelian gauge theories gave β(g) > 0. On the other hand, by 1972 ‘t Hooft had developed techniques for calculating β(g) in Yang–Mills theories, and in June 1972 he announced at a conference on gauge theory at Marseilles16 that β(g) < 0, but he waited to publish this result and work out its implications while he was doing other things, so his result did not attract much attention.

13   Although it was not known in 1973, we shall see in Section 23.6 that non-perturbative effects can violate parity in quantum chromodynamics. Various ways of avoiding strong parity violation have been suggested, but it is not yet clear which is correct.

14   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.


19

Spontaneously Broken Global Symmetries

Much of the physics of this century has been built on principles of symmetry: first the spacetime symmetries of Einstein’s 1905 special theory of relativity, and then internal symmetries, such as the approximate SU(2) isospin symmetry of the 1930s. It was therefore exciting when in the 1960s it was discovered that there are more internal symmetries than could be guessed by inspection of the spectrum of elementary particles. There are exact or approximate symmetries of the underlying theory that are ‘spontaneously broken,’ in the sense that they are not realized as symmetry transformations of the physical states of the theory, and in particular do not leave the vacuum state invariant. The breakthrough was the discovery of a broken approximate global SU(2) × SU(2) symmetry of the strong interactions, which will be discussed in detail in Section 19.3. This was soon followed by the discovery of an exact but spontaneously broken local SU(2) × U(1) symmetry of the weak and electromagnetic interactions, which will be taken up along with more general broken local symmetries in Chapter 21. In this chapter we shall begin with a general discussion of broken global symmetries, and then move on to physical examples.

19.1 Degenerate Vacua

We do not have to look far for examples of spontaneous symmetry breaking. Consider a chair. The equations governing the atoms of the chair are rotationally symmetric, but a solution of these equations, the actual chair, has a definite orientation in space. Here we will be concerned not so much with the breaking of symmetries by objects like chairs, but rather with the symmetry breaking in the ground state of any realistic quantum field theory, the vacuum.

A spontaneously broken symmetry in field theory is always associated with a degeneracy of vacuum states. For instance, consider a symmetry transformation of the action, and of the measure used in integrating over  fields, that acts linearly on a set of scalar fields ϕn(x):
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(The ϕn need not be elementary fields; they can be composite objects, like [image: image]Γnψ.) As we saw in Section 16.4, the quantum effective action Γ[ϕ] will then have the same symmetry
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For the vacuum, the expectation value of ϕ(x) must be at a minimum of the vacuum energy −Γ[ϕ], say at ϕ(x) = [image: image] (a constant). But if L[image: image] ≠ [image: image], then this vacuum is not unique; −Γ[ϕ] has the same value at ϕ = L[image: image] as it does at [image: image]. In the simple special case where the symmetry transformation (19.1.1) is a reflection, ϕ → −ϕ, if −Γ(ϕ) has a minimum at a non-zero value [image: image] of ϕ, then it has two minima, at [image: image] and −[image: image], each corresponding to a state of broken symmetry.

We are not yet ready to conclude that in such cases the symmetry is broken, because we have not yet ruled out the possibility that the true vacuum is a linear superposition of vacuum states in which ϕm has various expectation values, which would respect the assumed symmetry. For instance, in a theory with a symmetry ϕ → −ϕ, even if Γ(ϕ) has a minimum for some non-zero value [image: image] of ϕ, how do we know that the true vacuum is one of the states |VAC, ±[image: image] for which Φ has expectation values [image: image], and −[image: image], and not some linear combination like | VAC, ±[image: image] + |VAC, −[image: image] that would respect the symmetry under ϕ → −0? The assumed symmetry under the transformation ϕ → −ϕ tells us that the vacuum matrix elements of the Hamiltonian are

[image: image]

(with a real) and

[image: image]

(with b real), so the eigenstates of the Hamiltonian are |VAC, +[image: image] ± |VAC, −[image: image], with energies a ± |b|. These energy eigenstates are invariant (or invariant up to a sign) under the symmetry ϕ → −ϕ. In fact, the same issue also arises for chairs. The quantum mechanical ground state of an isolated chair is actually rotationally invariant; it is a state with zero angular momentum quantum numbers, and hence with no definite orientation in space.

Spontaneous symmetry breaking actually occurs only for idealized systems that are infinitely large. The appearance of broken symmetry for a chair arises because it has a macroscopic moment of inertia I, so that its ground state is part of a tower of rotationally excited states whose energies are separated by only tiny amounts, of order [image: image]2/I. This gives the state vector of the chair an exquisite sensitivity to external perturbations; even very weak external fields will shift the energy by much more than the energy difference of these rotational levels. In consequence, any rotationally asymmetric external field will cause the ground state or any other state of the chair with definite angular momentum quantum numbers rapidly to develop components with other angular momentum quantum numbers. The states of the chair that are relatively stable with respect to small external perturbations are not those with definite angular momentum quantum numbers, but rather those with a definite orientation, in which the rotational symmetry of the underlying theory is broken.

For the vacuum also, the possibility of spontaneous symmetry breaking is again related to the large size of the system, specifically to the large volume of space. In the above example of a reflection symmetry, the off-diagonal matrix element b of the Hamiltonian involves an integration over field configurations that tunnel from the minimum at ϕ = [image: image] to the one at ϕ = −[image: image], so it is smaller than the diagonal matrix element a by a barrier penetration factor that for a spatial volume [image: image] is of the form exp(−C[image: image]), where C is a positive constants1 depending on the microscopic parameters of the theory. The two energy eigenstates | VAC, ±[image: image] ± |VAC, −[image: image] are thus essentially degenerate for any macroscopic volume, and so are strongly mixed by any perturbation that is an odd functional of ϕ. Even if such a perturbation H′ is very weak, its diagonal elements [image: image]VAC, ±|H′|VAC, ±[image: image] will differ by much more than the exponentially suppressed off-diagonal elements of either H or the perturbation. Thus the vacuum eigenstates of the perturbed Hamiltonian will be very close to either one of the broken symmetry states |VAC, ±[image: image] which diagonalize the perturbation, and not to the invariant states |VAC, ±[image: image] ± |VAC, −[image: image]. Which one of the states |VAC, ±[image: image] is the true vacuum for very small perturbations? This depends on the perturbation, but since these two states are related by a symmetry transformation of the original Hamiltonian, it doesn’t matter; if the perturbation is sufficiently small, no observer will be able to tell the difference.

The vanishing of matrix elements between vacuum states with different field expectation values becomes exact in a space of infinite volume.1 For infinite volume, a general vacuum state |v[image: image] may be defined as a state with zero momentum
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for which this is a discrete momentum eigenvalue. (This excludes single-particle or multiparticle states, for which the momentum value zero is always part of a continuum of momentum values in a space of infinite volume.) In general there may be a number of such states. They can usually be expanded in a discrete set, and our notation will treat them as if they were discrete. They will be chosen to be orthonormal
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Any matrix element of a product of local Hermitian operators at equal times between these states may be expressed as a sum over states:
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where |N, p[image: image] are a set of orthonormalized continuum states of definite three-momentum p that together with the |v[image: image] span the whole physical Hilbert space. (Here N may include continuous as well as discrete labels. Also, we are dropping time arguments.) We assume without proof that because the |N, p[image: image] belong to the continuous spectrum of the momentum operator P, the dependence of matrix elements on p is smooth enough (that is, Lebesgue integrable) to allow the use of the Riemann–Lebesgue theorem,2 so that the integral over p vanishes as |x| → ∞. In this limit, we have then
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Likewise,
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But causality tells us that the equal-time commutator [A(x), B(0)] vanishes for x ≠ 0 (see Section 5.1), so the matrix elements (19.1.6) and (19.1.7) are equal, and thus the Hermitian matrices [image: image]u|A(0)|v[image: image], [image: image]u|B(0)|v[image: image], etc., must all commute with one another. It follows that they can all be simultaneously diagonalized. Changing if necessary to this basis, we have then for every Hermitian local operator A(x) of the theory
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with av a real number, the expectation value of A in the state |v[image: image]. So for infinite volume any Hamiltonian constructed from local operators will  have vanishing matrix elements between the different vacua |v[image: image]. In the absence of off-diagonal terms in the Hamiltonian, any two |v[image: image]s connected by a symmetry operation will be degenerate. A symmetry-breaking perturbation built out of such local operators will be diagonal in the same basis, and will therefore yield a ground state that is one of the |v[image: image]s, rather than a linear combination of them.

It is reassuring that the vacuum states |v[image: image] which are stable against small field-dependent perturbations are also vacuum states in which the cluster decomposition condition (see Chapter 4) is satisfied. This principle requires that for the physical vacuum state |VAC[image: image]
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This condition is satisfied if we take the vacuum state |VAC[image: image] to be any one of the states |v[image: image] in the basis defined by Eq. (19.1.8), but not if we take it to be a general linear combination of several of the |v[image: image]s.

19.2 Goldstone Bosons

We now specialize to the case of a spontaneously broken continuous symmetry. In this case there is a theorem, that (with one important exception, to be considered in Chapter 21) the spectrum of physical particles must contain one particle of zero mass and spin for each broken symmetry. Such particles, known as Goldstone bosons (or Nambu–Goldstone bosons) were first encountered in specific models by Goldstone3 and Nambu4; two general proofs of their existence were then given by Goldstone, Salam, and myself.5 This section will present both of these proofs, and then go on to consider the properties of the Goldstone bosons.

Suppose that the action and measure are invariant under a continuous symmetry, under which a set of Hermitian scalar fields ϕn(x) (either elementary or composite) are subjected to the linear infinitesimal transformations
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with itnm a finite real matrix. As we found in Section 16.4, the effective action is then also invariant under this transformation
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We shall specialize to the case of a translationally invariant theory with constant fields ϕn, where as we saw in Section 16.2, the effective action takes the form
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where [image: image] if is the spacetime volume and V(ϕ) is known as the effective potential. Eq. (19.2.2) may then be written
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We will use this symmetry requirement in a form obtained by differentiating again with respect to ϕ[image: image]:
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Now specialize to the case where ϕn is at the minimum of V(ϕ), that is, at the vacuum expectation value [image: image]n. Since V(ϕ) is stationary at its minimum, the first term in Eq. (19.2.5) vanishes, so
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The general results of Section 16.1 show that the second derivative in Eq. (19.2.6) is just the sum of all connected one-particle-irreducible momentum-space Feynman diagrams with external lines labelled n and [image: image] and carrying zero four-momentum. As shown at the end of Section 16.1, it is related to the reciprocal of the momentum-space propagator by
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so Eq. (19.2.6) gives
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Thus, if the symmetry is broken, so that ∑m tnm[image: image]m is non-zero, then this is an eigenvector of [image: image] with eigenvalue zero. The existence of such an eigenvector means that Δn[image: image](q) has a pole at q2 = 0. The rank of the residue of the pole at q2 = 0 is equal to the dimensionality of the space of the vectors t[image: image], with t running over all the generators of continuous symmetries of the theory. Roughly speaking, there is one massless boson for every independent broken symmetry.

In the classic example of a broken symmetry, the Lagrangian involves a set of N real scalar fields ϕn, and takes the form
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This is invariant under the group 0(N), consisting of rotations of the N-vector with components ϕn. For constant fields the effective potential in the tree approximation is given simply by minus the non-derivative terms in the Lagrangian density
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As usual we suppose that g is positive-definite. (Otherwise the minimum, if any, of V(ϕ) lies outside the range of validity of perturbation theory.) If [image: image]2 is also positive, the minimum of V(ϕ) is at the point ϕ = 0, which is invariant under 0(N). On the other hand, for [image: image]2 < 0 the minimum is at points [image: image]n at which
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The mass matrix in the tree approximation is then
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This has one eigenvector [image: image]n with a non-zero eigenvalue:
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and N − 1 eigenvectors perpendicular to [image: image] with eigenvalue zero. The reason for the appearance of only N − 1 Goldstone bosons is just that O(N) is broken down to O(N − 1) (the subgroup of O(N) that leaves [image: image] invariant), and so the number of independent broken symmetries is the dimensionality of O(N) minus the dimensionality of O(N − 1), or
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Here is another proof of the existence of Goldstone bosons, one that makes no use of the effective action formalism. As we saw in Chapter 7, any continuous symmetry of the action leads to the existence of a conserved current Jμ:
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with a charge Q that induces the associated symmetry transformation
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Operator relations like Eqs. (19.2.15)–(19.2.17) are unaffected by spontaneous symmetry breaking, which is manifested in the properties of physical states. Now, consider the vacuum expectation value of the commutator of the current and field. Summing over intermediate states, this is
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where, using translation invariance,
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We usually take Jλ as well as ϕn to be Hermitian operators, in which case Eqs. (19.2.19) and (19.2.20) are complex conjugates
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but this will not be assumed here.

Lorentz invariance tells us that ρ and [image: image] must take the forms
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(The factor θ(p0), which is +1 for p0 > 0 and zero otherwise, is required by the fact that pN is the four-momentum of a physical state.) This gives
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where Δ+ is the familiar function
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As remarked in Chapter 5, Lorentz invariance allows Δ+(z ; μ2) to depend only on z2, μ2, and θ(z0), and for z2 > 0 only on z2 and μ2. Hence Δ+(x − y ; μ2) and Δ+(y − x; μ2) are equal for x − y spacelike, and so in this case








	[image: image]




		(19.2.26)









But for x − y spacelike all commutators must vanish, so
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and therefore Eq. (19.2.24) gives for general x and y:
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Where Eq. (19.2.21) applies, Eq. (19.2.27) also shows that ρn(μ2) is real.

Now let us use the fact that Jλ(y) is conserved. Applying the derivative ∂/∂yλ to both sides of Eq. (19.2.28), and using the familiar equation
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we find, for all x and y








	[image: image]




		(19.2.30)







and so (since Δ+(x − y) is not even for x − y timelike or lightlike)
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Normally we would conclude from this that ρn(μ2) vanishes for all μ2. However, this is not possible in the case of broken symmetry. Set λ = 0 and x0 = y0 = t in Eq. (19.2.28):

[image: image]

Integrating and using Eqs. (19.2.16) and (19.2.17) gives
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Eqs. (19.2.31) and (19.2.32) can be reconciled only if
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(This is real for Hermitian fields ϕn because in this case Eq. (19.2.1) requires tnm to be imaginary.) Thus as long as the symmetry is broken, ρn(μ2) cannot vanish, but rather consists entirely of a term proportional to δ(μ2). Such a term can obviously only arise in a theory that has massless particles, because otherwise the spectrum of center-of-mass squared energies [image: image] would not extend down to zero. Furthermore a delta-function δ(μ2) can only arise from single particle states of zero mass; multiparticle states would contribute a continuum extending down to μ2 = 0. The state ϕn(0)|VAC[image: image] is rotationally invariant, so [image: image]N|ϕn(0)|VAC[image: image] must vanish for any state N of non-zero helicity. Also [image: image]VAC|J0|N[image: image] vanishes for any state N that has different intrinsic parity or (unbroken) internal quantum numbers from J0. We conclude then that a broken symmetry with tnm[image: image]ϕ(0)[image: image]VAC ≠ 0 requires the existence of a massless particle of spin zero and the same parity and internal quantum numbers as J0. These are our Goldstone bosons.

The above argument breaks down when the spontaneously broken symmetry is a local rather than a global symmetry. Either we choose a Lorentz-invariant gauge, such as the Landau gauge with ∂μAμ = 0, in which case as shown in Section 15.7 the positivity assumptions of quantum mechanics are violated, or we adopt a gauge like the axial gauge with [image: image], in which case the ordinary rules of quantum mechanics apply but manifest Lorentz invariance is lost. As we shall see in Chapter 21, this exception is not just a technicality; spontaneously broken local symmetries do not lead to Goldstone bosons.

It will be useful to look in a little more detail at how the coefficient of the delta-function in ρn(μ2) is related to the properties of the Goldstone boson. For a spin zero boson B of four-momentum [image: image], Lorentz invariance requires the matrix element of the current between the vacuum and one-particle states to take the form
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where pB is the momentum of B, [image: image] and F is a constant coefficient with the dimensions of energy. (This is consistent with current conservation because [image: image].) Also, the matrix element of the scalar field ϕn(y) between a single-particle state and the vacuum is of the form
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where Zn is a dimensionless constant. From Eqs. (19.2.34) and (19.2.35), we have then
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so
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Comparing with Eq. (19.2.33), this gives
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More generally, we may have several broken symmetries with generators ta and currents [image: image], which we can take independent in the sense that no linear combination of the ta is unbroken. For each of these, there is a Goldstone boson |Ba[image: image], and we define Zan and Fab by
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Eq. (19.2.37) applies for each a, so
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For instance, in the O(N) example discussed earlier, we can adapt our basis so that the vacuum expectation value points in the one–direction
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The N − 1 broken symmetry generators ta (with a = 2 ·· · N) can be defined as those for infinitesimal rotations in the 1− a plane. With a convenient choice of normalization, these have the non-zero elements
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(with no summation over a). The unbroken O(N − 1) symmetry, under which the N − 1 Goldstone bosons transform according to the vector representation, tells us that
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Then Eq. (19.2.40) requires
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It is conventional to adopt the field renormalization prescription that Z = 1, so F = v. Thus F is a measure of the strength of the symmetry breaking. As we shall now see, the parameter 1/F determines the strength with which the Goldstone bosons interact with each other and with other particles.

A broken symmetry tells us more about the Goldstone bosons than just that they have zero mass; it also tightly constrains their interactions at low energy. To see this in the simplest case, consider the matrix element of the current Jμ(x) associated with a broken symmetry. Between arbitrary states α, β:
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with
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We know that Jμ(x) has a non-zero matrix element between the vacuum and a one-Goldstone-boson state |B, q[image: image], given by Eq. (19.2.34). It follows by the usual rules of polology (see Chapter 10) that the matrix element (19.2.45) has a pole at q2 → 0, with2
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where i(2π4)δ4(pα − pβ − q)Mβα/(2π)3/2(2q0)1/2 is the S-matrix element for emitting a Goldstone boson of four-momentum q in the transition α → β. Let us therefore write
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where [image: image] is defined as the non-pole contributions to the matrix element fla of the current. From Eq. (19.2.45), we see that the conservation law ∂μJμ = 0 for the current Jμ requires (19.2.48) to vanish when contracted with qμ, and so
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One immediate consequence is that unless [image: image] has a pole at q → 0, the matrix element Mβα, for emitting a Goldstone boson in a transition α → β vanishes as q → 0. This is called an ‘Adler zero.’6

[image: image]

Figure 19.1. Feynman diagrams for pole terms in the matrix element of a symmetry current Jμ(x) between general states α and β, due to a Goldstone boson internal line, denoted π.

In fact, it often happens that [image: image] does have a pole at q = 0. This is because the vertex for the current Jμ(x) might be attached to an external line of the process α → β. (See Figure 19.2.) For instance, if a four-momentum qμ is carried away by a current Jμ inserted into an outgoing or incoming particle line of four-momentum p and mass m, then the internal line that connects this vertex to the rest of the diagram will carry a four-momentum pμ + qμ or pμ − qμ respectively, and its propagator will therefore contribute to [image: image] a factor
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For a fixed direction of q, the factor 1/|q| from Eq. (19.2.50) cancels the factor |q| in Eq. (19.2.49), yielding a finite (though q-direction-dependent) result in the limit kid |q| → 0. On the other hand, the contribution to [image: image] of diagrams in which the current Jμ is attached to an internal line of the process α → β has no singularity for |q| → 0, and therefore is cancelled by the factor |q| in Eq. (19.2.49). Thus Eq. (19.2.49) can be interpreted to mean that the amplitude for emitting a very soft Goldstone boson in a process α → β can be calculated from graphs in which the Goldstone boson is emitted only from the external lines of the process, with the vertex for emitting the Goldstone boson given by applying Eq. (19.2.49) to the transition between single-particle states.

[image: image]

Figure 19.2. Feynman diagrams for pole terms in the matrix element of a symmetry current Jμ(x) between general states α and β, due to internal lines close to their mass shell. Solid lines indicate ‘hard’ external particles; wavy lines indicate insertions of the current Jμ(x); the cross-hatched disk represents the sum of diagrams with the indicated external lines.

The effective action formalism can be used to derive interesting results for the interactions of the Goldstone bosons with each other and with other scalars. For this purpose, we note that if we define a set of renormalized Goldstone boson fields πa for which
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then Eq. (19.2.39) tells us that
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where ‘···’ indicates fields that do not create Goldstone bosons. But Eq. (19.2.40) gives [image: image]. Thus the amplitude for any reaction among N zero-four-momentum Goldstone bosons [image: image], is the same as would be calculated in the tree approximation from the effective interaction
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with
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Eq. (19.2.4) at ϕ = [image: image] then implies that the sum of all ‘tadpole’ graphs for a single Goldstone boson line disappearing into the vacuum vanishes, and Eq. (19.2.6) tells us that the amplitudes vanish for Goldstone bosons to make transitions at zero four-momentum into any other scalars. To go beyond these results, we can continue to differentiate with respect to the scalar fields. For instance, the derivative of Eq. (19.2.5) gives for any symmetry generator t:
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Taking t as one of the broken symmetry generators ta, setting ϕ = [image: image], contracting with (tb[image: image])m(tc[image: image])[image: image], and using Eq. (19.2.6) gives
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so the sum of all graphs with three external zero-four-momentum Goldstone boson lines vanishes. In particular, this means that in general processes, to leading order in small Goldstone boson energies, low energy Goldstone bosons are not emitted from external low energy Goldstone boson lines.

19.3 Spontaneously Broken Approximate Symmetries

In the previous section we dealt with exact symmetries of the action that do not leave the vacuum invariant, and are said to be spontaneously broken. We shall now consider the effect of adding small symmetry-breaking terms to the action in such a theory. Such spontaneously broken approximate symmetries are important in the theory of strong interactions, and in some areas of condensed matter physics. As we shall see, the spontaneous breakdown of an approximate symmetry does not lead to the appearance of massless Goldstone bosons, but of low-mass spinless particles, often called pseudo-Goldstone bosons.7

We continue here to treat translationally invariant theories, in which the effective action is expressed as in Eq. (19.2.3) in terms of an effective potential V(ϕ) that depends on a set of spacetime-independent scalar field expectation values ϕn. For an action that obeys some set of approximate continuous symmetries with generators tα, the effective potential may be written
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where V0(ϕ) satisfies the invariance condition3
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and V1(ϕ) is a small correction due to the symmetry breaking in the action. Suppose that this perturbation shifts the minimum of the potential from ϕ0, the minimum of V0(ϕ), to = [image: image] = ϕ0 + ϕ1, where ϕ1 is small, of first order in the symmetry-breaking perturbation. The equilibrium condition for the vacuum is then
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The zeroth-order term on the left is just [image: image], which vanishes because ϕ0 is defined as the minimum of V0(ϕ). Thus the first-order terms must also vanish, and so:
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Eq. (19.2.6) holds here with V replaced with the invariant term V0 and [image: image] replaced with ϕ0:
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Hence multiplying Eq. (19.3.4) with (tα,ϕ0)n and summing over n gives
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Recalling the interpretation of V(ϕ) as the generating function for one-particle-irreducible graphs, and noting that in the absence of the perturbation V1 the Goldstone components of ϕn are those in the direction of tαϕ0 (see Eq. (19.2.33)), the left-hand side of Eq. (19.3.6) is proportional to the sum of all ‘tadpole’ graphs, in which a pseudo-Goldstone boson disappears into the vacuum. Eq. (19.3.6) may thus be paraphrased as the condition that, to first order in V1, pseudo-Goldstone bosons have no tadpoles.

The moral of this calculation is that if we do not start with a zeroth-order vacuum expectation value that satisfies Eq. (19.3.6), then even a small perturbation will produce a large change in [image: image], invalidating the expansion of [image: image] around ϕ0. Fortunately, for compact Lie groups it is always possible to choose ϕ0 to satisfy Eq. (19.3.6). To see this, note that the invariance of the potential V0(ϕ) under a group of real linear transformations ϕ → Lϕ implies that if ϕ∗. is one minimum of the potential, then so is Lϕ∗. For continuous groups of transformations, we can always parameterize the transformations as L(θ), in such a way that
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where Nαβ is a non-singular matrix depending on the group parameters θα. (Recall that in a real representation, it is itα rather than tα that is real.) Now consider the function V1(L(θ)ϕ∗). Where the group is compact, L(θ)ϕ∗. maps out a compact manifold as θ runs over the group volume, and as long as V1(ϕ) is continuous, it must have a minimum on any such compact surface, say at a point L(θ∗)ϕ∗. The derivative of V1(L(θ)ϕ∗) with respect to θα is
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This must vanish at the minimum θ∗, and since Nab is non-singular, this implies that
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But then Eq. (19.3.6) is satisfied if we make the choice ϕ0 = L(θ∗)ϕ∗.

Eq. (19.3.6) is known as a vacuum alignment condition,8 because it generally has the effect of forcing the direction of the symmetry breaking by the vacuum into some sort of alignment with the symmetry-breaking terms in the Hamiltonian. For instance, consider the case of SO(N) spontaneously broken to SO(N − 1), introduced in the previous section. In the absence of any symmetry-breaking perturbation, there is no way to tell which SO(N − 1) subgroup is left unbroken; if the dynamics of the theory leads to a ground state that is invariant under the SO(N − 1) subgroup of SO(N) that leaves some N-vector ϕ0n invariant, then by performing an SO(N) rotation we can find a ground state that is invariant under the SO(N − 1) subgroup that leaves any other N-vector invariant. If we add a perturbation that transforms under SO(N) like, say, the component ∑nunϕn of an N-vector ϕn (not necessarily consisting of elementary scalars), then the Hamiltonian is invariant under a specific SO(N − 1) subgroup of SO(N), consisting of rotations that leave the vector u invariant. Without a vacuum alignment condition, we might think that the remaining exact symmetry is SO(N − 2), consisting of those rotations that leave invariant both u and the vector ϕ0 characterizing the vacuum symmetry. But with V1(ϕ) = ∑n unϕn, the condition (19.3.6) tells us that at the true vacuum, ∑n(tαϕ0)nun = 0 for all SO(N) generators tα. The SO(N) generators tα span the space of all antisymmetric N × N matrices, so this condition requires that ϕ0 must be in the same direction as u, and so the unbroken symmetry is SO(N − 1), not SO(N − 2).

According to the general results of Section 16.1, the mass matrix Mab, of the pseudo-Goldstone bosons is given to first order by
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where Zan is the field renormalization constant defined by Eq. (19.2.39). Since the mass matrix (19.3.10) vanishes in zeroth order, the first-order terms give
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where Zan is here given by the zeroth-order approximation to (19.2.40):
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To calculate the mass matrix (19.3.11), we take t in Eq. (19.2.55) to be one of the broken symmetry generators ta, set ϕ = ϕ0, and contract with (t0o)mOit:
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The second term on the right-hand side vanishes according to Eq. (19.2.6), while the third may be rewritten using Eq. (19.3.4), leaving us with
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Using this in Eq. (19.3.11) then yields a formula for the pseudo-Goldstone boson mass matrix in terms of V1:








	[image: image]




		(19.3.14)







For this to be a sensible mass matrix, it had better be positive. To see that it is, it is convenient to rewrite this result in terms of derivatives with respect to the group parameters θa. Differentiating Eq. (19.3.8) with respect to θβ, setting θ = θ∗, and using Eq. (19.3.9) and ϕ0 = L(θ∗)ϕ∗ gives
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The matrix on the right is positive, because θ∗ is the minimum of the function V1(L(θ)ϕ∗).

This formula has a somewhat more familiar version, in terms of the vacuum expectation value of a double commutator of symmetry generators with the symmetry-breaking perturbation. Suppose that the symmetry-breaking perturbation H1 in the Hamiltonian is a linear combination
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of operators Φn (not necessarily elementary scalar fields), which furnish a representation of the symmetry group with generators tα, in the sense that
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where Tα, are the quantum mechanical generators of the symmetry group. According to the results of Section 16.3, the symmetry-breaking part of the potential is








	[image: image]

	(19.3.18)







the subscript in the middle expression indicating that the expectation value is to be taken in the state of minimum energy in which Φn has expectation value ϕn The vacuum alignment condition (19.3.6) then reads
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or using Eq. (19.3.17)
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the subscript 0 now indicating that the expectation value is to be taken in the vacuum state, in which Φn has expectation value ϕ0n. Also, Eq. (19.3.14) gives the mass matrix here as
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and, using Eq. (19.3.17), this is
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This is symmetric in c and d. To see this, note that the Jacobi identity and group commutation relations may be used to write the difference of Eq. (19.3.20) and the same with c and d interchanged as a linear combination of terms [image: image][Tα,H1][image: image]0, which vanish according to the vacuum alignment condition (19.3.19). The mass matrix (19.3.20) is also positive, because the point θ = 0 is at the minimum of the vacuum energy [image: image]exp(−iθaTa)H1 exp(iθa Ta)[image: image]0 for rotated vacuum states exp(iθaTa)|0[image: image].

19.4 Pions as Goldstone Bosons

The classic example of a broken symmetry in elementary particle physics is the approximate symmetry of strong interactions known as chiral SU(2) × SU(2). According to our present understanding, this symmetry arises because there are two quark fields, u and d, that happen to have relatively small masses. (An estimate is given in Section 19.7.) In the approximation that the u and d are massless, the Lagrangian (18.7.5) of quantum chromodynamics is
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where Dμ is a color-gauge-covariant derivative (see Eq. (15.1.10)) and ‘···’ refers to terms involving only gluon fields and/or other quark flavors, but not u or d. This Lagrangian is invariant under the transformations
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where [image: image] is the three-vector4 of isospin matrices
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and [image: image]V and [image: image]A are independent real three-vectors.5 This Lie algebra may be written in terms of two commuting SU(2) subalgebras that act respectively only on the left- and right-handed parts of the quark fields, with generators
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satisfying the commutation relations
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The underlying symmetry group is therefore identified as SU(2) × SU(2). It has another obvious SU(2) subgroup, consisting of ordinary isospin transformations with [image: image]A = 0, and generators
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The algebra of SU(2) × SU(2) may be written in terms of [image: image] and another triplet of generators:
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with commutation relations

[image: image]

We will see that the SU(2) × SU(2) symmetry is spontaneously broken, while its isotopic spin subgroup generated by the [image: image] is an ordinary unbroken (though approximate) symmetry.

By Noether’s method (see, e.g., Section 7.3) we may derive from the Lagrangian (19.4.1) the conserved vector and axial-vector currents
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where q is the quark doublet,
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Their associated charges are the generators respectively of isospin and of the remaining symmetries
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The currents (19.4.12) are normalized so that the quantum operators [image: image] and [image: image] satisfy the same commutation relations as the matrices [image: image] and [image: image]

[image: image]

Acting on the quark fields, these operators induce the transformation (19.4.2), in the sense that

[image: image]

This symmetry if exact and unbroken would require any one-hadron state |h[image: image] to be degenerate with another state [image: image]|h[image: image] of opposite parity and equal spin, baryon number, and strangeness.6 No such parity doubling is seen in the hadron spectrum, so we are forced to conclude that if the chiral symmetry SU(2) × SU(2) is a good approximation at all, then it must be spontaneously broken to its isotopic spin SU(2) subgroup. In this case the operator [image: image] takes a one-hadron state |h[image: image] into a hadron h plus a massless pseudoscalar Goldstone boson, so there is no need for parity doubling of the hadron spectrum.

The question of whether quantum chromodynamics actually exhibits such a pattern of symmetry breaking involves all the complications of strong interaction dynamics. As we shall see in Section 19.9, there are general grounds for believing that the isospin SU(2) is not spontaneously broken in quantum chromodynamics, but it is much more difficult to show that the chiral part of SU(2) × SU(2) is spontaneously broken. (But according to an argument given in Section 22.5, the SU(3) × SU(3) symmetry of quantum chromodynamics with three massless quark flavors must be spontaneously broken.) It was something of a breakthrough in the 1960s to realize that one does not have to have a detailed understanding of the mechanism of the breaking of chiral symmetry; we derive the most interesting consequences of this symmetry breaking by simply assuming that SU(2) × SU(2) is spontaneously broken to SU(2).

The u and d quarks have small but nonzero masses, so the SU(2) × SU(2) symmetry is not exact. A broken approximate chiral symmetry entails the existence of an approximately massless Goldstone boson with the same quantum numbers as the broken symmetry generator [image: image]: it must be a state of negative parity, zero spin, unit isospin, and zero baryon number  and strangeness. In fact the lightest of all hadrons is the pion, which has precisely these quantum numbers, so we are led to identify the pion as the Goldstone boson associated with the spontaneous breaking of approximate chiral symmetry. As we shall see below, it is [image: image] rather than mπ that is proportional to a linear combination of mu and md, and [image: image] is very small, so the consequences we derive from spontaneously broken SU(2) × SU(2) should be reasonably accurate.

In exploring the consequences of chiral symmetry for pion interactions, it is very useful to note that although the chiral symmetry of the strong interactions does not depend in any way on the existence of weak interactions, the symmetry currents [image: image]μ and [image: image]μ happen to be the currents entering into strangeness-conserving semileptonic weak interactions like nuclear beta decay. As we shall see in Section 21.3, the standard model of electroweak interactions requires that the effective Lagrangian for these interactions at low energy must take the form:
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where [image: image] runs over the renormalized fields of the three charged leptons e, μ and τ; v[image: image] runs over the renormalized fields of the associated neutrinos; and [image: image]. and [image: image] are the charge changing currents
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The constant7 Gwk may be measured from the rates of beta transitions between states of zero spin within the same isotopic multiplet, such as the decays π+ → π0 + e+ + ve and 14O → 14N∗ + e+ ve. The momentum transfer in these transitions is very small, so parity conservation (in strong interactions) and rotational invariance tell us that only the matrix elements of [image: image] enter in the S-matrix elements for these decays. This operator has matrix elements between states in a given isospin multiplet that are just known Clebsch–Gordan coefficients, so from the rates for these ‘0 → 0’ processes we may calculate a value9 for the coupling in Eq. (19.4.22): Gwk [image: image] 1.14959(38) × 10−5 GeV−2. On the other hand, in the process of pion decay, π+ → μ+ + vμ, the only current matrix element we need is the matrix element of [image: image] between a one-pion state and the vacuum:
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which is completely known except for the factor Fπ. The rate for pion decay turns out to be
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From the known rate for π+ → μ+ + vμ, Γ = (2.6033(24) × 10−8 s)−1, and the above value of Gwk, one finds that8
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Now let us consider the matrix element of [image: image]μ between one-nucleon states. This is of interest in its own right, and as discussed in Section 19.2, it provides information we need to calculate the emission of low energy pions in collisions of nucleons. Following the same reasoning as used for the electromagnetic current in Section 10.6, one finds that Lorentz invariance and parity conservation require this matrix element to take the form9
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where q ≡ pn − pp In the approximation in which the SU(2) × SU(2) symmetry is exact, the conservation of current requires that
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Using the defining equations for the Dirac spinors up and un,
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we see that
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and so Eq. (19.4.28) requires that
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If g(q2) had no singularity at q2 = 0, then (19.4.29) would require that either mN = 0, which is certainly not true, or that f(0) = 0, which is not true either. In fact, the quantity f(0) is measured in low energy nuclear beta decays, like neutron decay, where it is usually called gA; it is found to have the value
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The fact that neither mN nor f(0) = gA is small requires that in the limit of exact SU(2) × SU(2) symmetry, g(q2) must have a pole as q2 → 0:
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Such a pole is naturally provided by the massless pion that would be required by the spontaneous breakdown of an exact SU(2) × SU(2) symmetry. Suppose that the pion couples to the one-nucleon state as if the interaction Lagrangian were10 [image: image]. Eq. (19.4.24) tells us that the matrix element of the current between a one-pion state and-the vacuum is the same as if there were a term in [image: image]μ(x) of the form [image: image]. Therefore in the limit q2 → 0 the matrix element (19.4.27) has the pole

[image: image]

Comparing with Eq. (19.4.27), we see that one-pion exchange gives the function g(q2) a pole
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for q2 → 0. Putting together Eqs. (19.4.31) and (19.4.32), we find
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This is the famous Goldberger–Treiman relation.11 It works reasonably well; taking mN = (mp + mn)/2 = 938.9 MeV, gA = 1.257, and Fπ = 184 MeV gives GπN ≡ 12.7, in fair agreement with the value11 GπN = 13.5 measured in various ways (including the effects of the one-pion pole in nucleon–nuclear scattering and the one-nucleon pole in pion–nucleon scattering.)

In the real world the pion is not massless and the SU(2) × SU(2) symmetry is not exact (even before being spontaneously broken.) This circumstance may be analyzed using the general formalism presented in the previous section. The Lagrangian (19.4.1) yields a symmetry-breaking term in the Hamiltonian
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where
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The operators [image: image] and [image: image] are spatial scalars and, as this notation is meant to suggest, they transform under SU(2) × SU(2) as components of independent chiral four-vectors [image: image]:
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These are chiral four-vectors, in the sense that

[image: image]

where [image: image] and [image: image] are Hermitian 4 × 4 matrices that furnish the four-vector representation of the algebra of SU(2) × SU(2) ≡ SO(4):

[image: image]

This notation makes it easy to see that the vacuum alignment conditions for generators T1, T2, X1, X2, and X3 respectively take the form
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We have been assuming that in the absence of u and d quark masses, the symmetry SU(2) × SU(2) is spontaneously broken in such a way as to preserve unbroken the SU(2) symmetry generated by [image: image] as well as parity, in which case [image: image] points in the four-direction and [image: image] vanishes, so that the conditions (19.4.42) are satisfied. But with mu = md = 0, we can find other symmetry-breaking solutions with other definitions of parity by subjecting this one to an arbitrary SU(2) × SU(2) transformation. Thus in the absence of u and d quark masses, there would be no way to tell in what direction [image: image] = 0 should point, or which SU(2) subgroup of SU(2) × SU(2) is left unbroken, though in all cases [image: image]. The vacuum alignment condition (19.4.42) tells us that, with the symmetry broken intrinsically by the perturbation (19.4.34) and spontaneously in such a way that [image: image], the vacuum must ‘line up’ in such a way  that [image: image] = 0 points in the four-direction, so that the unbroken SU(2) symmetry is ordinary isospin.

This formalism may be used to calculate the pion mass. From Eqs. (19.4.39)–(19.4.41) we find
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Also, isospin invariance tells us that the symmetry-breaking parameter Fab introduced in Section 19.2 is proportional to δab, with a proportionality factor that according to (19.4.24) is just Fπ/2, so
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Eq. (19.3.20) thus gives the pion mass matrix as
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where
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It is striking that the masses of the charged and neutral pions turn out to be equal, even though we have made no assumption about the ratio of mu and md. We shall see below that this ratio is not near unity; isospin is a good quantum number not because the u and d quark masses are nearly equal, but because they are small. Also, as promised, we see that it is the square of the pion mass that is proportional to the quark masses, so the quark masses should be quite small. (See Section 19.7 for an estimate.) The observed pion mass difference arises not from the u–d quark mass difference, but from electromagnetism. Indeed, the pion isospin multiplet is the only one whose mass difference has been successfully calculated on the basis of one-photon exchange alone.14

Of course, even with quark masses taken into account, Eq. (19.4.24) can still be used to define Fπ; its divergence gives
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Instead of assuming that ∂μ[image: image]μ vanishes, we can now assume that it is small, of order [image: image], except where a pion pole compensates for the smallness of [image: image]. According to Eq. (19.4.47), the behavior of matrix elements of ∂μ[image: image]μ near a one-pion pole is the same as if ∂μ[image: image]μ were Fπ[image: image], times a properly renormalized pion field. For instance, the one-nucleon matrix element of [image: image] should be
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so in terms of the form-factors in (19.4.27)
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This is expected to be valid when q2 is of order [image: image], and not only in the limit q2 → −[image: image], because the pion pole dominates matrix elements of ∂μAμ for all such small q2. Also, for such q2, in place of Eq. (19.4.32) we have
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From Eqs. (19.4.49) and (19.4.50) we find that for q2 of order [image: image]
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It should be no surprise that this function is roughly constant over the range of q2 from zero to of order [image: image], because it has no one-pion pole, and there is nothing else that could give it a substantial variation in such a small range of q2. This constant value is approximately f(0) ≡ gA, and Eq. (19.4.51) thus again yields the Goldberger–Treiman relation.

We can now use the results of Section 19.2 to calculate the amplitude for emission of a single low energy pion in an arbitrary process α → β. We found that the amplitude is to be calculated from Feynman diagrams in which the pion is emitted only from the external lines of the process, and Eq. (19.2.49) shows that these contributions are to be calculated as if the pion field interaction were [image: image], in which the subscript N indicates that we are to drop the one-pion pole term in matrix elements of the axial-vector current. From Eq. (19.4.27) (and using isospin invariance) we conclude that for soft pions emitted from a nucleon line this interaction is effectively

[image: image]

Using the free-particle Dirac equation, we can see that for nucleons on the mass shell (that is, at the one-nucleon poles in Figure 19.2) this is equivalent to the pseudoscalar interaction [image: image]. This provides yet another demonstration of the Goldberger?Treiman relation (19.4.33).

* * *

Our discussion here has not paralleled the historical development of these ideas. In fact, the course of historical development was chronologically almost exactly opposite to the line of argument presented here. Broken symmetries in particle physics started with the Goldberger–Treiman relation (19.4.33), which was derived11 in 1957 on the basis of a dynamical calculation of pion decay. In order to explain the surprising success of this very approximate calculation, several theorists15 introduced the idea of a ‘partial conservation of the axial-vector current’ (PCAC), the idea that although the axial-vector current is not conserved (as shown by the fact that pions do decay) its divergence ∂μ[image: image] is proportional to the pion field. In itself, this assumption is meaningless — we saw in Chapter 10 that any field with a non-vanishing matrix element between the vacuum and one-pion states may be regarded as a pion field. Although it was not clear at the time, what was really being assumed was that the divergence of the axial-vector current is small, of order [image: image], except where a pion pole gives it a large matrix element. The problem was greatly clarified by a 1960 paper of Nambu,16 who pointed out that the axial-vector current could be regarded as exactly conserved in the limit of zero pion mass, in which case the Goldberger–Treiman relation could be derived as we have done here. In this and a subsequent paper with Jona-Lasinio,17 Nambu recognized that the appearance of this massless or nearly massless pion was a symptom of a broken exact or approximate symmetry. With other collaborators,18 Nambu also showed how to calculate the rates of emission of a single soft pion in various processes. Subsequently Goldstone3 remarked that broken symmetries always entail massless bosons, and this was proved in 1962 by Goldstone, Salam, and myself,5 using the arguments presented here in Section 19.2.

None of this early work on pions as Goldstone bosons depended on any specific assumptions about the nature of the broken symmetry group; for instance it might have been a direct product of three commuting U(1) groups, whose generators form an isotopic spin vector, or it might have been the non-compact group SO(3,1), for which a minus sign appears on the right-hand side of the commutation relation (19.4.19). The nature of the broken symmetry group became important only with the consideration of processes involving more than one pion, starting with the Adler? Weisberger sum rule in 1965,19 whose success showed that the broken symmetry is indeed SU(2) × SU(2). (Such processes are discussed in the following section.) The identification of the symmetry group SU(2) × SU(2) led to a shift of emphasis,20 toward the implications of this symmetry within strong interaction physics, and away from an earlier concentration21 on the currents themselves.

All of this work was done without a specific theory of the strong interactions. One of the reasons for the rapid acceptance of quantum chromodynamics in 1973 as the correct theory of strong interactions was that it explained the SU(2) × SU(2) symmetry as a simple consequence of the smallness of the u and d quark masses.



19.5 Effective Field Theories: Pions and Nucleons

In Section 19.2 we learned how to calculate the amplitude for emission of a single low energy Goldstone boson B in a transition α → β + B by applying the condition of current conservation to the matrix element of the symmetry current between the states α and β. In this calculation we never had to use any information about the details of the broken symmetry group; current conservation was all we needed. A new element enters if we wish to calculate the matrix element for the emission and/or absorption of two Goldstone bosons, as for instance in a Goldstone boson scattering process. Here we must apply the condition of current conservation to a matrix element like

[image: image]

where the states α and β contain the other particles besides the two Goldstone bosons participating in the reaction. But when we let the divergence operator [image: image] act on this matrix element we encounter a non-zero contribution from the derivative of the functions [image: image] and [image: image] that appear in the definition of the time-ordered product T{· · ·}. This contribution is equal to the matrix element of an equal-time commutator [image: image], whose value depends on the commutation relations of the group algebra. This makes such multi-Goldstone-boson processes specially interesting, because they can be used to decide experimentally on the nature of the broken symmetry group, in a way that is not possible for processes involving just a single Goldstone boson. Because of the appearance of such current commutators, this approach is known as the method of current algebra.21

The current algebra method was used in early calculations of multi-Goldstone-boson amplitudes.22 Unfortunately, such calculations are tedious, especially when three or more Goldstone bosons are involved, and it was also difficult to see how to deal with symmetries like the chiral symmetry of quantum chromodynamics that are not exact. For this reason a different and more physical calculational technique was introduced,23 based on the use of effective Lagrangians: We simply calculate the Goldstone boson amplitudes by the methods of perturbation theory, using some Lagrangian for the Goldstone bosons and the other particles in the states α and β that obeys the assumed broken symmetry.

Originally the justification for the effective Lagrangian procedure was based on current algebra. By using current algebra one could see that the amplitude for emission of a set of low energy Goldstone bosons in a process α → β + B1 + B2 · · · is fixed once one knows the equal-time commutation relations of the currents associated with the broken symmetries as well as the matrix element for the process α → β and the  matrix elements of the currents between various one-particle states. We know that a Lagrangian that respects the broken symmetry will allow the construction of conserved currents with the appropriate equal-time commutators by Noether’s technique, so if we simply calculate the low energy Goldstone boson amplitudes with such a Lagrangian and insert the correct values for Mβα, and the one-particle matrix elements of the currents, we must get the same answer as provided by current algebra. In the case of interactions among Goldstone bosons alone, the states α and β may both be taken as the vacuum, and we do not need any extra information beyond the matrix element F between a Goldstone boson state and the vacuum.

In the first example of this sort,23 the starting point was the Lagrangian of the a-model.24 Restricting our attention for the moment to the bosonic sector of this model, its Lagrangian is the SO(4)-invariant one used as an example in Section 19.2:
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where n is understood to be summed over the values 1, 2, 3, 4, with [image: image] an isovector pseudoscalar field and ϕ4 an isoscalar scalar field.

The immediate problem faced by any sort of effective Lagrangian is that in order to use it to calculate scattering amplitudes, we must either include all Feynman diagrams of all orders of perturbation theory, or else find some rationale for dropping higher-order diagrams. We can find no such rationale with Lagrangians like (19.5.1), in which the broken symmetry is realized through linear transformations on the various fields. Fortunately any such Lagrangian can be recast in a form that allows the use of Feynman diagrams to generate an expansion for scattering amplitudes in powers of Goldstone boson energies. To do this, we perform a symmetry transformation at every point in spacetime that eliminates the fields corresponding to the Goldstone bosons of the theory. The Goldstone boson degrees of freedom reappear in the transformed theory as the parameters of this symmetry transformation. However, since the Lagrangian is invariant under spacetime-independent symmetry transformations, it cannot have any dependence on the new Goldstone boson fields when they are constant, and so every term in the Lagrangian that involves these new Goldstone boson fields must contain at least one spacetime derivative of the field. These derivatives introduce factors of the Goldstone boson energy when we calculate S-matrix elements for Goldstone boson reactions, and as we shall see we can use the Lagrangian to construct a series for the S-matrix elements in powers of these energies.

For instance, to recast the Lagrangian (19.5.1) in a useful form, we write the four-vector ϕn as a chiral rotation R acting on a four-vector {0, 0,0, σ}  whose first three components (the Goldstone part of ϕn) vanish:
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with Rnm(x) an orthogonal matrix
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and therefore
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The Lagrangian (19.5.1) then becomes








	[image: image]




		(19.5.5)







Because R is an orthogonal matrix, the ∂μσ∂μσ term is R-independent, and the cross-term vanishes
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so [image: image] becomes
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If [image: image]2 is negative then σ has a non-vanishing vacuum expectation value, given in lowest order by the position of the minimum of the sum of the last two terms, at σ = |[image: image]|/[image: image].

In place of the field variables ϕn, our variables now are σ − |[image: image]|/[image: image] and whatever other variables are needed to parameterize the rotation R. For instance, these parameters could be simply chosen as the Ra4 themselves (where a, b,· · · from now are isovector indices running over the values 1,2,3), with R44 given by the condition that R is orthogonal. A different parameterization will give simpler final results, and was historically the first to be used for these purposes. It is to define
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and take
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so that
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Then the Lagrangian (19.5.6) becomes
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where
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Whatever parameterization we use, it is clear that the fields [image: image] describe particles of zero mass, whose interactions all involve field derivatives. These are (up to a normalization) our new pion fields.

Despite appearances, this Lagrangian is still invariant under SO(4), but with SO(4) now realized non-linearly. Under an isospin transformation with infinitesimal parameters [image: image], the field [image: image] simply rotates like an ordinary isovector, and σ is an isoscalar:
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so the Lagrangian (19.5.10) is manifestly isospin-invariant. On the other hand, under the broken symmetry transformations parameterized by an infinitesimal vector [image: image] the original fields transform according to
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From Eq. (19.5.7), we then find
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The Lagrangian (19.5.10) is invariant under the broken symmetry transformation (19.5.14) because [image: image]μ, undergoes a linear (though field-dependent) isospin rotation:25
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and Eq. (19.5.10) is isospin-invariant. Because of the transformation rule (19.5.15), [image: image]μ, is often called the covariant derivative of the pion field.

The transformation rules (19.5.12) and (19.5.14) specify what is called a non-linear realization of the group SU(2) × SU(2).25 The general theory of non-linear realizations of Lie groups is given in the next section; we shall show there that, up to field redefinitions, the transformation rules (19.5.12) and (19.5.14) provide the most general realization of SU(2) × SU(2) in which the isospin SU(2) subgroup is realized linearly on [image: image]

We see that each interaction of these new pion fields is accompanied with a spacetime derivative, so that the effective coupling is weak for low pion energies. (This remark will be made more precise below.) Therefore for sufficiently small pion energies we may use this Lagrangian in the tree approximation to reproduce the soft-pion theorems of current algebra. For this purpose, it is only necessary that the Lagrangian be SO(4)-invariant. But since the a field is an SO(4) scalar, it plays no role in maintaining the SO(4) invariance of the Lagrangian, and may be simply discarded.12 Of course, this procedure changes the physical content of the theory, but it does not change the amplitudes given by soft-pion theorems. The Lagrangian (19.5.10) then simplifies to
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where F = 2[image: image]u[image: image] = 2|[image: image]|/[image: image]. (As we shall soon see, this F is the same as the constant Fπ discussed in the previous section.) For many purposes it is more convenient to work with a conventionally normalized pion field
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for which the Lagrangian (19.5.16) reads
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The factor 1/F acts as a coupling parameter that accompanies the interaction of each additional pion. Eq. (19.5.18) describes what is often called the ‘non-linear σ-model,’ for the special case of SU(2) × SU(2) spontaneously broken to SU(2).

An important point: to derive Eq. (19.5.18) it was not really necessary to start with the ‘linear σ-model’ Lagrangian (19.5.1). Indeed, we did not need to start with any specific theory. Eq. (19.5.18) can be used simply because it is invariant under the SO(4) transformation (19.5.12), (19.5.14), and current algebra tells us that this is all we need to get the right results for low energy pion reaction amplitudes.

Some years after the introduction of effective Lagrangians for soft pions, there emerged a different justification for the effective field theory technique,26 one that does not rely on current algebra and allows calculations that are not limited to the limit of vanishingly small Goldstone boson energies. It is based on the realization (not yet formally embodied in a theorem) that when we calculate a physical amplitude from Feynman diagrams using the most general Lagrangian that involves the relevant degrees of freedom and satisfies the assumed symmetries of the theory, we are simply constructing the most general amplitude that is consistent with general principles of relativity, quantum mechanics, and the assumed symmetries. This was the point of view underlying Volume I of this book. In the present context, the ‘relevant’ degrees of freedom are the Goldstone bosons themselves, together with the particles in the states α and β and any other particle states that can be produced from them by interactions with low energy Goldstone bosons. By invoking this justification for effective field theories, we are freed from any need to wrestle with the complications of current algebra. More importantly, the modern effective field theory approach yields results that take us beyond the extreme low energy limit and allows a systematic treatment of any intrinsic symmetry breaking.

According to this approach, in order to calculate pion interaction amplitudes to any desired order in pion energies, we must use the most general Lagrangian involving a pion field [image: image] that transforms according to the rules (19.5.12) and (19.5.14):








	[image: image]




		(19.5.19)







The terms indicated by ... will contain higher powers of the covariant derivative [image: image]μ, or higher covariant derivatives, whose general structure is described in the next section. The coefficients c4 and c4′ are dimensionless, and all higher terms have coefficients with the dimensionality of negative powers of mass.

Consider a general process involving arbitrary numbers of incoming and outgoing pions. We suppose that their energies and momenta are all at most of some order Q, which is small compared with a typical quantum chromodynamics energy scale (say, the nucleon or ρ mass). Even though Lagrangians like (19.5.19) are not renormalizable in the usual sense, we saw in Section 12.3 that such Lagrangians can yield finite results as long as they contain all possible terms allowed by symmetries, for then there will be a counterterm available to cancel every infinity. If we define the renormalized values of the constants F2, c4, c4′, ... by specifying the values of various Goldstone boson scattering amplitudes at energies of order Q, then the integrals in momentum-space Feynman diagrams will be dominated by contributions from virtual momenta which are also of order Q (because renormalization makes them finite, and there is no other possible effective cut-off in the theory.) We can then develop perturbation theory as a power series expansion in Q.

Each derivative and hence each [image: image]μ, in each interaction vertex contributes one factor of Q to the order of magnitude of the diagram; each internal pion propagator contributes a factor Q−2; and each integration volume d4q associated with the loops of the diagram contributes a factor Q4; so a general connected diagram makes a contribution of order Qv, where
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Here di is the number of derivatives in an interaction of type i, Vi is the number of interaction vertices of type i in the diagram, I is the number of internal pion lines, and L is the number of loops. These quantities are related by the familiar topological identity (see Eq. (4.4.7)):
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so we can eliminate I and write
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The point of this is that each term here is positive; every interaction in Eq. (19.5.19) has at least two derivatives, and of course L ≥ 0. Therefore the leading term of each process is of order Q2, and arises solely from tree graphs (that is, L = 0) constructed solely from the term in Eq. (19.5.19) with only two derivatives (that is, Vi = 0 for di ≠ 2):
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For instance, the invariant amplitude M that appears in the pion–pion scattering S-matrix element
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is given to this order by
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where a, b, c, d are the isovector indices of the pions A, B, C, D, respectively. (The effect of the finite pion mass will be taken up a little later in this section.) Using Eq. (19.5.25) as the leading term does not depend on any assumption of the smallness of the coupling constant λ in the original Lagrangian (19.5.1), or even on the validity of this formula for the Lagrangian, but only on the assumed smallness of the typical pion energy Q.

The next term in the amplitude for any Goldstone boson reaction will be of order Q4, and arises both from one-loop graphs involving only the Lagrangian (19.5.16), and also from tree graphs constructed solely from the interaction (19.5.16) plus a single vertex arising from the d = 4 terms in Eq. (19.5.19):
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where ‘crossed terms’ denotes terms given by the interchanges B ↔ C and B ↔ D. and s, t, and u are the Mandelstam variables

[image: image]

The dependence of this result on the cut-off Λ can be eliminated by a redefinition of the constants c4 and c4′. The renormalized couplings are

[image: image]

where μ is an arbitrary renormalization scale of order Q inserted in order to make the logarithms well-defined. In terms of these renormalized couplings, the amplitude (19.5.26) takes the form
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This sort of calculation can be carried to arbitrary orders in Q, always with the result that in each order we encounter a finite number of new couplings whose renormalization serves to eliminate the cut-off dependence of physical amplitudes. Notice that the ratio of the leading v = 2 terms and the v = 4 corrections is of order Q2/8π2F2, so this is likely to be a useful expansion as long as the pion energies are all much less than an amount of order 2πF.

This perturbative expansion may also be used to relate the ubiquitous parameter F to the measured pion decay amplitude Fπ. Recalling the transformation rule (19.5.14) for [image: image], the axial-vector current is given by
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and so
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(This [image: image]μ is the Noether current of the symmetry generated by 2[image: image], which on the nucleon doublet is represented by [image: image]) After integrating out all other fields, and using Eq. (19.5.17) to express [image: image] in terms of the canonically normalized pion field [image: image] we find
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Using our perturbative expansion in powers of the pion energy to calculate [image: image]VAC|[image: image]μ|π), we see that in lowest order the pion decay amplitude here is
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Furthermore Lorentz invariance and Eq. (19.5.22) tell us that the higher-order corrections must be proportional to powers of [image: image], which vanishes for a massless pion, so Eq. (19.5.32) is actually exact in the limit mπ → 0. We may therefore guess that our perturbation expansion will be useful for pion energies that are less than an amount of order 2πFπ = 1200 MeV.

In order to make contact with experiment, we must deal with the fact that the pion mass is not zero. On the mass shell it is not possible for the time component of a pion four-momentum to be less than mπ, so in counting powers of the typical pion energy and momentum Q, we must regard mπ as being of order Q. But we saw in the previous section that [image: image], is proportional to a linear combination of quark masses, so our formula (19.5.22) for the order Qv of a given Feynman diagram should be rewritten to read
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where mi is the number of factors of quark masses in the interaction of type i.

The interactions involving quark masses may be distinguished by their transformation properties under SU(2) × SU(2), or equivalently, under SO(4). Eq. (19.4.34) shows that the terms of first order in quark masses transform as a linear combination of two scalars, the fourth component of a chiral four-vector [image: image], with coefficient mu + md, and the third component of a different chiral four-vector [image: image], with coefficient mu − md. Thus the terms Δ[image: image]+ and Δ[image: image]− in the effective Lagrangian that are of first order in mu + md and mu − md must have the chiral transformation properties of the fourth and third components of chiral four-vectors, respectively, and of course be Lorentz scalars. One obvious candidate for a chiral four-vector whose fourth component is a scalar is the ϕn with which we started in this section. According to Eq. (19.5.9), its fourth component is just σ(1 − [image: image]2)/(1 + [image: image]2) The factor σ may be dropped, as it is a chiral c scalar, and therefore has no effect on the chiral transformation properties of this quantity. We can fix the normalization of this term by requiring that the coefficient of [image: image] be −[image: image]/2 so that, apart from an additive constant,
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We shall see in the next section that this is the unique scalar function of the pion field without derivatives that transforms as the fourth component of a chiral four-vector. On the other hand, there is no scalar function of the pion field without derivatives that transforms as the third component of a chiral four-vector because such a function, if the third component of a chiral four-vector, would have to be odd in the pion field, and therefore pseudoscalar rather than scalar. Thus (19.5.34) is the only interaction with di = 0 and mi = 1. It is striking that the isospin violating difference in the u and d quark masses has not only no effect on the pion masses, as we saw in the previous section, but also has no effect on any non-derivative multipion interaction.

We are now in a position to do a realistic calculation of the leading v = 2 terms in the pion–pion scattering amplitude. According to Eq. (19.5.33), these terms arise only from tree graphs constructed from the d = 2, m = 0 pion interaction in Eq. (19.5.23) or from the d = 0, m = 1 pion interaction in Eq. (19.5.34). To this order, the invariant amplitude M defined by Eq. (19.5.24) is now
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In particular, at threshold s = 4[image: image], t = u = 0, so
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where M(0) and M(2) are the appropriate tensors representing two-pion states with isospin T = 0 or T = 2:

[image: image]

normalized so that TrM(T) = 2T + 1. This result is usually expressed in terms of the scattering lengths. According to Sections 3.6 and 3.7, the  scattering length aT for two pions in a state of isospin T is giyen27 by 1/32πmπ, times the coefficient of M(T) in Eq. (19.5.36):

[image: image]

The pion scattering lengths are difficult to measure, but careful study of processes like π + N → π + π + N and K → π + π + e + v has given the results28 [image: image] and [image: image] for a0 and a2, respectively, which are consistent with these theoretical values. Corrections of higher order in mπ/2πFπ seem to improve the agreement.

This formalism can be extended to describe the interactions of pions with nucleons or other particles. The easiest approach is to suppose that we add a term involving the nucleon doublet field N to the Lagrangian with which we started:
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where [image: image] is the isospin matrix vector for isospin 1/2 (that is, half the Pauli spinor [image: image].) This is invariant under chiral SU(2) × SU(2) transformations with

[image: image]

Now in eliminating the non-derivative pion couplings we must express the nucleon field N as the SO(4) rotation R in the representation (19.5.41) acting upon a new nucleon field [image: image]
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with [image: image] given again by Eq. (19.5.7). With this transformation the non-derivative term in Eq. (19.5.39) now depends only on [image: image] and σ:

[image: image]

On the other hand, the derivative term involves derivatives of the matrix in Eq. (19.5.41), yielding a nucleonic Lagrangian:
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or in terms of the canonically normalized pion field (19.5.17):
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Since σ has a non-vanishing vacuum expectation value, we see that the nucleon here has a non-zero rest mass, a result that would be prohibited if the symmetry under the transformation (19.5.40), (19.5.41) were unbroken.

By its construction, the Lagrangian (19.5.44) is chiral-invariant. This can also be seen directly, using the previously obtained chiral transformation properties of σ and [image: image], and now also noting that under the chiral transformation (19.5.40), (19.5.41), the new nucleon field defined by Eq. (19.5.42) transforms as
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That is, under a chiral transformation [image: image] simply undergoes the same isospin rotation (19.5.15) as the quantity [image: image]μ, but of course in the T = 1/2 representation. The isospin rotation parameter [image: image] × [image: image] is spacetime-dependent, so derivatives of [image: image] do not have the same chiral transformation property, but it is straightforward to check that the combination of the first and third terms in Eq. (19.5.43) behaves as a chiral-covariant derivative: that is,
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where
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Thus the Lagrangian (19.5.43) (and hence (19.5.44)) is obviously chiral-invariant, because it is isospin-invariant, and constructed solely from the ingredients [image: image], [image: image]μ[image: image], σ, and [image: image]μ, all of which transform under chiral transformations with the same isospin rotation.

Again, the specific Lagrangian with which we started here is not important. As in the case of the pure pion theory considered earlier, the important thing is the chiral invariance of the Lagrangian. For chiral invariance, the Lagrangian must conserve isospin, and be constructed only from the ingredients [image: image], [image: image]μ[image: image], and [image: image]μ (together with higher covariant derivatives of these objects). The most general chiral-invariant Lagrangian that is bilinear in the new nucleon field and involves no more than one derivative therefore takes the form
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or in terms of the pion field (19.5.17):
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Note that we have inserted an arbitrary constant gA in the last term in Eq. (19.5.48) because this term is chiral symmetric by itself, and so chiral symmetry cannot dictate its coefficient. (This is in contrast with the third term in Eq. (19.5.43), whose coefficient is fixed by the condition that it and the first term together give a chiral invariant.) We can check that the constant gA inserted here is indeed the axial-vector coupling of beta decay by constructing the extra term in the axial-vector current that arises from the nucleonic Lagrangian (19.5.48). Alternatively, integrating by parts and using the Dirac equation, we find that the pion–nucleon interaction [image: image], is equivalent on the nucleon mass shell to an interaction [image: image], corresponding to a pion?nucleon coupling constant

[image: image]

which is just the Goldberger–Treiman relation (19.4.33).

Incidentally, if we had used the Lagrangian (19.5.44) in this calculation, we would have obtained the Goldberger–Treiman relation with gA = 1. However, this result is in fact an artifact of the particular form (19.5.39) of the interaction with which we started. We might have included a non-renormalizable derivative coupling term13
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It is straightforward to show that in terms of the transformed fields σ, [image: image], and [image: image], this takes the form

[image: image]

Since σ has a non-vanishing vacuum expectation value, this makes a contribution to the pion–nucleon coupling constant and to gA proportional to g′. Hence the value gA = 1 is not dictated by the broken SU(2) × SU(2) symmetry alone; by including the interaction (19.5.50) and adjusting g′, we can make gA anything we like.

Now let us consider how to use this Lagrangian to calculate amplitudes for reactions involving both pions and nucleons. We will have to give special attention to the nucleon propagators, since a nucleon can never be a ‘soft’ particle like a pion. A nucleon line that enters a diagram with an on-shell four-momentum p of order mN, and then from interactions with soft pions absorbs a net four-momentum q with components much less than mN, will have a propagator:








	[image: image]

	(19.5.51)







(The neglected terms may be taken into account by including higher derivative terms in the nucleon Lagrangian.) Suppose again that all external pion four-momenta have components at most of order Q and define all renormalized couplings at renormalization points of order Q, so that integrals converge in such a way that internal pion lines also have four-momenta Q. Then Eq. (19.5.51) shows that internal nucleon lines make a contribution of order 1/Q. A general Feynman diagram for such a process will make a contribution to the invariant amplitude of order Qv, where now
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Here Vi is the number of vertices associated with interactions of type i, di is the number of derivatives in each such interaction, mi is the number of quark mass factors in each interaction, Iπ, and IN are the numbers of internal pion and nucleon lines, respectively, and L is the number of loops in the graph. We use the familiar topological relations for connected graphs:
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and
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where ni is the number of nucleon fields in interactions of type i, and EN is the number of external nucleon lines. Eliminating the quantities IN and Iπ this gives
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The important point here is that the coefficient di + 2mi + [image: image]ni − 2 in the first term is always positive or zero. We have already seen that di + 2mi ≥ 2 for the purely pionic interactions with ni = 0, and inspection of (19.5.49) shows that di ≥ 1 for the pion–nucleon interactions with ni = 2 and mi = 0. Any interaction with ni = 2 and mi ≥ 1 or ni ≥ 4 clearly also has di ≥ 2. Hence the leading terms for Q [image: image] 2πFπ, are tree graphs (that is, L = 0) for which all interactions have
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The interactions that satisfy this condition are just those shown explicitly in Eqs. (19.5.23), (19.5.34), and (19.5.49), plus possible interactions with di = 0 and ni = 4:
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where Γα, and Γα are any matrices in spin and isospin space that yield Lorentz, space inversion, and isospin-invariant four-fermion interactions. These last interactions are important for multinucleon processes,29 which will not be considered here.

Let us now apply this method to pion–nucleon scattering. For pion energies roughly of order mπ, the pion–nucleon scattering amplitude is given by the Feynman graphs of Figure 19.3, all of which make contributions of order mπ to the invariant amplitude. However, at threshold the leading contribution is from Figure 19.3(c), the others being suppressed by an extra factor of mπ/mN. This is because at threshold in the rest frame the incoming and outgoing pion four-momenta q, q′ and nucleon four-momenta p, p′ are given by
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Thus the invariant amplitude at threshold from either Figure 19.3(a) or 19.3(b) is proportional to

[image: image]

where u is a Dirac spinor with [image: image]u = 1. In contrast, the diagram of Figure 19.3(c) gives a contribution to M of order mπ. We may write this amplitude as a 2 × 2 matrix in the nucleon isospin indices:

[image: image]

where q′ and q are the final and initial pion four-momenta and b and a are the corresponding isovector indices. Using Eq. (19.5.57) and the momentum-space Dirac equation [image: image], this becomes
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where [image: image] is the pion isovector matrix. The matrix [image: image] has eigenvalues in states of total isospin T equal to [image: image][T(T + 1) − 2 − [image: image]], so in the two isospin states, T = 1/2 and T = 3/2, the invariant amplitudes are30
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These results are usually expressed in terms of the scattering lengths, which are defined as the invariant amplitudes divided by 4π(1 + mπ/mN):
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These are in reasonable agreement with the experimental values12 a1/2 = (0.173 + 0.003)[image: image]1 and a3/2 = (−0.101 ± 0.004)[image: image]. (The results (19.5.59) and (19.5.60) are only supposed to be valid to lowest order in mπ/mN, but we retain the factor 1 + mn/mN, because it arises just from the definition of the scattering lengths.)

[image: image]

Figure 19.3. Feynman diagrams used with an effective chiral Langrangian to calculate the scattering of a soft pion from a nucleon. Dashed lines are pions; solid lines are nucleons.

The corrections to the scattering lengths of next order in m, arise from several sources. There are the Born diagram graphs of Figures 19.3(a) and 19.3(b), which are nominally of leading order but as we have seen at threshold are suppressed by an extra factor of mπ/mN. There are additional tree graphs containing a vertex with two derivatives. Of special interest are tree graphs containing a vertex with no derivatives that arises from a symmetry-breaking interaction proportional to [image: image]. These interactions must have the chiral and spacetime transformation properties of the operators in Eq. (19.4.34): the fourth and third components of two different chiral four-vectors [image: image] and [image: image]. There are two obvious candidates for such operators that are bilinear in the nucleon fields: a [image: image] term,

[image: image]

and a [image: image], term,

[image: image]

Chiral symmetries act on [image: image] like ordinary isospin rotations, so they cannot mix up scalar and pseudoscalar nucleon bilinears. Thus there are really two independent [image: image] operators:
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and
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and two independent [image: image] operators:
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and
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We shall show in the next section that these are the only operators with the transformation properties of the terms in Eq. (19.4.34) that are bilinear in the nucleon fields. The operators (19.5.62) and (19.5.64) evidently provide isospin-conserving and isospin-violating corrections to the Goldberger–Treiman formula for the pion-nucleon couplings. The other two operators, (19.5.61) and (19.5.63), contribute directly to both the nucleon mass and to low energy pion?nucleon scattering. From their contribution to the nucleon mass, we see that these latter terms enter into the effective Lagrangian in the form (now replacing [image: image] with the conventionally normalized pion field):
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where δmp and δmn are the contributions of the quark mass terms (19.4.34) to the proton and neutron masses. This makes a contribution to the pion–nucleon scattering amplitude (again written as a matrix in the isospin space of the nucleon):
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The first term in Eq. (19.5.65) is often known as the ‘σ-term’. The second term is an isospin violating correction to the σ-term, which shows up only in processes involving neutral pions, such as the charge-exchange processes π+ + n π0 + p and π− + p → π0 + n. Even though it is not possible to measure the nucleon mass shifts δmp,n directly, we shall see in Section 19.7 that an SU(3) symmetry allows their difference to be calculated from hyperon mass differences. This yields the result δmp − δmn = −2.5 MeV. Unfortunately, we still do not have a firm theoretical estimate of the coefficient δmp + δmn of the first term in Eq. (19.5.65).

Eq. (19.4.34) shows that in quantum chromodynamics the coefficients δmp + δmn and δmp − δmn in Eq. (19.5.66) are respectively proportional to mu + md and mu − md. We shall see in Section 19.7 that mu and md are not at all degenerate, so these coefficients are roughly of the same order of magnitude; the isospin-violating corrections to the σ-term are not much smaller than the σ-term itself. We see again that the reason that isospin conservation is such a good approximation in hadronic physics is not that the u and d quark masses are nearly equal, but just that they are small.

The use here of Lagrangians like (19.5.19) or (19.5.49) is one example of the method of effective field theories, already introduced in Section 12.3. Similar techniques have been employed to deal with meson and baryon interactions including strange particles (see Section 19.7), with quark and lepton interactions at energies below the scale of electroweak symmetry breaking (see Section 21.3), and even with superconductivity (see Section 21.6). In all these cases effective field theories provide the most convenient method for working out the consequences of symmetries and the general principles underlying quantum field theory.

* * *

The low energy theorems provided by broken symmetries when combined with dispersion relations yield useful sum rules. Let’s see how this works for chiral symmetry, ignoring the small u and d quark masses and the pion mass. Consider the forward scattering of a massless pion with isovector index a and four-momentum q on a nucleon of four-momentum p, yielding a pion with isovector index b. The scattering amplitude M, defined by Sfi = −2πiδ4(Pf − Pi)Mfi, is given to first order in q by the Feynman diagrams of Figure 19.3 as
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To this order in q, the nucleon propagator in the first two terms inside the square brackets may by approximated by
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Eq. (19.5.67) can then be further simplified, using the relations [image: image] [image: image] = q2 = 0, [image: image]γμu = −ip · q/mN, and [ta, tb] = i[image: image]abctc. Also, in the laboratory frame (which for small q is the same as the center-of-mass frame) we have P · q = −mNω, where ω ≡ q0 is the pion energy in the nucleon rest frame. Finally, the conventional forward scattering amplitude (whose absolute square is the differential cross section for forward scattering) is given by Eq. (3.6.9) as f ≡ −4π2ωM. Putting this all together, we find the forward scattering amplitude at pion energy ω is given for ω [image: image] mN by
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In particular, for π+–proton scattering, we must contract Eq. (19.5.68) with [image: image] where [image: image] is the normalized isovector (1, i, 0)/[image: image], and set t3 = + [image: image]. The Va forward low energy π+–proton scattering amplitude is then
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Now, the dispersion relation for the forward scattering of a massless π+ on a proton is given by Eq. (10.8.24) (with subtraction polynomial  P(E) ∝ E)
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where R is a possible subtraction constant, and ω and E are pion energies in the proton rest frame. Comparison of this dispersion relation with the low energy limit (19.5.69) shows that R = 0, and that
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This is the celebrated Adler–Weisberger sum rule,19 for the case of exact chiral symmetry, with mπ = 0. A similar sum rule may be derived for the scattering of pions on any baryon or meson, including the pion itself.30a

19.6 Effective Field Theories: General Broken Symmetries

The techniques described in the previous section for constructing effective Lagrangians for the case of SU(2) × SU(2) broken to SU(2) were soon generalized31 to the case of a general group G broken to an arbitrary subgroup H. Consider a quantum field theory whose Lagrangian is invariant under an arbitrary compact Lie group G of ordinary linear spacetime-independent transformations g of the fields ψn(x):
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We suppose that this symmetry group is spontaneously broken to some subgroup H ⊂ G of symmetry transformations that leave all vacuum expectation values invariant: for h [image: image] H,
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(Not all of the ψs need be scalars, but of course only the scalars will have non-vanishing vacuum expectation values.) In the example at the beginning of the previous section, G was the group SO(4), the fields furnished a four-vector representation of this group, and their vacuum expectation values broke SO(4) down to the subgroup H = SO(3) of rotations that leave the four-axis invariant. In the general case the fields ψn may furnish a reducible rather than an irreducible representation of G, as for instance became the case when we introduced the nucleon fields in the previous section.

We next express a general ‘point’ ψn in field space as a G transformation acting on fields [image: image]n from which the massless Goldstone mode has been eliminated:
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For instance, in the previous section γ was the SO(4) rotation we called R, and the condition satisfied by [image: image]n was that the first three components of the four-vector should vanish.

In order to formulate this condition more generally, let us suppose that we are working with a real representation of G. (There is no loss of gen-erality here, because we are not insisting on an irreducible representation, so if we start with a set of fields forming a complex representation of G we can always take the ψn to be the real and imaginary parts of these complex fields.) As shown in Section 19.2, the massless eigenvectors of the mass matrix are just the independent linear combinations of the vectors ∑m[tα]nm[image: image]ψm(0)[image: image]VAC, where tα are the generators of G. (The reality of the representation means that itα is real, and the fact that G is compact means that we can choose the representation to be unitary and hence orthogonal, so that the tα are imaginary and antisymmetric.) The condition that [image: image]n does not contain Goldstone modes may thus be formulated as
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The number of independent conditions here is the dimensionality of the group G minus the dimensionality of the subgroup H whose generators annihilate [image: image]ψm(0)[image: image]VAC. As in the previous section, the Goldstone bosons whose fields are eliminated in this way will reappear in the dim(G) − dim(H) fields needed to parameterize the transformation γnm(x). In general the [image: image]n include all the heavy fields of the theory, including those (like nucleons in the previous section) that have different spacetime symmetry properties from the Goldstone bosons.

It is necessary to show that we may always choose the transformation γnm(x) so as to satisfy Eq. (19.6.4). For this purpose, consider the quantity
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where g runs over the whole group G in the real orthogonal representation furnished by the ψn. This is obviously a continuous real function of g, and since the group is compact Vψ(g) is also a bounded function of g. At each spacetime point x, Vψ(x)(g) therefore reaches a maximum value for some group element, which we shall call γ(x). At g = γ(x), Vψ(x)(g) must be stationary with respect to arbitrary variations in g. But any infinitesimal shift in a group element g may always be written as a linear combination
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with real infinitesimal coefficients [image: image]α that may depend on g. Hence the condition that Vψ(x)(g) be stationary with respect to the variation δg at g = γ(x) reads

[image: image]

This must be satisfied for all variations, and thus for all [image: image]α, so we see that Eq. (19.6.4) is satisfied for [image: image](x) = γ−1(x)ψ(x), as was to be shown. In the purely bosonic theory with Lagrangian (19.4.1), [image: image]n was the four-vector field (0,0,0, σ). This points in the direction of the vacuum expectation value [image: image]ψn[image: image], but this is not always the case.

Incidentally, it is not necessary in dealing with complex fields to formulate the condition on [image: image](x) explicitly in terms of its real and imaginary parts. If a set of fields χ(x) transform according to some complex representation of G with Hermitian generators Tα, then in the real representation
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the generators are

[image: image]

The condition (19.6.4) may then be expressed directly in terms of Tα and χ(x) as

[image: image]

Because the Lagrangian is assumed to be only invariant under spacetime-independent G transformations, it will be found after the transformation (19.6.3) to depend on γ(x) as well as on [image: image](x), though always with at least one derivative in each γ-dependent term. As already remarked, the spacetime-dependent parameters needed to specify γ(x) will play the role of Goldstone boson fields. We now have to consider how to parameterize γ(x).

It must be recognized from the outset that the choice of γ in Eq. (19.6.3) is generally not unique. Because [image: image]ψm(0)[image: image]VAC is H-invariant in the sense of Eq. (19.6.2), the quantity Vψ(g) defined by Eq. (19.6.5) is invariant under right multiplication of g by any element h of the unbroken subgroup H:
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It follows that if γ maximizes Vψ(g), then so does γh, so that condition (19.6.4) is satisfied for [image: image] = h−1γ−1ψ as well as [image: image] = γ−1ψ. Hence γ is only defined so far up to right multiplication by an element of H. (For instance in the example of the previous section, the four-dimensional rotation R could have been multiplied on the right with any rotation acting only on the first three components of four-vectors.) We may think of two group elements γ1 and γ2 as equivalent if γ1 = γ2h with h [image: image] H. This is an equivalence relation because it is reflexive (if γ1 is equivalent to γ2 then γ2 is equivalent to γ1), symmetric (γ is equivalent to itself), and transitive (if γ1 is equivalent to γ2 and γ2 is equivalent to γ3 then γ1 is equivalent to γ3). The elements of the group G can therefore be sorted into disjoint ‘equivalence classes’, each consisting of elements γ that differ only by right multiplication by an element of H. These are known as the right cosets of G with respect to H. What we need is a parameterization of the space (known as G/H) of right cosets.

For this purpose we need only choose one representative group element from each right coset. For the SO(4) symmetry broken to SO(3) of the previous section, it was convenient to choose these representative elements as the rotations R parameterized by the three-vector [image: image]. There is another choice that is available for any compact group G broken to any subgroup H. Let us first adapt our notation for the generators of G to the pattern of symmetry breaking. The complete set of independent generators of H will be called ti. According to Eq. (19.6.2) these satisfy
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Since H is a subgroup, the ti form a subalgebra
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We will take the xa to be the other independent generators of G, in any basis with totally antisymmetric structure constants. (Such a basis always exists for compact groups; see Section 15.2.) Since xa does not appear on the right-hand side of Eq. (19.6.8), the structure constants Cija all vanish, and since they are totally antisymmetric, it follows that Ciaj = 0, so
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However, it is not necessarily the case that commutators of xs with each other are linear combinations of ts; this depends on the nature of G and H, and also on how H is embedded in G. (Where Cabc vanishes, the coset space G/H is known as a symmetric space). In general we may write
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Any set of generators with commutation relations of the form (19.6.8)–(19.6.10) is called a Cartan decomposition of the Lie algebra. An example is provided by the chiral SU(2) × SU(2) Lie algebra (19.4.9)–(19.4.11), for which the Cabc did happen to vanish.

Because ti and xa span the Lie algebra of G, any finite element of G may be expressed in the form
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where ξa and θi are a set of real parameters. But the transformation γ(x) in Eq. (19.6.3) is only defined so far up to right-multiplication with an element of H, so we may standardize our definition of γ by taking it in the form
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The ξa(x) may be identified (apart from normalization) with the Goldstone boson fields.

In what follows we will simply assume that representative elements have been chosen from each right coset, and expressed as continuous functions γ(ξ) of some parameters ξa. Eq. (19.6.12) in general provides one explicit example, but we will not limit ourselves to this parameterization.

Now, suppose we use Eq. (19.6.3) to replace all fields ψ(x) in the Lagrangian with γ(x)[image: image](x). The derivatives of the fields are given by
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Therefore when we express the Lagrangian in terms of [image: image] rather than ψ, the Goldstone boson fields appear through the dependence of γ−1(x)∂μγ(x) on ξa(x) and its derivatives.

Any variation of a group element like γ(x) may be written as the group element times a linear combination of the generators of the group. In our case, we may write this as
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where Daμ and Eiμ take the forms
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The Goldstone boson fields will thus enter the Lagrangian through the appearance of the quantities Daμ(x) and Eiμ(x) (and their derivatives). Note that for exact broken symmetries every interaction of the ξs must involve at least one derivative, so mass terms [image: image] cannot appear in the Lagrangian, and all interactions vanish when any Goldstone boson four-momentum vanishes.

Even where we do not know the details of the underlying Lagrangian, we can learn a great deal about the way that the quantities Daμ, and Eiμ, appear in the transformed Lagrangian from their transformation properties. Under an arbitrary element g of the group G, the original field ψ transforms according to Eq. (19.6.1):
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Now, gγ(ξ) is an element of G, so it must be in the same right coset as some γ(ξ′), and may therefore be written in the form
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where h is some element of the unbroken subgroup H. Using this in Eq. (19.6.17), we find that ψ′ (x) is of the form (19.6.3)
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with ξ′(x) defined by Eq. (19.6.18), and
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In the example at the beginning of the previous section, [image: image] consisted of a single isoscalar σ, and since this was invariant under the unbroken isospin subgroup, it was also chiral invariant. More generally, we find here that [image: image](x) is not necessarily invariant under general G transformations, but that its G transformation depends only on its transformation under the unbroken subgroup H. We saw this in the previous section when we introduced the nucleon fields; under a general infinitesimal broken chiral symmetry, the fields [image: image] transformed according to the field-dependent isospin rotation (19.5.45).

The transformation rules and ξ → ξ′ and [image: image] → [image: image]′ specified by Eqs. (19.6.18) and (19.6.20) make no reference to the particular linear G transformation properties of the original fields ψn. Indeed, we did not need to start with a Lagrangian that was invariant under linear G transformations in order to deduce these transformation rules. Given any set of fields on which a group G acts linearly or non-linearly, with a subgroup H that leaves one special set of field values (their vacuum expectation values) invariant, we can always express these fields (in at least a finite neighborhood of the special field values) in terms of a set ξa and [image: image]n, which transform under G according to the standard realization ξa → ξa′, [image: image] → [image: image]′ defined by Eqs. (19.6.18) and (19.6.20). The essential uniqueness of this realization was first proved25 for SU(2) × SU(2) broken to SU(2), and then for general Lie groups broken to any subgroup.31 For an easier argument, we may note that for any set of fields that transforms according to a non-linear realization of an arbitrary compact Lie group G, it is always possible to define functions of these fields (and perhaps additional fields14) that transform linearly under G.32 Starting from this linear realization, the arguments of this section allow us to construct fields ξ and [image: image] with the transformation rules (19.6.18) and (19.6.20).

Although the transformation of ξ(x) and [image: image](x) is complicated for general g [image: image] G, it is much simpler when g is itself a member h of the unbroken subgroup H. It is usual and always possible to choose the Goldstone boson fields ξa(x) to transform according to some linear representation [image: image]ab(h) of the unbroken subgroup H:
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For instance, in the parameterization of the coset space SO(4)/SO(3) used in the previous section, the Goldstone boson fields ζa formed an isospin three-vector. For the more generally applicable parameterization based on Eq. (19.6.12), the commutation relations (19.6.9) show that the xa transform linearly under H:
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from which Eq. (19.6.21) follows immediately. Comparing Eq. (19.6.21) with Eq. (19.6.18), we see that for g = h [image: image] H,

[image: image]

In other words, ξa and [image: image]n transform under H according to the representations [image: image]ab(h ) and hnm itself, respectively.

We must now consider how to construct the most general Lagrangian that is invariant under the transformations (19.6.18) and (19.6.20). The transformation ξ → ξ′ for general g [image: image] G is non-linear and rather complicated, and rules out the appearance of ξa(x) in the Lagrangian except in  quantities like Daμ(x) and Eiμ(x). Fortunately, these quantities obey very simple transformation rules. Differentiate Eq. (19.6.18) with respect to xμ and multiply on the left with its inverse. This gives
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and so
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Eq. (19.6.14) gives the quantity γ−1∂μγ as a linear combinations of xs and ts. Also, the second term on the right-hand side of Eq. (19.6.25) is a linear combination of ts alone. Since the xa and ti are all independent, the coefficients of each generator on both sides of Eq. (19.6.25) must all be equal:
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or in more detail
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where Daμ and Eiμ, are defined by Eqs. (19.6.15) and (19.6.16), and
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while [image: image]ab is defined by Eq. (19.6.22). We see that the quantities Daμ(x) are ‘covariant derivatives’ of the Goldstone boson fields, transforming under a general element g [image: image] G much like the fields [image: image] : both are subjected to the H transformation h(ξ(x), g), though in different representations. For instance, in the SO(4) theory of the previous section, the covariant derivative of the pion field [image: image] was the quantity ∂μ[image: image]/(1 + [image: image]2), which is transformed under an infinitesimal chiral transformation by an isospin rotation (19.5.15).

On the other hand, Ejμ(x) transforms inhomogeneously, much like a gauge field. The extra term in Eq. (19.6.28) allows a cancellation of the inhomogeneous term in derivatives of [image: image]. Differentiating Eq. (19.6.20), we have
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Combining this with Eq. (19.6.27) gives
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where [image: image]μ[image: image] is a covariant derivative of the heavy particle fields:
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(Eq. (19.5.47) provides an example of such a covariant derivative in the case of SO(4) broken to SO(3).) Any Lagrangian that is invariant under the unbroken subgroup H and is constructed from [image: image], [image: image]μ[image: image], and Daμ will thus also be invariant under the full group G.

Renormalizability is not an issue here, so we can also consider quantities involving more than one spacetime derivative. One such is [image: image]v[image: image]μ[image: image], obtained by just repeating the operation (19.6.30):
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This transforms just like [image: image]μ[image: image]
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Another covariant quantity can be constructed from the covariant derivative of the covariant Goldstone boson derivative (19.6.15), which is defined just like (19.6.30), but with ti replaced with the corresponding matrix in the representation of H furnished by the xa:








	[image: image]

	(19.6.33)







which transforms just like Daμ:
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Also, by antisymmetrizing the derivative of Eiμ we can eliminate the inhomogeneous term in (19.6.27). This yields a ‘curvature’








	[image: image]

	(19.6.35)







This is not really new; it is easy to see that the antisymmetric covariant derivative of the ‘matter’ field [image: image] is proportional to this curvature
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Of course, we can continue this process and construct yet more covariants by taking higher and higher covariant derivatives of [image: image]μ[image: image] and Daμ.

It is useful to note that the quantities Daμ, and Eiμ may be calculated once and for all for given groups G and H and a given parameterization of the coset space G/H, and do not depend on the assumed transformation properties of the fields ψn or the specific matrices xa, ti used to represent the Lie algebra of the broken symmetry group. For instance, in the exponential parameterization (19.6.12), the first few terms in the power series for these covariants are easily calculated from Eqs. (19.6.12) and (19.6.14) as
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All we need to know in order to construct the most general Lagrangian involving the Goldstone boson fields ξa and a set of heavy particle fields is the pattern of spontaneous symmetry breaking, of G to H, and the transformation of the heavy particle fields under H, not G: the Lagrangian is taken to be the most general H-invariant function of [image: image], [image: image]μ, [image: image], Daμ, and higher covariant derivatives.

Now consider the case where the symmetry under G is not only spontaneously broken, but not even exact to begin with. Suppose that there is a term Δ[image: image] in the initial Lagrangian that is not invariant under the group G of linear transformations ψ → gψ, but transforms as a linear combination of the components of some representation (reducible or irreducible) of G. That is, we take
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where [image: image]A transforms under G according to some representation D[g]AB:
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If we now replace the fields ψ with the set ξa, [image: image], this term in the Lagrangian will still take the form (19.6.39), but Eq. (19.6.40) now reads
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where fa(ξ g) is the result of applying the transformation g to ξa defined by Eq. (19.6.18):
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As we shall see, it is easy to find sets of operators satisfying (19.6.41), and the solution is unique up to a specification of certain H-invariant functions of the [image: image].

First, consider the case ξa = 0, with g = γ(ξ′). In this case gγ(ξ) = γ(ξ′) so
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Applying this in Eq. (19.6.41), we find (now dropping the prime):
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This gives the operators [image: image]A [ξa, [image: image]] for all ξa if we know them for ξa = 0.

Now take ξa = 0, with g an element h of the unbroken subgroup H. Here we have gγ(ξ) = h, so
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Applying this in Eq. (19.6.41), we find here
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In other words, the [image: image]A for ξ = 0 must have the same transformation under linear H transformations as are found in the representation (19.6.40) of G. (However, there is nothing in this that fixes the normalization of the different irreducible H representations found in the G representation (19.6.40); some of them may even be absent altogether.)

Finally, we note that any set of [image: image] operators satisfying (19.6.44) allows the construction using Eq. (19.6.43) of operators satisfying the general G-transformation rules (19.6.40). Using Eqs. (19.6.43) and (19.6.44), the left-hand side of Eq. (19.6.41) becomes
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as was to be shown.

As an example, consider the group SO(4) spontaneously broken to SO(3) as in the previous section, and suppose we want to construct operators that transform according to the four-vector representation of SO(4) out of the Goldstone boson field [image: image](x) and the other fields [image: image](x). According to (19.6.43), these must take the form
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where R is the SO(4) rotation defined by Eqs. (19.5.8) and (19.5.9):
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The condition that R is an orthogonal matrix is satisfied if we choose its other components as
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Thus any scalar (as opposed to pseudoscalar) operators that transform as the fourth and third components of chiral four-vectors must appear in the effective Lagrangian in the forms
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and

[image: image]

The only condition on the operators [image: image], and [image: image] is that they should transform under Lorentz and isospin transformations respectively as a pseudoscalar isovector, a scalar isoscalar, a scalar isovector, and a pseudoscalar isoscalar, but they do not have to be related in any way. For processes involving only pions we use an effective Lagrangian that involves no fields except the pion field [image: image], so the operators [image: image], and [image: image] must all vanish, while [image: image] is just a numerical constant. We see as promised in the previous section that the only non-derivative chiral symmetry breaking operator in the effective Lagrangian is proportional to (1 − [image: image]2)/(1 + [image: image]2), and hence to the operator (19.5.34). In order to include symmetry-breaking operators bilinear in the nucleon field, parity and isospin conservation require that we take
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Thus as claimed in the previous section the only non-derivative symmetry-breaking terms involving nucleon bilinears are of the form (19.5.61)–(19.5.64).

The phenomenological Lagrangian may be used to calculate the amplitudes for processes involving particles of small three-momentum in much the same way as was done for the chiral theory of pions and nucleons in the previous section. In counting powers of a characteristic small momentum Q, Goldstone boson internal lines always contribute factors of order Q−2. Also, an internal line for one of the heavy particles (of any spin) described by the fields [image: image] that has absorbed a net four-momentum q from the Goldstone boson field will have a propagator

[image: image]

(where N is some polynomial, depending on the particle spin and field type, and M is the particle mass) so it will contribute a factor of order Q−1. The same argument that led to (19.5.55) applies here, and gives the number of powers of Q in a given Feynman diagram as
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where Vi is the number of vertices of type i, di is the number of derivatives (or for approximate broken symmetries, derivatives or Goldstone boson masses) at a vertex of type i, hi is the number of heavy particle lines at a vertex of type i, L is the number of loops, and Eh is the number of external lines of heavy particles. In general the coefficient di + hi/2 − 2 is non-negative for all interactions allowed by chiral symmetries. The interactions among Goldstone bosons alone always have di ≥ 2, because they must either be at least bilinear in the covariant derivative (19.6.15), or proportional to symmetry-breaking parameters (like quark masses in the previous section) which are of order of the squares of the Goldstone boson masses. Interactions between Goldstone bosons and heavy particles must involve the covariant derivatives (19.6.15) or (19.6.30), and so must have di ≥ 1 as well as hi ≥ 2. The only interactions for which di +hi/2 < 2 would be trilinear interactions among the heavy particles, which we exclude because we are only considering graphs in which all heavy hadrons remain non-relativistic. With di + hi/2 ≥ 2 for all interactions, the leading graphs are those constructed solely from interactions with di + hi/2 = 2 and no loops. Corrections are again provided by interactions with more derivatives and/or more heavy-particle fields, and/or one or more loops.

In the absence of intrinsic symmetry breaking, the part of the Lagrangian that involves only the Goldstone boson fields has a unique di = 2 term
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with [image: image] some real positive-definite matrix. For (19.6.12) and a large class of other parameterizations of the cosets, γ(ξ) approaches 1 + iξaxa for ξa → 0, so Eq. (19.6.14) shows that the linear term in Daμ is just ∂μξa. The canonically normalized Goldstone boson fields πa with a kinematic Lagrangian −[image: image]∑a∂μπa∂μπa are then
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In the SO(4) theory of the previous section, the generators xa and the fields ξa transform according to an irreducible representation of the unbroken subgroup H = SO(3), so in this case [image: image], with Fπ, a single constant that characterizes the energy scale of the spontaneous symmetry breakdown. In the general case we can choose the generators (without changing the structure constants) so that [image: image] is diagonal, with diagonal elements all equal within each irreducible representation of H, but otherwise independent.

* * *

We have seen how to construct theories of Goldstone boson fields by starting with fields belonging to linear representations of the broken symmetry group, such as the SU(2) × SU(2) four-vector ϕn(x) with which we started in Section 19.5. At very low energy the only significant degrees of freedom are the Goldstone bosons, so we generally throw away the non-Goldstone parts of the field, such as the field σ(x) given by Eq. (19.5.4). But there are circumstances in which it is necessary to return to full linear representations of the broken symmetry group, in which the Goldstone boson fields are just one part.

This happens when, by varying the temperature or turning on an external field of some sort, a system is brought close to a second-order transition, in which it smoothly goes from broken to unbroken symmetry. On one side of this transition the symmetry is broken, so we have massless Goldstone bosons, and various other massive excitations, not generally forming complete multiplets that would furnish linear representations of the broken symmetry group. On the other side of the transition the symmetry is unbroken, so here we have complete linear multiplets, not generally massless. If this transition is continuous, then very near the phase transition the Goldstone boson must form part of a complete linear multiplet of nearly massless excitations. Barring accidents or other symmetries, this multiplet will form an irreducible representation of the broken symmetry group. This irreducible multiplet of fields, which become massless only just at the phase transition, is known as the order parameter.

This is a more precise definition of order parameters than usual. Often one speaks of an order parameter as any set of fields whose expectation values break the symmetry, but this is too vague — there is no one set of fields whose expectation values can be blamed for a broken symmetry. For instance, the SU(2) × SU(2) symmetry of quantum chromodynamics with massless u and d quarks is broken by the expectation value of fat [image: image]u+[image: image]d, which is the fourth component of a chiral four-vector, but quartic and higher powers of quark fields also have non-vanishing vacuum expectation values, and these belong to other representations of SU(2) × SU(2). In contrast, at a smooth phase transition at which SU(2) × SU(2) becomes unbroken the Goldstone boson becomes a member of just one massless representation of SU(2) × SU(2), and this provides an unambiguous definition of the order parameter.

It is important to identify the correct order parameters, both in order to calculate the critical exponents discussed in Section 18.5, and to deal with configurations like vortex lines or magnetic monopoles, where, as we shall see in Sections 21.6 and 23.3, there is a singularity at which the broken symmetry becomes unbroken. It is often assumed that the order parameter for the chiral SU(2) × SU(2) symmetry of quantum chromodynamics is a chiral four-vector, but this is not known to be the case.32a


19.7 Effective Field Theories: SU(3) × SU(3)

The approximate SU(2) isospin symmetry of nuclear physics was extended in the early 1960s by Gell-Mann33 and Ne’eman34 to an even less exact SU(3) symmetry, which grouped the known baryons and mesons in various irreducible representations: an octet of 1/2+ baryons [image: image], an octet of 0− mesons [image: image], an octet of 1− mesons, [image: image], and a decuplet of 3/2+ baryons [image: image], [image: image]. (The η and Ω were not discovered until later.) After the successes of the chiral SU(2) × SU(2) symmetry in the mid-1960s, it became natural to suppose that the strong interactions also respect an approximate SU(3) × SU(3) symmetry, which like SU(2) × SU(2) is spontaneously broken to its diagonal subgroup, the SU(3) of Gell-Mann and Ne’eman. Then after the advent of quantum chromodynamics it became clear that this symmetry arises because there are not two but three fairly light quarks; the u and d, and a third quark s which like d has charge −1/3. In this case the SU(3) × SU(3) symmetry consists of independent SU(3) transformations (analogous to Eq. (19.4.2)) on the left- and right-handed parts of the u,d,s quark fields:
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where λa are a complete set of traceless Hermitian matrices:
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normalized so that Tr(λaλb) = 2δab. The generators of SU(3) × SU(3) are thus represented on the quark fields by the generators ta = λa of the unbroken SU(3) symmetry and the broken symmetry generators xa = λaγ5

To define the Goldstone boson fields and work out their transformation properties, we note that in the representation furnished by the quark fields, any SU(3) × SU(3) transformation may be written as exp(−iγ5∑aξaλa) times a transformation exp(i∑aθaλa) belonging to the unbroken SU(3) subgroup of SU(3) × SU(3). (The minus sign accompanying ξ is inserted for convenience in later comparing components of this field with the pion fields introduced in Section 19.5.) Hence in this representation, each right coset of SU(3) × SU(3)/SU(3) is represented by the matrix of the form γ(ξ) = exp(i ∑a θaλa) that it contains, and aside from normalization, the parameters ξa of these right cosets may be taken as our Goldstone boson fields. According to Eq. (19.6.18), the transformation rule of these fields is dictated by
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with θa(x) some function of θV, θA, and ξ(x). Also, according to Eq. (19.6.3), the Goldstone-free quark fields [image: image](x) are here defined by
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and have the transformation rule given by Eq. (19.6.24):
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We could proceed to introduce covariant derivatives (19.6.15) and (19.6.30), and use them to construct chiral-invariant Lagrangian densities, but for chiral symmetries there is a simpler approach available.

Note that the parts of Eq. (19.7.3) that are proportional to (1 + γ5) and (1 − γ5) read
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and
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where
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By multiplying Eq. (19.7.7) on the right by the inverse of Eq. (19.7.6), we find the simple transformation rule
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where U(x) is the unitary unimodular matrix
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In other words, U(x) transforms according to the [image: image] representation of SU(3) × SU(3). This is still a non-linear realization of SU(3) × SU(3) because the components of U(x) are not independent; they are subject to the nonlinear constraints U† U = 1 and Det U = 1.

The unique (SU(3) × SU(3))-invariant term in the Goldstone boson Lagrangian that is of second order in spacetime derivatives is
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with F2 a positive constant to be determined. We can express the ξa in terms of conventionally normalized pseudoscalar meson fields by writing
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so that the kinematic term in Eq. (19.7.10) is of the usual form
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To determine the constant F, we note by comparing Eq. (19.7.4) with Eq. (19.5.42), that for ξ infinitesimal, the components ξ1 ξ2, and ξ3 are the same as the Goldstone boson fields ζ1, ζ2 and ζ3 introduced in Section 19.5. Then, comparing (19.7.11) with (19.5.17) and (19.5.32), we see that the constant F defined by Eq. (19.7.10) is the same as the Fπ = 184 MeV introduced in Section 19.4.

The SU(3) × SU(3) symmetry of quantum chromodynamics is broken by the quark mass term, which in terms of the quark field [image: image](x) defined by Eq. (19.7.4) is
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where
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Eq. (19.7.12) contains a purely bosonic part, obtained by replacing the quark bilinear with its vacuum expectation value, given by the unbroken SU(3) and parity symmetries as15
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The Goldstone boson mass term in the Lagrangian is then
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From this, we can read off that35
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and there is also a term that mixes the π0 and η0:








	[image: image]

	(19.7.17)







The same results can also be obtained by operator methods. Noether’s theorem allows us to construct generators Ta and Xa, for which
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We can write the Goldstone boson fields in a real basis as πa, with π± = (π1 ± iπ2)/[image: image], π0 = π3, K± = (π4 ± iπ5)/[image: image], K0 = (π6 + iπ7)/[image: image], [image: image], and η0 = π8. The SU(3) symmetry that survives the spontaneous symmetry breaking tells us that the F-matrix for these bosons takes the form Fab = Fπδab. The SU(3) × SU(3) symmetry is also intrinsically broken by the mass term in the Hamiltonian [image: image], where Mg is the quark mass matrix (19.7.13). The mass matrix of the pseudo-Goldstone bosons is given here by (19.3.20) as
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Since this is already of first order in quark masses, to this order we may use the unbroken SU(3) relations [image: image], and find the results (19.7.16) and (19.7.17), as before.

The masses mK+ = 493.65 MeV and mK0 = 497.7 MeV of the kaon doublet are quite close, and considerably larger than the pion mass, so we can see from (19.7.16) that the mu and md must be considerably smaller than ms. In calculating quantities that are sensitive to mu and md, like the kaon mass difference or the pion masses, we should also take into account another small correction, the effect of electromagnetism. The electromagnetic current is [image: image], where Q is a diagonal matrix with elements 2/3, −1/3, and −1/3. Its commutators with the SU(3) × SU(3) generators are

[image: image]

We see that Jμ commutes with X3, X6, X7, and X8 as well as T3, T6, T7, and T8, so the electromagnetic part of the Hamiltonian is invariant under the SU(2) × SU(2) × U(1) × U(1) subgroup with these generators. Therefore in the limit of zero quark masses, electromagnetic effects give no mass to the neutral pseudo-Goldstone bosons36 π0, K0, [image: image]0, and η0, the Goldstone bosons associated with the spontaneous breakdown of the symmetries with generators X3, X6, X7 and X8. Also, in the zero-quark-mass limit there is an unbroken SU(2) symmetry generated by T6, T7, and [image: image]T8 − T3, under which the K+ and π+ transform as a doublet, so that for zero quark masses the electromagnetic corrections to the K+ and π+ masses are equal.36 Since the quark mass terms and electromagnetic corrections are all small, it is reasonable to treat these effects as additive corrections to the effective quark Hamiltonian. We see then that with electromagnetism taken into account, the mass formulas (19.7.16) should be corrected to read37
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where Δ is the common electromagnetic correction to the K+ and π+ squared masses.

These formulas impose one linear relation on the five pseudo-Goldstone masses, a version of the Gell-Mann–Okubo relation:16
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Taking the kaon and pion masses from experiment, this relation yields an η mass of 566 MeV, in comparison with the experimental value of 547 MeV. The small discrepancy is usually attributed to the mixing of the η state with a heavier pseudoscalar particle, the η′ at 958 MeV.

From the mass formulas (19.7.20) we may derive formulas for the quark mass ratios in terms of the pion and kaon masses:37
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Using the mass values [image: image], [image: image], [image: image] and [image: image] gives the ratios md/ms = 0.050 and mu/ms = 0.027. Thus the ratio of the d and u quark masses is closer to 2 than 1. (A 1996 calculation38a using various other pieces of information as well as pseudoscalar meson masses has given values md/ms = 0.053±0.002 and mu/ms = 0.029 ± 0.003.)

None of this gives definite values for the individual quark masses. Indeed, these masses are not well defined until we define a renormalization prescription for the quark bilinears. Often this prescription is fashioned so that ms equals the mass difference between isomultiplets differing by one unit of strangeness in some SU(3) multiplet. For instance, the lightest vector meson octet consists of an isotopic doublet K∗ at 892 MeV, interpreted as a bound state of an [image: image] antiquark and a u or d; its antidoublet, consisting of an s and a [image: image] or [image: image]; and a T = 1 ρ at 770  MeV and a T = 0 ω at 783 MeV, both interpreted as bound states of a [image: image] or [image: image] and a u or d. If we wish to attribute the difference between the K∗ mass and the average of the ρ and ω masses to the relatively large s quark mass, then we must renormalize the quark bilinear so that ms − [image: image](mu + md) = mK∗ − [image: image](mp + mω)) = 120 MeV, yielding ms = 125 MeV. With the above quark mass ratios, this gives md = 6.0 MeV and mu = 3.3 MeV. However, these estimates of mass values are much less reliable than the values of the mass ratios given in Eq. (19.7.22). Often ms is estimated38b as 180 MeV rather than 125 MeV.

The mass term (19.7.12) includes meson-meson interactions. Using Eqs. (19.7.14), (19.7.11), and (19.7.9), we may write the purely bosonic part of this term in the Lagrangian as
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The form of this term could have been deduced from general symmetry considerations, which also allow us to find the allowed terms of higher order in Mq. Suppose we invent an external 3 × 3 field χ, and replace the mass term (19.7.12) in the underlying quantum chromodynamics Lagrangian with the χ-quark coupling term
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which becomes the same as Eq. (19.7.12) when we make the replacements χ = χ† = Mq. The point of this procedure is that the Lagrangian (19.7.24) becomes formally invariant under SU(3) × SU(3) if we give χ the formal transformation rule
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Thus we can work out the allowed bosonic terms involving quark masses by writing the most general SU(3) × SU(3) Lagrangian (up to some given order in derivatives and Mq) involving U and χ, requiring also invariance under the parity transformation
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and then making the replacements
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For instance, the interaction Tr (U†χ + Uχ†) is invariant under SU(3) × SU(3) and parity, and becomes of the same form as Eq. (19.7.23) when we give χ the values (19.7.27).

Using this technique, Gasser and Leutwyler39 have given the complete effective Lagrangian for the pseudoscalar octet of fourth order in momenta or meson masses (with quark masses counted as being of second order in meson masses) as
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where L1, ... , L8 are constants to be determined by comparison with experiment. The complete effective Lagrangian up to fourth order in meson masses and momenta is
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where [image: image]2 is the sum of the terms (19.7.10) and (19.7.23):
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Electroweak interactions may be included by replacing the derivatives ∂μ with suitable gauge-covariant derivatives Dμ, and adding a few additional terms to [image: image]eff.

Following the same power-counting arguments as in Sections 19.5 and 19.6, to calculate S-matrix elements to fourth order in meson masses and momenta we must include both tree graphs to all orders in [image: image]2 and up to first order in [image: image]4, and also one-loop graphs constructed from [image: image]2 alone. Gasser and Leutwyler and others have carried out a comprehensive study of meson dynamics (and associated electroweak interactions) using this effective Lagrangian.40
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The quark mass term (19.7.12) naturally affects other SU(3) multiplets. For any multiplet other than the pseudoscalar octet this can be treated as a first-order perturbation, and therefore gives a shift in the mass matrix of a generic multiplet |i[image: image] equal to
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and SU(3) may be used41 to relate the various matrix elements [image: image]. In this way, it is straightforward to show that
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Using this together with Eq. (19.7.22) gives the quark mass contribution to the nucleon mass splitting δmp − δmn ≈ −2.5 MeV. This result may be used in Eqs. (19.5.65) and (19.5.66) to calculate the leading violations of isospin symmetry in low energy pion?nucleon interactions. Of course, as defined here δmp − δmn is not the full proton?neutron mass difference, which receives an important contribution also from photon emission and absorption. Because the neutron is electrically neutral, this electromagnetic term is almost certainly positive, in agreement with the fact that the observed proton–neutron mass difference is −1.3 MeV, leaving +1.2 MeV to be accounted for by electromagnetism. Unfortunately, accurate calculation of this electromagnetic mass difference has proved difficult.

19.8 Anomalous Terms in Effective Field Theories17

In implementing the effective field theory program described in the previous three sections, it is necessary that the action should contain all possible terms allowed by the assumed symmetries of the theory. The methods described in these sections allow us to identify all manifestly invariant terms, either by using the general formalism of covariant derivatives described in Section 19.6, or for chiral symmetries by using a linearly transforming field subject to non-linear constraints, like the U(x) of Section 19.7. But it is possible that there may be other terms in the action of the effective field theory that are anomalous in the sense of being given by integrals of four-dimensional Lagrangian densities that are not invariant, but whose variation under the broken symmetry is a spacetime derivative, preserving the invariance of the corresponding term in the action.

As we shall see in Section 22.7, such a term was discovered for SU(3) × SU(3) by Wess and Zumino,42 in a study of ‘anomalies’ due to quark loop graphs. However, the structure of this term can be understood without knowing anything about the underlying theory of quarks and gluons.

The easiest way to describe the Wess–Zumino term is by an extension of spacetime to five dimensions, introduced for this purpose by Witten.43 As long as we require the fields in an effective field theory to approach a common limit as xμ → ∞ oo in any direction, we can think of spacetime as having the topology of a sphere S4, with the point at infinity included as an ordinary point. As remarked in Section 19.6, when a group G is broken to a subgroup H, the possible values of the Goldstone boson fields ξa at any spacetime point may be regarded as defining a point in the coset space G/H (the space of elements of G, with two elements identified if they differ by multiplication on the right by elements of H), so a set of functions ξa(x) represents a mapping of the spacetime S4 sphere into G/H. Depending on the topology of G/H, it may be possible smoothly to deform any four-sphere in G/H to a point; that is, it may be possible to extend any ξa(x) to a continuous function ξa(x; s) defined for 0 ≥ s ≥ 1, for which ξa(x;0) = ξa(x) and ,ξa(x; 1) is any fixed point (say, ξa = 0) on the original sphere. Where this is true, it is expressed mathematically as the statement that the homotopy group π4(G/H) is trivial. (For a discussion of homotopy groups, see Section 23.2.) It is known that this is the case for SU(N) × SU(N) spontaneously broken to SU(N), where the coset space SU(N) × SU(N)/SU(N) has the topology of SU(N) itself.18 Hence in the case of physical interest, where G = SU(3) × SU(3) and H = SU(3), we may extend the Goldstone boson fields, or equivalently U(x), (see Eq. (19.7.9)) to a unitary unimodular matrix U(y) defined in a five-dimensional ball B5 with coordinates xμ and s, whose surface is the four-dimensional sphere of spacetime.

Now consider the following function formed from U(y):
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where indices i, j, etc. run over the five coordinate directions for the coordinates xμ and s. (The phase and numerical coefficient are chosen for later convenience.) This is manifestly. invariant under the chiral transformations (19.7.8). Also, because [image: image]ijklm is a tensor density, the integral of ω(y) over the five-ball is manifestly independent (up to a sign) of the choice of five-dimensional coordinates yi. Furthermore, this integral depends only on the values taken by U(y) on the ball’s surface; that is, in spacetime. To check this last point, note that when we make an infinitesimal variation δU(y) in U(y) in the interior of the ball, ω(y) changes by a derivative:
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(for this calculation, see Section 23.4), so a change in U(y) that does not affect its value in spacetime also does not affect the integral of (19.8.1) over the five-ball B5 whose surface is spacetime. We can therefore include this integral as a term in the action:
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with n a coefficient that so far is arbitrary.

This term may be written as the four-dimensional integral of a Lagrangian density, but not of an (SU(3) × SU(3))-invariant Lagrangian density. Using Eq. (19.7.9), the leading term in ω(x) in the limit of small meson fields is
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where B is the matrix (19.7.11) of Goldstone boson fields. It follows then from Gauss’s theorem that
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Although chiral invariant, this cannot be written as the integral of a chiral-invariant density over spacetime, because any chiral invariant density would have to be constructed out of the first and higher covariant derivatives of the Goldstone boson fields, and so, when expanded in powers of the Goldstone boson fields, such an invariant density would begin with a term involving only derivatives of B, not B itself.

As Witten noted, the inclusion of this term in the effective action resolved what otherwise would have been a conflict between the SU(3) × SU(3) effective field theory and experiment. Because no [image: image]μvρσ terms appear in the effective Lagrangians (19.7.28) and (19.7.30) (or in higher-order terms of this sort) parity conservation imposes the requirement that these terms are even in the Goldstone boson fields, ruling out processes like K + [image: image] → 3π. Not only is there no symmetry in the underlying theory of quantum chromodynamics that would account for such a selection rule — there is even experimental evidence against it, for as Witten pointed out, the ϕ meson is observed to decay both into K + [image: image] and 3π final states. Eq. (19.8.5) shows that this unwanted selection rule is removed by the Wess–Zumino–Witten term in the action.

Remarkably, the coefficient of the Wess–Zumino–Witten term is not a freely adjustable parameter. As Witten showed,43 this is because, although this term is not changed by smooth deformations of the function U(y) in B5 that do not affect U(x) on the spacetime boundary S4, the Wess– Zumino–Witten term can be changed by a discontinuous change in U(y) that leaves U(x) unchanged on the boundary. We may think of the five-ball B5 as half of a five-sphere S5, with the spacetime S4 as the border between B5 and the other half B5′. (Think of S5 as analogous to the surface of the Earth, with the spacetime S4 as the equator and B5 and B5′ as the northern and southern hemispheres.) Because S4 is also the boundary of the other half of S5, we could just as well have written a  Wess–Zumino–Witten term as
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with a minus sign inserted because the boundary of B5′ is the four-sphere with opposite orientation. It is not possible to require that the terms (19.8.3) and (19.8.6) should be equal for arbitrary Goldstone boson fields without setting n = 0, but in order that the weighting factor exp(iI) in path integrals should be unaffected by the difference between the terms (19.8.3) and (19.8.6), it is only necessary to require that this difference should be 2π times an integer. That is,
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With the normalization factors we have inserted in the definition (19.8.1) of ω(y), the integral of ω(y) over any five-sphere turns out to have the value44 2π. It follows that the coefficient n must be an integer.

The example of the Wess–Zumino–Witten term raises the question whether there may be other anomalous terms in the action, not necessarily related to quark loops, that also are invariant under SU(3) × SU(3), despite not being four-dimensional integrals of (SU(3) × SU(3))-invariant Lagrangian densities. Fortunately, the answer is no. It has been shown45 that for a general group G broken to an arbitrary subgroup H (with π4(G/H) = 0), any term F[ξ] in the action of the Goldstone boson fields ξa(x) may always be written as the integral of a G-invariant five-form Ω over a five-ball B5 whose boundary is the spacetime four-sphere S4:
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In order that this should be independent of the particular way that ξa(x) is extended into the interior of the five-ball, it is necessary that Ω should be exact, in the sense that there it is the exterior derivative of a four-form
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(with square brackets as usual indicating antisymmetrization with respect to the enclosed indices), so that
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It follows that Ω is also closed; that is, it has a vanishing exterior derivative
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Where the four-form [image: image]abcd(ξ) is also G-invariant, the functional (19.8.10) is just one of the ordinary manifestly G-invariant terms in the action, discussed in the previous three sections. The anomalous terms in the action arise from the possibility that, although every term in Ω(y) is G-invariant and the exterior derivative of a four-form, some terms may not be the exterior derivatives of G-invariant four-forms. Thus the new terms in the action may be identified with the closed G-invariant fiveforms that are independent, in the sense that no real linear combination of them is the exterior derivative of a G-invariant four-form. These are known in mathematics as the generators of the de Rham cohomology group H5(G/H; R). (The group multiplication rule here is just simple addition.) The de Rham cohomology groups have been calculated for manifolds of various topologies.46 In particular, H5(SU(N) × SU(N)/SU(N);R) has a single generator, given by Eq. (19.8.1). Thus without knowing anything about the underlying theory of quarks and gluons, we can learn everything about the anomalous terms in the Goldstone boson action, with the single exception of the value of the integer n. We will see in Section 22.7 that in SU(Nc) gauge theories this integer equals the number Nc of colors, which in quantum chromodynamics is n = 3.

19.9 Unbroken Symmetries

We have seen how the properties of Goldstone bosons and their low energy interactions may be deduced from an assumption that the theory is invariant (or approximately invariant) under a group G spontaneously broken to a subgroup H. But in applying these methods to the cases where G is SU(2) × SU(2) or SU(3) × SU(3), we had to take the pattern of symmetry breaking, of SU(2) × SU(2) or SU(3) × SU(3) to their non-chiral SU(2) or SU(3) subgroups, from experiment. In Section 22.5 we shall show that the SU(3) × SU(3) symmetry for massless u, d, and s quarks must in fact be spontaneously broken in quantum chromodynamics, but it is more difficult to show on the basis of quantum chromodynamics that the SU(2) × SU(2) symmetry with only u and d massless is also spontaneously broken.19 On the other hand, there is an intuitive argument that their non-chiral SU(2) or SU(3) subgroups are not broken, based on a conjecture known as the persistent mass condition48, which states that composite particles will not be massless if the particles of which they are composed are massive. Non-chiral symmetries like isospin conservation are not violated if we give the quarks equal masses, and then if they were spontaneouly broken we would have the massless Goldstone bosons formed as composites of massive quarks, in contradiction with the persistent mass condition. In what follows we shall present a proof by Vafa and Witten49 that in gauge theories like quantum chromodynamics those non-chiral symmetries that are not violated by quark masses can not be spontaneously broken. This result is of more than academic interest; as we shall see in Section 21.4, it is possible that the spontaneous breakdown of electroweak gauge symmetries is described by a ‘technicolor’ theory similar to quantum chromodynamics, and in testing this idea it is important to know what symmetries are left unbroken in this theory.

Consider a gauge theory like quantum chromodynamics, with a number of fermion ‘flavors’ in identical representations of the gauge group. If all fermions have masses, then the theory will be invariant under all unitary global non-chiral transformations on the fermion flavors that commute with the fermion mass matrix. For instance, if n1 fermions are degenerate with a common mass m1, n2 fermions are degenerate with some other common mass m2, and so on, then this global symmetry group is U(n1) × U(n2) × . ... (As a special case, if there are no degeneracies we have a global symmetry under U(1) × U(1) × . . .; an example is the conservation of baryon number, strangeness, etc. in quantum chromodynamics.) These symmetries cannot be spontaneously broken.

To prove this, let us consider a general Greens function for r fermion and antifermion fields.20 In the path-integral formalism this is21
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where k1 ... kr and l1 ... lr are Dirac spin indices, u1 ... ur and v1 ... vr are flavor indices, Igauge [A] is the action for a pure gauge theory, IDirac [ψ ψ† ; A] is the action for the Dirac fields in the presence of a gauge field [image: image], and Z is the vacuum–vacuum amplitude
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It will be necessary here to work in a Euclidean spacetime, with x4 = x4 = ix0, y4 = y4 = iy0, and [image: image] all real. (See Appendix A of Chapter 23.) In this case, the Dirac action is
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where M is the fermion mass matrix, and [image: image] is the Euclidean gauge-covariant derivative contracted with the Euclidean Dirac matrices
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where as usual y4 = iy0. Because the action is quadratic in fermion fields, we can explicitly perform the integral over these fields
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where ‘± permutations’ indicates that we must sum over all r! permutations of the ψ fields, with a minus sign for odd permutations, and
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The expression (19.9.5) is manifestly invariant under any unitary transformation on flavor indices that commutes with the mass matrix M. It does not matter what non-perturbative effects are produced by the functional integral over gauge fields and ghosts; these fields are inert under the symmetries in question here, so that the remaining functional integral in Eq. (19.9.5) cannot break these symmetries.22 But for this argument to be convincing, we must show that the expression (19.9.5) is well defined.

This is not merely an academic question of mathematical rigor. As we saw in Section 19.1, the sign that a symmetry is not spontaneously broken is not just that the ground state is invariant under the symmetry transformations, but also that the symmetry of the ground state is stable under small perturbations. If we break the symmetries of M by adding a small perturbation δM, and if the expression (19.9.5) becomes singular as δM → 0, then factors of δM in symmetry-breaking matrix elements may be cancelled by the singularities in the matrix elements for δM = 0. Precisely this happens for chiral symmetries, which arise in a symmetry limit where some of the eigenvalues of M vanish. In this case, as we approach the symmetry limit of zero mass, the factors of mass in the numerators of symmetry-breaking expectation values are cancelled by factors of mass in the denominators of the propagators ([image: image] + M)−1 wherever [image: image] has zero eigenvalues. For this reason, the arguments here will apply only to the non-chiral symmetries of theories with mass matrices M whose eigenvalues are all non-zero.

To set a bound on the matrix element (19.9.5) in this case, note first that the differential operator (19.9.4) is here antihermitian, so as long as the hermitian matrix M has no null eigenvalues, [image: image] + M has a well-defined inverse. It is still necessary to show that the remaining integration over the gauge fields in Eq. (19.9.5), including that in Z, does not make this expression singular when M satisfies the conditions for a symmetry, for instance that n of its eigenvalues are equal for a U(n) symmetry. As we shall see, this will insure that when a fermion mass matrix M that is invariant under some global symmetry transformation is perturbed by adding a small term δM that breaks this symmetry, the change in the expectation value (19.9.5) under this symmetry transformation vanishes in the limit δM → 0.

It is difficult to show that the coordinate-space Greens functions Eq. (19.9.5) are non-singular, so let us consider instead the matrix element for smeared fields
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where fk(x) are arbitrary smooth square-integrable functions. In these terms, Eq. (19.9.5) reads
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where
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In this basis, the fermion propagators for a given gauge field are not only well defined, but bounded uniformly in [image: image]:23
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where ma are the eigenvalues of M, and for convenience we are now normalizing the functions fi(x) and gi(y) so that
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(The summation convention is suspended here.) Furthermore, the weight function for the average over gauge fields is positive :24
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With a positive weight function, the average of any function is bounded by the bound of that function. Using the bound (19.9.10) in Eq. (19.9.8),  the matrix element is bounded by
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Thus there are no singularities as the symmetry-breaking terms δM in M go to zero that could cancel factors of δM. To see this more explicitly, we can use the same methods to show that if we perturb M by a small symmetry-breaking term δM, then the term in Eq. (19.9.8) of first order in δM is bounded by
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so this vanishes when δM → 0.

In the real world none of the quark masses are zero or degenerate, so it follows immediately from the above arguments that the U(1) symmetries like conservation of baryon number, strangeness, etc., are neither spontaneously nor intrinsically broken. The other strong-interaction symmetries like isospin or SU(3) are more problematic. These symmetries would be completely unbroken if the u and d quarks, or u, d, and s quarks, had equal non-zero masses, but as we saw in Section 19.7, these masses are not at all degenerate; the isospin and SU(3) symmetries arise because the quark masses are small, not equal. These symmetries do remain unbroken if we give two or three quarks equal masses and let the masses become arbitrarily small, so isospin or SU(3) will be good symmetries in any process that is not sensitive to the small quark masses. But not all processes are insensitive to these masses, because for two or three massless quarks, the pion or the pseudoscalar meson octet to which it belongs becomes massless. This is not a problem for isospin, because as we saw in Section 19.5, the pion triplet remains degenerate to first order in quark masses even though mu ≠ md. For SU(3) the quark mass differences produce first-order mass differences among the pion, kaon, and eta, so that processes dominated by one-meson poles can show large departures from SU(3).

19.10 The U(1) Problem

The success of quantum chromodynamics in explaining the pattern of strong-interaction symmetries seemed at first to be marred by one failure. As we saw in Section 19.5, the broken SU(2) × SU(2) symmetry of the strong interactions is a natural consequence of the smallness of the u and d quark masses. But the Lagrangian of quantum chromodynamics with small u and d quark masses also has another chiral symmetry,51 the U(1)A symmetry under transformations
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Such a symmetry if unbroken would, like SU(2) × SU(2), impose a parity doubling on the hadron spectrum, but no such parity doubling is observed. On the other hand, a broken U(1)A symmetry would imply the existence of an isoscalar 0− Goldstone boson with a mass comparable to that of the pion, and this Goldstone boson is also not observed. It is true that the η meson is an isoscalar 0− boson, but it is considerably heavier than the pion, and as we saw in Section 19.7, it is well understood as one of the Goldstone bosons of SU(3) × SU(3). With the s as well as the u and d quarks regarded as relatively light, the Lagrangian of quantum chromodynamics would have a U(1) chiral symmetry in addition to SU(3) × SU(3), under the transformations
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The spontaneous breakdown of such a symmetry would require the exist-ence of two isoscalar 0− mesons: one the η, and the other with a mass comparable to that of the pion.

This prediction can be made more explicit.52 If we include the transformation (19.10.2) among the spontaneously broken symmetries of massless quantum chromodynamics, then in the presence of quark masses we encounter a term (19.7.12):
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where again
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but now B includes a Goldstone boson field ζ for the broken symmetry (19.10.2):
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with Fζ the unknown coupling of the U(1)A Goldstone boson to the corresponding current (and the factor [image: image] inserted for future convenience.) We can again use the unbroken SU(3) symmetry to write the vacuum expectation value of the quark bilinear in the form (19.7.14), and expanding in powers of the boson fields, we find a Goldstone boson mass term in the Lagrangian of the form
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The charged and strange meson masses are the same as before, but now the neutral non-strange mesons have a mass matrix
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with rows and columns listed in the order π0, η0, and ζ.

In the limit where mu and md vanish,. this has two eigenvectors eigenvalue zero: with
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In this orthonormal basis, the mass-squared matrix to first order in mu and md is

[image: image]

The effect of the off-diagonal term (19.10.11) is to decrease the product of eigenvalues by a negligible fractional amount (mu − md)2/64(mu + md)2, while of course leaving the sum of the eigenvalues unchanged, so the eigenvalues are given to a good approximation by the diagonal elements (19.10.9) and (19.10.10). Comparing Eq. (19.10.9) with Eq. (19.7.16), we see that the particle corresponding to the eigenvector ua is the π0. The other particle, corresponding to ub, has a mass
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Thus a broken U(1)A symmetry would require a neutral pseudoscalar Goldstone boson with mass less than [image: image]mπ, in addition to the pion itself. It hardly needs to be said that no such strongly-interacting particle exists.25 We shall see in Section 23.5 that this problem was eventually solved by the discovery of non-perturbative effects that violate the extra U(1)A symmetry.

Problems

1.   Apply the general theory of broken global symmetries to the case where an SO(3) symmetry group (with generators t1, t2, t3) is spontaneously broken to its SO(2) subgroup (with generator t3). How do the Goldstone boson fields transform under infinitesimal SO(3) transformations? (Use the exponential parameterization of the coset space SO(3)/SO(2).) Evaluate the covariant derivative Daμ of the Goldstone boson field, and of a general field with a non-vanishing value q for the unbroken symmetry generator t3. What is the most general SO(3)-invariant Lagrangian involving Goldstone bosons alone with no more than two derivatives? Use this Lagrangian to calculate the terms in the invariant amplitude for elastic scattering of the Goldstone bosons to lowest order in their energy. What is the most general SO(3)-invariant Lagrangian with two non-Goldstone field factors and at most one derivative? What is the most general function of the Goldstone boson field alone (with no derivatives) that transforms like the three-component of an SO(3) three-vector? Add this term to the Lagrangian, with a coefficient chosen to give the Goldstone boson a mass m, and recalculate the lowest order amplitude for Goldstone boson scattering.

2.   Consider a theory with an SU(N) global symmetry, spontaneously broken to SU(N − 1). Suppose we add a small symmetry-breaking perturbation, belonging to the defining representation N of SU(N). Taking vacuum alignment into account, what symmetry group is completely unbroken? What about the case where the symmetry-breaking perturbation belongs to the adjoint representation of SU(N)?

3.   Calculate the pion–pion scattering amplitude to one-loop order, taking account of a finite pion mass.

4.   Derive the ‘Adler sum rule,’ the analog for the case of pion–pion scattering of the Adler–Weisberger sum rule.

5.   Calculate the SU(2) × SU(2) transformation properties of the pion field ξa in the case where the cosets of SU(2) × SU(2)/SU(2) are parameterized as exp(iξaxa).

6.   Use Eq. (19.7.31) and SU(3) symmetry to derive the relation (19.7.32).
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1   For instance, by analogy with the classic wave mechanical problem of barrier penetration, for a Lagrangian density of the form [image: image], we have [image: image]. We will not bother to calculate the off-diagonal matrix element b here, because we shall soon give a general argument that shows that it vanishes for infinite volume.

2   Where the Goldstone boson corresponds to an elementary field, Eq. (19.2.47) may be obtained by inspection of the class of Feynman diagrams shown in Figure 19.1. The factor i(2π)4 in the S-matrix element for α → β + B is cancelled by the factor i(2π)∗4 associated with the B propagator. The general rules of polology tell us that the same holds even where the Goldstone boson is a composite particle.

3   We denote general symmetry generators as tα, tβ, etc., in contrast with the independent broken symmetry generators, for which the subscript a takes values α, β, etc.

4   We use arrows for three-vectors in isotopic spin space to distinguish them from ordinary three-vectors, which will continue to be indicated by boldface letters.

5   The Lagrangian (19.4.1) has this symmetry because [image: image]. The Lagrangian also has two other continuous internal symmetries. One is baryon conservation, the invariance under a common phase transformation of the u and d quark fields. This is unbroken and commutes with the other symmetries, so it does not affect our discussion in this section. The other symmetry is invariance under multiplication of the quark doublet with exp(iαγ5). As discussed in Section 23.5, this U(1) symmetry is strongly intrinsically broken by non-perturbative effects associated with instantons.

6   One way to satisfy this condition is for the hadron to have zero mass, with two states |±[image: image] of helicity ±[image: image] and equal spin, baryon number, and strangeness; the states |±[image: image] + |−[image: image] and |±[image: image] − |−[image: image] would then have opposite parity. It is not true that an unbroken chiral symmetry necessarily implies a zero nucleon mass, unless we make further assumptions about the matrix elements of the axial-vector current. But as we shall see in Section 22.5, an exact unbroken chiral symmetry would in fact require that some baryons be massless.

7   Gwk is related to the conventional Fermi coupling constant GF and the Cabibbo angle θC by Gwk = GF cos θC ; see Section 21.3.

8   It is common to encounter a pion decay constant fπ, which in terms of the Fπ used here is variously defined as Fπ, Fπ/[image: image], or Fπ/2.

9   The currents [image: image] in the standard model have charge conjugation properties that make the coefficient h(q2) vanish. It is possible that there are ‘second-class’ terms10 in the weak currents with opposite charge conjugation properties that give a non-vanishing h(q2), but there is no evidence for such terms. As we shall see, keeping the h( q2) term here has no effect on the inferences drawn from chiral symmetry.

10   This is the conventional definition of the pseudoscalar pion–nucleon coupling GπN. The factor 2 is introduced here to cancel the 1/2 in the isospin matrices.

11   The textbook12 value is [image: image]/4π = 14.3, or GπN = 13.4. More recently, a high precision study13 of neutron–proton charge-exchange scattering at 162 MeV has given a value [image: image]/4π = 14.6 ± 0.3, or GπN = 13.5.

12   Alternatively, we can pass to the limit where [image: image] and λ go to infinity together, keeping the expectation value of σ constant.

13   The left- and right-handed parts of the nucleon doublet transform according to the representations ([image: image],0) and (0, [image: image]) of SU(2) × SU(2), respectively. The bilinear [image: image] is thus a sum of terms quadratic in ([image: image],0) or (0, [image: image]) terms, so it transforms like a direct sum of the (1,0), (0,0), and (0,1) representations. In Eq. (19.5.50) we have coupled the (1,0) + (0,1) terms in [image: image] to the antisymmetric tensor formed from the SU(2) × SU(2) four-vectors ϕn and ∂μϕn. Its invariance under the transformation (19.5.40), (19.5.41) can of course be checked directly.

14   For instance, the polar and azimuthal angles θ and φ furnish a non-linear realization of SO(3); by adding an additional variable r we can construct quantities x1, x2, and x3 that transform linearly under SO(3).

15   The fact that the conservation laws of parity, charge, and strangeness respected by the vacuum are the same as those respected by the quark mass matrix is a result of the vacuum alignment condition discussed in Section 19.3. Likewise, if the quark fields are defined so that the quark masses are all positive, then with v > 0 the minus sign in Eq. (19.7.3) is required by the condition that the true vacuum be at a minimum rather than a maximum of the vacuum energy for vacuum states rotated by SU(3) × SU(3) transformations, for as we shall see, it is this sign that will yield positive masses for the pseudo-Goldstone boson octet.

16   This relation was originally derived38 on the basis of the approximate SU(3) symmetry of Gell-Mann and Ne’eman generated by the Ta, ignoring mass differences within isotopic multiplets. From this derivation, one cannot tell whether this relation should be applied to the pseudoscalar meson masses themselves, or as here to their squares. Applying this relation to the pseudoscalar masses themselves would not in fact work very well; it gives an η mass of 613 MeV. The fact that the Gell-Mann–Okubo relation works well for the squares of the meson masses, but not for their first powers, supports the interpretation of these particles as Goldstone bosons of a spontaneously broken approximate SU(3) × SU(3) symmetry. Gell-Mann and Okubo also used the approximate SU(3) symmetry generated by the Ta to derive relations among the masses of other particles, such as (ignoring isospin violating effects) the relation [image: image] among the masses of the lightest baryon octet. For such multiplets, the average mass is so much larger than the mass differences within the multiplet that it makes little difference whether one applies the relation to the masses or their squares.

17   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

18   This is shown by the fact that we can use SU(N) elements U(x) to represent the right cosets of SU(N) in SU(N) × SU(N).

19   Weingarten47 has used lattice methods to show that whether or not chiral symmetry is broken, the lightest particle in quantum chromodynamics with massless u and d quarks must have the quantum numbers of the pion. As we will see in Section 22.5, the existence of anomalies due to fermion loops in quantum chromodynamics together with the assumption of quark trapping requires that some hadron be massless, so it follows that the pion is massless, which strongly suggests that chiral symmetry is spontaneously broken.

20   In the original work of Vafa and Witten,49 they first proved the absence of symmetry breaking in the case r = 1 with x = y, then observed that the absence of symmetry breaking in this vacuum expectation value did not rule out the possibility of a spontaneous symmetry breakdown occurring in other Greens functions, and so went on to different methods of proof.

21   As we saw in Section 15.5, both numerator and denominator are proportional to the infinite volume of the gauge group, which cancels in the ratio (19.9.1). The presence of this infinite factor detracts from the rigor of the following arguments, but if we were to remove it by introducing ghosts then some of the steps below that depend on the positivity of the action would raise difficulties. One way to deal with this problem is to replace the spacetime continuum with a finite lattice of points, in which case the gauge group has a finite volume, and no gauge fixing or ghosts are needed.

22   It is more difficult to show that P, C, and T are not spontaneously broken in quantum chromodynamics with massive quarks, because these symmetries act non-trivially on the gauge fields. Vafa and Witten50 have applied the methods of Ref. 49 to show that P is not spontaneously broken in quantum chromodynamics.

23   To see this, we may expand in the eigenvectors of M

[image: image]

and, adapting a trick of Vafa and Witten,49 write Eq. (19.9.9) as

[image: image]

where ± is the sign of ma. The matrix [image: image] and the operator [image: image], are both unitary, so

[image: image]

Using this inside the integral yields Eq. (19.9.10).

24   In the fermion determinant, we use the fact that Det ([image: image] + M) = Det γ5 ([image: image] + M)γ5 = Det (−[image: image] + M).

25   Note that taking Fη [image: image] Fπ would give the extra neutral scalar a very light mass, but its interactions would be so weak that it might have escaped detection. It seems unlikely that a very large ratio of Fπ to Fη could arise in quantum chromodynamics, but something like this happens in theories with extra field variables that have been proposed to avoid parity violation by instantons; see Section 23.6.




20

Operator Product Expansions

We often find ourselves needing to know how an amplitude behaves when the four-momentum brought in by one operator and out by another goes to infinity, with all other external lines held at fixed four-momenta. For instance, we will see in Section 20.6 that the total cross section for the scattering of an electron by an initial hadron H, with arbitrary hadrons in the final state, is given by unitarity as a linear combination (with known coefficients) of the components of the amplitude

[image: image]

where k is the four-momentum transferred from the electron to the hadrons, and Jμ(x) is the electromagnetic current. In the case of deep inelastic electric scattering the momentum k that is carried in by one current operator and out by the other is allowed to go to infinity. Similarly, in studying the high momentum limit of various propagators and deriving corresponding spectral function sum rules in Section 20.5, we shall encounter the high momentum limit of similar Fourier transforms, but with the one-hadron state |H[image: image] replaced with the vacuum.

If an operator product such as Jμ(x)Jv(0) were analytic in xμ, then its Fourier transform would decrease exponentially as the Fourier variable k goes to infinity. The leading terms in the high momentum limit of the Fourier transform arise from the singularities of the operator product as the spacetime arguments approach one another. The study of such operator products was initiated in 1969 by Wilson,1 originally as an attempt to formulate a substitute for conventional quantum field theory. As has happened earlier (for instance with dispersion relations and Feynman’s diagrammatic rules) the effort to bypass quantum field theory led to valuable general results, but results that can best be understood as general properties of quantum field theory.

The operator product expansion will be stated in Section 20.1. The standard proof of this expansion was given in perturbation theory in 1970 by Zimmerman.2 In Section 20.1we shall offer a non-perturbative and simpler though less rigorous derivation based on the path-integral formulation of field theory. Section 20.2 will present a different perspective on the operator product expansion, in terms of the flow of large momenta through Feynman graphs, which will lead us to a perturbative proof.

There are several aspects of the operator product expansion that make it particularly useful for drawing consequences from theories like quantum chromodynamics. One such property, discussed in Section 20.3, is that the functions describing the singularities in this expansion have a momentum dependence governed by renormalization group equations, so that in asymptotically free theories they can be calculated at large momenta using perturbation theory. Another aspect, shown in Section 20.4, is that these functions exhibit the full symmetry of the underlying theory, unaffected by possible spontaneous symmetry breaking. Applications will be considered in Sections 20.5 and 20.6.

20.1 The Expansion: Description and Derivation

Wilson1 hypothesized that the singular part as x → y of the product A(x)B(y) of two operators is given by a sum over other local operators
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	(20.1.1)







where [image: image](x − y) are singular c-number functions. Dimensional analysis suggests that [image: image](x − y) behaves for x → y like the power dC − dA − dB of x − y, where dO is the dimensionality of the operatorO in powers of mass or momentum. Since dO increases as we add more fields or derivatives to an operator O, the strength of the singularity of [image: image](x − y) decreases for operators C of increasing complexity. The remarkable thing about the operator product expansion is that it is an operator relation; that is, in applying it to any matrix element [image: image]β|A(x)B(y)|α[image: image], we get the same functions [image: image](x − y) for all states [image: image] and [image: image]

It is the decrease of the singularity in Eq. (20.1.1) with operators C(y) of increasing complexity that makes this expansion useful in drawing conclusions about the behavior of the product A(x)B(y) for x − y. The simple power-counting argument above is modified by renormalization effects; the expansion (20.1.1) must be formulated in terms of operators renormalized at some scale μ, and then μ appears along with x − y in the coefficient function [image: image](x − y). We shall see in Section 20.3 that in asymptotically free theories [image: image](x − y) does behave like the power (dC − dA − dB of x − y suggested by dimensional analysis only up to a power of In (x − y)2. Even in more general theories, it is plausible that the singularities associated with various operators C(y) will decrease with the complexity of the operators.

The corresponding statement in momentum space is that for k → ∞,
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	(20.1.2)







and correspondingly
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		(20.1.3)







where [image: image](k) and [image: image](k) are functions of kμ that for large k decrease increasingly rapidly for more and more complicated terms in the series.

We are going to derive a generalized version of the Wilson expansion, in which the momenta carried by any number of operators go to infinity together. For this purpose, let us consider a Greens function for local operators A1(x1), A2(x2), etc. whose arguments approach a point x, as well as other local operators B1(Y1), B2(Y2), etc. with fixed arguments:
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		(20.1.4)







where the lower-case letters a and b indicate replacement of the field operators in the As and Bs with the c-number fields ϕ. Now surround the point x with a ball B(R) of radius R which is much larger than the separations among the x1, x2, etc. but much smaller than the separations between x, y1, y2, etc. Since the action is local, it may be written as
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	(20.1.5)







Eq. (20.1.4) may then be put in the form
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		(20.1.6)







in which the path integral over the fields inside the ball is constrained by the boundary condition that the fields merge smoothly at the ball’s surface with the fields outside the ball. Aside from this boundary condition, the path integral over the fields inside the ball is completely unaffected by the behavior of the field outside the ball, so the integral over the fields inside the ball may be expressed in terms of the values and derivatives of the fields on the surface of the ball, which in turn may be expressed in terms of the fields and their derivatives extrapolated from outside the ball to the interior point x. If we express this integral as a series in products1 o(x) of the c-number fields and their derivatives extrapolated to x, then the coefficients can only be functions [image: image](x1 − x, x2 − x, ...) of the coordinate differences. Since the points y1, y2, etc. are all far outside the ball B(R), the exclusion of this ball in the action for the fields outside the ball has no effect in the limit R → 0, so in this limit Eq. (20.1.6) becomes
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		(20.1.7)







for x1, x2, etc. all approaching x, where O(x) is the quantum-mechanical Heisenberg-picture operator corresponding to o(x). In particular, by Fourier transforming with respect to the y variables and multiplying with appropriate coefficient functions, this yields
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		(20.1.8)







for arbitrary states |α[image: image] and [image: image]β|. Because this applies for arbitrary states, it is the operator product expansion in a generalized version:
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		(20.1.9)







20.2 Momentum Flow2

We shall now consider the simplest example of the operator product expansion: the asymptotic behavior of an (n+2)-point Feynman amplitude  in the theory of a single real scalar field ϕ(x) with mass m and interaction Lagrangian density −[image: image]gϕ4, when a large four-momentum k flows in one line and out another, with all other external lines held at fixed momentum. This will lead us to a perturbative proof of the leading term in the operator product expansion in this case, but our real purpose here will be to gain some insight into the way that the flow of large momenta through Feynman diagrams leads to this expansion. An appendix to this chapter will discuss the extension of these results to the general case.

Let us define Γ(k; p1 ··· pn) as the sum of all connected graphs for the n-particle scattering amplitude, whose external lines carry incoming momenta k, p − k, and outgoing momenta p1 ··· pn, where p ≡ p1 + p2 + ··· + pn. (It will be convenient to specify further that Γ(k; p1 ··· pn) includes propagators for the external lines with momenta k and p − k, but not for those with the fixed momenta p1 ··· pn.) We wish to show that in any finite order of perturbation theory, for k → ∞,
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		(20.2.1)







where [image: image] is a sum of terms of order3 k−4, that is independent of p1 ··· pn and of n, and [image: image] is the amplitude for n ϕ lines with insertion of a single ϕ2 vertex, times a suitable renormalization constant [image: image] to make it finite. Because [image: image] is a matrix element of the renormalized operator [image: image], Eq. (20.2.1) corresponds to the statement that the leading term in the operator product expansion for k → ∞ is4
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		(20.2.2)







In assessing the asymptotic behavior of Feynman amplitudes, we must take account of the fact that there are parts of the range of integration in momentum space where some of the internal lines carry momenta of the same order as the external line momenta that are going to infinity, while other internal lines do not. The contribution to Γ(k; p1 ··· pn) from the part of the region of integration where the lines in some subgraph [image: image] have momenta of order k has an asymptotic behavior of order [image: image], where [image: image] is the dimensionality of the subgraph [image: image], calculated according to the rules of Section 12.1. If [image: image] has m external lines that connect it to the rest of the graph as well as the two external lines with momenta k and p − k, then from Eq. (12.1.8) we have [image: image] = 4 − 2 − m − 4 = −2 − m. (The term −4 arises from the two propagators of the lines with momenta k and p − k. which we have specified are to be included in Γ(k; p1 ··· pn).) Thus the asymptotic behavior of Γ is dominated by the part of the momentum-space integral where the large momentum k flows either through the whole graph or through some subgraph, whichever has the smallest number of external lines.3

For n = 0 this is always the whole graph; that is, the dominant part of the integral comes from the part of the region of integration where every line carries a momentum of order k, giving an asymptotic behavior of order k−2. In this case the only operator in the operator product expansion contributing to this matrix element is the unit operator, C = 1. This term is excluded here for n > 0 because for the present we are limiting ourselves to connected graphs.

For n = 2 the dominant contribution comes both from the whole graph, and from subgraphs in which the two external lines with momenta k and p − k are connected to the other two external lines by a bridge consisting of two internal lines,5 giving an asymptotic behavior of order k−4. For n ≥ 4 the dominant contribution comes only from subgraphs in which the two external lines with momenta k and p − k are connected to the n > 2 other external lines by a bridge consisting of two internal lines, again giving an asymptotic behavior of order k−4.

The analysis of the cases n = 2 and n ≥ 4 is complicated by the fact that a general graph may contain several of these two-particle bridges. Let us first consider the case n = 2. We define I(k,k′,p) as the sum of all graphs contributing to Γ(k; p1, p2) (with p1 = k′, p2 = p − k′) that are two-particle-irreducible, in the sense that the two external lines with incoming momenta k and p − k cannot be disconnected from the two external lines with momenta k′ and p − k′ by cutting through any pair of internal lines. Then Γ(k ; k′, p − k′) − I(k, k′, p) consists of graphs that can be disconnected in this way, and may therefore be written (see Figure 20.1):
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		(20.2.3)







(Like Γ(k ; k′ , p − k′), the kernel I(k, k′, p) includes propagators for the lines with momenta k and p − k, but, to avoid double counting, not for the lines with momenta k′ and p − k′.) The Feynman diagrams for I(k,k′,p) to order g2 are shown in Figure 20.2.

[image: image]

Figure 20.1. Diagrammatic representation of the integral equation (20.2.3). The cross-hatched disks marked Γ represent the sum of all connected Feynman diagrams with the indicated external lines, while the cross-hatched disks marked I, which are divided by a vertical line, represent the sum of all connected diagrams for which the lines on the left cannot be separated from those on the right by cutting through any pair of external lines.
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Figure 20.2. Tree and one-loop graphs for the kernel I(k, k′, p) in the theory of a scalar field with interaction Φ4.

To evaluate the behavior of the right-hand side of Eq. (20.2.3), let’s first consider the asymptotic behavior of the kernel I(k,k′, p) when k → ∞ with k′ and p fixed. This is dominated by the region of momentum space in which all internal lines carry momenta of order k, which makes a contribution of order k−4, because in any other region the subgraph consisting of internal lines that carry momenta of order k would have more than four external lines, and hence would make a contribution that decreases faster than k−4. It follows that differentiating I(k,k′, p) with respect to k′ or p would reduce the asymptotic behavior of this kernel by a factor of k−1. Hence for k → ∞ with k′ and p fixed, we have
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	(20.2.4)







where I∞(k) is a function only of k, of order k−4.

Unfortunately, we cannot simply replace I(k,k′, p) in Eq. (20.2.3) with this asymptotic limit, because however large k may become, the integral will receive a large contribution from values of k′ of order k. To deal with this complication, we shall now employ a trick, based on mathematical induction. In lowest order Γ(k ; k′, p − k′) is given by a single vertex with two attached bare propagators
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for which it is easy to verify an asymptotic behavior of form Eq. (20.2.1). Let us therefore assume that Eq. (20.2.1) for n = 2 holds up to some given order N in g – that is, that up to this order, the asymptotic behavior for k → ∞ takes the form
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		(20.2.5)







and try to verify this behavior to the next order. In order to eliminate the contribution to the integral in Eq. (20.2.3) from values of k′ of order k, we rewrite Eq. (20.2.3) as
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		(20.2.6)







Since I(k, k′,p) is at least of first order, we may use Eq. (20.2.5) in the right-hand side of Eq. (20.2.6). Hence in the second term on the right-hand side, the part of the region of integration where k" is of order k gives a contribution that vanishes like k−4+4−5, and may therefore be neglected compared with the part where k″ remains finite, which yields the convergent integral
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Further, since the dominant part of [image: image] comes from the region of integration where every internal line of the graphs for I(k, k″, p) carries a momentum of order k, differentiating this integral with respect to p would lower its asymptotic behavior by a factor of order k−1, so asymptotically I(k,k′,p) may be replaced in this integral with I(k, k′) ≡ I(k, k′, 0). Therefore for k → ∞, Eq. (20.2.6) becomes
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		(20.2.7)







Let us therefore define [image: image] and [image: image] to order N + 1 in g in terms of these functions in lower orders of perturbation theory, by
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where C is a constant that can be chosen as we like. With these definitions, Eq. (20.2.5) follows from Eq. (20.2.7).

It will be convenient to choose the constant C so that [image: image] has the value unity at some renormalization point k′ = k(μ) and p = p(μ), where k(μ) and p(μ) are standard four-momenta of order μ. Then
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	(20.2.10)







Using Eq. (20.2.5), we see that the divergences in the two integrals in Eq. (20.2.10) cancel.

Eq. (20.2.9) may now be written
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		(20.2.11)







where
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		(20.2.12)







We can think of Z[image: image] as the renormalization constant for the composite operator [image: image], defined in such a way that the operator Z[image: image],ϕ2 has the finite two-particle matrix element F[image: image](k, p − k), with the value unity for k = k(μ) and p = p(μ).

It is not particularly convenient to calculate U[image: image](k) or F[image: image](k,p − k) by using Eqs. (20.2.8) and (20.2.11). Rather, it is simpler to calculate Γ(k; k′, p − k′), and read off U[image: image](k) or F[image: image](k, p − k) by comparison with Eq. (20.2.5). By multiplying the function (12.2.26) with the product of propagators for the lines with momenta k and p − k, we see that, to one-loop order
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		(20.2.13)







where s, t, and u are the Mandelstam variables
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μ is the renormalization scale and g the corresponding renormalized coupling, defined as the Feynman amplitude at s = t = u = −4μ2/3. This has the asymptotic behavior
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		(20.2.14)







To order g2, this agrees with Eq. (20.2.5) if we take
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		(20.2.15)







and
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	(20.2.16)







We have here chosen the renormalization point k(μ), p(μ) for the operator ϕ2 to be related to that for the coupling constant g in such a way that p(μ)2= 4μ2/3, so that F[image: image](k, p − k) = 1 when p2 = 4μ2/3.

Now consider the case where the number n of external lines with fixed momenta is greater than two. In accordance with our earlier discussion, in the limit k ← ∞, the leading graphs for Γ(k; p1 ··· pn) are those in which the two external lines carrying momenta k and p − k can be disconnected from the n external lines with fixed momenta by cutting through a pair of internal lines:
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		(20.2.17)







As before, we cannot simply use the asymptotic limit of the kernel I(k,k′, p) for k ← ∞ on the right-hand side, because this integral receives important contributions from k′ of order k. We deal with this complication by rewriting Eq. (20.2.17) in the form
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	(20.2.18)







where by mathematical induction, we suppose that up to some given order N
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	(20.2.19)







with correction terms of order 1/k5. We can now use the limit (20.2.4) together with Eq. (20.2.8) to rewrite Eq. (20.2.18) as
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This agrees with Eq. (20.2.19) to order N + 1, provided we take
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or, using Eqs. (20.2.10) and (20.2.12),
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	(20.2.20)







This just says that F[image: image](p1 ··· pn) is the matrix element of the renormalized operator Z[image: image]ϕ2, so that Eq. (20.2.1) corresponds to the operator product formula (20.2.2). Note in particular that U[image: image](k) is the same coefficient function whatever value n or the momenta p1 ··· pn may take, as was to be shown.

Strictly speaking, the (ϕ2)R operator is not the leading term in the expansion of the product of two ϕs. There is also the operator unity, which has lower dimensionality than (ϕ2)R, but was excluded from Eq. (20.2.2) because (as indicated by the subscript C) we are excluding disconnected graphs. As mentioned earlier, the graphs for Γ(k) with n = 0 (and pμ = 0) are dominated for k ← ∞ by the region of integration where all internal lines carry momenta of order k, and U1(k) is the contribution of this region.

Higher-dimensional operators and more general theories will be considered in an appendix to this chapter.



20.3 Renormalization Group Equations for Coefficient Functions

As mentioned earlier, one of the aspects of the operator product expansion that makes it so useful is that the momentum dependence of the coefficient functions is governed by renormalization group equations. This is because they arise from limiting values of sums of Feynman graphs (such as I∞(k) in Section 20.2) in which all relevant momenta are going to infinity together, so that masses may be set equal to zero without introducing singularities. Nevertheless the operator product coefficient functions do not obey simple scaling laws, because of renormalization effects: the functions are multiplied with scale-dependent renormalization constants, and depend on scale-dependent renormalized couplings.

Consider the operator product expansion for a Greens function Γ[image: image][image: image],(k,k′, p) in which the incoming momenta (collectively labelled k, with sum p) of a set [image: image] of lines all go to infinity together, with the set [image: image]′ of remaining lines having fixed outgoing momenta (collectively labelled k′, with sum p):
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	(20.3.1)







The function F[image: image],[image: image]′(k′ p) is the matrix element of a renormalized operator [image: image], so its coefficient [image: image] in the product of fields corresponding to the lines [image: image] is proportional to [image: image] as well as to Z[image: image]′[image: image], the direct product of all the renormalization matrix factors for the field (or composite) operators in the set [image: image]. Hence
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		(20.3.2)







where
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		(20.3.3)







and for simplicity we assume a single renormalizable coupling gμ, defined as the value of some Feynman amplitude at a renormalization point with momenta of order μ, with μ dgμ/dμ = β(gμ). In order to be able to use dimensional analysis, we multiply all operators by powers of μ in such a way that they become dimensionless. This has the effect that the components of the Z and γ matrices are also dimensionless, with the values in the limit of zero coupling given by








	[image: image]

	(20.3.4)







where N([image: image]) is the dimensionality of the operator [image: image], and N([image: image]) is the total dimensionality of the set [image: image] of fields (the sum of s + 1 for each field, where s = 0 for scalar and massless gauge fields, s = 1/2 for Dirac fields, etc.) Also, dimensional analysis tells us that for kμ = κnμ in with nμ fixed, the amplitude can depend on κ only through the ratio κ/μ, aside from a factor κ4−4n[image: image] arising from the integrals used in defining the Fourier transform. The solution of Eq. (20.3.2) is then of the form
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		(20.3.5)







where M denotes the ‘μ-ordered’ product, that is, each term in the expansion of the exponentials rearranged so that the factors are in the order of decreasing μ from left to right.

This gives especially simple results where gμ approaches a fixed point g∗ for μ → ∞. The contribution of large μs to M{exp(∫κ γ(gμ)dμ/μ)} is then a matrix factor κγ(g•) that because of the μ-ordering appears on the left. Thus Eq. (20.3.5) becomes
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		(20.3.6)







where [image: image] is either a constant or a sum of powers of ln κ, depending on the rate at which gκ approaches g∗.

Asymptotically free theories like quantum chromodynamics are a special case of particular physical interest. Here the fixed point is at g∗ = 0, and, according to Eq. (20.3.4), near this fixed point the γ matrices go as
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	(20.3.7)







Also, if we write the renormalization group equation for the coupling in the form
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	(20.3.8)







then

[image: image]

Using this in Eq. (20.3.5) yields the asymptotic behavior
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	(20.3.9)







where [image: image], is a constant matrix, equal to [image: image](0, n) times constant factors that are not calculable in perturbation theory because they come from the parts of the integrals in Eq. (20.3.5) where gμ is not small. For κ → ∞, the behavior of the coupling constant is [image: image] → 8π2/b ln κ, so Eq. (20.3.9) may also be written
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	(20.3.10)







where [image: image] is another constant matrix. The condition for Eqs. (20.3.9) and (20.3.10) to be valid is that [image: image]/8π2 [image: image] 1, but it is not necessary for In K to be so large that only one eigenvector of the c matrix contributes to the asymptotic behavior. Eq. (20.3.10) will be used to study deep inelastic scattering in Section 20.6.

20.4 Symmetry Properties of Coefficient Functions

The usefulness of the operator product expansion is greatly enhanced by the fact that the coefficient functions exhibit the full symmetry of the underlying theory, even where part or all of that symmetry is spontaneously broken.4 To prove this, we consider the operator product expansion for a product of renormalized operators [image: image]i(x) that transform linearly under some symmetry with conserved current Jμ(x), in the sense that
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		(20.4.1)







where tij a constant matrix. We can write the operator product expansion as the statement that, as x1, ··· xn approach x together (with x1 − x, ··· xn − x all having fixed ratios)
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	(20.4.2)







Now suppose that the symmetry with current Jμ is spontaneously broken, with the corresponding Goldstone boson π satisfying
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	(20.4.3)







Then, as we saw in Section 19.2, the matrix element of the operator product between states with an additional low energy Goldstone boson is
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		(20.4.4)









because only the Goldstone pole term survives in the integral on the right-hand side of Eq. (20.4.4). Using Eq. (20.4.1) and the conservation of the current, this can be put in the form
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		(20.4.5)







Now apply the operator product expansion to both sides of this formula. In the limit as x1 ··· xn all approach x together, we find








	[image: image]




		(20.4.6)







But as a special case of Eq. (20.4.5), we have
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		(20.4.7)







Since all this holds for arbitrary states [image: image]β| and |α[image: image], the coefficients of [image: image]β[image: image]j(x)|α[image: image] on both sides of Eq. (20.4.6) must be equal, so
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		(20.4.8)







This can be restated as the condition that [image: image](x1 − x, ··· xn − x) is invariant under the symmetry generated by t, with the action of this symmetry on the lower index contragredient to its action on the upper indices, in the sense that the matrix t is replaced with −tT. This is the same relation that would be expected if the symmetry generated by Jμ were not spontaneously broken.

20.5 Spectral Function Sum Rules

Spectral function sum rules are constraints on the spectral functions of various currents.5 We will start here with a set of currents [image: image] that are arbitrary, except for being Lorentz four-vectors, and then later consider more special examples. To define their spectral functions, we use Lorentz invariance to write








	[image: image]



	(20.5.1)







in analogy with Eqs. (19.2.19) and (19.2.20) or Eq. (10.7.4). Taking the Fourier transform and using the completeness of the states |N[image: image], this can be written
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		(20.5.2)







where Δ+(x; μ2) is the function defined in Eq. (5.2.7):
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	(20.5.3)







Assuming the currents to have been chosen as Hermitian operators, it is immediately apparent from Eq. (20.5.1) that [image: image] and [image: image] are positive Hermitian matrices. Also, taking xμ to be spacelike (for which Δ+(x) is even) and using translation invariance and causality in Eq. (20.5.2), we see that [image: image] and [image: image] are also symmetric.

Now, for x → 0 with x2 > 0, the function Δ+(x; μ2) goes as
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where γ is the Euler constant. The first few terms in the vacuum expectation value of the expansion of [image: image] are thus
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Hence if some linear combination ∑αβ Cαβ[image: image][image: image][image: image]VAC of the two-point functions has a singularity as x 0 which can be shown to be weaker than of order 1/x4, we have
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	(20.5.6)







while if its singularity is also weaker than 1/x2, then
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	(20.5.7)







and
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	(20.5.8)







Eqs. (20.5.6), (20.5.7), and (20.5.8) are known respectively as the first, second, and third spectral function sum rules.

Let us see how this works out in the case of greatest interest, where the [image: image](x) are conserved currents in a theory like quantum chromodynamics. The conservation of current tells us that (20.5.1) vanishes when contracted with pμ, so [image: image] must be proportional to δ(−p2), and therefore automatically satisfies the third spectral function sum rule (20.5.8) for any Cαβ. With [image: image], it can receive contributions only from the terms |Ba[image: image] in the sum over states in (20.5.1) consisting of a single massless particle Ba of zero spin, which in practice means a Goldstone boson. For such one-particle states, Lorentz invariance gives
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	(20.5.9)







Using the relation δ(p0 − |p|)/2p0 = θ(p0)δ(−p2), we see that
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	(20.5.10)







In contrast, [image: image] is non-vanishing only for −p2 > 0.

To be more specific, consider a renormalizable asymptotically free gauge theory with a number N of massless (or nearly massless) spin 1/2 fermions belonging to the same representation of the gauge group. Quantum chromodynamics fits this description, with N = 3 if we neglect the masses of the u, d, and s quarks, and with N = 2 if only the u and d are taken to be massless. As we have seen in Chapter 19, such a theory has an SU(N) × SU(N) global symmetry6 under which the left- and right-handed parts of the light fermion fields transform under the representations (N, 1) and (1,N), respectively, where ‘N’ and ‘1’ denote the defining and identity representations of SU(N), respectively. The currents of the left- and right-handed SU(N) symmetries are
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where the λa form a complete set of Hermitian traceless matrices acting on the ‘flavor’ index that distinguishes the N light quarks, as in Eq. (19.7.2) for N = 3. These currents have dimensionality (in powers of mass) +3, so the coefficient of an operator [image: image] of dimensionality d([image: image]) in the expansion (20.3.6) of the product of two currents is expected (apart from logarithms) to have a singularity of order x−6+d([image: image]) as the separation x of their arguments goes to zero. Thus, if the expansion of a linear combination of products of currents contains the operator unity, then the corresponding linear combination of spectral functions goes as x−6, and therefore in general satisfies neither the first nor the second spectral function sum rule; if the lowest-dimensional operator in the vacuum expectation value of this expansion is a fermion bilinear with zero or one derivatives, then the corresponding linear combination of spectral functions goes as x−3 or x−2, and therefore satisfies the first spectral function sum rule but generally not the second; and if the lowest-dimensional operator in the vacuum expectation value of this expansion is a fermion bilinear with two or more derivatives or a fermion quadrilinear then the corresponding linear combination of spectral functions is less singular than x−2, and therefore satisfies both the first and second spectral function sum rules.

In order to tell which operators appear in the expansion of the product of two currents, we need to classify the SU(N) × SU(N) representations contained in the product, and to tell whether these operators have non-vanishing vacuum expectation values, we have to ask which of them are invariant under the subgroup of SU(N) × SU(N) that is not spontaneously broken. To answer these questions, we note that the currents [image: image](x) and [image: image](x) transform under SU(N) × SU(N) respectively according to the (A, 1) and (1,A) representations of SU(N) × SU(N), where A and 1 are the adjoint and identity representations of SU(N) × SU(N).

Also, we shall assume that the subgroup of SU(N) × SU(N) that is not spontaneously broken is the vectorial SU(N) × SU(N)v whose currents are [image: image](x) + [image: image](x), as is the case in quantum chromodynamics and (as we saw in Section 19.9) a wide range of other theories. We also assume that parity conservation is not spontaneously broken. These unbroken symmetries have the consequence that
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and
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where [image: image] and [image: image] are the spectral functions defined by (20.5.2) for the currents
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with generators λa and λaδ5, respectively. Also
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where Eq. (20.5.9) here reads
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so that (20.5.10) reads
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It will be convenient to consider separately the products of currents of like and unlike chirality.

Like Chirality: The products [image: image] and [image: image] transform respectively as the (A × A, 1) and (1, A × A) representations of SU(N) × SU(N), where A and 1 are the adjoint and identity representations, respectively. For any group, A × A contains the identity representation, so the unit operator appears in the expansions of these products, with equal coefficients proportional to δab. Hence only the traceless parts of the operator product can satisfy spectral function sum rules. But as we have seen, the spectral functions have no traceless part, so the like-chirality spectral functions cannot satisfy any sum rules.

Unlike Chirality: The products [image: image] and [image: image] both transform as the (A,A) representation of SU(N) × SU(N). The unit operator (and operators like Fαμν[image: image]) are of course SU(N) × SU(N) singlets, and therefore cannot appear in the expansion of these products. Non-derivative fermion bilinears like [image: image] transform according to the ([image: image], N) and (N, [image: image]) representations of SU(N) × SU(N), so they also cannot appear in the expansions of the products of currents with unlike chirality. The only gauge- and Lorentz-invariant fermion bilinears with a single derivative involve the gauge-covariant derivative operator γμDμ acting on ψ, which the field equations tell us vanishes. Thus these spectral functions satisfy both the first and second spectral function sum rules, which here read
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and
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In the original work on spectral function sum rules,5 the SU(2) × SU(2) spectral functions were assumed to be sharply peaked at values of μ that for [image: image] could be assumed to be mρ = 770 MeV, and for [image: image] was taken to be at an unknown mass mA. That is,
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Eqs. (20.5.18) and (20.5.19) then read7
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and
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Eliminating the unknown gA, this gives a formula
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Originally in 1967 this result was used together with a formula6 [image: image] (whose justification was unclear but which agreed with experimental measurements of the rate of the decay ρ → e+ + e−) to derive the result

[image: image]

The status of a possible a1 resonance with the right quantum numbers to couple to the axial-vector current (that is, 1+ with T = 1 and C([image: image]) = +1) at around a mass [image: image]mρ remained unclear for many years, but a resonance with these quantum numbers is now reasonably well established at a mass 1230 MeV = 1.6 mρ. It seems preferable today to take the ratio mA/mρ as an input, using either the value [image: image] suggested by certain models7 or the experimental value 1.6, and use it to predict gρ.

Since 1967 not only gρ but the whole vector spectral function [image: image] of the SU(3) × SU(3) current in quantum chromodynamics has been cal-culated with precision for a wide range of energies from the measured cross section for the process e+ + e− → γ → hadrons, using the fact that the electromagnetic current is a linear combination of SU(3) currents. The axial-vector spectral function [image: image] of the SU(3) × SU(3) currents can in principle be measured in the process [image: image] + e → hadrons, since the charged components of the currents (20.5.14) are the same as the hadron currents to which the leptons are coupled. However, although antineutrino—electron scattering has been studied experimentally, the low rate of these reactions precludes the use of colliding beams, so that the electron target is essentially at rest. In order to reach typical hadronic energies of, say, 3 GeV in the center-of-mass frame, it would be necessary to have neutrino energies of (3 GeV)2/2me [image: image] 10 TeV in the laboratory frame. Intense beams of neutrinos with energies this high will not be available for many years, if ever. Fortunately, it has become possible to study the spectral functions in the process τ → ν+ hadrons, but the hadron energies here are strictly bounded by mτ = 1.7 GeV. It is also possible to use effective chiral Lagrangians to calculate the spectral functions at small μ2, and to use quantum chromodynamics to calculate [image: image] at large μ2, where it is quite small. A careful 1993 analysis by Donoghue and Golowich8 of all these inputs shows that the spectral function integrals are indeed dominated by the ρ and a1 resonances, and gives results that are consistent with the first and second spectral function sum rules.

20.6 Deep Inelastic Scattering

The renormalization group coupled with the operator product expansion found one of its most important applications in the analysis of deep inelastic lepton?nucleon scattering. We will first review the early phenomenological models for these reactions, and then see how the operator product expansion justifies these models and provides corrections to them.

Consider a process in which an electron of four-momentum k collides with a nucleon N of four-momentum p, yielding a electron of four-momentum k′ and a general unobserved hadron state H, over which we sum. To calculate the spin-averaged inclusive cross section, we shall need to know the quantity
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where Jμ is the electromagnetic current (divided here by a factor e) and q = k − k′ is the momentum transfer from the electrons to the hadrons. Lorentz invariance tells us that Wμν (q, p) must be a linear combination of pμpν, pμqν, qμpν, qμqν, and ημν, with coefficients that can only depend on the two independent scalar functions of q and p: q2 and v ≡ −q · p/mN. Current conservation requires that qμWμν = qνWμν = 0, so W must take the form8
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Also, Eq. (20.6.1) shows that Wμν∗ = Wνμ, so W1 and W2 are real, and Wμν is a positive matrix, so W1 and W2 are positive. The differential cross section in the nucleon rest frame is
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where dΩ = sinθ dθ dϕ is the solid angle into which the electron is scattered, and (dσ/dΩ)MOTT is the differential cross section for relativistic elastic scattering by a point spinless particle
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with Ee = −k · p/mN the incident electron energy in the nucleon rest frame.

One might expect that for fixed values of [image: image] = −q2 + 2mNv + [image: image], the differential cross section should fall off very rapidly as q2 → ∞, because it should be proportional to the square of the form-factor for the transition from the nucleon to whatever particles or resonance have mass near [image: image]. It was therefore somewhat of a surprise that, two years after the 1966 opening of the Stanford Linear Accelerator Center, a SLAC–MIT collaboration headed by Friedman, Kendall, and Taylor9 discovered that in fact vW2(q2, v) is roughly constant in q2 for fixed values of ω ≡ 2mNv/q2 > 1. (To be specific, W2(q2, v) for the proton was fitted to the curve vW2(q2,v) 0.35 [image: image] − 0.004ω for Ee = 10, 13.5, and 16 GeV, and 0 = 6° and 10°. These experiments were insensitive to W1, because tan2(10°/2) = 7.6 x 10−3.) Note that in this limit [image: image] → (ω) − 1)q2 → ∞, which is why this is called ‘deep-inelastic’ scattering.

At about the same time Bjorkenl10 was using current algebra to argue that W2(q2, v) and W1(q2, v) satisfy scaling laws: for q2 and v going to infinity together,
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where again ω ≡ 2mNv/q2. A more intuitive explanation was given a little later by Feynman.11 He supposed that in deep-inelastic scattering on a highly relativistic nucleon of momentum p, the nucleon behaves as if it consists of ‘partons’ of various types labelled i, each with a probability [image: image]i(x)dx of having momentum between xp and (x + dx)p. Then for each i,
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The condition that the nucleon has total momentum p yields the additional sum rule








	[image: image]

	(20.6.7)







For elastic scattering of an electron (with me neglected) from a parton of four-momentum xp, we have [image: image], so v = q2/2mNx. The inelastic cross section in this model is thus9








	[image: image]




	
	(20.6.8)







where Qi is the charge of the ith type of parton in units of e. (The tan2(θ/2) term here is appropriate for a ‘Dirac’ parton, with magnetic moment eQi/2mNx.) Comparing this with Eq. (20.6.3) gives
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This agrees with the Bjorken scaling rules (20.6.5), with
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and
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Eq. (20.6.12) was originally derived by Callan and Gross.12 It agrees with experiment within about 10-15%.

On the assumption that the proton and neutron respectively consist of two u and one d or one u and two d quarks, plus any number of neutral partons, Eqs. (20.6.11) and (20.6.6) yield the sum rule for W2
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The integral receives a large contribution from large ω, where F2 is difficult to measure. If we also assume that the total momentum of the nucleon is equally shared among three quarks (and no neutral partons) then in place of Eq. (20.6.7) we have the stronger relation ∫ [image: image]i(x)x dx = 1/3 for each quark, which with Eq. (20.6.11) yields

[image: image]

This integral is easier to measure, and turns out to disagree badly with the sum rule, showing that a large fraction of the nucleon momentum is carried by the neutral partons.

None of the above phenomenology depends on any specific field theory. It was the operator product expansion that finally provided a way of applying an underlying field theory to deep-inelastic scattering. In particular, the operator product expansion made it clear that one needed an asymptotically free field theory to explain the scaling assumptions (20.6.5) (and to calculate the corrections to scaling). This asymptotically free theory was ultimately provided by quantum chromodynamics.

To apply the operator product expansion to deep-inelastic scattering, first Fourier transform Eq. (20.6.1). Using translation invariance and the completeness of the hadron states |H[image: image], this gives
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The asymptotic behavior of Wμν(q,p) as q → ∞ is therefore related to the singularity of the operator product at z → 0.

Feynman diagram calculations of the coefficient functions in operator product expansions refer directly not to the expansion for matrix elements like those appearing in Eq. (20.6.14) for Wov, but rather to matrix elements of the two-point Greens function
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We can express this in terms of the structure functions for Tμν, defined by the analog to Eq. (20.6.2):








	[image: image]




		(20.6.16)







The connection between the Tr(v,q2) and Wr(v,q2) (with r = 1,2) is provided13 by the dispersion relations10 for fixed q2:
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with the denominator in the integrand interpreted as a principal value function. The functions Wr(v, q2) vanish except for v > q2/2mN, so the dispersion relations may be rewritten
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We can categorize the operators that contribute to the operator product expansion for Tr according to the irreducible representation of the Lorentz group to which they belong. The only Lorentz-covariant functions of a single four-vector pμ with p2 = −[image: image] fixed are proportional to the symmetric tensors [image: image], so the only operators that can contribute to the spin-averaged nucleon expectation value are symmetric traceless tensors [image: image], the subscript i distinguishing any different operators with this tensor structure. (For reasons that will become clear, we are using the same label i to distinguish operators that we used in the parton model to label types of partons.) These operators have matrix elements of the form
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where the [image: image][image: image]si[image: image] are constant coefficients. Such an operator makes a contribution to Tμν(q,p) proportional to s factors of the four-vector p, and hence makes a contribution to T1(v,q2) and T2(v,q2) proportional to vs and vs−2, respectively. (We are dropping terms involving p2, because such terms will be suppressed by factors of [image: image]/q2 or [image: image]/p · q.) If we ignore logarithmic corrections, then in an asymptotically free theory the q2 dependence of the coefficients is of the forms (q2)(−4+6−d(s,i)−s)/2 and (q2)(−4+6−d(s,i)−s+2)/2, respectively, where d(s,i) is the dimensionality of the operator [image: image]si.11 Using v ∝ q2ω, we see that the contributions of an operator Osi to the structure functions are asymptotically of the forms
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and
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where τ(s, i) is the ‘twist’ of the operator [image: image]si, defined as14
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We see that the dominant terms in T1 and VT2 for q2 → ∞ with fixed [image: image] are contributed by operators of minimum twist. Also, Eq. (20.6.18) shows there are no terms in Tr(v,q2) of odd order in v, so the only operators [image: image]si that can contribute here are those with even s.

The symmetric traceless tensors of rank s with minimum dimensionality are the operators
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and
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where f labels quark flavors; Dμ is the gauge-covariant derivative; and the brackets indicate a sum over permutations and subtraction of trace terms for the enclosed spacetime indices. (The symbol ↔ indicates half the difference of the derivative acting to the right and left. We take this difference of derivatives, because their sum would vanish in any matrix element between states of equal four-momenta.) These operators have dimensionality 3 + (s – 1) = 4 + (s − 2) = 2 + s, so they all have twist τ = 2. Thus an infinite number of operators contribute for q2 → ∞, all of which give contributions to T1 and vT2 that depend on τ but only logarithmically on q2. Asymptotic freedom thus confirms Bjorken scaling, but only up to logarithmic corrections. Keeping only operators of twist two, we see that (as anticipated in our notation) for each s there is indeed one operator for each parton type, with i running over quark types f (lumping quarks and antiquarks together) and also a value i = 0 for the gluon.

Now let us consider the logarithmic corrections. The asymptotic behavior of the coefficient functions in an asymptotically free theory is governed by Eq. (20.3.9). As discussed in Section 10.4, when we ignore electromagnetic radiative corrections no renormalization factors are needed for the electromagnetic current, because these currents are conserved. Thus the matrix C[image: image][image: image]′ in Eq. (20.3.9) vanishes. The matrix C[image: image],[image: image]′ has no elements connecting operators of different Lorentz transformation type, so that in the notation we are now using, Csi,s′i′ = δss′Cii′(s). Thus Eq. (20.3.9) takes the form
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where [image: image] and [image: image] are constants appearing in the coefficient function for the operator [image: image]si in the operator product expansion of the product of two electric currents, [image: image]2 is a particular value of q2 at which we choose to define the coefficient functions, b is the constant in the one-loop renormalization group equation (20.3.8) for the strong coupling constant gq, and [image: image][image: image]si[image: image] is the constant coefficient in the matrix elements (20.6.19).

The operator product expansion coefficients are independent of the particular process in question and unaffected by quark trapping, so we can calculate the coefficients [image: image]si and [image: image]si by considering a fictitious simpler process, the scattering of an electron by a free quark of flavor f. The renormalized operators [image: image]si may conveniently be defined so that the one-quark matrix elements of the operators (20.6.23) and (20.6.24) are given by the tree approximation:
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Averaging Eq. (20.6.27) over σ′ = σ″ and comparing the result with (20.6.19) yields
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so that (for even s)
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and
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With this definition of the operators [image: image]si, at a renormalization momentum scale [image: image]2 which is large enough for the operator product expansion functions to be calculated using the tree approximation, these functions can be derived from the tree-approximation formulas for the electronquark scattering cross section. Retracing the parton-model derivations of Eqs. (20.6.9) and (20.6.10), we see that Wr. for an electron scattering on a quark of flavor f is given in the tree approximation by12

[image: image]

Inserting these results in the dispersion relations (20.6.18) yields, for ω ≠ 1,
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results that may also be obtained directly from the Feynman graphs for electron–quark scattering. Comparing the coefficients of ωs in Eqs. (20.6.33) and (20.6.34) with those in Eqs. (20.6.25) and (20.6.26) at the renormalization point q2 = [image: image]2 and using Eqs. (20.6.29) and (20.6.30), we find that
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with the gluon charge Q0 of course taken as zero. To repeat, even though these values have been derived for electron–quark scattering, [image: image]si and [image: image]si are factors in the operator product expansion of two electric currents, and therefore do not depend on the state in which we calculate the expectation value of this operator product. So we can use Eq. (20.6.35) in Eqs. (20.6.25) and (20.6.26), and find
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Now let us at last return to the structure functions Wr(v,q2). We note that the coefficient of ωs = (2mNv/q2)s in Tr(v,q2) is given by Eq. (20.6.18) as
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Comparing with Eqs. (20.6.36) and (20.6.37), we find
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The Wr satisfying these equations may evidently be expressed in a manner similar to the equations (20.6.9) and (20.6.10) of the parton model
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where [image: image]i is a parton distribution function, now defined by the moment equations
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In particular, we see that asymptotic freedom implies not only a corrected version of Bjorken scaling, but also the Callan–Gross relation (20.6.12) between W1 and W2.

There is an elegant reformulation of the moment equations (20.6.42) due to Altarelli and Parisi15 that has become widely used in studies of deep-inelastic scattering. Note that Eqs. (20.6.42) together with the renormalization group equation (20.3.8) imply the differential equations
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These equations, together with the ‘initial’ condition at the renormalization point [image: image]2








	[image: image]

	(20.6.44)







have a unique solution, so they can be used instead of the moment equations. Now, Eq. (20.6.43) is satisfied by the solution of the differential equation for [image: image]i
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where the matrix function Pi j(z) is subject to the conditions
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(The factor 4π2 is conventional.)

The matrix cij(s) was calculated in quantum chromodynamics by Georgi and Politzer16 and Gross and Wilczek.17 They assumed that there are N flavors of quarks that are sufficiently light to be treated as massless, while quarks of all other flavors are treated as very heavy and integrated out, so that they can be ignored except for their effect on the strong coupling constant. Their results in the basis provided by the operators (20.6.23) and (20.6.24) are
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where 0 and f denote the operators (20.6.24) and (20.6.23), respectively; the constants C1 and C2 are defined by Eqs. (17.5.33) and (17.5.34) (with only a single quark flavor included in the trace in Eq. (17.5.34)); N is the number of quark flavors; and C3 is defined (using the notation of Section 17.4) by
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In the realistic case of an SU(3) gauge group with quarks in its defining representation 3, these numbers are
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These rather complicated results become simpler when expressed in term of the Altarelli–Parisi functions. It is straightforward to check that Eq. (20.6.46) is satisfied if
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where in an integral over x up to x = 1, 1/(1 − x)+ is defined by
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For each s there is an obvious (N − 1)-fold degenerate eigenvalue of the matrix c(s), equal to the coefficient of δff′ in Eq. (20.6.50):
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with eigenoperators given by all independent linear combinations of the operators (20.6.23) with coefficients af satisfying ∑f af = 0, which belong to the adjoint representation of the unbroken global SU(N) symmetry group of quantum chromodynamics with N quark flavors. In addition for each s there are two eigenoperators belonging to the singlet representation of SU(N), given by linear combinations of the operator (20.6.24) and the sum over f of the operators (20.6.23). These eigenoperators and the corresponding eigenvalues can be found by diagonalizing the 2 x 2 matrix:
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For s = 2 this matrix takes the form
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This has one zero eigenvalue, corresponding to the linear combination of [image: image] and ∑f [image: image] that is equal to the energy-momentum tensor, which 2f like Jμ is not renormalized. The other eigenvalue of the matrix (20.6.60) is given by its trace, NC2/6π2 + C3/3π2. Now, the minimum of the eigenvalues of ci j(s) for a given s must be at least as large as the minimum of the eigenvalues of ci j(s)′ for any s′ < s, because otherwise for sufficiently large q2 the integral (20.6.42) would eventually become larger for s than for s′, in contradiction with the fact that this integral is a strictly decreasing function of s. Because the minimum eigenvalue for s = 2 is zero, we can conclude that all of the other eigenvalues for s > 2 are positive. In fact, they are all positive-definite, because there are no unrenormalized operators for s > 2. Hence strict Bjorken scaling occurs only in the extreme limit where [image: image] → 0, where only the contribution of the energy-momentum tensor survives. The prediction of violations of strict Bjorken scaling have been confirmed experimentally by exhaustive studies of deep-inelastic electron–nucleon and muon–nucleon scattering.

20.7 Renormalons13

Since the beginning of quantum field theory theorists have wondered whether the perturbation series for physical matrix elements converges, and if it does not, then what can be done about it? Very early in the modern period Dyson18 observed that the number of diagrams of nth order typically grows as n!, which suggested that the perturbation series has zero radius of convergence.

There is a well-known technique known as a Borel transformation19 for improving the convergence of a power series whose nth order term grows as n!, either to make the series converge, or at least to improve the behavior of the series so that it can be used as an asymptotic expansion for a larger range of coupling constants. For a given series
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we consider the related series
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If fn grows no faster than n! then B(z) will generally have at least a finite radius of convergence. The question is, can we recover the original series (20.7.1) from the resummed series (20.7.2)? Using the familiar formula
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we see that, at least formally,
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Singularities of B(z) anywhere in the complex plane limit the radius of convergence of the series (20.7.2), but this is not an insuperable problem if these singularities are off the positive real axis. To calculate F(g) using Eq. (20.7.3) we need B(z) only for real positive values of z less than or of order g, which can be obtained from the power series (20.7.1) if the singularities of B(z) in the complex plane are all at distances from the origin much greater than g. Even if a few poles z1, z2, etc. have moduli of order g or less, we can calculate B(z) out to values of z of order g by using the power series for (z − z1)(z − z2) · · · B(z), but for this purpose we have to know where the poles are.

Singularities of B(z) on the positive real axis are much worse, for they invalidate Eq. (20.7.3). The contour in this integral may be distorted to avoid singularities on the positive real axis, but then we have an ambiguity: do we distort the contour above or below the singularity?

This section will show that some of the singularities of the Borel transform B(z) are associated with solutions of the classical field equations known as instantons, while other singularities, known as renormalons, are associated with terms in the operator product expansion. In quantum chromodynamics it is the renormalons that obstruct the use of the Borel transformation to sum the perturbation series.

It was Lipatov20 who in 1976 showed that some of the singularities of the Borel transform B(z) are associated with the existence of classical solutions of the field equations. Consider a function F(g) defined by a Euclidean path integral:
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(The use of Euclidean path integration is discussed in Appendix A of Chapter 23.) The coefficients in the power series (20.7.1) are given by
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where [image: image] denotes the integral counterclockwise over a closed curve in the complex g plane surrounding the point g = 0. For very large n, it is reasonable to suppose that the integral is dominated by the point ϕn, gn where the argument of the exponential in the last line of Eq. (20.7.5) is stationary in both ϕ and g:
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For instance, suppose that I[ϕ, g] is the action for a massless scalar field
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the sum running over the Euclidean coordinate directions 1, 2, 3, 4. Then the field equation (20.7.6) reads
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We will see that gn is negative, so the solution has
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with χ(x) the g-independent solution of the equation
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The condition (20.7.7) tells us that
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or in terms of the rescaled field (20.7.10)
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	(20.7.12)







At this stationary point the action (20.7.8) becomes
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	(20.7.13)







Evaluating Eq. (20.7.5) at the stationary point then gives for n → ∞14
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		(20.7.14)







The leading singularity in B(z) is therefore a pole at z = z1, where
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	(20.7.15)







Because this is negative, it does not prevent us from carrying out the integration in Eq. (20.7.3). To calculate the pole position (20.7.15), we note that the field equation (20.7.11) has the solution
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	(20.7.16)







where r = (xixi,)1/2, and a is an arbitrary parameter. This solution of the field equation is an elementary example of the ‘instanton’ solutions to be discussed in Section 23.5. (These are called instantons because instead of being concentrated along a worldline they are concentrated near a point in spacetime — in this case, the origin.) Fortunately the pole position does not depend on a:
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	(20.7.17)







We see that the perturbation series for B(z) can be used in Eq. (20.7.3) if g [image: image] 16π2. If g/16π2 is of the order or greater than unity, we may still be able to calculate B(z) from the perturbation series for (z + 16π2)B(z).

We will see in Section 23.5 that there are instanton solutions in non-Abelian gauge theories like quantum chromodynamics, but these also yield relatively harmless singularities of B(z) on the negative real axis. The real problem in quantum chromodynamics is with a different class of singularities, known as renormalons.21 These were first discovered through the realization22 that single 2n-th order diagrams, like that shown in Figure 20.3, can make individual contributions that grow like n!, and hence according to Eq. (20.7.2) may lead to additional singularities in B(z). In this particular case the singularity is known as an infrared renormalon, as it arises from virtual momenta that are much smaller than those used to define the running quantum chromodynamics coupling gμ). Fortunately, it is possible to use the operator product expansion to locate the infrared renormalons, without having to look at individual Feynman diagrams.

[image: image]

Figure 20.3. One of a class of N-loop Feynman diagrams that grow as N!. Solid lines are fermions; wavy lines are gauge bosons.

For a simple but important example, consider the sum [image: image] of all vacuum diagrams in quantum chromodynamics with insertions of four-vector currents [image: image] and [image: image] carrying a four-momentum q into and out of the diagram. (Πμν(q) gives the hadronic contribution to the electroweak vacuum polarization, and its imaginary part yields the cross section for e+−e− and electron–antineutrino annihilation into hadrons.) As we saw in Section 20.5, this receives contributions that go as q2 (the Fourier transform of x−6) from the operator 1, contributions that go as q−2 from the operator [image: image], contributions that go as q−4 from four-fermion operators, and so on. (For instance, the contribution of the operator [image: image] arises from diagrams like Figure 20.3, with a momentum much less than q flowing through the chain of bubbles.) Dimensional analysis tells us that these momentum-dependent factors must be accompanied with vacuum matrix elements proportional to Λ0, Λ4, Λ6, etc. But if we calculate Feynman diagrams using a running coupling defined at a scale μ [image: image] Λ, where the coupling constants are small, then according to Eq. (18.7.7)








	[image: image]

	(20.7.18)







where nf is the number of quark flavors with mass much less than μ. Operators of dimension d > 0 would make a contribution in the operator product expansion with the coupling-constant dependence
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	(20.7.19)









In quantum chromodynamics, perturbation theory yields a series in powers of as αs ≡ g2/4π rather than g, so we would write Eqs. (20.7.1) and (20.7.3) in terms of αs:
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The presence of terms in Πμν with coupling-constant dependence (20.7.19) indicates that B(z) must have singularities (not necessarily poles) at
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	(20.7.22)







These are on the positive real axis, and make the integral (20.7.21) ambiguous. Thus Borel summation cannot be used to deal with low-energy effects in quantum chromodynamics.

The fact that diagrams with small virtual momenta impede the use of perturbation theory is of course nothing new. As we saw in Section 20.2, the whole point of the operator product expansion is to separate the parts of Feynman diagrams where every line carries a large momentum, which in asymptotically free theories can be calculated using perturbation theory, from the contribution of the parts of Feynman diagrams through which small momenta flow, which cannot be calculated perturbatively.

Appendix  Momentum Flow: The General Case

In this appendix we shall consider the asymptotic behavior of an amplitude in a general renormalizable quantum field theory when the momenta of any set of two or more external lines become large, taking into account operators containing arbitrary numbers of field factors and derivatives, with dimensionality up to some limit N. To deal with this problem we shall have to introduce a more compact notation than that of Sections 20.1 or 20.2. A letter [image: image], [image: image]′, etc. will denote a set of external lines i of specified types entering or leaving a Feynman diagram or part of a Feynman diagram. A letter k, k′, etc. will denote the set of four-momenta ki of such lines, subject to the condition that their sum has some fixed value p. The amplitude Γ[image: image][image: image]′(k, k′, p) is the sum of all graphs with a set [image: image] of incoming lines carrying momenta k and a set [image: image]′ of outgoing lines carrying momenta k′, including the final bare propagators for the set [image: image] but not [image: image]′

As shown by the power-counting theorem3 quoted in Section 12.1, the part of the region of integration where the momenta of order k flow only through a subgraph with external lines [image: image] and [image: image]′ makes a contribution to Γ[image: image][image: image]′(k,k′, p) of order kd([image: image][image: image]″), where d([image: image][image: image]″) is the dimensionality (in powers of mass or momentum) of this subgraph:
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	(20.A.1)







(The last term in Eq. (20.A.1) arises from the propagators for the lines in the set [image: image].) It will be convenient to rewrite Eq. (20.A.1) as
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	(20.A.2)







where n([image: image]) is the number of lines in the set [image: image], and N([image: image]) is the total dimensionality of the fields for these lines:
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	(20.A.3)







Here si is the ‘spin’ of a line of type i, in the sense used in Section 12.3: the dimensionality of the field of type i is 1 + si, and the bare propagator of such a field goes as k−2+2si. (For scalars and gauge bosons, si = 0; for spin 1/2, si = 1/2.).

By taking account of the asymptotic behavior associated with these subgraphs, we wish to show that as k → ∞ (all components going to infinity together, in generic directions), with k′ and p fixed, the asymptotic behavior of Γ[image: image][image: image]′(k,k′,p) in each order of perturbation theory is of the form
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		(20.A.4)







where the sum runs over operators [image: image] with dimensionality N([image: image]) ≤ N; the function [image: image] is of order k4+N([image: image])−4n([image: image])−N([image: image]); and o(kA) denotes terms that vanish faster (by at least one factor 1/k) than kA.

To isolate the contribution of operators ofdimensionality ≤ N, we shall define an ‘N-irreducible’ amplitude [image: image] as the sum of all graphs for Γ[image: image][image: image]′(k,k′, p) in which the lines in the set [image: image] cannot be disconnected from the lines in the set [image: image]′ by cutting through any set [image: image]″ of internal lines with N([image: image]′) ≤ N. Since the difference Γ – IN consists of graphs that can be disconnected in this way, it may be written as
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	(20.A.5)







where [image: image] denotes the sum over sets [image: image]″ of particle lines with N([image: image]″) ≤ N, and ∫ dk″ is the integral over the components of the four-momenta in the set [image: image]′ , subject to the constraint that the sum of these momenta is p.

The asymptotic behavior of the kernel [image: image] is much simpler Γ[image: image][image: image]″(k, k″, p). For k → ∞ with k″ and p fixed it is dominated than that of by the part of the region of integration where every internal line carries a momentum of order k, which gives an asymptotic behavior kd([image: image][image: image]″), because the terms where only some subregion carries such large momenta would have to be connected to the rest of the graph by a bridge [image: image]′′′ of lines with N([image: image]′′′) > N ≥ N([image: image]″), and this would be smaller as k → ∞ by at least a factor kN([image: image]″)−N−1. Thus differentiating [image: image] with respect to any component of k″ or p reduces its asymptotic behavior to order kd([image: image],[image: image]″)−1. But differentiating d times lowers the asymptotic behavior to kd([image: image],[image: image]″)−d only if d ≤ N − N([image: image]″)+ 1, because for higher derivatives we get a larger contribution from the region of integration where the subgraph carrying momenta of order k is connected to the rest of the graph by a bridge of lines [image: image]′′′ with total dimensionality greater than N, with the derivatives all acting on lines carrying momenta of order k″ or p. Therefore in order to take into account the contribution of operators containing derivatives of fields, we may write the asymptotic behavior of IN as
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		(20.A.6)







where P[image: image]″ v(k″, p) are a complete set of homogeneous polynomials of order dv in the n([image: image]″) momenta k″ and p, and [image: image] are functions only of k, of order kd([image: image],[image: image]″)−d as k → ∞.

We cannot immediately use Eq. (20.A.6) in Eq. (20.A.5), because the integral over k″ receives important contributions from the region where some of the k″ are of order k. To deal with this, we use mathematical induction: we assume that Eq. (20.A.4) holds up to some given order in perturbation theory, and use it on the right-hand side of Eq. (20.A.5) to calculate the asymptotic behavior of F to the next order of perturbation theory. We rewrite Eq. (20.A.5) in the form
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		(20.A.7)







According to Eq. (20.A.4), the quantity in square brackets in the second term on the right-hand side of Eq. (20.A.7) vanishes for k″ → ∞ faster than (k″)4−4n([image: image]″)+N([image: image]″)−N, so the product of this factor with a polynomial P[image: image]″v(k″) of order v ≤ N − N([image: image]″) vanishes faster than (k″)4−4n([image: image]″) and therefore has a finite integral over the 4(n([image: image]″)−1) independent components of k″.15 Hence we may use Eq. (20.A.6) in this term, and find
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		(20.A.8)







the correction being smaller than the terms shown by a factor 1/k. (Of course, the first term on the right-hand side of Eq. (20.A.8) is present only if N([image: image]′) ≤ N.)

Now, for each value of [image: image] and v with dv + N([image: image]) ≤ N, there is an operator [image: image] with field factors corresponding to the lines in [image: image] and with dv derivatives, such that in zeroth-order perturbation theory the vertex function, with incoming momentum p carried by the operator [image: image] and outgoing momenta k carried by external lines [image: image], is the polynomial P[image: image]v(k, p). Then the corresponding complete vertex function for a renormalized operator [image: image]R = ∑[image: image]′ Z[image: image],[image: image]′ [image: image]′ is
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	(20.A.9)







where [image: image][image: image] and v[image: image] label the types of fields and spacetime derivatives in the operator [image: image]. We see then that Eq. (20.A.4) is satisfied, with
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		(20.A.10)









in which we now use the abbreviations
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	(20.A.11)







(The p dependence of [image: image] is dropped for the same reason as in Section 20.2: whether or not k″ is comparable with k, p is negligible here compared with k.) We will define the normalization constant Z[image: image]′[image: image] so that at a renormalization point k(μ), p(μ) the function F[image: image],[image: image](k(μ), p(μ)) has the same value δ[image: image][image: image][image: image]P[image: image](k(μ), p(μ)) that it would have in the absence of interactions:
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	(20.A.12)







For Γ = 0 this has a solution Z = 1 which is unique (because the polynomials for a given set of lines are supposed to be linearly independent), so by continuity Eq. (20.A.12) will have a unique solution for coupling constants in some finite range. Eq. (20.A.10) therefore provides a recursive definition of the coefficient functions [image: image] appearing in the general operator product expansion (20.A.4).

Problems

1.  Consider a theory of a fermion field ψ interacting with a scalar field ϕ with interactions of the form [image: image]ψ and ϕ4. List the operators that appear in the operator product expansion of [image: image](x)ψ(0) with coefficient functions that (judging from perturbation theory) are singular and non-vanishing for x → 0. Describe how you would calculate these coefficient functions to one-loop order.

2.  Consider quantum chromodynamics with N massless quarks, and define the spectral functions of the scalar and pseudoscalar quark bilinears by

[image: image]



where λα, are a complete set of traceless Hermitian N × N matrices, normalized so that Tr(λα,λβ) = 2δαβ. What spectral function sum rules are satisfied by linear combinations of [image: image] and [image: image]?

3.  Derive Eq. (20.6.8) in the parton model from the formulas (8.7.7) and (8.7.38) for Compton scattering.

4.  List the gauge-invariant symmetric traceless tensors of twist four in quantum chromodynamics.

5.  In the massless scalar field theory with interaction −gϕ4/24 (with g > 0), where in the complex plane would you expect the function (20.7.3) to have renormalon singularities?
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1   In order for the coefficients in this series to be finite, these products must be renormalized by multiplication with suitable infinite factors. This will be made clearer in the derivation presented in the next section.

2   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

3   Throughout this chapter, whenever it is said that an amplitude is of order kA, it should be understood that for kp = κnρ where K → ∞ with nρ a fixed generic four-vector, the amplitude approaches κA times a sum of powers of ln κ.

4   The subscript C on the time-ordered product here indicates that we are including only connected graphs. We have dropped the superscript ϕϕn [image: image], because in this section we are concerned only with the operator product expansion for two ϕ fields. These fields are themselves renormalized, because we implicitly include counterterms along with radiative corrections for the propagators of the lines carrying momenta k and p − k.

5   The possibility m = 1 is excluded because the symmetry of this theory under ϕ →. −ϕ) rules out graphs or subgraphs with odd numbers of external lines. The possibility m = 0 is excluded because Γ is defined to arise only from connected graphs.

6   There is also a U(1) symmetry which is vectorial, in the sense that it acts the same way on the left- and right-handed parts of the light fermion fields. This is just the conservation of light quark number, and will not concern us here. The axial U(1) symmetry of the Lagrangian, which acts differently on the left- and right-handed parts of the light fermion fields, is broken by the quantum effects discussed in Section 23.5.

7   Taking the SU(2) generators λa to be the Pauli matrices, as in Eq. (19.7.2), we have F = Fπ= 184 MeV.

8   The same formalism can be used for other deep-inelastic lepton scattering processes, such as vμ + p → μ− + H, except that since parity is not conserved in these processes there is an additional term in Wμν(q, p) proportional to [image: image]μνρσPρqσ For simplicity, we will limit ourselves here to deep-inelastic electron scattering.

9   This may be derived from the formulas (8.7.7) and (8.7.38) for Compton scattering on a spin 1/2 particle of four-momentum p and mass m in a general Lorentz frame. For this purpose, it is useful to note that in the gauge used to derive these formulas, for which the initial and final real polarization vectors eμ, and e′μ satisfy e2 = e′2 = 1, e · p = e′ · p = e · k = e′ · k′= 0, the polarization sum gives

[image: image]

10   For q2 = 0, these may be derived exactly as in the derivation of the dispersion relation (10.8.16) for forward photon scattering. The derivation for fixed q2 ≠ 0 is more difficult.

11   The −4 in the exponents arises from the integral over z in Eq. (20.6.14), and the +6 in these exponents is the dimensionality of the two electric current operators. The terms −s/2 and −(s − 2)/2 serve to compensate for the powers of qμ already in vs and vs−2, respectively.

12   The factor (mN/mf) is inserted in Eq. (20.6.31) because v is defined as −q · p/mN instead of −q · p/mF, while it is W2/[image: image] rather than W2/[image: image]; that appears in Eq. (20.6.2). Eq. (20.6.32) then follows from Eq. (20.6.10). The quantity co may be written in a mass-independent way, as ω = −2q · p/q2.

13   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

14   Here the symbol ≈ should be interpreted to mean ‘asymptotically equal up to factors of constants and powers of n.’ These factors arise from the factor [image: image] in Stirling’s formula for (n + 1)!, from the ratio of (n + 1)! and n!, and from the integral over the fluctuations of g and μ(x) around the stationary point. Since we are not going to calculate the factors from the last source, there is no point in keeping track of the factors from the first two sources either.

15   This overlooks the possibility that even though power-counting indicates the convergence of the integral in the second term on the right-hand side of Eq. (20.A.7) over the region where all k″ go to infinity together, for n([image: image]″) ≥ 3 subintegrations may diverge. For this reason the arguments given in this appendix do not constitute a proof of the operator product expansion except for the simple case treated in Section 20.2, where we consider the momenta of just two external lines to go to infinity, and we look for the terms in the power series expansion associated with operators that are quadratic in the fields.


21

Spontaneously Broken Gauge Symmetries

The 1961 theorem1 that broken symmetry implies massless spin zero Goldstone bosons was seen at first as a serious obstacle to the search for broken symmetries in nature. A few years later several authors noted an exception to this theorem, already mentioned in Section 19.2: the Goldstone bosons are absent where the broken symmetry is local, rather than global.2 Instead, these degrees of freedom show up as the helicity zero states of the vector particles associated with the broken local symmetries, which thereby acquire a mass. This phenomenon, now generally known as the Higgs mechanism, was not at first applied in any sort of realistic theory, perhaps because by the mid-1960s it had become clear that the pion is a Goldstone boson of a spontaneously broken approximate symmetry, and attention therefore shifted away from the effort to avoid Goldstone bosons. But soon after, spontaneously broken local symmetries turned out to provide the natural framework for understanding the weak and electromagnetic interactions of the elementary particles.3

21.1 Unitarity Gauge

We saw in Chapter 19 that in a theory with a global symmetry group G that is spontaneously broken to a subgroup H, there is a massless ‘Goldstone’ boson for every independent broken symmetry, in the sense that the mass matrix [image: ] of real spinless fields [image: ] has a zero eigenvalue with eigenvector [image: ] for each independent broken symmetry generator [image: ] of G. (We are here considering the case where these Goldstone bosons are included among the elementary spinless particles represented by scalar or pseudoscalar fields [image: ] appearing in the Lagrangian; the more general case will be taken up in Section 21.4.) We also saw that we could rotate away these Goldstone modes, by subjecting the fields to a G transformation [image: ]
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	(21.1.1)








such that the new fields are orthogonal to the Goldstone directions1
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	(21.1.2)








where [image: ] is the vacuum expectation value, [image: ] After rotating the fields so that they satisfy Eq. (21.1.2), the Goldstone boson fields then reemerged as the spacetime-dependent parameters in [image: ]. The point of this procedure was that since the Lagrangian was invariant under the transformation (21.1.1) with constant [image: ], all dependence on [image: ] dropped out except where [image: ] is acted on by derivatives.

On the other hand, if the Lagrangian is invariant not only under constant G transformations but also under G transformations that depend on spacetime position, then the transformation (21.1.1) is a true symmetry of the theory, and all dependence on [image: ] drops out of the Lagrangian, so that we can simply replace [image: ] everywhere with [image: ] This is a choice of gauge, fixed by imposing the condition (21.1.2) on [image: ] rather than by imposing conditions on the gauge fields themselves. (For instance, in the electrodynamics of a charged scalar field [image: ] we can choose a gauge like Lorentz or Coulomb gauge by imposing conditions [image: ] or [image: ] but we can also choose a gauge by imposing a condition on [image: ], as for instance that [image: ] be real, or in other words by rotating the two-vector [image: ] into the 1-direction.) The gauge defined by Eq. (21.1.2) is called unitarity gauge,3a because in this gauge it will be obvious that the theory does not have any degrees of freedom with negative probability, like timelike gauge bosons. More generally, the unitarity gauge makes manifest the menu of physical particles of the theory.

Eq. (21.1.2) shows that there are no Goldstone boson fields in unitarity gauge. Since the theory is gauge-invariant this means that there are no physical Goldstone bosons, whatever gauge we choose. What about the vector bosons? If the [image: ] are elementary canonically normalized scalar fields, the Lagrangian will contain a term
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	(21.1.3)







where [image: ] runs over all the generators of the gauge group G. (From now on we shall drop tildes, it being understood henceforth in this section that we are already in unitarity gauge.) We are assuming that the symmetry G is broken by the vacuum expectation value [image: ] of [image: ], so in order to see the nature of the particle spectrum, we define a shifted field [image: ]
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	(21.1.4)







(It is sometimes convenient to take [image: ] in Eqs. (21.1.2) and (21.1.4) as the vacuum expectation value in the tree approximation. In order to generate a useful perturbation theory it is only necessary that [image: ] should agree with the true vacuum expectation value in lowest order.) Expanding Eq. (21.1.3) to second order in [image: ] and A, we have:
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	(21.1.5)







Using Eq. (21.1.2), we see that the [image: ]–A cross term vanishes, yielding
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	(21.1.6)







where
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	(21.1.7)







Combining this with the quadratic terms in the Yang–Mills Lagrangian [image: ] we see that the vector particles have a mass matrix [image: ]. In our notation the generators enm are proportional to gauge coupling constants, so Eq. (21.1.7) yields vector boson masses that are also proportional to these coupling constants.

Let’s take a look at some of the algebraic properties of [image: ]. Since [image: ] is imaginary and antisymmetric (and hence Hermitian) the matrix [image: ] is real, symmetric, and positive. Also, if a certain real linear combination of generators [image: ] is unbroken, then
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	(21.1.8)







in which case Eq. (21.1.7) shows that, as noted by Kibble,2
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	(21.1.9)







That is, we still have a massless gauge boson for every unbroken gauge symmetry. The converse is also true; from Eq. (21.1.7) we see that for arbitrary real constants ca
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	(21.1.10)







and this can vanish only if ca, satisfies Eq. (21.1.8).

In particular, if there is just one unbroken symmetry [image: ], then the general gauge field can be written
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	(21.1.11)







where “...” denotes a linear combination of the gauge fields of definite non-zero mass, and ca, is the coefficient of [image: ] in the single unbroken generator q,
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	(21.1.12)







so that the field [image: ] will appear with zero coefficient in the mass term [image: ]. In order for the coefficient of [image: ] to have the canonical value 1, the ca must also be normalized
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	(21.1.13)







Note that q is the charge to which [image: ] is coupled, in the sense that
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	(21.1.14)







where “...” again denotes terms involving massive gauge fields. We shall use these general results in studying the electroweak theory in Section 21.3.

These results have been derived here for scalar fields that form a real representation of the gauge group, but they can be straightforwardly converted to a form appropriate for complex representations. We saw in Section 19.6 that a complex scalar field [image: ] that transforms according to a representation of the gauge group with Hermitian generators Ta may be written as a set of real fields
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	(21.1.15)







which furnish a real representation of the gauge group with generators
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	(21.1.16)







Inserting Eqs. (21.1.15) and (21.1.16) in Eq. (21.1.7) gives the vector boson mass matrix (21.1.7) as
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Now let’s take a closer look at the vector field propagator. Including the quadratic term in the Yang–Mills Lagrangian, the part of the total  Lagrangian that is quadratic in A is








	[image: image]

	(21.1.18)







where
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Suppose for simplicity that all gauge symmetries are broken, so that [image: ] has no zero eigenvalues. According to the general rules described in Section 9.4, the gauge-field propagator in momentum space is
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Because of the kv kλ term, the propagator has an asymptotic behavior [image: ] which does not allow us to use the usual power-counting arguments to prove renormalizability. Fortunately, as we shall see in the next section, there is another gauge in which renormalizability is obvious, at the price of obscuring the particle content of the theory.

[image: ]

It is important to note that although Goldstone bosons suddenly reappear in the physical spectrum in the limit of zero gauge couplings, physical matrix elements are perfectly continuous in this limit. This is because in unitarity gauge the gauge bosons do not entirely decouple for zero gauge couplings. Consider the matrix element for a scattering process A + B → C + D, where A and C belong to some representation of the gauge algebra, and B and D belong to some different representation of the gauge algebra. The S-matrix element for this process receives a contribution from vector boson exchange
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	(21.1.21)







where k = PA – pc = pD – PB, and [image: ] is the current to which the gauge bosons are coupled, with the subscript N to remind us that in this gauge we omit the Goldstone boson pole term in this current. This current is proportional to gauge coupling constants, so the only terms in Eq. (21.1.21) that survive in the limit of zero gauge couplings are the ones involving the matrix [image: ], which becomes singular in this limit. Hence for  zero gauge couplings, the S-matrix element is
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	(21.1.22)







The gauge coupling constants in the currents are cancelled by the gauge coupling constants in the matrix [image: ].

Now let us compare this result with the contribution of Goldstone boson exchange. For vanishing gauge couplings there is a set of Goldstone bosons Ba associated with generator ta (assuming for simplicity that all gauge symmetries are spontaneously broken) with the kinematic term in the Lagrangian given by [image: ], where [image: ] is the component of the Goldstone boson Ba in the spinless field [image: ] defined by Eq. (19.2.39). In order that the Goldstone boson fields be canonically normalized, we must therefore have
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According to Eq. (19.2.49), the Goldstone boson Ba couples to the currents [image: ] with a coupling constant [image: ], where [image: ] is the coupling of the Goldstone boson associated with generator ta to the current [image: ] defined by Eq. (19.2.38). Thus the exchange of Goldstone bosons would give a scattering matrix element
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But Eqs. (19.2.40), (21.1.7), and (21.1.23) give the vector boson mass matrix as
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so in the limit of vanishing gauge boson coupling, the gauge boson exchange matrix element (21.1.22) is the same as the Goldstone boson exchange matrix element (21.1.24). This argument can be reversed; the requirement of continuity at zero gauge coupling can be used to derive a formula for the gauge boson masses even in the case where all other couplings are strong.

21.2 Renormalizable [image: ]-Gauges

In 1971 ‘t Hooft4 showed that path integrals in spontaneously broken gauge theories can be calculated in a gauge in which the vector boson propagators vanish for momentum k → [image: ] as k–2, so that these theories satisfy the power-counting test for renormalizability described in Section 12.2. Here we shall describe a larger class of renormalizable gauges, parameterized by an arbitrary constant [image: ], that was introduced a little later by Fujikawa, Lee, and Sanda.5

In general gauges the kinematic term (21.1.3) in the Lagrangian for the scalar fields of a theory contains a cross term

[image: image]

where [image: ] is the vacuum expectation value of [image: ], and [image: ] is the shifted field defined by Eq. (21.1.4). In unitarity gauge this term vanished as a consequence of the gauge condition (21.1.2). We will adopt a different approach here, similar to that of Sections 15.5 and 15.6. A functional B[f] is introduced into the path integral, with
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This is equivalent to adding a gauge-fixing term in the Lagrangian
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Instead of taking [image: ] pilicz, as in Section 15.5, we shall now take the gauge-fixing function as
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	(21.2.3)







which is designed so that the above cross term in (21.1.3) is cancelled by the cross term in Eq. (21.2.2). Unitarity gauge is now a special case; for [image: ] gauge-fixing functional (21.2.1) is infinitely sharply peaked at a [image: ] that satisfies the unitarity gauge condition (21.1.2). Another special case is provided by the limit [image: ]; here the gauge-fixing functional is peaked at a gauge field that satisfies the Landau gauge condition [image: ].

We also include in the Lagrangian a quartic polynomial →P([image: ]), subject to the gauge-invariance condition
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We must of course also include in the Lagrangian a gauge-field term
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The total Lagrangian density of gauge fields and scalars is then

[image: image]

As we saw in Section 15.6, the introduction of a gauge-fixing functional B[f] requires also the introduction of a ghost field [image: ] with Lagrangian depending on the gauge-transformation properties of fa. Under a general gauge transformation (with an arbitrary function [image: ]a(x))

[image: image]

we have
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According to the general results of Section 15.6, this yields a ghost Lagrangian
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Finally, if the theory involves spin [image: ] fermions there will also be a general renormalizable term
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where [image: ] is the matrix representation of the generators of the gauge group for the fermions (including coupling-constant factors), and mo and [image: ] are constant matrices (in general, linear combinations of terms proportional to Dirac matrices 1 and [image: ]) satisfying the gauge-invariance conditions

[image: image]

(The factor [image: ] arises from the definition [image: ] It is relevant only if [image: ] involves terms proportional to [image: ].) The general theorem proved in Sections 15.5 and 15.6 guarantees that the S-matrix calculated from a  Lagrangian given by the sum of Eqs. (21.2.6), (21.2.10), and (21.2.11) is of the choice of the parameter [image: ] appearing in the gauge-fixing function (21.2.3), and so for any [image: ] will give the same results as the choice [image: ] corresponding to unitarity gauge.

To derive the propagators for all these fields, we need the part of the Lagrangian that is quadratic in fields:
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where [image: ] is the vector boson mass matrix (21.1.7):
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where [image: ] and m are new scalar and fermion mass matrices:








	[image: image]
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We see from Eq. (21.2.14) that the ghosts have gauge-dependent masses, equal to [image: ] times the corresponding vector boson masses.

These expressions give the particle masses in the zeroth order of perturbation theory. To this order, the vacuum expectation value [image: ], is just the location of the minimum of the polynomial ‘potential’ [image: ]:
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Also, as we saw in Section 19.2, it follows from Eqs. (21.2.4) and (21.2.17) that
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for all a. It follows then that in place of the Goldstone modes with mass zero, the scalar boson mass-squared matrix in Eq. (21.2.16) has eigenvalues equal to [image: ] times the non-zero vector boson masses. That is, if [image: ] has an eigenvector cβ with eigenvalue [image: ], then [image: ] is an eigenvector of M2 with an eigenvalue [image: ]
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The other eigenvectors of [image: ] are then orthogonal to all of these, and hence to all [image: ], so these eigenvectors and the corresponding eigenvalues are just the same as for the matrix [image: ]. We see that for the unitarity gauge value [image: ] the Goldstone bosons are so heavy that they drop out of the theory, while the other boson masses are as usual.

The propagators are calculated by the usual rules: if the free-particle part of the Lagrangian takes the form (after integration by parts) [image: ] for a complex field [image: ] or [image: ] for a real field [image: ], then the propagator of this field is [image: ]. This gives the propagators:

[image: image]

The poles in Eq. (21.2.20) at unphysical mass squares proportional to [image: ] are cancelled by the poles at the same masses in Eq. (21.2.21). Note that now for finite all propagators have the same asymptotic behaviors as in the unbroken symmetry case, as required for renormalizability. In particular, the kukv, term in the vector boson propagator no longer presents any problem for renormalizability, because it is accompanied with an extra factor [image: ]. We can even drop this term by choosing Feynman gauge, with = 1. It is only in the unitarity gauge case where [image: ] that this factor fails to give the propagator the asymptotic behavior needed for renormalizability.

Even with well-behaved propagators, it is still necessary to show that the ultraviolet divergences in these theories are constrained by the broken gauge symmetries in such a way that every infinity can be cancelled by the renormalization of a field or a parameter in the Lagrangian. This can be done by the same techniques as in Sections 17.2 and 17.3, but treating the vacuum expectation values of the spinless fields as external fields rather than fixed quantities that break the symmetries.5a

21.3 The Electroweak Theory

The most important application of spontaneously broken gauge theories has been to the theory of weak and electromagnetic interactions.3 Weak interactions at low energies are well described by an effective Lagrangian given by a sum of products of vector (including axial-vector) currents, as in Eq. (19.4.22). This suggests that these interactions may like electromagnetism be described by some sort of gauge theory. In order to insure the separate conservation of electronic-type and muonic-type leptons and baryons (or quarks) we may guess that the known electronic-type and muonic-type leptons and the quarks all form separate representations of the gauge group. With this assumption, there are only a few possibilities for the structure of the gauge group.

Let’s first consider the electronic-type lepton fields. As far as we know, these consist only of the left- and right-handed parts of the electron field e:
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and a purely left-handed electron-neutrino field veL
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	(21.3.2)







The fields in any representation of the gauge group must all have the same Lorentz-transformation properties, so the representations of the gauge group here divide2 into a left-handed doublet (veL, eL) and a right-handed singlet eR. The largest possible gauge group is then

[image: image]

under which the fields transform as
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where the generators are

[image: image]

with g a constant to be chosen later. It will be convenient instead of tL, and tR to consider the generators
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	(21.3.7)







and
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	(21.3.8)







where g′ and g′′ are constants like g to be chosen later. The generator y appears along with t3 in a linear combination that plays a special role in physics; it is the electric charge
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	(21.3.9)







Also, ne is the electron-type lepton number. We want to include both charge-changing weak interactions (like beta decay) and electromagnetism in our theory, so we will assume that there are gauge fields [image: ] and [image: ] coupled to [image: ] and y. In addition, we may or may not want to include a gauge field coupled to the one remaining independent linear combination of tL, and tR, which can be taken as the electron-type lepton number (21.3.8). There are very stringent limits7 on the long-range forces that would be produced by a massless gauge field coupled to tie, so in order to include in our theory a gauge field coupled to ne with a strength g" comparable to the weak and electromagnetic interactions, we would have to assume that this gauge symmetry is spontaneously broken.3 However, there is no experimental evidence for the weak interaction that would be produced by such a gauge coupling (and plenty of evidence by now against it) so we shall simply exclude ne from the generators of the gauge group. The gauge group is then8
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with generators [image: ], y given by Eqs. (21.3.4) and (21.3.7) respectively. The coupling constants g and g′ are to be adjusted so that the gauge fields [image: ] and Bμ coupled to these generators are canonically normalized. The most general gauge-invariant and renormalizable Lagrangian that involves just these gauge fields and electronic leptons is then
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(We here use the fact that the structure constants of SU(2)L and U(1) are [image: ] and zero, respectively.)

Of course, of the four gauge fields coupled to [image: ] and y, only one linear combination, the electromagnetic field [image: ], is actually massless. We therefore must assume that SU(2)L × U(1) is spontaneously broken to a subgroup U(1)em, with generator given by the charge (21.3.9). The details of the symmetry-breaking mechanism will be considered a little later. However, whatever this mechanism may be, we know that the canonically normalized vector fields corresponding to particles of spin one and definite mass consist of one field of charge +e with mass mw :
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another of charge –e and the same mass:
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and two electrically neutral fields of mass mz and zero respectively, given by orthonormal linear combinations of [image: ] and [image: ]:

[image: image]

or equivalently

[image: image]

According to the general result (21.1.11)–(21.1.12), the generator of the unbroken symmetty, which is here electromagnetic gauge invariance, is given by a linear combination of generators in which the coefficients are the same as the coefficients of the corresponding massless field in the expansion of the canonically normalized gauge fields coupled to these generators. Inspecting Eqs. (21.3.16) and (21.3.17) shows that
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Comparing this with Eq. (21.3.9) gives then
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The complete lepton–gauge boson coupling can be expressed in terms of the couplings g and g′:

[image: image]

To complete the theory, we must now make some assumption about the mechanism of symmetry breaking. We want this mechanism to give masses not only to the W± and Z0, but to the electron as well. Now, the only way that this is possible in a renormalizable weakly-coupled theory is to have a scalar field coupled without derivatives to [image: ] and [image: ] (and also [image: ] and [image: ]). Then SU(2)L × U(1) invariance requires that the scalar be an SU(2)L doublet like [image: ], but with a shifted value of y and hence of q. We thus assume a ‘Tukawa’ coupling
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where [image: ] is a doublet, on which the SU(2) × U(1) generators are represented by the matrices:
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so that the charge matrix is
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It is possible that there are other scalar multiplets in the theory, but for the moment let’s suppose that this is the only one.

We must add a gauge-invariant term involving scalar and gauge fields to the Lagrangian. The most general form consistent with SU(2) × U(1) gauge invariance, Lorentz invariance, and renormalizability is:
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where [image: ] and
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For [image: ] there is a tree-approximation vacuum expectation value at the stationary point of the Lagrangian
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We can always perform an SU(2) × U(1) gauge transformation to a unitarity gauge, in which [image: ] and [image: ] is Hermitian, with a positive vacuum expectation value. (This is why we normalized the complex doublet [image: ] so that an unconventional factor [image: ] appears in the kinetic term in Eq. (21.3.25); Re[image: ] is the only physical scalar field, and Eq. (21.3.25) makes this a canonically normalized field.) In unitarity gauge the vacuum expectation values of the components of [image: ] are
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The scalar Lagrangian (21.3.25) then yields a vector meson mass term
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We see that as expected, the photon mass is zero, while the W± and Z0 have the masses
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Also, from Eqs. (21.3.21) and (21.3.28) we see that the electron is given a lowest-order mass
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It is difficult to study reactions among electron-type leptons alone, though by now there are data on scattering processes like [image: ] For high precision data we have to consider reactions that also at least involve muonic-type leptons, such as the well-studied process of muon decay, [image: image]. It is trivial to extend the above model to include muon-type leptons – just add to the Lagrangian terms [image: ] and [image: ] like the last terms in Eqs. (21.3.11) and (21.3.21), with the fields e and ve replaced with the muon and muon-neutrino fields [image: ] and vμ, and with Ge replaced with [image: ] Inspection of (21.3.20) and the corresponding term with e and ve replaced with it and vi, shows that W exchange between low energy, e-type and μ-type leptons produces the effective interaction
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This may be compared with the interaction of the effective ‘V – A’ theory which is known to give a good description of muon decay
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Here GF is the conventional Fermi coupling constant, known from the muon decay rate to have the value GF = 1.16639(2) × 10-5 GeV-2. Comparing these two expressions, we find
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This allows an immediate determination of the vacuum expectation value v, given by Eq. (21.3.30) as
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Also, Eq. (21.3.31) shows that Ge has the very small value
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From Eq. (21.3.30) we see that mz > mw. We cannot use Eq. (21.3.30) to determine the actual values of mz and mw without knowing something about g and g’. Using Eqs. (21.3.30) and (21.3.19), we can express mz and mw in terms of the electroweak mixing angle 0:

[image: image]

These are the original results obtained in Ref. 3. Of course, there are radiative corrections of all sorts, most of which depend on details of the theory that have not yet been specified in this section. But there is one particularly large radiative correction that can be readily calculated with-out further information. The above values for mw and mz were calculated using the conventionally defined electronic charge for e. However, as explained in Section 18.2, this is not precisely the appropriate value to use in calculations of processes at energies [image: ] we should instead use the electric charge eμ defined at a sliding scale μ comparable to the energies of interest. For μ of the order of 90 GeV the effective fine structure constant [image: ] is about 1/129 (and quite insensitive to the precise value of μ), so m the above values for mw and mz should be multiplied with [image: ] giving

[image: image]

Whatever the value of θ, these masses are too large for there to have been any hope of detecting the W or Z in the 1960s or early 1970s. Experimental evidence for the electroweak theory had to come instead from the discovery of the new class of weak interactions predicted by the theory, the neutral current processes produced by Z0 exchange.9 The first observation of a neutral current process was the 1973 bubble chamber detection of the purely leptonic process of [image: ] elastic scattering.10 Although these processes are easy to deal with theoretically, the frequency of events is relatively low, because the cross section is proportional to the square of the center-of-mass energy.4 It was years before the purely leptonic neutral current reactions could be used to give a reasonably precise value for the parameter sin2 θ. By 1994, the study of purely leptonic neutral current processes like [image: ] and [image: ] had yielded the value 0.222 + 0.011, which would give mw = 81.5 GeV and mz = 92.5 GeV.

Even before the discovery of neutral currents, the electroweak theory had been extended to the weak and electromagnetic interactions of hadrons with each other and with leptons. By the mid-1960s, it had become understood that weak interaction processes in which charge is exchanged between leptons and hadrons are well described at low energy by the effective Lagrangian
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where Jλ is an hadronic current. Within the quark model, the commutation and conservation properties of Jλ allowed it to be identified with the quark current
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	(21.3.40)







Here u, d, s are the fields of the up, down, and strange quarks, and θC is another angle, known as the Cabibbo angle.11 Experiments on processes like [image: ] and [image: ] confirm that GF has very nearly the same value as that measured in the purely leptonic process [image: ] and give for θc the value12 [image: ] We naturally conclude that the quarks provide another SU(2) × U(1) doublet
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	(21.3.41)







as well as right-handed singlets, with y values adjusted to give the quark charges 2e/3 and θe/3. By itself this would lead to a serious difficulty. The Z0 boson interacts with the quark neutral current
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with the sum running over all quark doublets [image: ] like (21.3.41). The charge matrix q is diagonal in quark flavors, but if (21.3.41) were the only quark doublet then the term involving the matrix t3L would contain cross terms proportional to [image: ] and [image: ], leading to effective Z exchange interactions like [image: ] and [image: ] with the strength of ordinary first-order weak interactions. Such effects would lead to rates for processes like [image: ] oscillations and [image: ] many orders of magnitude greater than observed. Also, even without neutral current terms in the Lagrangian, the one-loop diagrams involving the interaction (21.3.39) with the charged current (21.3.40) would lead to an effective interaction [image: ] which is smaller than an ordinary first-order weak interaction only by a factor of order [image: ], leading to a rate for [image: ] oscillations that is still much too large. In order to avoid this last difficulty, it was proposed13 that there is another term in Jλ; in modern notation,








	[image: image]
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where c is a fourth quark, like u with charge 2e/3. Adding (21.3.43) to (21.3.40), the charged current may be written

[image: image]

The only reason that the interactions of the W with this current do not conserve strangeness is that the c and u have different masses, leading to transitions between u cos θc θ c sin θc and u sin θc + c cos θc. But this means that the loop diagrams for the effective interaction [image: ] are suppressed by additional factors (since [image: ]) of [image: ], bringing the rate for [image: ] oscillations into agreement with experiment.

It was subsequently noted14 that this also solves the problem of the strangeness changing Z0 interactions. In the context of the SU(2) × U(1) gauge theory the combination [image: ] cannot be a singlet, but must be part of another doublet
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Including this doublet in the weak neutral current (21.3.42), the strangeness non-conserving terms proportional to [image: ] and [image: ] cancel, removing the problem of excessive Z exchange contributions to processes like [image: ] oscillations and [image: ]. Particles containing the c quark in a [image: ] bound state were discovered15 in 1974, and indicated a mass mc [image: ] 1.5 GeV.5 This completed two generations of quarks and leptons: a (u, d) quark doublet mixed with a (c, s) quark doublet, together with two lepton doublets (ve, e) and (vμ, μ).

The first sign of a third generation was the discovery of a third charged lepton,16 the τ. Later a fifth quark type, the b, was discovered,17 with charge –e/3 and a mass of about 4.5 GeV. A sixth, the t with charge 2e/3, then became theoretically necessary, and after a long interval it too was discovered,18 with a mass quoted in 1995 as 181 + 12 GeV.19 Today the hadronic current Jλ a in (21.3.39) is expressed as
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where V is an incompletely known 3 × 3 unitary matrix, known as the Kobayashi?Maskawa matrix.20 In the SU(2) × U(1) gauge theory, this means that there are three quark doublets:

[image: image]

It is important to recognize that this is just what we should naturally expect on general grounds for three quark doublets. The most general renormalizable (S U(3) x SU(2) × U(1))-invariant interactions of the scalar doublets [image: ] with the quarks must in general take the form
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		(21.3.49)







where Ui and Di with i = 1, 2, 3 are three independent quark fields of charge 2e/3 and –e/3, respectively, L and R denote the left- and right-handed parts of the quark fields, and [image: ] and [image: ] are unknown constants. The vacuum expectation values of the neutral scalars then produce a quark mass term
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where
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The matrices [image: ] and [image: ] are not constrained in any way, and in particular may be complex and non-diagonal, in which case parity- and flavor-non-conserving terms appear in [image: ]. But we can introduce new quark fields [image: ] where the As are 3 × 3 matrices constrained only by the condition that they must be unitary in order to preserve the form of the kinematic term (19.4.1). Then the mass term (21.3.50) takes the same form when rewritten in terms of the primed quark fields, but with the matrices mu and mD replaced with
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Now it is a general theorem that for any matrix m, it is always possible to choose unitary matrices A and B such that AmB is real and diagonal. (Use the polar decomposition theorem to write m = HU, where H is Hermitian and U is unitary, and choose A = S† and B = U†S, where S is the unitary matrix that diagonalizes H.) We can therefore choose the As so that [image: ] and [image: ] are real and diagonal, in which case the quark fields u, c, t, d, s, and b are to be identified with the components of [image: ] and [image: ]. The weak doublets are now written as

[image: image]

but we can just as well take the doublets as linear combinations [image: ] that have charge 2e/3 quarks of definite mass u, c, t as their top component, in which case these doublets take the form (21.3.46)–(21.3.48), with
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	(21.3.53)







Within 90% confidence limits, the best present (1995) values for the absolute values of the elements of the Kobayashi?Maskawa matrix are20a

[image: image]

with rows labelled u, c, and t, and columns labelled d, s, and b.

If there were only two quark doublets formed from u, d, c, and s quarks, it would be possible to choose the phases of the quark fields so that all Vij are real6 so that the V matrix is orthogonal, and the doublets (21.3.46) and (21.3.47) (with b omitted) take the form (21.3.41) and (21.3.44), respectively. In this case the gauge interactions would automatically conserve T and CP. The great importance of the third generation is that it is no longer always possible to choose quark phases so that the V matrix is real, and therefore the gauge interactions can violate T and CP conservation. But for unknown reasons the elements Vub, Veb, Vtd, and Vts that connect the third generation with the first two are all quite small, so the physics of the first two generations is hardly affected by the presence of the third, which explains in a more-or-less natural way why the Cabibbo assumption (21.3.40) works so well and why the violation of T and CP conservation is so weak. T and CP conservation can also be violated by scalar boson interactions if there are two or more scalar doublets;20b here the violation of T and CP conservation is expected to be weak because the scalar doublets couple weakly to light quarks. It is still unknown which of these mechanisms is responsible for the observed violation of T and CP conservation in [image: ] decay, discussed in Section 3.3.

Neutral current processes involving hadrons, such as neutrino?nucleon deep-inelastic scattering, were discovered in 1973,21 shortly after the detection of the purely leptonic process [image: ] Because of the much greater mass of the target particle here, it became possible before long to observe large numbers of events, and use them to confirm the electroweak theory and measure its parameters. Additional information on lepton–hadron neutral current interactions came from the observation of parity violation in atomic physics. By 1983 all direct measurements of sin2 θ had become consistent, and gave a combined value sin2 θ = 0.23, yielding the predictions mw = 80.1 GeV and mz = 91.4 GeV. Then in 1983 the W was discovered, with the Z following soon after.22 Their measured masses are now (in 1995)

[image: image]

in satisfactory agreement with the predictions of the electroweak theory.

The very great accuracy of the measurement of the Z mass, which has been achieved by tuning the energy of e+θe⁻ collisions to the Z resonance at LEP (CERN’s Large Electron Positron collider) and the SLC (Stanford Linear Collider), has changed the way that electroweak data is analyzed. Instead of comparing predictions of W and Z masses with observed values, the Z mass is taken as an experimental input, along with the Fermi coupling constant GF = 1.16639(2) × 10‒5 GeV‒2 taken from the rate of muon decay (including radiative corrections to order a), and the fine structure constant a(mz) = (128.87 + 0.12)-1, extrapolated from low energy measurements as described in Section 18.2. In this way sin2 0 becomes a derived quantity; if defined by Eq. (21.3.38), it takes the value sin2 θ = 0.2312 + 0.003. With these inputs, the electroweak theory can be used to make predictions of other quantities like mw with sufficient precision that it becomes necessary to take electroweak radiative corrections into account.25 In one-loop order these radiative corrections involve the masses of the t quark and scalar (’Higgs’) boson, and thus can be used to estimate these masses. For instance, before the top quark was discovered the agreement between theory and experiment set bounds on these radiative corrections which implied a top quark mass in the range 130-200 GeV,26 in agreement with the value subsequently found experimentally. The W mass is predicted (in 1994) to be 80.29 GeV, with an uncertainty of +0.02 GeV from uncertainties in the inputs mz, GF, and a(mz), and an uncertainty of +0.11 GeV from the range of possible values of mt and MHiggs. One 1995 study27 concludes that Miliggs < 225 GeV. The precise measurement of mw expected at the LEP 2 electronθpositron collider at CERN will allow a useful estimate of mHiggs.

[image: image]

The most general renormalizable Lagrangian with the field content and SU(3) × SU(2) × U(1) gauge symmetries of the electroweak theory automatically respects baryon and lepton conservation. This is obviously true for the gauge interactions and bare mass terms, because the quarks, antiquarks, leptons, and antileptons all belong to distinct representations of SU(3) × SU(2) × U(1). With scalars all belonging to SU(3) neutral SU(2) doublets with U(1) quantum number +1/2, the only renormalizable interactions of scalars with fermions and/or antifermions are with quark–antiquark and lepton–antilepton pairs, which of course conserve baryon and lepton number. (In much the same way, one can see that the charged hadronic currents with which leptons interact are necessarily linear combinations of the currents associated with the spontaneously broken SU(3) × SU(3) symmetry described in Section 19.7, as assumed without knowing the explanation in the original work on this broken symmetry.)

These results depend critically on the assumption that the standard model is renormalizable. But as we have repeatedly emphasized, the renormalizable Lagrangian of the standard model is expected to be accompanied with non-renormalizable terms of dimensionality d > 4, suppressed by 4 – d powers of some very large mass M. The leading corrections to the predictions of the renormalizable standard model come from terms with the smallest possible dimensionality greater than four.

The only Lorentz-invariant terms of dimensionality five that can be constructed out of the fermion and other fields of the standard model are at most bilinear in fermion fields and also contain either two scalars, or one scalar and one gauge-invariant derivative, or no scalars and two gauge-invariant derivatives (including their commutator, a field strength tensor). Color SU(3) invariance requires that the fermion fields in such an interaction appear in either a quark?antiquark bilinear or a pair of lepton and/or antilepton fields, all of which operators conserve baryon number. There are a great number of such terms, but to violate lepton number conservation they must involve a product of two lepton fields or of their conjugates. The left-handed lepton doublets [image: ] and right-handed charged lepton singlets [image: ] (with i = e, μ, or τ) have U(1) quantum numbers 1/2 and +1, respectively, while the scalar doublet (or doublets) [image: ] have U(1) quantum number –1/2, so we can construct U(1)-invariant interactions of dimensionality five out of two left-handed lepton doublets and two scalar doublets. With only a single type of scalar doublet, there is just one such term that satisfies SU(2) and Lorentz invariance:27a
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	(21.3.54)







where i and j are lepton flavor indices, and c denotes the charge conjugate field. At energies below the electroweak breaking scale, this yields an effective interaction
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	(21.3.55)







We expect fij to be of order 1/M, perhaps multiplied with small coupling constants, so this gives lepton number non-conserving neutrino masses at most of order27b (300 GeV)2/M. We shall see in Section 21.5 that M is expected to be of order 1015–1018 GeV, so we would expect neutrino masses in the range 10–4–10–1 eV, or less if suppressed by small coupling constants. Such masses are too small for direct measurement, but there is no reason for the neutrino mass matrix to be diagonal, so neutrino masses might be detected in oscillations of one neutrino type into another over long flight paths.

A similar analysis shows that there are interactions of dimensionality six that violate both baryon and lepton number conservation, involving three quark fields and one lepton field.27c Such interactions would have coupling constants of order M–2, and would lead to processes like proton decay, with rates proportional to M–4.

21.4 Dynamically Broken Local Symmetries7

Our discussion of spontaneously broken local symmetries has so far been entirely within the context of perturbation theory. To some extent, this limitation is inevitable. Whereas for spontaneously broken global symmetries it is possible to prove exact theorems about the existence and interactions of massless Goldstone bosons, the spontaneous breakdown of a local symmetry does not lead to any such precise consequences. Even the existence of massive vector bosons is not really a general theorem; for sufficiently strong gauge coupling these particles decay so rapidly that they lose their identity as distinct resonances of definite spin j = 1.

On the other hand, if the gauge couplings like e or g or g’ are sufficiently small then the theory with a spontaneously broken local symmetry must be very close to one with a spontaneously broken global symmetry, about which exact theorems can be proved. It is therefore possible to derive useful approximate results for such gauge theories, even if the other non-gauge couplings are very strong. One example is provided by the standard SU(2) × U(1) electroweak theory with a large scalar self-coupling λ (and hence a large scalar mass; see Eq. (21.3.27)). A more intriguing possibility is that the breakdown of electroweak symmetry is due to strong forces associated with some new gauge group acting on a set of new fermions. We will here consider the results that can be obtained for all such theories, without reference to the specific mechanism for spontaneous symmetry breaking.28

We assume that in the limit of zero gauge couplings, our theory is invariant under some group G of global symmetries, spontaneously broken  to a subgroup H. As discussed in Section 19.5, in this case the theory can be written in terms of a set of Goldstone boson fields [image: ]a, plus other matter fields [image: ], whose G-transformation properties are such that the Lagrangian is G-invariant if it is H-invariant and constructed solely from [image: ] and covariant derivatives [image: ] etc., given by Eqs. (19.6.14), (19.6.30), etc.

We now ‘turn on’ the gauge couplings. The gauge group [image: ] is of course required to be a subgroup [image: ] of the group G of all symmetries of the theory, and when G is spontaneously broken to H, must be spontaneously broken to a subgroup [image: ], equal to the intersection of [image: ] with H. The generators [image: ] of the gauge group [image: ] may be expressed as linear combinations of the generators TA of the full group G:
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	(21.4.1)







with coefficients eaA, the gauge couplings, that are taken very small. The index A runs over the labels i, a of the unbroken symmetry generators ti and the broken symmetry generators xa. (We are here taking the generators TA to be conventionally normalized; that is, they are represented by matrices with elements of order unity. In particular, in contrast to the [image: ], the structure constants of the xa and ti do not include factors of coupling constants.)

In the underlying theory in which G invariance is linearly realized, we introduce the coupling of gauge fields [image: ] to other fields Ψ by replacing ordinary derivatives with gauge-covariant derivatives
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		(21.4.2)







where
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	(21.4.3)







The resulting theory is then invariant under formal local transformations, under which the fields transform according to
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where g(x) is an arbitrary spacetime-dependent element of the group G. This is a purely formal invariance, because the gauge couplings in general actually break G, as shown by the fact that the transformation (21.4.5) does not in general preserve the form of the linear combination (21.4.3). Nevertheless, we can temporarily forget about Eq. (21.4.3), treating [image: ] as an unconstrained classical external field, and analyze the structure of the Lagrangian for the matter fields and their interaction with the gauge fields by requiring that it be invariant under local transformations (21.4.4), (21.4.5). In this way we will insure not only that the Lagrangian is invariant under the true local symmetry subgroup [image: ] (and for [image: ] under the larger global symmetry group G), but also that the currents, the variational derivatives of the matter action with respect to [image: ] will have the correct transformation under the broken global symmetry group G. Later we will restrict [image: ] to the form (21.4.3), and treat the field [image: ] as a quantum field, supplying a suitable kinematic term in the Lagrangian for this field.

In order to explore the implications of the spontaneous breakdown of the invariance group G to its subgroup H, we will proceed as we did in Section 19.6. First, replace tp and A with new fields [image: ], [image: ]:
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where [image: ] is the standard G transformation that eliminates the Goldstone boson degrees of freedom in Ψ, and D(g) is the representation of G furnished by the gauge fields:
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	(21.4.8)







These Goldstone degrees of freedom reappear in the spacetime-dependent parameters [image: ]a on which y([image: ]) depends. By the same calculations as in Section 19.6, for local as well as global transformations the transformation rule (21.4.4) translates into the transformations
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where h and f are defined by
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	(21.4.11)







with h in the unbroken subgroup H. We also need to work out the transformation rule for [image: ]. Recall that, according to Eq. (21.4.5), under these local transformations the linear combinations of gauge fields in Eq. (21.4.2) transform as

[image: image]

Multiplying on the left and right by [image: ] and [image: ] respectively, and using Eqs. (21.4.7), (21.4.8), and (21.4.11), we can write this as
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		(21.4.12)







To see how to cancel the inhomogeneous [image: ] term, we note that by differentiating Eq. (21.4.11) and multiplying on the left with its inverse, we have
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		(21.4.13)







So to cancel the inhomogeneous term, we must subtract Eq. (21.4.12) from Eq. (21.4.13):
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		(21.4.14)







We therefore define new gauge-covariant quantities [image: ] and [image: ] by
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with transformation properties
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	(21.4.16)







where
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just as in Eqs. (19.6.26) and (19.6.27). We can use [image: ] to construct fully covariant derivatives of matter fields
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	(21.4.19)







as well as higher derivatives like [image: ] etc. Because of the inhomogeneous term in Eq. (21.4.12), we cannot freely introduce [image: ], or covariant derivatives like (21.4.19) of [image: ] into the Lagrangian. However, it is easy to construct a ‘curl’ that transforms covariantly under both local [image: ] transformations and global G transformations. It is
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	(21.4.20)







This transforms under formal local G transformations as
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	(21.4.21)







The Lagrangian is therefore invariant under formal local G transformations if it is constructed as an arbitrary function of [image: ], [image: ] and higher covariant derivatives, that satisfies global H invariance.

Now let us return to reality, and treat [image: ] as a quantum field of the restricted form (21.4.3). Eqs. (21.4.15) and (21.4.20) now become
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and
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	(21.4.23)







where
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with [image: ] the structure constant of the gauge group, related to the structure constant of G by
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	(21.4.25)







We include in the Lagrangian as the kinematic term for this field the usual Yang–Mills term
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	(21.4.26)







in which, by linear transformations of the [image: ] and correspondingly of the [image: ], we have adjusted the coefficient of [image: ] to be just [image: ]. The linear term in [image: ] is just awsiccv [image: ] so Eq. (21.4.26) has the effect of making [image: ] a canonically normalized vector field. The effective Lagrangian density is therefore to be taken as a function of [image: ] and [image: ] that is invariant under global H transformations, plus possible terms  that conserve [image: ] but not G, with coefficients proportional to two or more factors of the [image: ].

Now let us see what sort of perturbation theory we can construct out of these ingredients. We know that the gauge bosons become massless in the limit [image: ], where they decouple from the matter fields that experience the spontaneous symmetry breakdown. Let us therefore tentatively anticipate that their mass for small [image: ] is of order eM, where e is a typical value of [image: ] (the generators TA being normalized to have structure constants of order unity) and M is an energy scale typical of the dynamics that leads to spontaneous symmetry breaking. We shall consider here a general Feynman diagram involving gauge and Goldstone bosons of energy or momentum [image: ], and with all particles of higher energy or momentum and all heavier matter particles buried in corrections to the coupling constants in an effective field theory. Our perturbation theory will be an expansion in powers of e and Q/M. Following the same analysis as in Sections 19.4–6, the total number of powers of e and/or Q/M in any such diagram is
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	(21.4.27)







where Vi is the number of vertices of type i; di and ei are the number of derivatives and factors of [image: ], respectively, in an interaction of type i; and L is the number of loops. With the constraint (21.4.3), a field [image: ] or [image: ] contributes one factor of e. Inspection of Eq. (21.4.15) shows that each Goldstone boson covariant derivative [image: ] contributes +1 to di + ei, and inspection of Eqs. (21.4.19) and (21.4.15) shows that each additional covariant derivative of [image: ] contributes another +1 to di+ ei. All allowed terms in the Lagrangian have di + ei ≥ 2, so the dominant contributions are those from tree graphs (L = 0) constructed entirely from interactions with di + ei = 2. The only such interactions are the Goldstone boson kinematic term
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	(21.4.28)







the Yang–Mills term (21.4.26), and possible symmetry-breaking non-derivative terms of second order in the [image: ].

To see the physical significance of the field [image: ]a, note that the linear term in [image: ] is
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	(21.4.29)







As shown in the appendix to this chapter, we may always choose a ‘unitarity gauge’ in which, for all a,
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	(21.4.30)







which makes the cross term in Eq. (21.4.28) vanish. To clarify the significance of this condition, note that in the special case where all broken symmetries are gauge symmetries, any xa can be written as a linear combination of gauge generators and unbroken generators
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and therefore
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Contracting Eq. (21.4.30) with cab, we see then that [image: ]a = 0; there are no Goldstone bosons at all in this gauge. More generally, Eq. (21.4.30) leaves us with just those Goldstone bosons that do not correspond to gauge symmetries. Some of these are associated with elements of G that are broken by the gauge interactions, and therefore have masses of second order in gauge couplings; these are called pseudo-Goldstone bosons.

With [image: ] chosen to satisfy the unitarity gauge condition (21.4.30), the quadratic part of the Lagrangian (21.4.28) is simply








	[image: image]
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where
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	(21.4.32)







This has two important implications. First, we note that [image: ]a may be expressed in terms of a canonically orthonormalized field πa, as
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where Fab is the positive square root of the positive matrix [image: ]. This shows that [image: ] are the factors analogous to [image: ] that accompany the emission and absorption of low energy Goldstone bosons. Second, since [image: ] has been defined to be a canonically normalized vector field, Eq. (21.4.31) shows that [image: ] is the square of the vector boson mass matrix. Eq. (21.4.32) is a universal formula for the vector boson mass matrix, valid to second order in the gauge couplings but to all orders in all other interactions. By using Eq. (21.4.1) in Eq. (21.1.7), it is easy to see that our previous result Eq. (21.1.7) is a special case of Eq. (21.4.32), with
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Eq. (21.4.32) may also be understood on the basis of the continuity arguments outlined (in a somewhat different notation) at the end of Section 21.1. It guarantees that the effects of gauge boson exchange that survive in the limit of zero gauge coupling are the same as the effects that would have been produced by Goldstone boson exchange if there were no gauge coupling.

In general, we cannot calculate the [image: ] matrix, but we do know that it must be invariant under the unbroken subgroup H, in the sense that
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This condition allows us to put useful constraints on the gauge boson masses (21.4.32).

As an example, consider the case of the electroweak gauge group SU(2) × U(1), spontaneously broken to the U(1) of electromagnetism. The three broken symmetry generators xa can be taken as the three generators of SU(2) (called t1, t2, t3 in Section 21.3), without the coupling constant factor g, and the one unbroken symmetry generator t can be taken as the charge q, without the factor e. That is, the xa and t are represented on the lepton doublets by the matrices
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The gauge generators are then given by
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	(21.4.34)







That is, the non-zero coefficients eau, of xa in the gauge generator [image: ], are
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Also, since t subjects the three-vector [image: ] to a rotation around the threeaxis, this unbroken symmetry requires the matrix [image: ] to have the non-zero components
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According to Eq. (21.4.32), the mass squared matrix of the gauge bosons then has the non-vanishing elements
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Its eigenvalues are
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	(21.4.35)







To go further, we need a relation between Fc and FN. This is provided if the theory is invariant in the limit g = g’ = 0 under a global symmetry group G larger than SU(2) × U(1), which breaks spontaneously to a subgroup H, that includes three-dimensional rotations under which [image: ] rotates as a three-vector. Such an unbroken symmetry would require [image: ] to be proportional to δab, and hence
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Any such symmetry is known as a ‘custodial’ symmetry. It has the consequence that mz/mw is given in terms of the gauge coupling constants by the successful formula discussed in Section 21.3
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	(21.4.36)







For instance, in the absence of the gauge couplings, the Lagrangian (21.3.28) for the scalar doublet [image: ] in the simplest version of the SU(2) × U(1) electroweak theory may be written
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where
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This is automatically invariant under an ‘accidental’ SO(4) SU(2) × SU(2) global symmetry group, which is spontaneously broken by the vacuum expectation value of Re[image: ]0 down to an approximate unbroken S0(3) custodial subgroup.29 The result (21.4.36) applies even if there is more than one scalar doublet, because even though in this case the mass and interaction terms in the scalar Lagrangian will not in general respect the custodial symmetry, it is only the kinematic term that enters in the derivation, and this always has the full S0(4) symmetry.

Custodial symmetries can be found in other theories. Consider for instance a theory with no scalar fields, but with new extra-strong vector gauge interactions,30 called technicolor interactions, that act on a new SU(2) × U(1) doublet (Ur, Dr) of ‘techniquarks’ Ur and Dr, with r a technicolor index. As long as the left- and right-handed parts of both Ur and Dr all transform in the same way under the technicolor gauge group, the Lagrangian will be invariant in the limit of vanishing electroweak couplings under the group SU(2) × SU(2) of independent SU(2) transformations on the left- and right-handed techniquark doublets. According to the arguments described in Section 19.9, the subgroup SU(2)y consisting of simultaneous SU(2) transformations on both the left- and right-handed techniquark doublets will not be spontaneously broken. It is reasonable to suppose that the technicolor interactions will produce a spontaneous breakdown of SU(2) × SU(2) to SU(2)v, just as color interactions led to a spontaneous breakdown of the chiral SU(2) × SU(2) symmetry of quantum chromodynamics (for vanishing u and d quark masses) to its isospin subgroup. Under the unbroken SU(2)v symmetry the electroweak generator [image: ] or [image: ] rotates as a three-vector, leading again to the relation Fc = FN, and the consequent successful prediction of the relation between the W and Z masses.

The technicolor idea is attractive, because it provides a natural mechanism for breaking the electroweak symmetry at a characteristic scale which is very much smaller than what is often supposed to be the fundamental scale of physics, generally assumed (as in string theories) to be of the order of the Planck mass, or about 1018 GeV. It is only necessary to suppose that just below the fundamental scale there is an unbroken gauge group consisting of the SU(3) × SU(2) × U(1) of the strong and electroweak interactions, plus a technicolor gauge group, all with comparable small coupling constants. If the technicolor gauge interactions are asymptotically free the technicolor coupling like the QCD color coupling will increase slowly with decreasing energy, becoming strong at an energy much less than the fundamental scale. This energy where the technicolor coupling becomes strong would set the scale for the parameters Fab that appear in our formula, Eq. (21.4.32), for the gauge boson masses, and would therefore presumably be of the order of 300 GeV. Since the increase of coupling with decreasing energy is logarithmic, a moderate difference in the beta-functions for technicolor and color can easily give rise to the three orders of magnitude difference between the energy scales where color and technicolor forces become strong.

Unfortunately, although technicolor provides a very attractive picture of the spontaneous breaking of SU(2) × U(1), it does not by itself offer a mechanism for giving masses to the quarks and leptons. For this reason it has been suggested to add additional ‘extended technicolor’ gauge interactions with transformations that link quarks and techniquarks.31 Such theories have potential problems with flavor-changing neutral current weak interactions, and though these problems may be surmounted, the added complications reduce their attractiveness. The question of elementary weakly coupled scalars versus dynamical symmetry breaking remains open.

21.5 Electroweak–Strong Unification

We saw in Section 15.2 that a gauge theory will have an independent coupling constant for each simple or U(1) subgroup of the gauge group. Thus the electroweak theory which is based on the gauge group SU(2) × U(1), has two independent couplings, g and g′. In order to reduce the number of free parameters it was suggested32 that the SU(2) × U(1) gauge group might be embedded in a simple SU(3) gauge group, which would give g′ = g/,[image: ] but this has been ruled out experimentally. After the advent of quantum chromodynamics, theorists confronted a gauge group SU(3) × SU(2) × U(1), which has three independent gauge coupling constants: the coupling gs of quantum chromodynamics, and the couplings g and g′ of the electroweak interactions. To reduce these to just a single free parameter, it was proposed to embed SU(3) × SU(2) × U(1) in various simple Lie groups:8 SU(4) × SU(4),33 SU(5),34 or SO(10).35 Such models are often known as grand-unified theories.

Fortunately, the consequences of these and a large class of other models for the ratios of the SU(3) × SU(2) × U(1) coupling constants are independent of the details of the individual models.36 This class of models is characterized by the fact that the observed generations of quarks and leptons are the only fermions in the models, or at least the only fermions that are not neutral under SU(3) × SU(2) × U(1).

As shown in Section 15.2, for any simple compact Lie group there is a conventional choice of generators Ta with totally antisymmetric structure constants, which in each reducible or irreducible representation D satisfy the normalization condition:
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	(21.5.1)







We are assuming that all left-handed fermions form ng generations:
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The SU(3) generator [image: ] has eigenvalues: [image: ] for the red quark doublets and the white antiquark singlets; [image: ] for the white quark doublets and the red antiquark singlets; and zero for all other left-handed fermions; so its square has the trace
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		(21.5.2)







The SU(2) generator t3 has eigenvalues: [image: ] for the red, white, and blue quarks of charge [image: ] and the neutrinos; [image: ] for the red, white, and blue quarks of charge [image: ] and the charged leptons; and zero for all other fermions, so its square has the trace
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Finally, the U(1) generator y = t3 t3 q has eigenvalues: [image: ] for neutrinos and charged leptons; [image: ] for charged antileptons; [image: ] for quarks; [image: ] for antiquarks of charge [image: ]; and [image: ] for antiquarks of charge [image: ], so its square has the trace
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	(21.5.4)







Eq. (21.5.1) requires the traces (21.5.2)–(21.5.4) to be all equal, so in this class of models the embedding of SU(3) × SU(2) × U(1) in a simple Lie group imposes the coupling constant relations
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	(21.5.5)







Now, Eq. (21.5.5) is in gross disagreement with the observed values of the coupling constants. The ratio [image: ] implies an electroweak mixing angle with [image: ] while the experimental value is sin2 0 = 0.231. Even worse, the strong coupling [image: ] is of course much larger than g2 or g′2.

The solution36 to this problem is that coupling-constant relations like Eq. (21.5.5) apply only to the couplings measured at an energy scale comparable to the typical mass47 M of the gauge bosons that become massive in the spontaneous breakdown of the simple gauge group to SU(3) × SU(2) × U(1). If the energy E at which the couplings is measured is very much less than M, then there will be large radiative corrections proportional to ln(M/E).

As emphasized in Chapter 19, there are no large logarithms in the relation between couplings measured at nearby energies μ and μ – dμ, so by integrating this relation from M down to E we can calculate the couplings at energies E ≪ M without encountering large logarithms. For this to be done it is only necessary that the couplings should stay small over this whole range. For the SU(3) × SU(2) × U(1) couplings with ng fermion generations, Eq. (18.7.2) gives9
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The solutions of these equations are
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Also, Eq. (21.5.5) should be interpreted to mean that
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	(21.5.12)







We can therefore eliminate the couplings (21.5.12) and the number of generations by subtracting Eq. (21.5.10) from Eq. (21.5.9):
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	(21.5.13)







and by subtracting 3/5 of Eq. (21.5.11) from Eq. (21.5.10):
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	(21.5.14)







Taking the ratio of these two equations gives a formula for sin2 θ ≡ [image: ]
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	(21.5.15)







In this formula we have set μ equal to the typical energy of the processes used to measure sin2 0, that is, μ [image: ] mz. This has the advantage that we will be using the renormalization group equations (21.5.6)–(21.5.8) only above mz, where they are not strongly affected by the spontaneous breakdown of SU(2) × U(1). Eqs. (21.5.13) and (21.5.14) can also be combined to give a formula for the unification scale M:
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	(21.5.16)







where again, to avoid the effects of electroweak symmetry breaking on the renormalization group equations, we have taken μ as of order mz.

We saw in Section 18.2 that the value of e(μ) at μ [image: ] mz. by e(mz)2/4π = (128.87 + 0.12)-1. This is the charge defined in the conventional (Gell-MannμLow) manner, in terms of the vacuum polarization. For purposes of comparison with gs, g′, and g, it is better to use the coupling defined (as in Section 18.6) by modified minimum subtraction: e(mz)2/4′ = (127.9 + 0.1)-1. The greatest uncertainty in Eqs. (21.5.13) and (21.5.14) is in the value of [image: ]. As discussed in Section 18.7, extrapolation of gs from lower energy data gives [image: ], while direct measurement from the rate of Z0 decay into hadrons gives [image: ]. For [image: ], Eqs. (21.5.15) and (21.5.16) give sin2 θ = 0.203 and M [image: ] 1.1 × 1015 GeV.

As mentioned in Section 21.3, there is no reason to expect that baryon and lepton number should be conserved by the suppressed non-renormalizable terms in the effective Lagrangian that describes physics at ordinary energies, so we may expect the presence of an (SU(3) × SU(2) × U(1))-conserving four fermion (three quarks and a lepton) interaction, with a coefficient that on dimensional grounds would be of order M–2. The proton lifetime was first estimated on this basis, and found to be of order 1032 years.36 Such baryon- and lepton-non-conserving four-fermion interactions are produced in models like those of Refs. 33-35 from the exchange of gauge bosons with masses of order M. More generally, once the standard model explained why baryon- and lepton-non-conserving processes are naturally suppressed, there ceased to be any reason to believe that either baryon or lepton number are exactly conserved.

We have seen that the prediction (21.5.15) comes quite close to the measured value 0.23 of sin2 θ, but the accuracy of the measurements and calculations has become good enough to make clear that they are not in precise agreement. The extra particles in supersymmetric theories appear to remove this discrepancy,36a and lead to a value of M [image: ] 2 × 1016 GeV, about an order of magnitude larger.36b It is very interesting that this M is not so very different from the energy 1018 GeV at which the gravitational interactions become strong. The larger value of M also has the effect of increasing the proton lifetime, which is proportional to M4.

21.6 Superconductivity10

Superconductivity is quite different from the elementary particle phenomena that chiefly concern us in this book, but it is worth some consideration here, both as the earliest realistic example of a spontaneously broken gauge symmetry, and also as an exceptionally enlightening example of the power of effective field theories and of the use of topological arguments in field theory.

A superconductor is simply a material in which electromagnetic gauge invariance is spontaneously broken.11 Detailed dynamical theories are needed to explain why and at what temperatures this symmetry breaking occurs, but they are not needed to derive the most striking aspects of superconductivity: exclusion of magnetic fields, flux quantization, zero resistivity, and alternating currents at a gap between superconductors held at different voltages. As we shall see here, these consequences of broken gauge invariance can be worked out, in a manner somewhat like our treatment of soft pions, solely on the basis of general properties of the Goldstone mode.39

The action for any system will be invariant under gauge transformations, which in cgs units take the form

[image: image]

where Λ(x) is arbitrary, and qn is the electric charge destroyed by field [image: ] All charges are assumed to be integral multiples of the electron charge –e, so this group is compact: the phases Λ and Λ + 2πt[image: image]/e are regarded as identical. This symmetry group is assumed to be broken in a superconductor by non-vanishing expectation values of operators carrying charge –2e (such as products of two electron fields), so there is an unbroken Z2 subgroup, consisting of gauge transformations with Λ = 0 and Λ = π[image: image]/e.

We introduce a Goldstone boson field [image: ](x) by writing all charged fields as
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The field [image: ](x) parameterizes the coset space U(1)/Z2, and so is given the gauge transformation property
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Because [image: ](x) parameterizes U(1)/Z2 rather than U(1), we must identify [image: ](x) and [image: ](x) π[image: image]/e. All the [image: ] are gauge-invariant, and so when integrated out leave the Lagrangian as a gauge-invariant functional of [image: ] and Aμ alone. It follows that the Lagrangian for the Goldstone and electromagnetic fields may be written as
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where Ls is an imperfectly known functional. The electric current and charge density here are

[image: image]

The equations of motion for the Goldstone boson field are then
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which in light of Eqs. (21.6.6) and (21.6.7) is equivalent to the conservation law of electric charge
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Now let us see how this formalism explains the remarkable properties of superconductors. About Ls we will only need to assume that the system is stable in the absence of Goldstone or external electromagnetic fields, so that the energy is at least at a local minimum at Aμ =  ∂μ4, with non-vanishing second derivatives with respect to Aμ – ∂μ[image: ]).

One immediate consequence is that, deep in a large superconductor where boundary conditions are unimportant, the electromagnetic field is a pure gauge:
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so that in particular the magnetic field must vanish. This is known as the Meissner effect. It is possible to be a little more quantitative about what we mean by ‘deep in a large superconductor.’ Since the energy is a minimum when Eq. (21.6.10) is satisfied, for small values of [image: image]A – ∇[image: ][image: image] it must be of order [image: image]A μ ∇[image: ][image: image]2 L3/λ2, where λ is some length depending on the nature of the material, and L3 is the superconductor volume. If a magnetic field of order B penetrated the superconductor, then we would have [image: image]A – ▿[image: ][image: image]2 / λ2 of order BL, so the energy cost in allowing the magnetic field into the superconductor would be of order B2L5/λ2. On the other hand, the energy cost in expelling a magnetic field B from a volume L3 is of order B2L3. Hence a weak magnetic field will be expelled from a superconductor if B2L5/λ2 [image: ] B2L3, or in other words if L [image: ] λ. For this reason λ is known as the penetration depth of the superconductor.

The same energetic considerations tell us that for any superconducting material, there is a critical magnetic field, above which superconductivity is extinguished. The existence of superconductivity at zero magnetic field means that the material in its normal state has an energy per unit volume which is higher than that in the superconducting state, say by an amount A. When a superconductor with linear dimensions much larger than λ is placed in a magnetic field B, the magnetic field is expelled from most of the material, at an energy cost per volume of B2/2. Hence it is energetically favorable for the material to be in the superconducting state if and only if the magnetic field is below a critical value
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(This is for uniform superconductors. As we shall see below, for certain kinds of superconductor it is possible to maintain superconductivity throughout most of the material for magnetic fields in a finite range above Bc by the formation of narrow vortex lines with normal metal at their cores.) A magnetic field B < Bc will penetrate a superconductor to a depth λ, but this does not extinguish superconductivity in this layer; indeed, as shown by the field equation ∇ × B = J, it is in this surface layer of the superconductor that electric currents can flow.

Now consider a thick superconducting wire, with thickness much larger than λ, bent into a closed ring. We can draw a closed contour [image: ] running deep inside the wire, along which [image: image]A – ▿[image: ][image: image] must vanish. This does not mean that either A or [image: ] vanishes on this contour, but we do know that in going around the ring [image: ] must return to an equivalent value, and can therefore only change by an amount nπ[image: image]/e, with n a positive or negative integer or zero. It follows then by Stokes’s theorem that the magnetic flux through the area [image: ] surrounded by [image: ] is subject to the flux quantization rule
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The electric current that maintains the magnetic flux (21.6.12) flows in a layer of thickness λ just below the surface of the superconducting wire. The quantization of flux shows that this current cannot decay smoothly, but only in jumps at which the flux (21.6.12) drops by multiples of π[image: image]/e, so there can be no ordinary electrical resistance in the superconductor.

The absence of resistance in a superconductor can be shown in a more general context than closed rings, by considering time-dependent effects in superconductors. Note that Eq. (21.6.7) can be interpreted as the statement that λJ0 is the canonical conjugate to [image: ]. The Hamiltonian Hs is thus to be regarded as a functional of [image: ] and J0 rather than [image: ] and [image: ], with the time dependence of [image: ] given by the Hamiltonian equation
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Now, the ‘voltage’ V(x) at any point is just the change in energy density per change in the charge density at that point, so Eq. (21.6.13) gives the time dependence of the Goldstone boson field as
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It follows that a piece of superconducting wire that carries a steady current, with time-independent fields, must have zero voltage difference between its ends, because otherwise [image: ](x) would have a time-dependent gradient. A zero voltage difference at finite current is what we mean by zero resistance.

Now consider a gap between two pieces of superconducting material. In the absence of any gradients along the surface of the gap, or any vector potential, gauge invariance requires Ls to depend only on the difference A0 between the Goldstone boson fields in the two superconductors:
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where [image: ] is the area of the junction. Furthermore, we can shift [image: ] in either superconductor by any integer multiple of π[image: image]/e without physical effect, so the function F must be periodict12
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A current flows through such a gap, which can be calculated by considering the junction in the presence of a vector potential A. Gauge invariance then tells us that in place of Δ[image: ], the function F must depend on

[image: image]

the integral being taken over a line joining the two superconductors. Eq. (21.6.6) then shows that the current density is

[image: image]

where [image: ] is the unit vector perpendicular to the gap. We can now take away the vector potential, and find the current
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If we now suppose that the two superconductors are maintained at uniform voltages, with a voltage difference ΔV, then, according to Eq. (21.6.14), the difference in the Goldstone boson fields will have the time dependence
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Using this in Eq. (21.6.17) and recalling Eq. (21.6.16), we see that the current oscillates at a frequency
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This is the ac Josephson effect.40 It is possible to measure frequencies and voltages with great accuracy, so this effect provides a very accurate method of measuring the constant e/[image: image].

As pointed out at the end of Section 19.6, the description of a system with broken symmetry in terms of Goldstone modes alone becomes inadequate when a system is brought close to the point where the broken symmetry becomes unbroken. Under these circumstances the Goldstone mode is accompanied with other modes that have nearly zero frequency in the long-wavelength limit, which together with the Goldstone mode forms a linear representation, usually irreducible, of the symmetry group, known as the order parameter. It is plausible to assume that a uniform superconductor in slowly varying external fields is described by a local order parameter, because any non-locality would be characterized by microscopic distance scales (such as the mean electron–electron spacing) that are much smaller than the scales of distances over which the electromagnetic and Goldstone boson fields are assumed to be varying. For superconductivity there is no doubt about the nature of this order parameter. The only non-trivial irreducible linear representation of the group U(1) is a real two-vector ψn, or equivalently a Goldstone mode [image: ]and modulus field ρ, with
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The coefficient of i[image: ] in the exponential must be 2e/[image: image] in order that a gauge transformation with Λ = π[image: image]/e (and with no smaller Λ) should leave ψn invariant. For a nearly uniform time-independent system close to the symmetry-breaking transition, the order parameter is small and slowly varying in space, and so the Lagrangian in an external vector potential A may be approximated (from now on using natural units with [image: image] = 1) by
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where t is the Hermitian U(1) generator

[image: image]

and g must be taken positive to give a bounded Hamiltonian. This is the Ginzburg–Landau theory of superconductivity.41 It has been derived by Gor’kov42 from the microscopic theory of superconductivity presented below, in the case of a short-range potential and a temperature close to the critical temperature at which the material loses its superconductivity.

In terms of ρ and [image: ], Eq. (21.6.21) becomes
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The field equations are then

[image: image]

The U(1) symmetry is broken if these field equations are satisfied for ρ ≠ 0, which in a field-free homogeneous material will be the case if m2 0, in which case ρ takes the value [image: ]. The penetration depth λ was defined earlier as the inverse square root of the coefficient of [image: ] so here
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This is the distance that according to Eq. (21.6.23) characterizes variations in the magnetic field. On the other hand, variations in the modulus ρ are characterized by a distance scale known as the correlation length, given  according to Eq. (21.6.24) by13
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Also, the superconducting state with ρ = [image: ]ρ[image: ] has an energy per unit volume that is less than that of the normal state with ρ = 0 by an amount
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Eliminating the parameters m and g from Eqs. (21.6.25)–(21.6.27), we find one important approximate relation among the observable quantities λ, [image: ], and Δ:
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The modular field becomes important in the dynamics of superconducting vortex lines. These arise when a superconductor of a certain type is placed in a magnetic field that is strong enough so that it is energetically favorable for tubes of magnetic flux known as vortex lines to penetrate the materia1.43 (The conditions for the appearance of vortex lines are discussed below.) By drawing a closed curve [image: ] around the tube at a distance much larger than the penetration depth, where the magnetic field vanishes, and repeating the argument contained in Eq. (21.6.12), we see that the magnetic flux through the area [image: ] surrounded by [image: ] must be equal to the change of [image: ] around the curve, and hence equal to an integer multiple of the flux quantum π/e, just as for the flux through a thick superconducting ring. Where this flux is not zero, there must be a line within each tube along which electromagnetic gauge invariance is not broken. To see this, note that if we shrink the curve [image: ] into the region of high magnetic field it becomes no longer true that ▿[image: ] = A, but the change of [image: ] around the curve must remain an integer multiple of π/e, and so by continuity cannot change. Thus we must eventually encounter a line (conceivably of finite thickness) along which p vanishes, so that [image: ] becomes ill-defined. (This is an elementary example of the sort of topological reasoning we shall use in Chapter 23.) Near this line we must take both ρ and [image: ] into account as dynamical variables.

The quantization of magnetic flux shows that a superconducting vortex line of minimum flux π/e is stable. A vortex line of higher flux cannot simply disappear, but magnetic flux quantization alone does not prevent it from breaking up into vortex lines of smaller flux. Bogomol’nyi43a has shown that vortex lines of flux nπ/e with n > 1 are unstable against breakup into n vortex lines of flux π/e if and only if λ > [image: ].

For this and other reasons it is convenient to divide superconducting materials into two classes: type I superconductors (most pure metals, except niobium) have [image: ], > λ while type II superconductors (niobium and most alloys) have λ > [image: ]. The corresponding distinction in the electroweak standard model is between theories where the scalar mass (analogous to 1/[image: ]). is less than or greater than the W and Z masses (analogous to 1/2).

From the definitions of the correlation length and penetration depth λ, it follows that the modular parameter will rise from zero at the central line of a vortex to its equilibrium value [image: ]ρ[image: ] in a distance of the order of the correlation length [image: ], while the magnetic field will decay with distance from the central line in a distance of the order of the penetration depth λ. Hence a vortex solution in a type I superconductor with [image: ] [image: ] λ would consist of a thin inner cylinder of nearly normal metal, within which the magnetic field drops to zero, surrounded by a much thicker outer cylinder within which the modular parameter rises to its asymptotic value [image: ]ρ[image: ]. In contrast, a vortex in a type II superconductor with λ [image: ] [image: ] consists of a thin inner cylinder of constant magnetic field, within which the modular parameter rises to its asymptotic value [image: ]ρ[image: ], surrounded by a much thicker outer cylinder of superconducting material within which the magnetic field falls to zero. Vortex solutions exist for both types of superconductor and for any magnetic field, but as we shall now see, it is only in type II superconductors and in a finite range of magnetic fields that vortex lines are energetically favored.

Because each vortex line has a cross-sectional area of order π[image: ]2 within which the material is in its normal state or nearly so, the extra energy per volume required to create these vortex lines is of order [image: ] where [image: ] is the number of vortex lines per area. This vortex density is limited by the condition that [image: ], since otherwise the cylinders of normal metal would overlap, and the material would be considered to be in its normal state. The magnetic field must be expelled from a fraction [image: ] of the material if [image: ], and from the whole material if [image: ], so the energy per volume of the vortex state, relative to the superconducting state in the absence of magnetic fields, is
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(Numerical factors like [image: ] and π are kept here to remind the reader of the origin of these expressions, but should not be taken literally.) For comparison, the energy per volume of the normal metal exceeds that in the superconducting state by WN = +Δ, and the energy per volume required to expel all magnetic fields from a superconductor is Ws = B2/2. We can decide which state is present at a given magnetic field by checking which of Ws, WN, Or Wv is smallest.

In type I superconductors we must distinguish between magnetic fields less or greater than the critical field Bc ≡ 2Δ. Recalling that ./11 < 1/7r2, and here 1, we also have Al < 1/7r22. Hence for B < Bc Eq. (21.6.29) gives Wv .1B2 + − 22)Δ > Ws, so there can be no vortex lines. Also, for such fields WN Ws, so the material is superconducting. On the other hand, for B > Bc Eq. (21.6.29) implies that [image: ], so here again there are no vortex lines. Also for such fields Ws WN, so the material is in its normal state.

In type II superconductors we need to distinguish between magnetic fields in three ranges: B < B,1, Bci < B < Ba, and B Ba, where Bc1 and Ba are a pair of critical fields, of order

[image: image]

As we have seen, for type II superconductors the only stable vortex lines are those with the minimum flux14 π/e, so in a magnetic field B we should put the number of vortices per area [image: ] in Eq. (21.6.9) equal to eB/π. For B < Bc1 we can use Eq. (21.6.8) to show that eB/π < 1/πλ2. The coefficient of the vortex density in Eq. (21.6.29) is therefore the positive quantity [image: ], so here Wv Ws, and there are no vortex lines for B < Bc1. Also, for such fields WN > WS, so the material is entirely superconducting. For B > Bel, Eq. (21.6.28) shows that the vortex density [image: ] is greater than 1/πλ2, so in the vortex state the magnetic field completely penetrates the superconductor, and the energy per volume is given by Eqs. (21.6.29) and (21.6.28) as

[image: image]

Hence for Bc1 < B < Bc2 we have Wv < WN and Wv < Ws, so the material is in its vortex state. For B < Bc2 we still have Wv < Ws but now WN < Wv, so the vortices disappear and all superconductivity is extinguished. The ability of type II superconductors with λ [image: ] [image: ] to carry magnetic fields much higher than the critical value [image: ] deduced earlier is important in technological applications of superconductivity, including magnets in high energy accelerators.

The Ginzburg–Landau theory holds only where the material is near the transition between its normal and superconducting states, so let us apply it near the center of a vortex line, where ρ drops to zero. Close to the center of a vortex line we can ignore its curvature, and assume cylindrical symmetry. The field A – [image: ]ψ is taken to have only an azimuthal component:
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so that the magnetic field has only an axial component:
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while ρ is a function only of r. The structure of the vortex line is thus governed by the pair of coupled differential equations:

[image: image]

When r is small compared with both the correlation length [image: ] and the penetration depth [image: ] we can neglect the terms in Eqs. (21.6.32) and (21.6.33) proportional to 1/[image: ]2 and 1/λ2, and find the simplified equations

[image: image]

Eq. (21.6.34) has the general solution
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where B is a constant that according to Eq. (21.6.31) is the magnetic field along the vortex line, and C is a real constant that is so far arbitrary. Using this in Eq. (21.6.35) shows that for r → 0, the solution for ρ(r) is a linear combination of r[image: image]c[image: image] and r–[image: image]c[image: image]. The order parameter ρexp(2ie[image: ]) must be a smooth function of position, so we can conclude that [image: image]C[image: image] is a positive integer [image: ], with [image: ] and [image: ] constant for r → 0. Note that this solution for ρ(r) is consistent with Eq. (21.6.36) with [image: ] the azimuthal component of [image: ] approaches [image: ], while analyticity requires the azimuthal component of A to vanish as r → 0. By a non-singular gauge transformation we can arrange that [image: ] everywhere, so by the same reasoning as in Eq. (21.6.12) the magnetic flux carried by a single vortex line in a superconductor much larger than the penetration depth is [image: ]. We see not only that, as expected, the order parameter vanishes at the center of the vortex line, but that it vanishes with a power of r equal to the magnitude of the magnetic flux in units of π/e.

This solution for [image: ] obeys the ‘quantization’ condition that [image: ](2π)–[image: ](0) is an integral multiple of π/e, which implies the quantization of magnetic flux. In the theory of Goldstone boson and electromagnetic fields based on Eq. (21.6.5) this condition on [image: ], has to be imposed by hand on the solution of the field equations, while the Ginzburg?Landau equations ‘know’ about this condition, because these equations are based on an appropriate choice of order parameter.

* * *

Although the most dramatic properties of superconductors can be derived directly from the assumption that electromagnetic gauge invariance is spontaneously broken, a microscopic theory of superconductivity is needed to understand how and when this occurs. The derivation of the microscopic superconductivity theory of Bardeen, Cooper, and Schrieffer37 has been recast44,44a in the language of effective field theory, using power-counting methods similar to those that we have used here in Sections 19.5 and 21.4. For this purpose, suppose we integrate out the degrees of freedom associated with the ions in a superconductor,15 leaving only an effective interaction among electrons. For simplicity, we shall work at zero temperature, and at first assume no external field, so that the Lagrangian is invariant under translations and the time reversal operation T. We shall also assume spin-independent forces, so that the Lagrangian is invariant under SU(2) transformations that act on spin indices alone, but we shall not need to assume invariance under rotations acting on momenta. Electrons are then characterized by a momentum p and spin index s = ±[image: ], and are described by annihilation and creation operators a(p, s, t) and a†(p, s, t), with a Lagrangian of form

[image: image]

where “...” represents terms with six or more creation and annihilation operators, and E(p) is the electron energy minus the chemical potential. For free electrons, E(P) = P2/2me – EF where EF is the energy of electrons at the Fermi surface. Interactions will inevitably change this function, but it is natural to expect that since E(p) vanishes for free electrons at momenta p on the sphere [image: ], in the presence of interactions it will still vanish on some closed Fermi surface [image: ]:
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For reasons that will become apparent, we shall integrate out all electrons except those within a thin shell of thickness K around the Fermi surface.16 (Later we will be able to remove the cut-off K by introducing a renormalized electron–electron potential.) The remaining degrees of freedom are then electrons with momenta of the form
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where k is on the Fermi surface [image: ], [image: ](k) is the unit vector normal to the surface at k, and 0 ≤ [image: ] ≤ K. For such momenta,
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where








	[image: image]

	(21.6.41)







The electron propagator in wave number–frequency space is then
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Now let us consider how a general connected matrix element scales with K as K → 0. We have an integral over frequencies for every loop, and a propagator for every internal line, so the integral of the product of propagators over all frequencies will have an [image: ] dependence [image: ]L–1, where L is the number of loops and I is the number of internal lines. To count the number of [image: ] integrals, it is important to note that for generic momenta the delta-function in the interaction term in Eq. (21.6.37) constrains the ks, not the [image: ]s. (For instance, if momentum conservation constrains the momenta p1 and p2 of two electron lines to have total momentum P ≠ 0, then the integral over p1 runs over the intersection of two closed shells of thickness k, one centered on P and the other on zero. The intersection of these shells is a closed ring of thickness K, so we have to integrate over one k-component which gives position around the ring, and two [image: ]s which give position within the cross section of the ring.) Thus there are I integrals over [image: ]s, and since the integrand goes as [image: ]L–1, the matrix element will vary as
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The number of loops is related to the number of internal lines and the numbers Vi of vertices of type i by the familiar relation
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Also, the number of internal lines is related to the numbers of vertices and the number E of external lines by another familiar relation
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where ni is the number of electron operators in the interaction of type i. Eliminating I from Eqs. (21.6.44) and (21.6.45) gives








	[image: image]

	(21.6.46)







Terms in the action with ni = 2 just serve to change the function E(p), and hence to shift the Fermi surface. True interactions have ni > 2, and so it appears from Eqs. (21.6.43) and (21.6.46) that they yield terms in the matrix element that make relatively negligible contributions for k → 0. In the language of Section 18.5, this would mean that all interactions are irrelevant operators. This is why electrons near the Fermi surface in normal metals behave pretty much like free particles.

There is, however, an exception to this conclusion. If a pair of electron lines disappears into the vacuum, then translation invariance requires the momenta of these two lines to be equal in magnitude and opposite in direction, so if one momentum is near the Fermi surface, then the other is also. (Time reversal invariance requires that E(p) is even in p, so even though the Fermi surface is generally not spherical, it is still true that if E(p) = 0 then E(–p) = 0.) The integral over the momentum p of one of these lines is then over a shell of thickness K, or in other words over two ks and one [image: ]. For each interaction involving two such lines, we have one rather than two integrals over [image: ]s, so that instead of reducing the order of magnitude of the matrix element by a factor K as indicated in Eqs. (21.6.43) and (21.6.46), such an interaction has no effect on the order of magnitude of the matrix element. In other words, interactions involving four electron operators become marginal rather than irrelevant if they act between electron lines that eventually disappear into the vacuum.

To see the consequences of this exception, it is convenient to use a trick, known as the Hubbard–Stratonovich transformation,45 that was mentioned briefly in Section 10.7. We are now going to include slowly varying external electromagnetic fields, so it will be convenient to work in coordinate space. Gauge invariance tells us that the Lagrangian (21.6.37) then becomes




	[image: image]


	(21.6.47)







where
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We are now dropping terms with more than four electron operators, because they are all irrelevant. To this Lagrangian we add the term
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and do path integrals over the new ‘pair’ field [image: ] as well as the electron field [image: ]. This is allowed because ΔL is quadratic in the pair field, with a field-independent coefficient of the second-order term, so, according to the appendix of Chapter 9, the integration over [image: ] in path integrals just has the effect of setting [image: ] equal to the stationary point [image: ] of the Lagrangian, at which ΔL = 0. This additional term is chosen so that the terms in L + ΔL that are quartic in electron fields cancel, leaving only terms quadratic in these fields:




	[image: image]




		(21.6.50)







Now to the point. We have shown that the interaction V is irrelevant except where it acts on a pair of electron lines that disappear into the vacuum. When we calculate the quantum effective action [image: ] in the presence of an external, slowly varying pair field [image: ], this means that we drop all diagrams except those that become disconnected when we slice through any internal [image: ] line. But the general definition of the quantum effective action requires that we drop all diagrams that do become disconnected when we slice through any internal line. Therefore we must not include any internal [image: ] lines at all. Because the electron field enters quadratically in Eq. (21.6.50), the only graphs that survive when we integrate out the electron field are a one-vertex graph arising from the last term in the square brackets in Eq. (21.6.50), plus a one-loop graph given, by the same reasoning as in Section 16.2, by the logarithm of the determinant of the coefficient of the terms quadratic in electron fields:
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where A and B are the ‘matrices’:
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and Δ is the gap function:
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(Here and below, we ignore an additive constant in [image: ] arising from the modes that have been integrated out.) This is one problem in which the effective action can be calculated without any assumption about the smallness of the interaction in the Lagrangian.

In order to simplify our further discussion, let us now specialize to the case of a spin-singlet pair field
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where subscripts + and – stand for spin indices +1/2 and –1/2, respectively17. Using invariance under rotations of spin indices, the components of the potential needed here are then
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Then Eq. (21.6.54) gives
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The quantum effective action (21.6.51) is now
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where
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and
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Let’s first use these results to consider the translationally invariant case, with no external electromagnetic fields. Then the pair and gap fields can be expressed as Fourier transforms
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and the electron–electron potential appears here in the form
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where [image: ]4 is the spacetime volume
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By going over to wave number–frequency space, the ‘matrices’ (21.6.60) and (21.6.61) become diagonal, and the calculation of the determinant becomes trivial. The effective potential V[[image: ]] (not to be confused with the electron–electron potential) was defined in Section 16.1 as minus the effective action per spacetime volume:
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with
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(The i[image: ] term can be inferred from the Feynman rules for the electron loop graphs, and as shown in Section 9.2, it ultimately arises from the conditions on the electron field at t ±[image: ].) Wick rotating, integrating over ω, and expressing [image: ] in terms of Δ, this becomes
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As we saw in Section 16.1, the field equations are just the condition that the effective action is stationary, which in our case yields the famous gap equation for the equilibrium gap function Δ0(p):
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or, in a more familiar form,








	[image: image]




		(21.6.70)







All along, all integrals over momenta have been implicitly understood to be limited to momenta of the form (21.6.39) within a thin shell of thickness K around the Fermi surface. The effective potential (21.6.69) is thus
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The effective potential is now to be understood as a functional only of the gap function Δ on the Fermi surface.

Since K is arbitrary, the potential V(k’,k) must be given a K-dependence such that V[Δ] is K-independent. Most applications44 of renormalization group methods to superconductivity have followed the Wilson approach outlined in Section 12.4, deriving a differential equation for the dependence of V(k′, k) on K, and studying the behavior of its solutions for K → 0. For the sake of flexibility it is useful to note that one can just as well adopt the approach of Gell-Mann and Low, and introduce a renormalized electron?electron potential44a
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where μ is a sliding renormalization scale, like that introduced in Section 18.2. By expressing the original electron?electron potential in terms of Vμ, Eq. (21.6.71) becomes








	[image: image]




		(21.6.73)







The integral over [image: ] now converges if we take the cutoff K to infinity, and yields
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The condition that V[A] be stationary at A = Ao yields the gap equation in the more useful form
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Using this in Eq. (21.6.74) shows that the energy density of the superconducting state is less than that of the normal state by an amount
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Of course the μ dependence of the electron–electron potential Vμ, must be chosen to satisfy a renormalization group equation that insures that the effective potential (21.6.74) is independent of the arbitrary renormalization scale μ:
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or, equivalently,
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This can be usefully rewritten in terms of the Hermitian kernel
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as








	[image: image]

	(21.6.79)







The eigenvectors un(k) of Kμ(k, k′) are then independent of μ, while the eigenvalues take the form 1/1n(Λn/μ), where the Λn are integration constants, like the Λ of quantum chromodynamics. The potential therefore takes the form
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where we have chosen the eigenvectors to be orthonormal, so that the completeness relation takes the form
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The effective potential (21.6.74) may then be written as
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For a material with local rotational invariance the Fermi surface is a sphere and the eigenvectors un(k) are spherical harmonic functions of the coordinates on this sphere, but Eq. (21.6.82) holds without any assumption of rotational invariance.

We can now use this formalism to get an idea of when superconductivity occurs. The logarithm in Eq. (21.6.82) is large and negative for very small Δ, and large and positive for very large Δ, so as the overall scale of Δ increases from zero to infinity, V [Δ] drops from zero to negative values and then rises to infinity. It therefore always has a minimum at a non-vanishing value of Δ for any electron–electron potential. But this result is subject to an important qualification. When we take the cut-off K to infinity, the integral in Eq. (21.6.73) is effectively cut off at [image: ] of order [image: image]Δ[image: image]/vF, while the Fermi surface has a radius of order kF, where [image: ] equals the electron number density. Since we have been assuming that the electrons taken into account here are in a thin shell around the Fermi surface, this derivation is only valid if [image: image]Δ[image: image] [image: ] ωD, where ωD is the Debye frequency kFvF. In particular, in the case of rotational invariance and a direction-independent gap function, the effective potential reaches a local minimum for a gap function of the order of As wave, so the symmetry is spontaneously broken as long as As wave [image: ] ωD. Another way of stating this result is that for s-wave superconductivity, the s-wave projection of the electron–electron potential (21.6.80) must be attractive if renormalized at a scale μ [image: ] ωD. But it does not matter how strong this renormalized attractive potential is.

This feature of superconductivity, that a Goldstone boson forms for an attractive potential however weak the potential may be, is a consequence of the existence of a Fermi surface, which enhances long-range effects. In quantum field theories without elementary spinless fields like those of Section 21.5, we would not normally expect a spontaneous symmetry breakdown in empty space unless the interactions are sufficiently strong.

Now let us return to the case of an external electromagnetic field. As usual, we can introduce the Goldstone boson field [image: ](x, t) by writing each charged field of the theory, which here is just the gap field Δ(x, x’, t) or equivalently the pair field [image: ], as a gauge transformation with gauge parameter [image: ](x, t) acting on the corresponding gauge-invariant field, distinguished with a tilde:
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The effective action is then given by using Eq. (21.6.83) in Eq. (21.6.59). By a gauge transformation, we can then remove the [image: ] dependence in Eq. (21.6.83), provided we replace Aμ(x) in Eq. (21.6.60) with Aμ(x) – [image: ]μ[image: ] (x). When the material is not only superconducting but far from the transition between normal and superconducting states, we may also integrate out the gauge-invariant degrees of freedom associated with [image: ] which simply means that we replace it with its equilibrium value [image: ]. The part of the effective action that depends on the Goldstone and external electromagnetic fields is then
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where now

[image: image]

Quantitative properties of the superconductor such as the penetration depth can be read off46 from the expansion of Eq. (21.6.84) in powers of [image: ] and [image: ].

Appendix General Unitarity Gauge

In this appendix we shall show that in general spontaneously broken gauge theories it is always possible to adopt a ‘unitarity’ gauge in which the Goldstone boson fields satisfy Eq. (21.4.30):
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Using the exponential parameterization for all groups, we note first that any element of G, in at least a finite neighborhood of the identity, may be put in the form
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with [image: ]a subject to the linear constraint that for all a
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This is easy to see when g is infinitesimally close to the identity. Any such g may be written
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with [image: ] and [image: ] infinitesimal. Equivalently,
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where θa is an arbitrary infinitesimal, and

[image: image]

For any given [image: ], we can choose θa, to minimize the positive quantity
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	(21.A.8)







At this minimum, the quantity (21.A.8) is stationary with respect to variations of θa, so [image: ],a(θ) satisfies Eq. (21.A.3). For [image: ], it, and 0 infinitesimal, Eq. (21.A.5) is the same as Eq. (21.A.2), so we see that the set of all gs of the form (21.A.2) (with [image: ],a satisfying Eq. (21.A.3)) includes all gs infinitesimally close to the identity. It follows then from continuity that the same is true of all gs in at least some finite neighborhood of the identity.

Next, consider the particular group element
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and write it in the form (21.A.2):
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with [image: ],a([image: ]) subject to Eq. (21.A.3). This just says that the gauge transformation exp [image: ]transforms [image: ]a into
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Now dropping the prime, we have thus succeeded in constructing a gauge in which a satisfies Eq. (21.A.1), as was to be shown.

Problems



	Calculate the effective ghost Lagrangian in a ‘generalized unitarity gauge,’ with B[f] given as usual by Eq. (15.5.22), but now where [image: ] with [image: ]n real scalar fields, and ta, imaginary antisymmetric matrices representing the Lie algebra of the gauge group. What is the ghost propagator? Is this part of the Lagrangian renormalizable?

	What would be the effect in the SU(2) × U(1) electroweak theory if the gauge symmetry were broken by the vacuum expectation value of a field [image: ]3 belonging to a real triplet [image: ] instead of the usual complex doublet [image: ]

	Consider the standard electroweak theory, with a single scalar doublet. In one-loop order, calculate the effect of Z0 and neutral scalar exchange on the anomalous magnetic moment of the muon.

	What is the lowest-order magnetic moment of the W+ and Z0 particles in the standard electroweak theory?

	What would be the effect of the discovery of a fourth generation of quarks and leptons on the predictions of the unified theories of strong and electroweak interactions discussed in Section 21.5?

	Suppose that several fields with incommensurate values of the electric charge had nonvanishing vacuum expectation values in a superconductor. What effect would this have on the properties of superconductors discussed in Section 21.6?
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1   Here we are working with a real reducible or irreducible representation of the symmetry algebra, for which the matrices it are real. The transition to a complex representation is described below.

2   If we allow gauge couplings that change electron-type lepton number, then it is possible to include the left-handed field [image: ] along with veL and eL in a representation of the gauge group. This was the basis for an early SO(3) variant6 of the electroweak theory, which has since been ruled out by experiment.

3   Note that this is possible without violating the global conservation law of electronic lepton conservation. We would have to assume that the Lagrangian is invariant under both a global phase transformation acting only on electron-type lepton fields, and also a local phase transformation that acts on electron-type lepton fields as well as on some scalar field that does not interact with leptons. The vacuum expectation value of this scalar would break the local symmetry, giving the gauge boson coupled to ne a mass, without breaking the global symmetry.

4   The cross section is proportional to [image: ], so in order to have the dimensions of energy-2, it must also be proportional to some energy squared. Where the center-of-mass energy is much larger than the electron mass, it is the only energy that can appear in this formula.

5   We do not observe quarks in isolation, so their masses are not precisely defined. The mass of the c quark quoted here is roughly half the mass of the J–Ψ particle, interpreted as a [image: ] bound state. The b and t quarks are so heavy that their masses can be taken from the masses of the hadrons containing them with little ambiguity.

6   Adjust the phases of d and s so that Vud and I/us are real. Unitarity then requires that Ka and K., have the same phase, which can be eliminating by adjusting the phase of c.

7   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

8   The group SU(4) × SU(4) is made simple by inclusion of a discrete symmetry operator that interchanges the two SU(4)s.

9   The second term in the brackets in Eqs. (21.5.6) and (21.5.7) is given by Eqs. (18.7.2) and (18.7.3) as –n1/6, where nf are the numbers of fermions in the defining representation of the respective SU(N) gauge groups. But this was calculated under the assumption that left- and right-handed fermions are in the same representation of the gauge group. If we count only left-handed fermions (and antifermions), then the second term in the brackets in Eqs. (21.5.6) and (21.5.7) should be –nf/12. For SU(3) there are two left-handed quark triplets and two left-handed antiquark triplets per generation, SO nf = 4ng, while for SU(2) there are three left-handed quark doublets and one left-handed lepton doublet per generation, so again nf = 4ng. For U(1), the beta-function is g’/247r2 times the sum of the squares of the U(1) charges for left-handed fermions and antifermions (compare Eq. (18.2.38)), which according to Eq. (21.5.4) is (g′/24π2) × (10ngg′/3).

10   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

11   This is not the way that most experts have historically thought about superconductivity. Early phenomenological theories were known to violate electromagnetic gauge invariance, but this was regarded as more annoying than enlightening. Broken symmetry is never mentioned in the seminal paper by Bardeen, Cooper, and Schrieffer" that first gave us a microscopic theory of superconductivity. Anderson38 subsequently stressed the important role of broken symmetry in superconductors, but even today most textbooks explain superconductivity in terms of detailed dynamical models, with broken symmetry rarely mentioned.

12   This function was calculated by Josephson,40 who found it to be proportional to cos(2eA[image: ]/[image: image]), but this is an approximate result, while the periodicity is exact.

13   The factor [image: ] is included along with m because at ρ = [image: ]ρ[image: ] the derivative of the function –m2 ρ + gρ3 in Eq. (21.6.24) is 2m2.

14   The derivation of flux quantization given above for an isolated vortex line is not fully applicable here. As we shall see, the separation of the vortex lines for B Bcl is less than the penetration depth λ, so it is not possible to find a contour [image: ] on which [image: ] by simply drawing a circle around the vortex line at a distance from the vortex much greater than λ. Instead, it is necessary to appeal to considerations of continuity. (M. Tinkham, private communication.) Suppose we draw an arbitrary continuous curve between the centers of any two vortex lines. As shown below, on this curve the vector [image: ] will be very large close to either vortex, but pointing to opposite sides of the curve. Thus there is at least one point on each such curve where [image: ]. Because [image: ] is gauge-invariant, it must be continuous, so there is a closed contour [image: ] around each vortex line where [image: ].

15   Strictly speaking, it is not possible to integrate out all degrees of freedom except electrons, because the phonon is a Goldstone boson whose frequency vanishes for very large wavelengths, like a massless particle in relativistic theories. However those effects of phonon interactions that cannot be represented as effective electron-electron interactions are suppressed by inverse factors of the ion masses.

16   For forces that are not spin-independent, there are two Fermi surfaces, one for each eigenvalue of the matrix Es′s(p), and we integrate over all electrons in each spin eigenstate except those within a thin shell around the corresponding Fermi surface.

17   In liquid He3 the non-vanishing components of the pair field form a spin triplet, with components [image: ]


22

Anomalies

There are subtleties in the implications of symmetries in quantum field theory that have no counterpart in classical theories. Even in renormalizable theories, the infinities in quantum field theory require that some sort of regulator or cut-off be used in actual calculations. The regulator may violate symmetries of the theory, and even when this regulator is removed at the end of the calculation it may leave traces of this symmetry violation. This problem first emerged in trying to understand the decay rate of the neutral pion, in the form of an anomaly that violates a global symmetry of the strong interactions. Anomalies can also violate gauge symmetries, but in this case the theory becomes inconsistent, so that the condition of anomaly cancellation may be used as a constraint on physical gauge theories. The importance of anomalies will become even more apparent in the next chapter, where we shall study the non-perturbative effects of anomalies in the presence of topologically non-trivial field configurations.

22.1 The π0 Decay Problem

By the mid-1960s the picture of the pion as a Goldstone boson associated with a spontaneously broken SU(2) [image: image] SU(2) symmetry of the strong interactions had scored a number of successes, outlined here in Chapter 19. However, this picture also had a few outstanding failures. The most disturbing had to do with the rate of the dominant decay mode of the neutral pion, [image: image]. It was the solution of this problem that led to the discovery of symmetry-breaking anomalies.

After integrating out all heavy and trapped particles, we would expect the effective Lagrangian for [image: image] to be given by the unique gaugeand Lorentz-invariant term with no more than two derivatives:
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(22.1.2)








where g is an unknown constant with the dimensions [mass]–1. The methods of Section 3.4 can then be used to calculate the rate for [image: image]








	
[image: image]


	
(22.1.2)








One might naively expect g to be of order
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(22.1.3)








where Fπ 190 MeV is used as a typical strong interaction mass scale, and a factor 1/8π2 is inserted because the graphs responsible for [image: image] would have to include at least one loop. For instance, in 1949, using the pre-QCD theory of pions and nucleons with interaction Lagrangian [image: image], Steinberger1 calculated that the contribution to g from triangle graphs with a single proton el2oGNonpis
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This is numerically not very different from Eq. (22.1.3), because the Goldberger-Treiman relation (see Section 19.4) gives [image: image].

This estimate of the amplitude for [image: image] leaves out the special constraints imposed by the SU(2) [image: image] SU(2) symmetry. The electromagnetic interaction violates most of this symmetry, but at least formally it has no effect on the U(1) × U(1) subgroup generated by the electrically neutral generators of SU(2) [image: image] SU(2). Acting on quarks, the infinitesimal pseudoscalar element of this subgroup has the effect:
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so that the electric current is invariant:
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(This argument was made by Sutherland2 and Veltman3 before the advent of quantum chromodynamics, with the proton and neutron in place of the u and d quarks.) Because the π0 is the Goldstone boson associated with this symmetry, a non-derivative interaction like (22.1.1) can arise only from the breaking of this symmetry by quark masses, and so must be proportional to [image: image]. With this in mind, we would expect the constant g to be suppressed2,3 by an extra factor [image: image]:
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(In place of mN we might have used the chiral-symmetry-breaking scale 2πFπ = 1200 MeV discussed in Section 19.3, with little change in our results). There are also chiral-invariant effective π0γγ interactions involving the derivative of the π0 field. Lorentz invariance requires that these involve at least two additional derivatives. Using the homogeneous Maxwell equation [image: image] and integrating by parts, we see that there is only one independent chiral-invariant coupling with just two extra derivatives, given by inserting a d’Alembertian acting on the π0 field in Eq. (22.1.1). On the pion mass shell this is just the same as an interaction (22.1.1) with an extra factor [image: image], leading to the same estimate (22.1.7). It was sometimes said that chiral symmetry would forbid the decay [image: image], but it is more accurate to say that chiral symmetry would make the rate for this process go as [image: image], instead of [image: image] for [image: image].

The difficulty is that the observed rate for [image: image] is much larger than would be expected from Eq. (22.1.7), and is in fact much closer to what would be inferred from the naive result Eq. (22.1.3). To be specific, from Eqs. (22.1.7) and (22.1.2) we would expect a decay rate
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while using Eq. (22.1.3) in place of Eq. (22.1.7) would give
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The observed rate is [image: image], which is in satisfactory agreement with the naive rough estimate (22.1.9), and almost three orders of magnitude larger than the ‘improved’ result (22.1.8)! One is forced to the conclusion that something anomalous here is invalidating the chiral symmetry that led us to introduce the additional factor [image: image] in g. Similar problems arise in trying to understand the rates of some other processes, such as [image: image].

In 1969 the source of this anomaly was traced by Bell and Jackiw4 to the violation of chiral symmetry by the regulator that is needed in order to derive consequences of the conservation of the neutral axial vector current for one-loop Feynman diagrams. Their result was confirmed, generalized, and extended to higher orders by Adler,5 who independently discovered chiral anomalies in a study of axial vector Ward identities in quantum electrodynamics. It was subsequently realized in 1979 by Fujikawa6 that in the path-integral formulation of field theory the chiral-symmetry-breaking anomaly enters only in the measure used to define the path integral over fermion fields. As we shall see in the next section, this approach makes it simple to evaluate the amplitude for [image: image] produced by this anomaly to all orders of perturbation theory. After that, we shall return to the direct calculation of anomalies in more general theories, and discuss various applications.

22.2 Transformation of the Measure: The Abelian Anomaly

We now turn to a calculation of anomalies of the sort relevant to π0 decay. For this purpose we adopt Fujikawa’s interpretation6 of the anomaly as a symptom of the impossibility of defining a suitably invariant measure for integrations over fermionic field variables. Fujikawa’s analysis of this problem was based on the use of path integrals in Euclidean space, and on an expansion of the fermionic variables of integration in eigenfunctions of the gauge-invariant Dirac operator, which is Hermitian in four-dimensional Euclidean space. Here we shall first present a less rigorous derivation, based on the familiar path integrals in Minkowski space, which will allow us to obtain the correct answer with a minimum of work. The Euclidean approach will be taken up briefly at the end of this section, and used to derive a famous index theorem.

We will start by evaluating the anomaly in the transformation of the measure under an arbitrary local matrix transformation [image: image] of a column ψn(x) of massless complex spin 1/2 fermion fields that interact non-chirally with a set of gauge fields [image: image] (such as the u and d quark fields interacting with the electromagnetic vector potential AP(x) in the problem of calculating the rate for [image: image]). These are fermionic variables, so the measure is transformed not with the determinant of the transformation matrix, but with its inverse:








	
[image: image]


	
(22.2.1)








where

[image: image]

and [image: image] is the matrix used to define [image: image]. The indices n, m run over flavor labels and Dirac spin indices.

The reader may wonder at this point why we bother to include factors of γ4 in Eq. (22.2.3), since they just amount to a unitary transformation that should not affect the determinants. The answer is that in order for calculations to be meaningful we will find it necessary to regulate the sum over fermion modes in calculating propagators and determinants, and we shall find that the γ4 factors do affect the regulated determinants. Whether or not we include the y4 factors thus depends on the method of regularization that is used to make these hand-waving manipulations meaningful. We include the factors of γ4 because we wish to regulate in such a way as to preserve Lorentz invariance, and in the cases of interest here it is [image: image] rather than U(x)† that transforms as a scalar.

First, let us consider the case where U(x) is a unitary non-chiral transformation
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with t an ordinary Hermitian matrix (not involving γ5, but not necessarily traceless) and α(x) an arbitrary real function of x. In this case [image: image] is pseudounitary:
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so the measure is invariant under this sort of transformation. In particular, the symmetry under the gauge group itself, where t is one of the non-chiral generators tα, is not spoiled by any anomalies.

Next, consider a local chiral transformation, with
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with t again an ordinary Hermitian matrix and α(x) again an arbitrary real function of [image: image]. In this case is pseudo-Hermitian:
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The measure is not invariant under the chiral transformation; rather, we have
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Now let us specialize to the case of an infinitesimal local chiral transformation. Taking α(x) to be infinitesimal in Eq. (22.2.6), we have here








	
[image: image]


	
(22.2.9)








Using the identity DetM = exp Tr In M and the limiting formula ln(1 + x) → x for x → 0, the measure now has the transformation property
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where [image: image] is the anomaly function:
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with ‘Tr’ here denoting a trace over both Dirac and species indices. The measure [image: image] appears in the path integral weighted with a factor [image: image], so the factor exp[image: image] in the transformation rule (22.2.10) for the measure has the same effect as if the Lagrangian density [image: image] were not invariant under these transformations, but instead [image: image]. Hence when we use an effective Lagrangian with the fermions integrated out, to take account of the anomaly we must be sure to include a non-invariant term so that
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It now remains to calculate the anomaly function [image: image](x).

At first sight it does not look like we can get any definite result for the anomaly. The delta-function is infinite, but the trace vanishes. To do better, we must introduce a regulator to make δ4(x – x) meaningful. We can do this in a gauge-invariant manner by inserting a differential operator [image: image]) acting on the delta-function before taking its argument to zero:
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Here Dx is the Dirac differential operator in the presence of the gauge field [image: image]:
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Also, M is some large mass, eventually to be taken to infinity, and f(s) is a smooth function, subject only to the condition1 that as s goes from 0 to ∞, f(s) must drop smoothly from 1 to 0:

[image: image]

Note that we do not take the regulator function to be a function of because we want to preserve gauge invariance, and we do not take it to be a function of DμDμ, because we need it to regulate not only the determinant but also the fermion propagator [image: image].

To evaluate the expression (22.2.13), we use the Fourier representation of the delta-function, and write the anomaly function as
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(A derivative with respect to x gives zero when acting on the extreme right in the second expression, but not when acting on Aαμ(x).) Resealing the momentum kμ by a factor M, this is
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The argument of the cut-off function may be written
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Eq. (22.2.17) receives contributions in the limit M → oo only from terms in the expansion of [image: image] that have no more than four factors of 1/M, and also only from terms that contain at least four Dirac gamma matrices, because otherwise the trace over Dirac indices vanishes. This leaves us with only the terms of second order in [image: image]:
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which are now independent of the regulator mass M.

To evaluate the integral over k, we perform the same sort of rotation of the k0 contour of integration as in evaluating Feynman diagrams, so that in effect k0 is replaced with ik4, with k4 running from –∞ to +∞. (This is a step that can really only be justified by working with Euclidean path integrals from the beginning.) The integral is then in effect








	
[image: image]


	
(22.2.20)








By repeated integration by parts using Eq. (22.2.16) and then Eq. (22.2.15), this is
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To calculate the trace, we write
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The only term in [image: image] that contributes to the trace over Dirac indices is the one involving a product of four Dirac matrices, which gives
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where ‘trD’ denotes a trace over Dirac indices only, and as usual epvp, is the totally antisymmetric tensor with [image: image]0123 = +1. Using Eqs. (22.2.21)–(22.2.23) in Eq. (22.2.19) then gives the anomaly function as
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with ‘tr’ here denoting a trace only over indices labelling the various fermion species. In the special case in which t is the unit matrix, the quantity (22.2.24) is known as the Chern–Pontryagin density.

This result can be expressed in terms of the current associated with the anomalous symmetry. If we assume for simplicity that the action itself is invariant under the symmetry transformation [image: image] with constant infinitesimal parameter α, then as discussed in Section 7.3, the change in the action when we make such a transformation with a spacetime-dependent parameter α(x) may be written as δI = [image: image], where [image: image] is the current that becomes conserved when the field operators satisfy the dynamical equations that make the action stationary with respect to arbitrary variations in the fields. When we make the change of variables [image: image], the change in the path integral over the fermionic fields is
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But this is a mere change of variables, and so for arbitrary α(x) it cannot affect the path integral. Therefore for arbitrary gauge fields
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where for any operator [image: image], [image: image][image: image][image: image] is the quantum average of [image: image] in a fixed background field Aαμ(x):
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Incidentally, it is possible to rewrite Eq. (22.2.26) as a conservation condition. Consider the special case where tr {tα, tβ t} is proportional to [image: ]:
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Define a current known as the Chern–Simons class:
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which satisfies the identity
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Eq. (22.2.30) allows us to rewrite Eq. (22.2.26) as the condition
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where
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However, we cannot use the conservation of the current Kμ to argue, as we did in the previous section, that the process [image: image] is suppressed, because in making that argument we assumed not only the chiral symmetry associated with axial-vector current conservation but also electromagnetic gauge invariance, and as we see from Eq. (22.2.29), the current Kμ though conserved is not gauge-invariant.

Our derivation of the formula (22.2.24) for the anomaly shows that if we had evaluated the anomaly function using a differential operator [image: image] in place of [image: image] in Eq. (22.2.13), we would have obtained a vanishing anomaly function. In fact, with this regulator procedure the axial-vector current is Kμ, not [image: image]. The trouble with this procedure, as mentioned above, is that the regulator operator is no longer gauge-invariant, resulting in the presence of a non-gauge-invariant term in Kμ. There is no regulator procedure for fermion propagators as well as determinants that is both gauge- and chiral-invariant.

We may now return to the problem that gave anomalies their start, and use our results to calculate the actual rate of the process [image: image]. The symmetry of interest here is generated by charge-neutral chiral transformations of the light quark fields:
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This symmetry is anomaly-free in pure quantum chromodynamics, because the u and d belong to the same representation of the color gauge group, so that their contributions to the gluon–gluon terms in the anomaly of the symmetry (22.2.33) cancel. On the other hand, in the presence of an electromagnetic field Aμ(x), this symmetry has an anomaly

[image: image]

where q is the quark charge matrix and τ3 is the diagonal 2 × 2 matrix with elements +1 for u and –1 for d. If we assume as usual that there are Nc u quarks of charge 2e/3 and an equal number of d quarks of charge –e/3, the trace is

[image: image]

so the anomaly function here is
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We must then include in the effective Lagrangian terms that under the chiral transformation (22.2.33) give it the transformation (22.2.12), that is,
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Under the transformation (22.2.33) the pion field transforms as
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where Fπ = 184 MeV is the pion decay amplitude introduced in Chapter 19. (The normalization convention for this constant is fixed by our definition of the symmetry generator as [image: image].) It follows that we must include in the effective Lagrangian a term
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Comparing this with the general formula (22.1.1) for the effective Lagrangian for the decay [image: image], we see that the constant g in Eq. (22.1.1) must have the value5
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(This shows that our previous crude order-of-magnitude estimate (22.1.3) was too large by just a factor 6/Nc.) The rate (22.1.2) for pion decay is thus predicted to be
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The observed rate is Γ(π0 → 2y) = (1.19 [image: image] 0.08) × 1016 s-1, in good agreement with the theoretical result (22.2.39) if and only if Nc = 3. The success of this calculation was one of the first pieces of firm evidence that there are three colors of quarks.

Remarkably, as we have seen in the previous section, shortly after the discovery of the π0 Steinberger calculated g from a single protonloop diagram, and obtained the result g = e2G/32π2mN, where G is the pseudoscalar pion–nucleon coupling constant. This result would precisely agree with Eq. (22.2.38) for Nc = 3 if we used the Goldberger?Treiman relation with gA = 1 to set G = 2mN /Fπ. The correct result is larger than the Steinberger result by a factor [image: image] = 1.56. The reason that Steinberger got nearly the right result is because the answer is determined by the triangle anomaly, which is proportional to [image: image]. For one proton, this trace has the value e2, which is the same as the quark value found above for three colors of quarks.

[image: image]

As mentioned earlier, a more rigorous derivation of the anomaly can be given by using path integrals in Euclidean spacetime. (The use of Euclidean path integrals is briefly discussed in Appendix A of Chapter 23.) We introduce a Euclidean fourth coordinate [image: image], and correspondingly [image: image], and [image: image]. The spacetime volume is then expressed as d4x = –i(d4x)E, where (d4x)E is the Euclidean volume element (d4x)E = dx1dx2dx3dx4. In Euclidean spacetime the fieldst ψ(x) and [image: image](x) must be regarded as entirely independent, with local chiral transformations defined by [image: image]. The transformation of the measure is then again given by Eq. (22.2.10), with the anomaly function [image: image](x) given by Eq. (22.2.11). Introducing a regulator function as before, this again gives the formula (22.12.13) for [image: image](x). One great advantage of the Euclidean approach is that with x4 and A4α, real, the Dirac operator i[image: image] in Eq. (22.2.13) is Hermitian:
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with i, j, etc. here summed over the values 1, 2, 3, 4. It therefore has orthonormal spinor eigenfunctions [image: image]:

[image: image]

with real eigenvalues λκ. We also are assuming, as throughout this section, that t commutes with i[image: image], so that we can choose the φκ so that tφκ, = tκφκ. These eigenfunctions satisfy a completeness relation
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where ‘1’ is the 4 × 4 unit matrix. Therefore the anomaly function may now be written as the limit of a manifestly convergent sum:
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In just the same way that we derived formula (22.2.24) for the anomaly function, we can show here that
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where [image: image] is the totally antisymmetric tensor with [image: image]. (The difference of sign in Eqs. (22.2.24) and (22.2.45) arises because Eq. (22.2.45) is missing two factors of i as compared with Eq. (22.2.24): one factor i from Eq. (22.2.23), because

[image: image]

together with another factor i from the replacement of d4k with (d4k)E in Eq. (22.2.20).)

Now, given any eigenfunction φκ(x) of i[image: image] and t with eigenvalue φκ ≠ 0, there is another normalized eigenfunction φκ–(x) with eigenvalues φκ– = –φκ and tκ given by φκ–(x) = γ5φκ(x). (Recall that in the notation used throughout this book, γ5 is the Hermitian matrix γ5 = –γ1–2γ3γ0 = γ1γ2γ3γ4.) Because [image: image]κ(x) and [image: image]κ–(x) are eigenvectors of a Hermitian operator with different eigenvalues they are orthogonal, so [image: image]. This leaves just a sum over the eigenfunctions with φκ = 0. These are not generally paired; rather, since γ5 anticommutes with i[image: image], they can be chosen as simultaneous orthornormal eigenfunctions φu φv of i[image: image] with eigenvalue zero and of γ5 with eigenvalues +1 and –1, respectively.
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Using the fact that f(0) = 1, Eq. (2.2.44) then becomes
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Now, since the φu and φv are normalized as in Eq. (22.2.42), the integral of Eq. (22.2.47) gives








	
[image: image]


	
(22.2.48)








with the sums over u and v running over left- and right-handed zero modes of the operator i[image: image], respectively. In particular, for the case where t is the unit matrix, by using Eq. (22.2.45) this may be expressed as a relation between a functional of the gauge field and the numbers of the zero modes of the Dirac operator with definite chiralities:
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where here n[image: image] are the numbers of zero modes of [image: image] that have eigenvalues [image: image]1 for γ5. This is the celebrated Atiyah–Singer index theorem.6a Among other things, it shows that under variations in the gauge field the integral on the left-hand side of Eq. (22.2.49) cannot change smoothly, but only by integers, so this integral can only depend on the topology of the gauge field. Its dependence on this topology will be described in Section 23.5.

22.3 Direct Calculation of Anomalies: The General Case

We saw in Section 22.2 how to use the elegant Fujikawa approach to calculate anomalies of chiral symmetries in gauge theories like quantum chromodynamics, where the gauge interactions are non-chiral and fermion number is conserved. This method can also be used to deal with more general problems, but there it becomes less straightforward.7 In this section we will treat the anomaly by direct calculation, as it was originally done. This will provide a useful additional perspective on the anomalies, and will incidentally allow us to discuss anomalies in general theories with very little extra trouble.

To deal with the general case, we will unite all left-handed fermion fields (including antifermions, where that distinction is meaningful) in a single column χ. For instance, if ψ is a column containing all quark and lepton (as opposed to antiquark and antilepton) fields, then
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where [image: image] is the matrix defined in Section 5.4 by
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which is needed in order that all components of χ should belong to the same (1/2,0) representation of the Lorentz group. Under an infinitesimal fermion number (e. g., baryon number or baryon number minus lepton number) conserving gauge transformation:
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this column undergoes the transformation
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where
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We shall not limit ourselves here to theories that conserve fermion number, so the Tα, will now be any Hermitian representations of the gauge algebra, not necessarily of the block-diagonal form (22.3.4). For the moment we will consider only massless fermions, returning to the effect of fermion masses a little later.

We shall be concerned here with the one-loop three-point function
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where [image: image] is the fermionic current, calculated in terms of free fields:
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The two Feynman diagrams of Figure 22.1 give
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where PL, is the projection operator on the left-handed fermion fields
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and S(x) is the propagator of a massless fermion field:
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(For further comments on this use of the Feynman rules, see the end of this section.) Collecting factors, Eq. (22.3.7) now reads

[image: image]

where ‘tr’ here denotes a trace over either Dirac or group indices, depending on its argument. We have introduced the arbitrary constant four-vectors a and b because, although the expression (22.3.10) is convergent and hence independent of the labelling of the momenta carried by internal lines, the evaluation of [image: image] involves the manipulation of divergent integrals that do depend on this labelling. We will see that the freedom to choose aμ and bμ corresponds to a freedom to move the anomaly in these integrals from one current to another, but does not allow us to eliminate the anomaly altogether.

[image: image]

Figure 22.1. Two triangle diagrams for the anomaly in the current [image: image]. Solid lines are fermions; wavy lines indicate fictitious gauge fields, coupled to the currents.

In taking the divergence of Eq. (22.3.10), we use the identities
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and find
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At this point it is convenient to separate the three-point function into terms symmetric and antisymmetric in the group indices, by writing
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and
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where Dαβγ is the totally symmetric quantity
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and the coefficient of the structure constant Cαβγ is defined by
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The terms that are antisymmetric in group indices are in general non-zero, but they do not represent any breakdown of the symmetry. Just as in the derivation of the Ward identity in Section 10.4, in a formal calculation of the divergence of the matrix element (22.3.5) we encounter contributions from the time-derivatives of the theta-functions in the time-ordered product, equal to
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It is not hard to see that the antisymmetric terms in Eq. (22.3.11) just reproduce Eq. (22.3.13). The anomaly is contained in the symmetric part of Eq. (22.3.11):
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Grouping together the first and fourth traces, and the third and second traces, this may be put in the form
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where

[image: image]

To evaluate these integrals consider the expansion of the function fκφ(p + k, c, d) in powers of k:

[image: image]

The zeroth-order term fκφ(p,c, d) clearly cancels in Eq. (22.3.16). All other terms in Eq. (22.3.16) are integrals of derivatives with respect to p, and hence after Wick rotation may be written as surface integrals over a large three-sphere, say of radius P. The nth derivative of f then yields the surface integral of a function that behaves as P–2–(n–1), while the area of the three-sphere of radius P goes as P3, so the only terms that can contribute for P → ∞ are those with n = 1 and n = 2:
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A straightforward calculation then gives
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We must now separately consider the terms in the traces in Eq. (22.3.15) arising from the 1 and the γ5 in the projection matrix [image: image]. The terms arising from the 1 involve [image: image], which is symmetric in κ and φ, and also in v and p, so the integrals here appear in the combination
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Using Eq. (22.3.19), it is not difficult to see that this vanishes if and only if we choose the arbitrary constant vectors so that
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Furthermore, this is a choice that avoids the non-chiral anomaly for all three currents, because in [image: image], a and b would be replaced with [image: image] and [image: image] while in [image: image], a and b would be replaced with [image: image] and [image: image], so that taking a = –b also insures that a′ = –b′ and a′′ = –b′′.

We are left with the term in the trace involving γ5. This is totally antisymmetric
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where [image: image]κvλρ is the totally antisymmetric tensor with [image: image]0123 = 1. Using this in Eq. (22.3.15) with b = –a gives
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We could eliminate the anomaly (22.3.22) in the current [image: image] by taking a [image: image] k1 + k2. Although this is possible, it would not eliminate the anomaly altogether; it would appear in [image: image] or [image: image]. The symmetry of the problem indicates that the anomaly will be absent in [image: image] if and only if (k2 + a) – (–k2 + b) [image: image] k1 or in other words a + k2 [image: image] k1, and will be absent in [image: image] if and only if (–k1 + a) – (k1 + b [image: image] k2, or in other words a – k1 [image: image] k2. It is possible to choose aμ to satisfy any two of these conditions, so that the anomaly can be removed from any two of the currents, but for non-parallel k1 and k2 it is evidently impossible to simultaneously satisfy all three conditions — a [image: image] k1 + k2 and a + k2 [image: image] k1 and a – k1 [image: image] k2. (For instance, the first two conditions would imply that a = –k1 – k2, in contradiction with the third condition.) We therefore conclude that although we have some freedom in deciding which current exhibits the anomaly, the non-vanishing of Dαβγ shows definitely that there is an anomaly in at least one of the currents [image: image]. This is one of the chief results of these calculations, and will be exploited in the next section as a source of constraints on the matter content of gauge theories.

We have seen that the evaluation of the anomalies depends on the choice we make of the shift vector aμ. Unfortunately, there is no one choice that is uniformly satisfactory, so we have to choose all in accordance with the special features of the problem at hand.

In one class of problems of great importance, [image: image] is the current of a global symmetry, while [image: image](y) and [image: image](z) are currents of gauge symmetries, that is, currents to which gauge fields are coupled. (We dealt with such a problem in the previous section.) In such cases, we must choose aμ so that the anomaly is solely in [image: image], not in [image: image](y) or [image: image](z). As we have seen, this requires that a + k2 [image: image] k1 and a – k1 [image: image] k2, which leads to the unique result that
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Adopting this value of aμ, the anomaly (22.3.22) is

[image: image]

We note in passing that a result like this can only arise from a theory that involves massless particles.7a Otherwise, we would expect the Fourier transform of [image: image] to have a power series expansion around zero cefiv momentum. The only terms in such an expansion that could possibly lead to a current divergence of the form (22.3.24) are pseudotensors of first order in momenta
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where Aαβγ and Bαβγ are constants. According to Eq. (22.3.24),
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so
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But the symmetry of the amplitude among the three currents requires that
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so, equating the coefficients of k1σ, and k2σ,
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Taking the difference of these equations gives
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Since this is proportional to Dαβγ it must be totally symmetric, so Bαβγ and hence also Aαβγ are totally symmetric. But then the conditions for the symmetry of the three-point function read A = –B = B – A, which implies that Aαβγ = Dαβγ = 0, in contradiction to Eq. (22.3.24). By the same reasoning, it is not possible to cancel the anomaly by adding a local term to the interaction whose contribution to the divergence of the current [image: image] cancels that given by Eq. (22.3.24).

Returning now to Eq. (22.3.24), we can express this result in terms of the vacuum expectation value of the current [image: image], in the presence of gauge fields coupled to the currents [image: image] and [image: image]. The triangle graphs make a contribution to the current in the presence of the gauge fields
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Using Eq. (22.3.24), this has the anomalous divergence
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There are additional diagrams, shown in Figure 22.2, that also exhibit anomalies. Gauge invariance requires that the diagrams of Figure 22.2 should add up to give the gauge-invariant result
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As a check, consider a fermion-conserving theory, with generators Tc, of the form (22.3.4). The constant Dαβγ in the anomaly (22.3.26) is here given by








	
[image: image]


	
(22.3.28)








More specifically, in Section 22.2 we calculated the divergence of an axial-vector current [image: image], with tL = –tR ≡ t, due to gauge-field interactions with vector currents [image: image] and [image: image] (called [image: image] and [image: image] in Section 22.2) with [image: image], and likewise for tγ. Hence in this case [image: image] is replaced with [image: image], and Eq. (22.3.27) becomes
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in agreement with Eq. (22.2.26).
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Figure 22.2. One-loop diagrams for the anomaly in a current indicated by the dashed line. Solid lines are fermions; wavy lines are gauge fields with which they interact.

Where no gauge fields are coupled to any of the currents [image: image](x), [image: image](y), or [image: image],(z), the choice of the shift vector aμ is a matter of convenience. When some but not all currents are associated with symmetries that are spontaneously broken, we keep the unbroken symmetries manifest if we choose aμ so that there are no anomalies in the currents corresponding to the unbroken symmetries. (This will be important in Section 22.7.) For instance, in quantum chromodynamics and similar theories, where the generators Tα of global symmetries like chiral SU(3) × SU(3) take the form (22.3.4), all currents are either vector, with [image: image], corresponding to unbroken symmetries, or axial-vector, with [image: image], corresponding to broken symmetries. We see from Eq. (22.3.28) that in this case the only triangle graphs with anomalies are those with one axial-vector and two vector currents, or three axial-vector currents. In the case of one axial-vector and two vector currents, we choose aμ so that there is no anomaly that interferes with the conservation of the vector currents. Thus, if [image: image](x) is the axial-vector current and [image: image](y) and [image: image](z) the two vector currents, then as in Eq. (22.3.23) we must take [image: image], so that the anomaly is given by Eq. (22.3.24). On the other hand, for three axial-vector currents, there is no reason to require that any one of them should be free of anomalies. Instead, it is natural to give ali a value that respects the symmetry among the three currents. Guided by Lorentz invariance, suppose we try [image: image], where α and β are constants. Then symmetry would require that the momentum of each internal line should be p plus α times the momentum flowing out at the end of the line plus β times the momentum flowing out at the beginning of the line. That is, if we require that [image: image], then symmetry requires also that [image: image] and [image: image]. These three relations are satisfied for non-parallel k1 and k2 if and only if α = –β, so that
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Using this in Eq. (22.3.22) and comparing with Eq. (22.3.23), we see that the anomaly in the axial-vector current in a Feynman amplitude for three axial-vector currents is one-third what it would be for one axial-vector and two vector currents.

The divergence of the current contains additional anomalies from the graphs of Figure 22.2. Gauge invariance is no guide here, because even the triangle graph does not yield conserved currents. The total anomaly has been calculated by Bardeen8 for the chiral SU(3) × SU(3) symmetry of the strong interactions, with momentum shift vectors chosen so that vector currents are conserved and graphs with all axial currents are symmetric among these currents. Although this SU(3) × SU(3) symmetry (which acts on quark flavors rather than colors) is not gauged in quantum chromodynamics, it is convenient to express the anomaly as a failure of gauge invariance in a functional Γ[V, A] of fictitious weakly coupled gauge fields: an octet of vector fields [image: image](x) and an octet of axial-vector fields A(x). We also introduce infinitesimal gauge-transformation operators2
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and
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where fabc are the SU(3) structure constants. As mentioned above, the labelling of internal line momenta is chosen so that the vector current is not anomalous:
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but then an anomaly appears in the axial-vector currents
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where λa are the SU(3) matrices given by Eq. (19.7.2), and
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The factor 1/3 accompanying the second term on the right-hand side in Eq. (22.3.34) has already been explained as a consequence of the different choice of aμ in the AVV and AAA graphs. In Section 22.6 we will describe consistency conditions that allow the cubic and quartic terms in Eq. (22.3.34) to be calculated from the quadratic terms.

For anomalies involving symmetries that are all spontaneously broken, there is no reason to choose aμ in a way that distinguishes among the different currents, and instead it is natural to label internal fermion lines in a way that is symmetric among the attached gauge boson lines. As we have seen, this means that the triangle graph is to be calculated with the choice [image: image]. This gives a triangle anomaly one-third of the value given by (22.3.26). When square and pentagon graphs are included, this result becomes8a
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where [image: image]. We will not derive this result here, because we have already seen that in such cases the terms quadratic in Aμ, are given by one-third the corresponding terms in Eq. (22.3.26), and in Section 22.6 we shall be able to use consistency conditions to derive the remaining terms in Eq. (22.3.38) from the quadratic terms.

Now we must consider possible corrections to these results. A careful derivation of the anomaly to all orders of perturbation theory was given by Adler and Bardeen;9 what follows is intended to give only the gist of their analysis.

The argument that led to Eq. (22.3.22) may be repeated in any order of perturbation theory, and shows that the anomaly in general arises from momentum-space integrals that can be reexpressed as surface terms. In consequence, as we saw here in Eq. (22.3.18), the only graphs for the current divergence that contribute to the anomaly are those for which the integral over the momentum circulating in the fermion loop has dimensionality (in powers of momentum) zero or greater. Interactions of the fermions in the loop with virtual gauge bosons would reduce the dimensionality of the integral over the fermion loop momentum enough to eliminate the anomaly, so the anomaly receives no contribution from such radiative corrections. (It is true that the integral over the momenta of the virtual gauge bosons as well as the fermion loop would have non-negative dimensionality, but the gauge boson propagators can be regulated, as the fermion propagator cannot, without interfering with the chiral symmetry in question.) The anomaly is affected by interactions of the gauge bosons attached to the fermion loop with other gauge bosons and fermion loops, but these just serve to renormalize operators like [image: image]. By the same argument, any fermion mass that respects the symmetries in question (if this were possible) would not change the anomaly, because extracting factors of this mass would lower the dimensionality of the momentum-space integral.

The last remark of the previous paragraph raises the question of whether we can calculate the anomaly without knowing all the fermions in a theory, heavy fermions as well as light or massless ones. Yes, we can; we shall now show that no fermion that is allowed by a given symmetry to have a mass can contribute to the anomaly for that symmetry. In the general class of theories considered here, a mass term in the Lagrangian density would take the form
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where σ is the two-component spinor index of the ([image: image], 0) representation of the Lorentz group, [image: image]σσ′ is the antisymmetric matrix with [image: image], needed for Lorentz invariance, and M is a symmetric mass matrix.3 Now, in order for [image: image]mass to respect gauge invariance, the mass matrix must satisfy
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The index n may be replaced with an index r labelling different irreducible representations of the gauge group, and an index s labelling components within each irreducible representation, so that
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and we write
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Eq. (22.3.40) then becomes
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(This is not summed over r or r′.) Schur’s lemma10 tells us that whenever the matrices of a pair of irreducible representations are related by such an equation, the matrix that relates them is either zero or non-singular. (See Section 5.5.) Thus, either (i) M(r,r′) = 0, or else (ii) [image: image] and [image: image] are related by a similarity transformation, and likewise for Tβ and Tγ. In the latter case the contributions to the anomaly constant (22.3.12) from fermions belonging to the individual irreducible representations r and r′ are related by
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so the anomaly either vanishes (for r = r′) or cancels between the two representations (for r ≠ r’).The anomalies in a given set of symmetries therefore are unaffected by the possible presence of fermions with a mass allowed by these symmetries.
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There is a fine point in the use of the Feynman rules to calculate the three-point function (22.3.7), to which we now return. In using the conventional fermion propagator (22.3.9), we have in effect doubled the number of fermion fields; in addition to the purely left-handed fields χ(x) given by Eq. (22.3.1), the propagator (22.3.9) includes right-handed modes (unrelated to the fields (1 – γ5)ψ of fermion-number-conserving theories) that do not interact with the gauge fields. Combining these non-interacting right-handed fields with the interacting left-handed fields in a single spinor Ψ, the fermion Lagrangian density is [image: image], where [image: image]

is now
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The one-loop vacuum functional for spin [image: image] fields interacting with real or fictitious gauge fields is just Det [image: image]. The failure of gauge invariance in this determinant can be blamed on the fact that the operator (22.3.45) is the sum of two terms
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of which only the second is gauge-invariant.

There is another way of looking at anomalies,10a which provides a framework for calculations of a large class of anomalies, of coordinate as well as gauge symmetries in spaces of any dimensionality. Instead of working with the operator (22.3.45), which has a well-defined determinant, one deals instead with just the second term in Eq. (22.3.46)
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This is perfectly gauge-invariant, but does not have a well-defined determinant, because this operator does not map the space of fermion fields of one handedness into itself, but rather into the space of fermion fields of the other handedness. One can try to define a gauge-invariant vacuum functional Det [image: image]L, by writing differential equations for Det [image: image]L in the space of gauge fields, modulo gauge transformations, but then one may encounter obstructions. There are local obstructions due to violations of the necessary integrability conditions, which correspond to the anomalies we have been discussing. Even where these local obstructions are absent, in cases where the infinite-dimensional space of gauge-field configurations, modulo gauge transformations, is not simply connected, topological obstructions can prevent the definition of single-valued functionals on this space. Such a global anomaly was found by Witten10b for the gauge group SU(2) (which is free of local anomalies) with an odd number of massless left-handed fermions in SU(2) doublets.

22.4 Anomaly-Free Gauge Theories

We have calculated the effect of anomalies on the conservation of a general current [image: image]. Where this current is itself coupled to a gauge field, gauge invariance requires that the anomaly be absent. We saw in the previous section that the anomaly is proportional to the completely symmetric constant factor [image: image] defined by Eq. (22.3.12), so for gauge currents we must have11
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where Tα, is the representation of the gauge algebra on the set of all left-handed fermion and antifermion fields, and V’ again denotes a sum over these fermion and antifermion species. This condition may be satisfied for any gauge group if the fermion fields furnish a suitable reducible or irreducible representation of the group. In addition, there are some gauge groups for which Eq. (22.4.1) is satisfied for fermions in any representation of the group.12 (The Batalin–Vilkovisky formalism is used in Section 22.6 to give a purely algebraic proof that for such gauge groups the anomaly is absent to all orders of perturbation theory.)

The condition (22.4.1) is obviously satisfied if the left-handed fermion (and antifermion) fields furnish a representation of the gauge algebra that is equivalent to its complex conjugate, in the sense that
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or equivalently (since we always take To, Hermitian)
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(Inserting Eq. (22.4.2) in Eq. (22.3.12) gives [image: image] = –[image: image].) Such a representation may be either real, in which case it is possible by a similarity transformation [image: image] to convert the representation to a form in which [image: image] is imaginary and antisymmetric, or pseudoreal, in which case this is impossible. (For instance, the three-dimensional irreducible representation of SU(2) is real, while the two-dimensional representation is pseudoreal.) There is no anomaly for gauge algebras that have only real or pseudoreal representations, namely13 SO(2n + 1) (including SU(2) ≡ SO(3)), SO(4n) for n ≥ 2, USp(2n) for n ≥ 3, G2, F4, E7, and E8, and all of their direct sums. A few other algebras also have only representations for which [image: image] vanishes, even though some representations are neither real nor pseudorea1.12 These are SO(4n + 2) (except for SO(2) = U(1) and SO(6) SU(4)) and E6, and their direct sums with each other and the above algebras. Anomalies are thus only possible for gauge algebras that include SU(n) (for n ≥ 3) or U(1) factors. As it happens, these are among the most important gauge algebras in today’s physics. The standard model is based on the gauge group SU(3) × SU(2) × U(1), so we must rely on cancellations among the quarks and leptons to make the theory free of anomalies.

Table 22.1 gives a classification of the left-handed spinor fields of the first generation of the standard model according to the representations they furnish of the color SU(3) group and the electroweak SU(2) group, and the value of the U(1) quantum number [image: image].

Table 22.1.    First-generation left-handed fermion and antifermion fields of the standard model.

[image: image]

We can now check whether [image: image] vanishes when Tα, Tβ, and Tγ run over all of the generators of SU(3) × SU(2) × U(1). We need only consider those combinations of generators for which the product of Tα, Tβ, and Tγ is neutral under SU(3) × SU(2) × U(1), since Dcoy obviously vanishes for all the others. We can make invariants out of either zero, two, or three SU(3) generators (because 8 × 8 and 8 × 8 × 8 both contain singlets), zero, two, or three SU(2) generators, and any number of U(1) generators, so we only need to check the following cases:

SU(3)–SU(3)–SU(3): Here [image: image] vanishes because the left-handed fermions furnish a representation [image: image] of SU(3), which is real.

SU(3)–SU(3)–U(1): Here the anomaly is proportional to
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SU(2)–SU(2)–U(2): There is no anomaly here because SU(2) only has real or pseudoreal representations.

SU(2)–SU(2)–U(1): Here the anomaly is proportional to

[image: image]

U(1)–U(1)–U(1): Here the anomaly is proportional to

[image: image]

We see that all anomalies cancel for the gauge symmetries of the standard mode1.13a This result can be neatly understood by noting that SU(3) × SU(2) × U(1) may be embedded in SO(10).14 All of the representations of SO(10) are anomaly-free, so the same property is inherited by any reducible representation of SU(3) × SU(2) × U(1) that furnishes a complete representation of SO(10). As it happens, the left-handed fields of a single generation of quarks, leptons, antiquarks, and antileptons plus one additional (SU(3) × SU(2) × U(1))-singlet forms a complete 16-dimensional representation of SO(10) (the fundamental spinor representation), so for this set of left-handed fermions there are no SU(3) × SU(2) × U(1) anomalies. The singlet would not contribute to such anomalies anyway, so there are no anomalies in the gauge symmetries of the standard model.

There is one more anomaly that needs to be evaluated. All species of fermions interact with gravitation in the same way. Calculation of the fermion loop graph for the expectation value of the current [image: image] (where χ is a column of all left-handed fermion and antifermion fields) in the presence of an external gravitational field yields an anomaly15 [image: image] proportional to
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In particular, to avoid a gravitational violation of a gauge symmetry like (22.3.3), the generators must satisfy
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Like the pure gauge anomaly, this vanishes for gauge generators satisfying Eq. (22.4.2), so this anomaly receives no contribution from fermions that form real or pseudoreal representations of the gauge group, and it can therefore be calculated taking into account only those fermions whose masses arise from a breaking of the gauge symmetry. Also, this condition is automatically satisfied by the generators of any simple subalgebras like SU(2) or SU(3) of the gauge algebra. (tr{Tα} is just a number which commutes with all the Tβ, so if it is non-zero then the algebra is not simple.) Hence we only need to check that Eq. (22.4.3) is satisfied by the U(1) generators of the gauge algebra. In the standard model, the sum of the values of the weak hypercharge y for all left-handed fermions is

[image: image]

so there are no gravitational anomalies in the standard model currents.

The requirement of vanishing of anomalies may be used as a guide in formulating realistic theories. For instance, the values of the weak hypercharges y for various SU(3) × SU(2) multiplets were originally taken from experiment, but one may wonder why these weak hypercharges (and the corresponding average electric charges in each multiplet) take the observed values. To answer this question, suppose we assign arbitrary weak hypercharges a, b, c, d, and e to the multiplets [image: image], and [image: image], respectively. The conditions for anomaly cancellation tell us that:

SU(3)–SU(3)–U(1):

[image: image]

SU(2)–SU(2)–U(1):

[image: image]

U(1)–U(1)–U(1):
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graviton-graviton-U(1) :

[image: image]

Aside from the possibility of interchanging uR and dR, these equations have only two solutions, which we may call U(1) and U(1)‣:

[image: image]

Furthermore, these solutions are exclusive; we cannot suppose that both U(1) and U(1)′ are local symmetries, because then we would encounter a U(1)′–U(1)′–U(1) anomaly proportional to (–4) + (+2) ≠ 0 and a U(1)′–U(1)–U(1) anomaly proportional to (–4)2 – (+2)2 ≠ 0. The U(1) generator is just the weak hypercharge of the standard electroweak theory (with the overall constant factor a absorbed into the definition of g′), while the U(1)′ symmetry resembles nothing observed in nature. This little calculation provides a rational explanation of the assignment of y values, or equivalently of electric charges, in the standard model, and it shows that if all gauge anomalies must cancel within a single generation of quarks and leptons, then it is not possible to couple a gauge boson to any other U(1) quantum number, in addition to weak hypercharge.

On the other hand, although it is reasonable to guess that the SU(3) × SU(2) × U(1) gauge bosons of the standard model may couple only to the known quarks and leptons (both to explain why no other fermions have been discovered and to preserve the beautiful cancellation of anomalies in the standard model), there may be other U(1)′ gauge bosons that couple to other undetected (SU(3) × SU(2) × U(1))-neutral fermions as well as to the known quarks and leptons. Suppose we denote the U(1)′ quantum numbers y′ of the multiplets [image: image], and [image: image] as a′, b′, c′, d′, and e′, respectively. Since we don’t know anything about possible (SU(3) × SU(2) × U(1))-neutral fermions, the requirement of cancellation of the U(1)′–U(1)′–U(1)′ and graviton–graviton–U(1)′ anomalies does not help us to constrain a′, b′, c′, d′, or e′. The remaining conditions of anomaly cancellation tell us that:

SU(3)–SU(3)–U(1)′:
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SU(2)–SU(2)–U(1)′:

[image: image]

U(1)–U(1)–U(1)′:
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U(1)–U(1)′–U(1)′:

[image: image]

The general solution has y′ a linear combination of y and a quantum number B – L (where B and L are the conventional baryon and lepton numbers) that takes values 1/3, –1/3, –1/3, –1, and +1 for the multiplets [image: image], and [image: image], respectively. If B – L is a local symmetry, with a coupling that is not many orders of magnitude smaller than e, then it must be spontaneously broken, since ordinary bodies have macroscopic values of B – L. To avoid conflict with observations of neutral currents, the characteristic scale F of the symmetry breaking would have to be larger than that of the electroweak interactions, but not necessarily many orders of magnitude larger. Thus a neutral vector boson somewhat heavier than the Z0 and coupled to B – L seems like the most plausible addition to the standard model.

This has all been for a single generation of the standard model. With three generations there are many more anomaly-free symmetries. One class of symmetries that are not broken by anomalies or (as far as we know) by anything else consists of the differences in the numbers of leptons of the various flavors. Together with B – L, this will be important in Section 23.5 in classifying the baryon- and lepton-non-conserving processes produced by anomalies.

22.5 Massless Bound States4

It is sometimes speculated that quarks and leptons may be bound states of more fundamental particles. If these hypothetical fundamental particles had asymptotically free gauge interactions, like those in quantum chromodynamics, then we would expect them to be trapped, which would explain why they are not observed. However, there is a difficulty with this picture. No internal structure of the quarks and leptons has ever been observed, so the characteristic energy scale Λ′ (analogous to the Λ ≈ 200 MeV of quantum chromodynamics) of these gauge interactions must be very high. For instance, as remarked in Section 12.3, the agreement between theory and experiment for the magnetic moment of the muon indicates that ≈′ > 3 TeV. But, aside from Goldstone bosons, we would normally expect the bound states in such a theory to have masses of order Λ′, or perhaps 2πΛ′, just as in quantum chromodynamics the proton mass is of order 2πΛQCD. This expectation is of course in sharp contradiction with the fact the observed masses of the quarks and leptons are much less than Λ′. To put this problem another way, if the leptons and quarks are bound states, then why is their size (as measured by anomalous magnetic moments, etc.) so much smaller than their Compton wavelengths?

One way to answer this question is to suppose that, unlike quantum chromodynamics, this theory has unbroken chiral symmetries that keep the quarks and leptons massless, aside from small corrections from other interactions. In general, a chiral symmetry is any symmetry for which the massless elementary fields of some given helicity (including the complex conjugates of the fields of opposite helicity) furnish a complex representation. By operating on the vacuum with products of the elementary fields we can construct other states of definite helicity that also furnish complex representations of these symmetries. If any of these states are actual composite particles then they must be massless, because all helicity components of the state of a massive particle must furnish the same representation of any symmetry that commutes with rotations, so a given helicity component of a particle together with the antiparticle of the opposite helicity component would together furnish a real representation. Of course, it may not be so easy to tell which of the states constructed in this way correspond to actual composite massless particles, but if they do, their masslessness is natural, because in order for some massless particles of a given helicity that belong to a complex representation of the symmetry group to become massive as we change some parameter of the theory, their symmetry properties would have to change discontinuously from a complex to a real representation.

Although this reasoning shows that there are theories in which it is natural to have massless or very light composite particles, it does not give any indication of when this actually happens. The question is an interesting one, quite apart from the problem of understanding quarks and leptons as possible composite particles. ‘t Hooft16 has suggested a powerful way of answering this question, based on considerations of anomalies. Briefly, if the underlying theory has global chiral symmetries (not broken by gauge anomalies, and not spontaneously broken) consisting of transformations on the elementary left-handed spin [image: image] fermions (and antifermions) χ with symmetry generators Tα, Tβ, etc., and if the anomaly constant tr[{Tα Tα} Tγ] of these global symmetries is non-zero, then the spectrum of bound states must include spin [image: image] massless particles on whose left-handed states the same symmetries induce transformations with generators [image: image]α, [image: image]β, etc., with the same anomaly constant
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‘t Hooft’s argument was as follows. Imagine that some weakly-interacting gauge bosons are coupled to generators Tα, Tβ, etc. of the global symmetries of the underlying theory. Suppose also that although some of the coefficients [image: image] are non-zero, this anomaly is cancelled by anomalies due to other ‘spectator’ massless fermions, which do not feel the strong forces that trap the constituents of the composite particles. Physical processes at energies much less than the characteristic energy scale Λ′ of the trapping interactions will be described by an effective Lagrangian in which the trapped fermions do not appear. If the symmetries with generators Tα, Tβ, etc. are not spontaneously broken, then there are no Goldstone bosons, so the only particles in this effective Lagrangian will be the weakly coupled gauge bosons and spectator fermions, plus any massless bound states of the trapped fermions and strongly interacting gauge bosons. The consistency of the effective field theory requires that it must be anomaly-free, but the spectator fermions by assumption have an anomaly constant equal to –[image: image], so there must be massless bound states, to provide an anomaly constant equal and opposite to this, and hence equal to that of the original trapped fermions.5 Note that this argument works no matter how weak are the gauge interactions with generators Tα, Tβ etc., so these gauge bosons and the untrapped fermions do not have to be real particles to reach the conclusion that the massless spin [image: image] bound states reproduce the anomalies of the trapped elementary spin [image: image] fermions of which they are composed.

As a simple example, suppose that the underlying theory contains n ‘flavors’ of massless fermions, each of which has both left- and right-handed parts in the defining representation N of an asymptotically free SU(N) gauge group. We require N to be odd so that there can be untrapped SU(N)-neutral fermionic bound states. Just as in quantum chromodynamics, this theory has an automatic global SUL(n)× SUR(n) × Uv(1) symmetry, with the left- and right-handed massless fermions respectively in its (n, 1) and (1, n) representations, both having equal values for the Uv(1) quantum number, which can be taken as unity. There are non-vanishing anomaly constants in the underlying theory for the SU(n)L–SU(n)L–U(1)Y and SU(n)R–SU(n)R–U(1)Y current triplets, which have the values

[image: image]

where a, b, etc. label the SU(n) generators λa, normalized so that in the defining n-component representation [image: image]. For n > 2 there are also non-vanishing anomaly constants for the SU(n)L–SU(n)L–SU(n)L and SU(n)R–SU(n)R–SU(n)R currents, equal to

[image: image]

We suppose here that the SUL(n) × SUR(n) × U(1) symmetry is not spontaneously broken. Because of trapping, the only fermionic bound states in the physical spectrum will be contained in representations of this symmetry that can be formed from mL and mR elementary fermions of helicity + [image: image]and – [image: image], respectively, and [image: image] and [image: image] of their antiparticles, with
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where k is any positive or negative odd integer. In consequence, the only irreducible representations (r, s) of SU(n)L × SUR(n) encountered are those for which r is in the direct product of mL of the defining representations of SU(n) and [image: image] of their complex conjugates, while s is in the direct product of mR of the defining representations of SU(n) and [image: image] of their complex conjugates, and the U(1)V quantum number is kN, with k, mL, mR,[image: image], and [image: image] subject to Eq. (22.5.2). Let p(r, s,k) be the number of times an irreducible representation (r, s) of SUL(n) × SUR(n) with U(1)V quantum number kN appears among the helicity + [image: image] bound states. Eq. (22.5.1) then reads
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where tr(r) denotes the trace in the irreducible representation r of SU(n), and ds is the dimensionality of representation s of SU(N). The only other constraint on the p(r, s, k) is that they must be positive integers.

The complex conjugate [image: image] of any representation (r,s,k) of SU(2)L × SU(2)R × U(1)V has values of the traces tr(r)[{[image: image]a, [image: image]b,}[image: image]c], and k tr(r) [{[image: image]a, [image: image]b}] opposite to those of the representation (r, s, k), so Eqs. (22.5.3) and (22.5.4) only restrict the values of

[image: image]

Recall that in the notation we have been using here, these traces are over all massless bound states of helicity +  [image: image], including the antiparticles of the massless bound states of helicity – [image: image], which transform according to the complex conjugate representations. The complex conjugate of any representation of SU(2)L × SU(2)R × U(1)V has values of tr(r)[{[image: image]a, [image: image]b,}[image: image]c], and k tr(r)[{[image: image]a, [image: image]b}] opposite to those of that representation. Thus we can sum in (22.5.3) and (22.5.4) only over the representations with U(1)V quantum number kN > 0

[image: image]

with ℓ(r, s, k) equal to the number of times an irreducible representation (r, s) of SUL(n) × SUR(n) with U(1)V quantum number kN > 0 appears among the helicity + [image: image] bound states, minus the number of times the same representation appears among the helicity – [image: image] bound states. (If parity is unbroken then a representation r, s, k must occur among the helicity – [image: image] bound states as often as the representation s, r, k occurs among the helicity + [image: image] bound states, so in this case ℓ(r,s,k) = –ℓ(s, r, k).)

First, consider the case of n = 2 flavors. There is no way of coupling three three-vectors together symmetrically to make an SU(2)-invariant, so both sides of (22.5.5) vanish automatically, leaving only the condition (22.5.6). The defining two-component representation of SU(2) is contained in the product of any odd number of these two-component representations, so we can always find a solution of (22.5.6) with ℓ(r,s,k) = 0 for all SU(2)L × SU(2)R × U(1)V representations with r non-trivial except the one in which r is the defining representation, s is the trivial representation, and k = 1, for which we take ℓ = 1. Unfortunately, this solution is far from unique — there is an infinite number of ways of reproducing the anomalies of the underlying theory.

For general n and N it is usual to find many solutions of Eqs. (22.5.5) and (22.5.6), but there are some cases where no solutions can be found. In such theories we can reach the conclusion that the SU(n)L × SU(n)R × U(1)V symmetry must be partly or completely spontaneously broken. This has particularly interesting implications for quantum chromodynamics, so let us now specialize to the case of an SU(3) gauge group.

To be concrete, we will focus on the representations, with k = 1 and [image: image] = [image: image] = 0, that can be formed from just three elementary fermions and no antifermions. These are :6.

(a)  r is the symmetric third-rank SU(n) tensor; s is the trivial representation.

(b)  r is the antisymmetric third-rank SU(n) tensor; s is the trivial representation.

(c)  r is the third-rank SU(n) tensor of mixed symmetry; s is the trivial representation.

(d)  r is the symmetric second-rank SU(n) tensor; s is the SU(n) vector.

(e)  r is the antisymmetric second-rank SU(n) tensor; s is the SU(n) vector.

(f)  r is the SU(n) vector; s is the symmetric second-rank SU(n) tensor.

(g)  r is the SU(n) vector; s is the antisymmetric second-rank SU(n) tensor.

(h)  r is the trivial representation; s is the symmetric third-rank SU(n) tensor.

(i)  r is the trivial representation; s is the antisymmetric third-rank SU(n) tensor.

(j)  r is the trivial representation; s is the third-rank SU(n) tensor of mixed symmetry.

For n > 2, Eqs. (22.5.5) and (22.5.6) here read7
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and
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There is no problem in satisfying Eq. (22.5.7), but note that if n is a multiple of three then for all values of the ℓs, each term on the left-hand side of Eq. (22.5.8) is also a multiple of three, which makes it impossible to satisfy this condition. We conclude in particular that the SU(3)L × SU(3)R × U(1)V symmetry of quantum chromodynamics with three flavors of massless quarks must be spontaneously broken. This result is not limited to the representations (a)–(j), but applies to any representations of SU(3)L × SU(3)R × U(1)V that can be formed from color-neutral combinations of quarks and antiquarks.

[image: image]

Aside from special cases such as an SU(3) gauge group with n = 3 elementary fermion SU(3)-triplets, the ‘t Hooft anomaly matching condition is not very restrictive; in general it allows a wide variety of massless bound states when chiral symmetry is unbroken. ‘t Hooft also proposed a decoupling condition, which requires that when one or more of the elementary fermion flavors become very heavy there should be no unbroken chiral symmetries that prevent composite particles that contain heavy elementary fermions from acquiring masses. For instance, in the case of an SU(3) color gauge group, if we give one of the n quark types a large mass then those three-fermion bound states that contain a single massive quark will furnish representations (r′, s′) of the group SU(n – 1) × SU(n – 1) that are either

(v)  r′ is the symmetric second rank SU(n – 1) tensor; s′ is the trivial representation,

(w)  r′ is the antisymmetric second rank SU(n – 1) tensor; s′ is the trivial representation,

(x)  r′ and s′ are SU(n) vectors,

(y) r′ is the trivial representation, s′ is the symmetric second rank SU(n–1) tensor,

(z) r′ is the trivial representation, s′ is the antisymmetric second rank SU(n – 1) tensor.

In order for the three-fermion mass state to acquire a large mass, it is necessary that ℓ(r′, s′) = 0, where ℓ′(r′, s′) is the number of times that an irreducible representation (r′, s′) occurs among the helicity + [image: image] bound states minus the number of times the same representation appears among the helicity −[image: image] bound states. By inspecting the list of three-fermion representations (a)–(j) of SU(n) × SU(n) to see what representations of SU(n – 1) × SU(n – 1) they yield, we see then that the ’t Hooft decoupling condition requires that8
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Unfortunately, in most cases there are still an infinite number of solutions, though there are no solutions in which the ℓs are n-independent integers.

The decoupling condition seems quite plausible, but its use by ’t Hooft was questioned17 on the ground that, as one or more fermion masses increase, one usually encounters phase transitions that make the mass spectrum different from what it would be for small fermion masses. There is a stronger condition, known as the persistent mass condition, which requires that when one or more of the elementary fermion flavors acquire any mass, there should be no unbroken chiral symmetries that prevent composite particles that contain these massive elementary fermions from acquiring some masses.17 If valid, the persistent mass condition would lead to the same consequences, such as Eqs. (22.5.9), that were described by ’t Hooft, with no chance of being invalidated by phase transitions.

It is easy to construct non-realistic models in which the persistent mass condition is violated, such as theories with spontaneously broken non-chiral symmetries, which lead to massless Goldstone bosons formed as composites of massive fermions.17 (These models also exhibit phase transitions with increasing fermion masses, which invalidate ’t Hooft’s conclusions from the decoupling condition.) But the work of Vafa and Witten discussed in Section 19.9 shows that, in a variety of more realistic QCD-like theories, non-chiral symmetries cannot be spontaneously broken, so this should not be taken as a serious objection to the persistent mass condition.

22.6 Consistency Conditions

The numerical coefficient appearing in the anomaly for any symmetry depends on the matter content of the theory. On the other hand, the form of the anomaly is largely independent of the details of the theory, because it is governed by consistency conditions, first presented in 1971 by Wess and Zumino.18

Even when we are interested in anomalies in global symmetry currents, in order to derive the consistency conditions it is convenient to imagine that all symmetry currents are coupled to gauge fields, which for non-Abelian symmetries also couple to each other, in such a way that these symmetries become local symmetries of the Lagrangian density. We can always return to the case of global symmetry by letting the corresponding gauge coupling constants become infinitesimal. Apart from anomalies, the effective action Γ[A] in a background gauge field Aαμ(x) will in this formalism be invariant under infinitesimal transformations Aβμ(y) → [image: image] on the gauge field, where in order to reproduce the transformation (15.1.9) we must take
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Taking anomalies into account, [image: image]α(x) no longer annihilates Γ[A], but rather
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where Gα[x; A] represents the effect of the anomaly. Eq. (22.6.2) may also be written as a formula for the covariant divergence of the expectation value of the current:
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where
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and Dμ is the gauge-covariant derivative (15.1.10), taken here in the adjoint representation with (tβ)γα = –iCαβγ.

The Wess–Zumino consistency conditions follow from the commutation relations9
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From Eqs. (22.6.2) and (22.6.5), we derive the general consistency condition
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These consistency conditions were originally derived by Wess and Zumino for the chiral SU(3) × SU(3) symmetry of the strong interactions, a special case of physical as well as historical importance. Here the generators [image: image]α(x) acting on the gauge fields consist of the even parity generators [image: image]a(x) defined by Eq. (22.3.31), and the odd parity generators [image: image]a(x) defined by (22.3.32).10 They satisfy the commutation relations
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where fabc are the SU(3) structure constants. Since the SU(3) subgroup generated by the [image: image]a is not spontaneously broken, it is convenient to treat the integration over fermion momenta in such a way as to preserve invariance under gauge transformations generated by [image: image]a, so that
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leaving us with the non-zero anomaly
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The non-trivial consistency conditions are then

[image: image]

and
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The first of these simply says that Ga(x) transforms like an octet under ordinary SU(3) transformations. The second condition imposes other strong constraints on Ga(x). The reader may check that this condition is satisfied by the Bardeen formula (22.3.34) for Ga(x). We will not go into this here, but will instead use as an illustration a general gauge theory with all currents treated symmetrically. In Section 22.3 we quoted the formula (22.3.38) for the anomaly in this case, but did not derive the terms in this formula of higher than second order in the gauge fields. Here we shall show that these terms are dictated by the consistency conditions (22.6.6).

For this purpose, and also to allow for further generalizations, it is very convenient to reformulate the set of Wess–Zumino consistency conditions as a condition of invariance under the BRST transformations described in Section 15.7. Let us introduce a ghost field ωα, and define the nilpotent BRST operator s for a general gauge theory by
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it being understood that s satisfies the distributive rule s(AB) = (sA)B [image: image] A(sB), the sign being negative where A is a fermionic quantity like ωα, and otherwise positive. In place of the anomaly function Gα[x; A], we shall work with a functional
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Then (keeping in mind that ωα is fermionic)
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Because the ghost fields anticommute with each other, this can be written
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We see that the consistency condition (22.6.6) will hold if and only if G [ω, A] is BRST-invariant
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for all ghost fields ωα(x).

Now consider the possibility that the anomaly G[ω; A] could be written as the BRST operator s acting on a local functional F[A]:
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(Note that the functional F is necessarily independent of the ghost field, because the operator s adds one ghost field factor, and the anomaly functional G is already linear in the ghost field.) The BRST operator satisfies s2 = 0, so such an anomaly would satisfy the consistency condition sG = 0. If F[A] is a local functional11 of the gauge field, then it could be subtracted from the action, thus cancelling the anomaly. The same is true of any term in the anomaly that can be written as the BRST operator s acting on a local functional; such a term satisfies the consistency condition by itself, and can be cancelled by adding a local term to the action. The possible anomalies that interest us are thus the local functionals G[ω; A] of ghost number unity that satisfy the consistency condition (22.6.10), modulo terms that can be expressed as s acting on some local functional of ghost number zero. In accordance with the usual terminology for nilpotent operators, the equivalence classes of such functionals form what is called the cohomology of the s operator at ghost number unity.

We can also express this in terms of the local densities themselves. We can write the anomaly (or any term in the anomaly) as [image: image], where [image: image](x) is a power series in the gauge and ghost fields and their derivatives at the spacetime point x. The condition sG = 0 then is equivalent to the statement that
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for some function [image: image]μ(x) of fields and field derivatives. Likewise, the terms in [image: image] that can be cancelled by adding local terms to the action are those that are of the form s[image: image], up to possible derivatives. Thus the anomalies that interest us are the local functions of ghost number unity that satisfy the consistency condition (22.6.12), modulo terms that can be expressed as s acting on some local functional of ghost number zero, modulo possible derivatives. This is known as the cohomology of s at ghost number unity in the space of local functions, modulo derivatives, and denoted H1(s[image: image]d).

Algebraic methods have been used to work out the cohomology of the BRST operator s, and thereby deduce the form of the anomaly in general gauge theories.19 This approach leaves unknown only constant coefficients that depend on the matter content of the theory and need to be calculated by the methods of Sections 22.2 or 22.3. Since we have already calculated the terms in the anomaly of second order in the gauge fields for general gauge theories, including their constant coefficients, here we will use the consistency condition (22.6.12) to calculate the terms of higher order in the fields.

We saw in Section 22.3 that when all currents are treated symmetrically, the terms of second order in the gauge fields are one-third the expression (22.3.26). This is an operator of dimensionality four (in units of mass), while the Wess–Zumino consistency condition (22.6.6) relates only operators of the same dimensionality, so to satisfy this condition we should add only terms of higher order in the gauge field that have the same dimensionality. We therefore seek a solution of the consistency conditions in the (not necessarily unique) form
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where [image: image] and the ci are constants to be determined.

In order to save a great deal of effort, it will be convenient to rewrite this in the language of differential forms. (See Section 8.8.) We introduce a set of c-number parameters dxμ that are taken to anticommute with themselves and all fermionic fields, such as the ghost field ωμ. The dxμ then also anticommute with the BRST operator s. Because [image: image] is totally antisymmetric, it may be written as
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We also introduce the exterior derivative
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which since derivatives commute is nilpotent as well as anticommuting with s:
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Finally, we introduce the anticommuting quantities
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In this notation, Eq. (22.6.13) reads
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In order to implement the consistency condition (22.6.10), we note that the BRST transformation rules (22.6.7) and (22.6.8) may be written as
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Now, the BRST transformation of the last term in Eq. (22.6.17) is given by
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There is no other contribution to sG proportional to [image: image], so the consistency condition (22.6.10) can only be satisfied if c4 = 0. With c4 = 0, a straightforward calculation gives
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We do not need to assume that the integrand vanishes, but only that it is the derivative of some local function, so that its integral vanishes. This condition must be satisfied separately for the terms involving two derivatives and those involving one derivative, since no cancellation can occur between terms with different numbers of derivatives. It is not hard to see that the terms in the integrand involving just one derivative are of the form d[image: image], if we take c1 = –c2 = +c3 ≡ c. The remaining terms are a total derivative if c = –1/2, thus justifying the previously quoted result (22.3.38). This result is often expressed more compactly as
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where F is the matrix-valued field-strength two-form
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The anomaly does not have to be put in the form (22.6.13), so Eq. (22.6.20) is not the unique result for G[ω, A]. Results quoted in the next section show that, for any subgroup H of G for which [image: image] for all generators of H, it is possible to add local terms to the action in such a way that the anomaly Gi vanishes when ti is any generator of H.

There is an elegant algebraic tool, known as the Stora–Zumino descent equations,18a for constructing a solution of the consistency conditions. It is just as easy to describe this method in a spacetime of any even dimensionality as in four spacetime dimensions, so we will take the spacetime dimensionality to be 2n. To start, one must imagine that at least two additional variables have been added to the 2n coordinates of space and time, in order to give meaning to the (2n + 2)-form Tr Fn+1. Note that
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so that Tr Fn+1 is closed:
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As long as the extended spacetime is simply connected, Poincaré’s theorem then tells us that Tr {Fn+1} is exact, in the sense that there is a (2n+1)-form [image: image] (known as the Chern–Simons form), for which
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Further, Tr Fn+1 is manifestly gauge-invariant and depends only on the gauge field, so it is BRST-invariant:
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The ‘differentials’ dxμ are understood to anticommute with fermionic fields like the ghost field ωα, so the operator d anticommutes with the operator s defined by Eqs. (22.6.7) and (22.6.8):
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Because s is nilpotent, it follows then that s[image: image] is also closed:
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Again using Poincaré’s theorem, this means that there must be a 2n-form [image: image], of first order in ωα for which
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Furthermore, [image: image], so there is also a (2n – 1)-form [image: image], of second order in the ghost field, for which
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It follows then that the integral of [image: image] over the 2n dimensions of space and time is BRST-invariant:
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even though [image: image] is not itself BRST-invariant. We can thus find a candidate [image: image] for the anomaly functional G[ω, A] by integrating the two first-order differential equations [image: image] and [image: image]. General (not unique) solutions of these equations are
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where [image: image]. Evaluation of the integral (22.6.30) shows that Eq. (22.6.20) gives a result for G[ω, A] proportional to [image: image] in the case of four spacetime dimensions.

We can continue this descent, and derive other useful results. In particular, it follows from Eq. (22.6.27) and the nilpotence of s that [image: image], so Poincaré’s theorem tells us that [image: image] is of the form [image: image], so the integral of [image: image] over the 2n – 1 coordinates of space is BRST-invariant:
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Such BRST-invariant functionals of second order in the ghost fields are candidates18b for so-called Schwinger terms.18c Schwinger terms of the sort that concern us here arise as anomalous terms Sα,β(x, y) in the equal-time commutation relations of the time components of two symmetry currents:
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(All operators in this paragraph are taken at the same time t, which will henceforth not be shown explicitly.) From the antisymmetry of the commutator we have Sαβ(x, y) = –Sβα(y, x), so all information about Sαβ(x, y) is contained in the functional
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Note that Sαβ(x, y) depends in general on various matter and gauge fields, so S[ω] generally depends on these fields as well as on the ghost field ωα(x). Taking the commutator of Eq. (22.6.32) with a third current [image: image], contracting with ωα(x)ωβ(y) ωα(z), integrating over x, y, and z, and using the Jacobi identities, we find
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On functionals of gauge and matter fields like Sαβ(x, y), the action of the BRST operator s is the same as that of a gauge transformation with transformation parameter ωα, so
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Recalling Eq. (22.6.8), we find that the functional (22.6.33) is BRSTinvarian t
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Also, by adding terms to the currents we can change S[ω] by terms of the form sT[ω], so the set of possible Schwinger terms that could not be removed by adding terms to the currents is given by the cohomology of the BRST operator s at ghost number two — that is, by BRST-invariant functionals S of second order in the ghost field that are not themselves of the form sT. Eq. (22.6.31) shows that [image: image] is a candidate for such a functional.
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The analysis of anomalies given so far in this section is strictly applicable only to anomalies in one-loop order. It is true that a theory with one-loop anomalies in currents to which quantum gauge fields are coupled is inconsistent, and therefore does not need to be studied in higher orders. But the converse does not hold; if a theory with quantum gauge fields is anomaly-free in one-loop order, we still need to show that anomalies are absent in higher orders. Also, there is nothing inconsistent in theories with anomalies in global symmetries, such as the chiral symmetries of quantum chromodynamics, and for these we need to know whether higher-order corrections affect the anomalies.

Since BRST transformations act non-linearly on the fields, even in the absence of anomalies we would not necessarily expect the quantum effective action Γ[ω, A] to be BRST-invariant beyond the one-loop approximation. As we saw in Section 17.1, beyond this approximation we need to consider functionals not only of gauge and ghost fields but also of their antifields. (The introduction of antifields is sometimes important even in one-loop order for another reason: a local functional of fields alone that satisfies the Wess–Zumino consistency conditions, and that is not expressible as the BRST operator acting on a local functional of fields alone, will not be a candidate anomaly if it can be expressed as the antibracket of the action with a local functional of fields and antifields, because in this case the anomaly can be cancelled by subtracting this term from the action. This corresponds to a change in the action of the fields combined with a change in the gauge symmetry obeyed by this action.)

The study of anomalies with antifields included in the action turns out also to have a cohomological formulation.20,21 The analysis of this problem is based on the Zinn-Justin version (17.1.10) of what Batalin and Vilkovisky called the master equation. In the absence of anomalies (Γ, Γ) = 0, so that in one-loop order (S, Γ1) = 0, where S is the zeroth-order action and Γ1 is the one-loop contribution to the quantum effective action. In the presence of anomalies we have instead
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where G1 is some functional of fields and antifields which, since S and Γ1 have ghost number zero, must have ghost number unity. The action is assumed to satisfy the classical master equation (S, S) = 0, so the antibracket operation in Eq. (22.6.35) is nilpotent, and therefore (S, G1) = 0. But if G1 = (S, F1) for some local functional F1 of ghost number zero then we can cancel the anomaly to one-loop order by subtracting the term F1 (which is treated as a quantum correction of order ћ) from the action and hence from Γ1. (Of course, G1 = (S, F1), but in the presence of massless particles F1 is not a local functional.) Thus the candidate anomalies are those local functionals G1 of ghost number unity that are closed, in the sense that they satisfy (S, G1) = 0, but that are not exact, that is, that cannot be expressed as G1 = (S, F1) for local functionals F1 of ghost number unity. In other words, the candidate anomalies correspond to the cohomology of the antibracket operation [image: image] at ghost number unity on the space of local functionals of the fields and antifields.

This is just like the result found earlier in this section, but with the antibracket (S, ···) replacing the BRST operator s. If we set the antifields equal to zero in Eq. (22.6.35) and recall that [image: image], we find that the condition (22.6.35) in fact yields the condition sΓ1 = 0, which as we have seen is equivalent to the requirement that Γ1 satisfies the Wess–Zumino consistency conditions. But there is a sense in which the analysis based on Eq. (22.6.35) can be extended to higher orders.

To see this, suppose that it is found that the antibracket operation [image: image] has an empty cohomology at ghost number unity in the space of local functionals, and that we redefine the action as described above to make G1 = (S, Γ1) = 0. An anomaly that violates the master equation (Γ, Γ) = 0 in two-loop order is represented by a function G2 for which
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But since (S, Γ1) = 0 and (S, S) = 0, any such G2 would satisfy (S, G2) = 0. On the assumption of an empty cohomology, this means that it can be expressed as G2 = (S, F2) with F2 a local functional of ghost number zero, so in this order the anomaly can be cancelled by subtracting F2 from the action.

This argument can be extended to all orders. Suppose we have cancelled the anomalies in the master equation up to order N – 1, so that
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for all M < N. The Nth-order term in the antibracket (Γ, Γ) is likewise
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so, using the Jacobi identity (15.9.21) (in which for three bosonic operators all signs are –) and the above formula for (S, ΓM), we find:
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This can be written in a more symmetric way
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Since the ranges of M1, M2, and M3 are the same, we can write the double antibracket in this sum as a sum over the 3! permutations over these indices, which vanishes according to the Jacobi identity (15.9.21), leading to the conclusion that (S, GN) = 0. If as assumed the cohomology is empty then this implies that there is a local functional FN for which GN = (S, FN), so by subtracting FN from the action the anomaly can be cancelled in order N, as was to be shown.

Using purely algebraic methods Barnich, Brandt, and Henneaux22 have succeeded in showing that for Yang–Mills theories (in four spacetime dimensions) based on semisimple gauge groups, the cohomology of the antibracket operation [image: image] (at ghost number unity on the space of local functionals) consists entirely of a linear combination of terms of the form (22.6.20), one for each simple subgroup of the gauge group, with unknown coefficients.12 This shows without any reference to the matter content of the theory that in one-loop order, where the anomaly G1 automatically satisfies (S, G1) = 0, the anomaly for a semi-simple gauge group must be a linear combination of terms of the form (22.6.20), with only the constant coefficient for each simple subgroup left to be determined by detailed calculations that take into account the matter content of the theory. Further, we saw in Section 22.4 that there are gauge groups for which the trace in Eq. (22.6.20) vanishes automatically for any menu of fermion fields. (These are the semisimple gauge groups with no SU(n) factors with n ≥ 3.) In such cases the theorem of Ref. 22 shows that the cohomology of the antibracket operation [image: image] at ghost number unity is zero. As we have seen, this means that in such theories there is no anomaly in any order of perturbation theory.

There is another sense in which the anomaly is related to the cohomology of the antibracket operation.23 In deriving the Slavnov–Taylor identity (16.4.6), we assumed that the measure [image: image] is invariant under the symmetry transformation in question. In Section 15.9 the Zinn-Justin equation was derived from the Slavnov–Taylor identity for the symmetry transformation [image: image], so the derivation of the Zinn-Justin equation given in Section 15.9 breaks down unless [image: image] is invariant under this transformation, or in other words unless ΔS = 0, where Δ is the operator (15.9.34). Where ΔS ≠ 0, it still may be possible to save the Zinn-Justin equation by adding local functionals to S that violate the classical master equation (S,S) = 0 in such a way as to cancel the effect of the non-invariance of the measure. It turns out that the condition for this cancellation is nothing but the quantum master equation (15.9.35). To construct an action S that satisfies this equation, we start with a zeroth-order action So that satisfies the classical master equation, (S0, S0) = 0, and add quantum corrections. In the case in which the cohomology of the operation [image: image] (at ghost number unity in the space of local functionals) is empty, the same proof that was used above to show the absence in this case of anomalies to all orders can be used to show that a local functional can be added to S0 so that the quantum master equation is satisfied to all orders.

22.7 Anomalies and Goldstone Bosons

In the same 1971 paper in which they introduced the consistency conditions, Wess and Zumino18 also noted that the possibility of anomalies has important consequences for the interactions of Goldstone bosons. To understand their point, it is helpful to apply the ‘anomaly matching’ argument developed by ’t Hooft16 in 1979, which has already been used in Section 22.5.

Consider a broken global symmetry group G that is realized linearly in some underlying theory of trapped massless fermions, as for instance the global chiral SU(3) × SU(3) symmetry in quantum chromodynamics with three massless quarks. In this underlying theory introduce fictitious gauge fields, so that aside from possible anomalies the global symmetry G becomes local. In general this local symmetry will be broken by anomalies, since in the real world the symmetry is purely global, and there is no reason why a global symmetry should admit an extension to an anomaly-free local symmetry. However these anomalies can be cancelled by adding suitable massless spectator fermions. As long as the gauge couplings introduced in this way are sufficiently small, and the spectator fermions have only these very weak gauge interactions, the dynamics of the theory will not be substantially changed by these modifications.

Next consider the effective field theory that describes physics at low energy, where the trapped fermions are unobservable. The only degrees of freedom in this theory will be the massless particles: the fictitious gauge bosons and spectator fermions, and a set of Goldstone bosons with fields ξa, one for each independent broken symmetry. Since the underlying theory had been made gauge-invariant and anomaly-free, the same must be true of the effective field theory. But the spectator fermions produce an anomaly which had previously cancelled the anomaly due to the trapped massless fermions in the underlying theory, so in order for them to cancel the anomaly due to the Goldstone bosons, the gauged effective field theory of the Goldstone bosons must have an anomaly for the fictitious local symmetries which is equal to that produced by the trapped fermions in the underlying theory. That is, in place of Eq. (22.6.2), the effective action Γ[ξ,A] of the fictitious gauge fields and Goldstone bosons is subject to the condition
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where Gβ[x; A] is the anomaly function of the underlying theory, in which there are no Goldstone bosons, and [image: image]β is a generator of the gauge group G, now acting on both gauge and Goldstone boson fields. (The index β on [image: image]β runs over values i labelling a complete set of independent generators [image: image]i of the unbroken symmetry subgroup H, together with values  a labelling a set of independent broken symmetry generators [image: image]a; there is one Goldstone boson field ξa for each [image: image]a.)

Of course, Eq. (22.7.1) may also be used to study the interactions of Goldstone bosons with real weakly coupled gauge fields. For instance, where the underlying theory includes electroweak gauge bosons coupled to the quarks, we would identify some of what we have called ‘fictitious’ gauge fields with the electroweak gauge fields. In such cases some of the ‘spectator’ fermions must also be real, in order to cancel the anomalies produced by loops of trapped fermions in the gauge symmetries of the real weakly coupled gauge fields, as for instance the leptons cancel the electroweak anomalies produced by the quarks.

Now let us turn to the implications of Eq. (22.7.1). To calculate the gauge symmetry generator [image: image]β(x) in this context, note that under a general group transformation g = exp(−i ∫ ζβ(x)[image: image]β(x)d4x), the Goldstone boson fields ξa(x) transform into fields ξa′(x) given by Eq. (19.6.18), and the gauge fields [image: image] transform into gauge-transformed fields [image: image], so that
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Here [image: image] acts on the gauge fields and is given by Eq. (22.6.1):
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where Cαβγ are the totally antisymmetric structure constants of the gauge group G, while [image: image] acts on the Goldstone fields and is given by the infinitesimal limit of Eq. (19.6.17), which (for the exponential parameterization γ(ξ) = exp(iξaXa)) reads:13
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Here Tβ are matrices representing the generators of G in any representation; they are divided into sets Xa and Yi, which represent the broken and unbroken symmetry generators, respectively. Also the θβi(x) are ξ-dependent functions whose form will not concern us here.

About the anomaly functions Gβ[x; A], we will assume only the consistency conditions (22.6.6)
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and the absence of anomalies in the unbroken symmetries
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As mentioned in the previous section, as long as the trace Tr[Ti{Tj, Tk}] vanishes for the generators of unbroken symmetry subgroup (as it does for the non-chiral generators of SU(3) × SU(3)), it is always possible to add a local functional to the action so that Eq. (22.7.6) is satisfied.

Under the assumptions (22.7.5) and (22.7.6), it is always possible to find a solution of the anomalous Slavnov–Taylor identities (22.7.1):
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where [A−i(x)]μ is the result of acting on Aμ ≡ TβAμβ with a gauge transformation (15.1.17) having Λa = −tξa and Λi = 0:
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In contrast with the case in which unbroken symmetries have anomalies, Eqs. (22.7.7) and (22.7.8) define a local (though complicated) functional of gauge and Goldstone boson fields. Any other solution of Eq. (22.7.1) will differ from this one by an anomaly-free functional.

Here is an outline of the proof24 that the action (22.7.7) satisfies Eq. (22.7.1). Instead of working with the local generator [image: image]β(x), it is convenient to introduce an arbitrary function ηβ(x), and define
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To evaluate [image: image][η]ξb(x), we introduce the matrix
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where η(x) ≡ ηβ(x)Tβ. Then
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so that
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To evaluate [image: image][η]Gb[y, A], we apply [image: image][η] to the gauge field, and after a straightforward calculation find that
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so, using the consistency condition (22.7.5),
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The structure constant terms in Eqs. (22.7.11) and (22.7.13) cancel, yielding
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Another straightforward calculation shows that
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so the terms in the integrand in Eq. (22.7.14) add up to a t-derivative
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At t = 1 we have
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From Eq. (22.7.4) we see that this is a linear combination of the generators of the unbroken symmetry subgroup H, so the coefficient [η−ξ(y)]b of any broken symmetry generator Xb vanishes. Also, Eqs. (22.7.10) and (22.7.8) show immediately that at t = 0, η−tξ(y) = η(y) and [A−tξ(y)]μ = Aμ(y), so Eq. (22.7.16) yields
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which with Eq. (22.7.6) is equivalent to the desired result (22.7.1), as was to be proved.

The solution (22.7.7) of Eq. (22.7.1) is not unique, but it is the unique solution that vanishes for ξ = 0. To see this, note that
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where the primes indicate a gauge transformation with transformation parameter ηβ. It is convenient to represent the exponential here as

[image: image]

so Eqs. (22.7.1) and (22.7.18) yield
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In particular, if we take ηa = −ξa and ηi = 0, then ξa′ = 0, in which case by assumption Eq. (22.7.19) has a vanishing right-hand side, and therefore yields the formula:
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The functional operator [image: image] in Eq. (22.7.20) simply produces a gauge transformation (15.1.17) with gauge parameter Λβ(x) = −tξa so that Eq. (22.7.20) may be written as in Eq. (22.7.7).

Eq. (22.7.7) may be applied to study the electroweak interactions of the octet of pseudoscalar Goldstone bosons, but it has important implications for the interactions of the Goldstone bosons themselves, in the absence of real gauge fields. In the case where A = 0, Eq. (22.7.8) becomes a ‘pure gauge’ field
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where
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With [image: image](x) = 0, Eq. (22.7.1) gives
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so the result of using Eq. (22.7.21) in Eq. (22.7.7) is a G-invariant local functional of the Goldstone boson field ξa(x), though, as we shall see, it is not in general the integral over spacetime of a G-invariant function of ξa(x) and its derivatives.

The simplest example is the case of a completely broken symmetry group. Here the condition (22.7.6) is empty, and we can use the symmetric form (22.3.38) for the anomaly:
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where now Ta is the specific representation of the group generator furnished by the left-handed fermions (including antifermions, where the distinction is relevant) of the theory. In this case when we use Eq. (22.7.21) in Eq. (22.7.24), we find that the only terms in the trace in (22.7.24) that survive when contracted with [image: image]κνλρ are then all proportional to
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with coefficients −1, + [image: image] −[image: image] and + [image: image], respectively, so Eq. (22.7.7) becomes here
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As promised, this is not the integral of an invariant function of fields and field derivatives. For instance, for small Goldstone boson fields Eq. (22.7.25) becomes
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Any function of the covariant derivatives of Goldstone boson fields would have a term of lowest order in the fields which would be simply a product of partial derivatives of the Goldstone fields, and therefore could not have a lowest-order term of the form (22.7.26).

For an example of greater practical importance, consider the SU(3) × S U(3) chiral symmetry of quantum chromodynamics with massless u, d, and s quarks, spontaneously broken to the diagonal SU(3) subgroup of Gell-Mann and Ne’eman. In order to use the results of this section, we must label internal momenta in the fermion loop integral so that the vector currents of the diagonal SU(3) subgroup are anomaly-free, in which case the anomaly takes the Bardeen form (22.3.34):

[image: image]

where Vμ, Aμ, Vμν, and Aμν, are defined by Eqs. (22.3.35)–(22.3.37); ta is here half the Gell-Mann matrix λa, given by Eq. (19.7.2); and n is the number of quark types (’colors’) of each flavor. (We are now using a lower case t for the matrices representing the group generators, because in this trace we sum only over the left-handed quarks, not the left-handed antiquarks.) For a pure gauge field like (22.7.21) the field strengths Vμν and Aμν vanish, so that using Eq. (22.7.27) in Eq. (22.7.7) yields the anomalous effective Goldstone boson action
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where ‘A’ now denotes the axial-vector as opposed to the vector gauge field. To find [A−ξ]μ we use Eq. (22.7.21), which here reads
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Multiplying with (1 + γ5)/2 and (1 − γ5)/2 and taking the difference yields the axial-vector term
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where
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Using this in Eq. (22.7.28) yields the effective anomalous action
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As noted by Witten,25 this may be expressed in a convenient five-dimensional form. We take t as our fifth coordinate, and define ξa(x, t) ≡ tξa(x). Then Eq. (22.7.32) becomes
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where i, j, etc. run over the values 1, 2, 3, 0, 5, with zi = xi for i = 1, 2, 3, 0 and z5 = t, and the integral is over the region 0 ≤ z5 ≤ 1. (An extra factor 1/5 appears in Eq. (22.7.33) to take account of the fact that any one of the five indices i, j, k, 1, or m may take the value 5.) Since ξa(z) takes a fixed value zero for z5 = 0 and all values of the other components zμ of zi, we can identify these values of zi as a single point, and consider the region of integration in Eq. (22.7.33) as a five-dimensional ball, with the four-dimensional boundary z5 = 1 taken as ordinary spacetime. Eq. (22.7.33) is thus a special case of the Wess–Zumino–Witten’ action given by Eqs. (19.8.1) and (19.8.3), which was also proportional to an integer n; the only difference is that n is now identified as the number of colors. We saw in Section 19.8 that the integral (19.8.3) depends only on the values of ξa(z) on the spacetime boundary of the five-ball, so in deriving Eq. (22.7.33) we have shown that Eq. (19.8.2) applies for any continuation of ξa(x) into the interior of the five-ball, not just for ξa(x, t) = tξ(x).

* * *

More generally, consider an arbitrary gauge group G that is spontaneously broken to a subgroup H that by itself is anomaly-free — that is, for which the D-symbol (22.3.12) vanishes for any three generators of H. Chu, Ho, and Zumino26 have shown that we can add a local functional B[A] to the action, in such a way that the currents of the subgroup H are anomaly free, even when the gauge fields of the broken symmetries are taken into account. This functional is
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where again [image: image] and [image: image], while [image: image] and [image: image] are the terms in Aμ and Fμν in the algebra of the unbroken symmetry subgroup H. The total anomaly is then
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(where Gβ[x;A] is the symmetrized anomaly (22.3.38)) and satisfies the desired condition
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The anomalous part of the effective action for Goldstone bosons and gauge fields is given by using Eq. (22.7.35) in place of Gβ in Eq. (22.7.7). In this way, Chu et al.26 found an anomalous effective action
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where Γ[ξ, A] is the previously derived effective action (22.7.7), and A−ξ(x) is obtained by setting t = 1 in Eq. (22.7.8). In particular, where the gauge field vanishes A−ξ is the pure gauge field

[image: image]

so here the Goldstone boson action is
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This result is not unique; in particular, in parity-conserving theories like quantum chromodynamics we can add additional local terms to the effective action to cancel any parity-non-conserving terms in Eq. (22.7.38).

Problems

1.   Calculate the rate of the decay process η → γ + γ, to leading order in ms, with mu = md = 0.

2.   Consider a chiral SU(3) symmetry under which the left-handed parts of the spin [image: image] fields of a fermion-number-conserving theory form N defining representations 3 of SU(3), while the right-handed parts are all singlets. Evaluate the anomaly in the SU(3) symmetry. What is the anomaly if we add M fermion fields whose left-handed parts are singlets, and whose right-handed parts transform as symmetric traceless second-rank SU(3) tensors?

3.   Find a solution of the ’t Hooft anomaly matching conditions (22.5.5) and (22.5.6) for the case of n = 4 flavors. Find a solution for n = 2 flavors other than the one given in the text.

4.   Derive the Zinn-Justin equation from the quantum master equation, without assuming that ΔS = 0.
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1   For instance, we might take [image: image], as done originally by Fujikawa, or f(s) = 1/(1 + s).

2   The operators [image: image]a and [image: image]a here are what in Ref. 8 were called Xa and Ya. This switch in notation is made to maintain consistency with the notation of Chapter 19, where broken symmetry generators are consistently labelled Xa.

3   In fermion-number-conserving theories where χ has the form (22.3.1), M is related to the usual mass matrix m by

[image: image]

With all inversion phases equal to unity, parity, charge conjugation, and time-reversal invariance respectively have the further consequences that m is Hermitian, symmetric, or real.

4   This section lies somewhat out of the book’s main line of development, and may be omitted in a first reading.

5   It remains to show that these particles must have spin [image: image]. We are assuming that there are no Goldstone bosons here, and that other spinless particles would not naturally be massless. The elementary gauge bosons of the theory are assumed neutral under the anomalous symmetry transformations, so they could not contribute to the anomaly. Composite particles of spin j ≥ 1 are ruled out by a different argument.16a This is a theory in which the anomalous currents can be constructed as Lorentz four-vector functions of the elementary spin [image: image] fields, and in order to contribute to the anomaly these currents would have to have non-vanishing matrix elements between any massless composite particles of spin j = 1, which would violate Lorentz invariance. Massless composite particles of spin j ≥ 3/2 are ruled out because in this theory it is also possible to construct a conserved energy-momentum tensor, which would have to have non-vanishing matrix elements between these massless composite particles, which for j ≥ 3/2 would also violate Lorentz invariance.

6   All SU(N) vectors and tensors here are understood to be contravariant.

7   In Ref. 16, ’t Hooft assumed that parity is not spontaneously broken, so he gave these formulas for the case where [image: image] and [image: image] As we see here, the main conclusion does not depend on parity conservation.

8  In the parity conserving case studied by ’t Hooft, the fourth and fifth equations are identical to the first and second, while the third is empty.

9  The factor –i was inserted in Eq. (22.6.1) in order to provide the conventional factor +i accompanying the structure constant Cαβγ in this commutation relation. A reminder: we are using a basis for the Lie algebra in which the structure constants are totally antisymmetric, and so we do not distinguish between upper and lower gauge indices.

10   Another reminder: as mentioned in Section 22.3, the [image: image]a and [image: image]a used here are what were called Ya and Xa in Ref. 8.

11   By a local functional is meant the integral of a local function, that is, a function of fields and field derivatives at a given point.

12   It is not necessary to specify the representation of the gauge algebra in which the trace in Eq. (22.6.20) is to be calculated, because this trace is the same up to a constant coefficient for all representations of a simple Lie algebra,19a and the constant coefficient is not determined anyway by this cohomology theorem.

13   The minus sign in the first term on the right-hand side of Eq. (22.7.4) and the factor –i on the left-hand side of Eq. (22.7.3) appear because it is [image: image] that induces a gauge transformation (15.1.17) with gauge parameter Λβ, as can be seen by requiring the [image: image] to satisfy the commutation relations (22.6.5).
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Extended Field Configurations

Most of this book has been devoted to applications of quantum field theory that can at least be described in perturbation theory, whether or not the perturbation series actually works well numerically. In using perturbation theory, we expand the action around the usual spacetime-independent vacuum values of the fields, keeping the leading quadratic term in the exponential exp(iI), and treating all terms of higher order in the fields as small corrections. Starting in the mid-1970s, there has been a growing interest in effects that arise because there are extended spacetime-dependent field configurations, such as those known as instantons,1 that are also stationary ‘points’ of the action. In principle, we must include these configurations in path integrals and sum over fluctuations around them. (In Section 20.7 we have already seen an example of an instanton configuration, applied in a different context.) Although such non-perturbative contributions are often highly suppressed, they are large in quantum chromodynamics, and produce interesting exotic effects in the standard electroweak theory.

There are also extended field configurations that occur, not only as correction terms in path integrals for processes involving ordinary particles, but also as possible components of actual physical states. These configurations include some that are particle-like, such as magnetic monopoles2 and skyrmions,3 which are concentrated around a point in space or, equivalently, around a world line in spacetime. There are also string-like configurations,4 similar to the vortex lines in superconductors discussed in Section 21.6, which are concentrated around a line in space or, equivalently, around a world sheet in spacetime. Then there are configurations that are sheet-like, like the domain walls5 between spatial regions in which discrete symmetries are broken in different ways. In contrast, the instantons mentioned above are event-like, concentrated about a point in spacetime, and therefore never appear as components of actual physical states.

Some extended field configurations are stabilized because of boundary conditions that are imposed by the nature of the problem in which they appear. An example is the ‘bounce’ solution, which appears in the analysis of vacuum decay,6 and will be discussed in Section 23.8. Other configurations are stable because they carry a quantum number whose conservation forbids any possible decay mode.7

In this chapter we shall mostly be concerned with extended field configurations that are stabilized by their topology. In analyzing all such configurations we use the same topological tools, chiefly homotopy theory, so we shall begin by considering all topologically stabilized configurations together, in a space or spacetime of arbitrary dimensionality d.

23.1 The Uses of Topology

It often happens that the space of all possible field configurations may be given a non-trivial topology by the condition that some functional S of the various fields is finite. In classical field theory S is the potential energy (or in some cases the potential energy per unit area or per unit length); no finite perturbation can produce a configuration where this is infinite. In classical statistical mechanics S is the Hamiltonian, and in quantum field theory formulated in Euclidean spacetime S is the Euclidean action or is proportional to it. (Euclidean path integrals and some of their applications are discussed in Appendix A of this chapter.) We construct a perturbation theory by starting with some equilibrium field configuration for which the Euclidean action or Hamiltonian is finite, and then integrating over fluctuations which leave it finite.

Two field configurations are said to be topologically equivalent if it is possible to deform one of them continuously into the other without passing through forbidden configurations with S infinite. This is evidently an equivalence relation (in the sense of being reflexive, symmetric, and transitive), and therefore divides the set of all field configurations into equivalence classes, each consisting of configurations of the same topology. For example, if S is the potential energy (the Hamiltonian for time-independent fields) in d space dimensions, then topologically different field configurations are forbidden by an infinite energy barrier from being transformed into one another. In particular, extended configurations with a different topology from the usual spatially uniform vacuum fields cannot spread out to become spatially uniform.

The topological classification is also useful when we are looking for a local minimum of S. If we can find a configuration that minimizes S for all configurations of a given topological type, then that field configuration must be at least a local minimum of S for all configurations of any type, since no small variation of the fields can change their topological type. Such a configuration is therefore a solution of the field equations, which are equivalent to the condition that S is stationary. This sort of problem comes up not only in stability problems, where S is the Hamiltonian, but also in finding field configurations around which we may expand the field variables in path integrals in Euclideanized d-dimensional spacetime. Here S is the negative of the Euclidean action I, and we must look for a local minimum so that the leading term in the expansion around this configuration will be a quadratic free-field action with second-order terms of the right sign.

Here are some examples :8

(a) Skyrmions, etc. Consider the real Goldstone boson fields πa associated with the spontaneous breakdown of a continuous global symmetry group G to a subgroup H. As we saw in Chapter 19, the potential energy for these Goldstone bosons in a Euclidean space of dimensionality d > 2 will take the form
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(23.1.1)








where gab is a positive-definite matrix, and ‘+...’ denotes possible terms of higher order in the derivatives of π. Alternatively, Eq. (23.1.1) can be regarded as minus the action for a Goldstone boson field in a d-dimensional Euclidean spacetime.

Field configurations of finite S must have ∂iπa(x) vanishing at infinity faster than [image: image]x[image: image]−d/2 (where [image: image]), so that πa(x) must approach a constant πa∞ as x → ∞ with a remainder vanishing faster than [image: image]x[image: image](2-d)/2. The Goldstone boson fields πa at any point form a homogeneous space, the coset space G/H, for which it is possible to transform any one field value to any other by a transformation of G, so by a global G transformation it is always possible to arrange that the asymptotic limit πa∞ takes any specific value, say πa∞ = 0. The field πa(x) thus represents a mapping of the whole d-dimensional space, with the sphere r = ∞ taken as a single point, into the manifold G/H of all field values.

Now, a d-dimensional Euclidean space with the (d – 1)-dimensional spherical surface at infinity identified as a single point is topologically the same as Sd, the d-dimensional sphere (that is, the surface of a (d + 1)-dimensional ball), in the sense that either can be continuously mapped into the other. The fields π(x) that approach zero as x → ∞ may therefore be classified according to the topologically distinct mappings of Sd into the manifold G/H of the field variables, for which the point at infinity is mapped into zero. The set of classes of such topologically distinct mappings [image: image] with one point of Sd mapped into a fixed point of [image: image] is known as πd([image: image]), the dth homotopy group of the manifold [image: image]. These homotopy groups will be discussed and their group structure explained) in the next section, and a list of homotopy groups for various manifolds is given in Appendix B of this chapter. For the present it will be enough to mention that, although when the manifold [image: image] is a linear space the homotopy group πd([image: image]) is trivial (in the sense that any field configuration π(x) that approaches a constant value as x → ∞ can be continuously deformed into one in which the field takes that value everywhere), the manifold [image: image] = G/H of the Goldstone boson fields often has a non-trivial homotopy group. In the cases relevant to quantum chromodynamics, of SU(2) [image: image] SU(2) broken to SU(2) or of SU(3) [image: image] SU(3) broken to SU(3), the manifold G/H is the same as SU(2) or SU(3), respectively, for which according to Appendix B the homotopy groups π3(H) are non-trivial. The topologically non-trivial fields at local minima of the potential energy with d = 3 are known as skyrmions.3 Baryons like the proton may in some respects be regarded as skyrmion solutions in a pure meson theory.

The functional (23.1.1) does not have skyrmion stationary points, unless terms involving higher powers of ∂iπa are included in the integrand. In the absence of such terms, any topologically non-trivial field configurations will have a continuum of values for S, extending down to a lower bound S = 0 at which π becomes singular, so topology cannot stabilize such configurations. This is generally known as Derrick’s theorem.9 To prove this theorem, note that for any field configuration πa(x) we may introduce another configuration with the same topology,
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with R an arbitrary real positive scale factor. Then for the terms shown explicitly in Eq. (23.1.1)
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For d > 2 this is a decreasing function of R as R → 0, so there is a continuum of values of S[πR] extending down to a value S = 0. Furthermore S[π] > 0, because S[π] can only vanish if π(x) is constant, which is not possible because we assumed that it is topologically non-trivial. Hence this lower bound is attained only at R = 0, at which [image: image] becomes singular.

Goldstone boson field configurations can be stabilized by adding higher derivative terms to S. For instance, if we take S[π] = T[π] + D[π] with

[image: image]

then D[πR] = Rd−4D[π], while as before T[πR] = Rd−2T[π], so S[πR] reaches a minimum at a finite R if 2 < d < 4, and in particular for the physically interesting case d = 3.

The problem with the theory of skyrmions is not that we have to include higher-derivative terms like D[π] in the action. As discussed in Section 19.5, we expect such terms in the action of any effective field theory of Goldstone bosons. The problem is that there is no rationale for excluding an infinite number of other higher-derivative terms, all of which are generically of the same order of magnitude for configurations that are stabilized by a balance between terms with different numbers of derivatives, which makes realistic calculations impossible.

(b) Domain boundaries. When a discrete symmetry is broken, we have the possibility that the symmetry is broken in different ways in different domains, separated by domain boundaries in which the vacuum fields make a transition from one minimum of the potential to another. For instance, consider a flat domain boundary in the y–z plane, and suppose that the energy per unit area is given by
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(23.1.2)








where ϕ(x) is a real scalar field that is assumed to depend only on the distance x along the direction normal to the boundary, and V(ϕ) is a potential satisfying the reflection symmetry ϕ → −ϕ, with minima only at field values [image: image]. For convenience, we will adjust an additive constant in V(ϕ) so that the minimum value of V(ϕ) is zero, in which case V(ϕ) ≥ 0, and V(ϕ) = 0 only at ϕ = [image: image]. To keep S finite, it is necessary for ϕ to approach either [image: image]; or [image: image] as x → ∞, and also to approach either [image: image]; or [image: image] as x → −∞. We then have four topologically distinct configurations, in two of which ϕ approaches the same limits as x → ± ∞, so that the configuration can be smoothly deformed into the vacuum configurations with ϕ(x) constant everywhere, and in two of which ϕ approaches opposite limits as x → ±∞, which are topologically stable. Here we are classifying field configurations according to π0(G), where π0([image: image]) for any manifold [image: image] is conventionally defined as the set of connected components of [image: image], and G is the symmetry group, which in our case is the Z2 group of reflections ϕ → −ϕ.

This is a good place to introduce a trick due to Belavin et al.1 that will prove useful in Sections 23.3 and 23.5 in dealing with the more complicated cases of monopoles and instantons. Rewrite Eq. (23.1.2) in the form
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The integral in the second term on the right-hand side of Eq. (23.1.3) can be regarded as a ‘topological charge,’ which depends only on the values taken by the field at x → ±∞. For configurations that approach the same limit as x → +∞ and x → −∞, this integral vanishes, and the minimum  value of S is zero, reached for constant fields. For a field ϕ(x) that takes different values at x = ±∞, we can choose the ± sign in Eq. (23.1.3) to yield a lower bound
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This bound is reached when the first term in Eq. (23.1.3) vanishes, or in other words, when
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where x0 is an integration constant, which evidently gives the position of the center of the domain boundary. Note that Derrick’s theorem is no obstacle to a solution here, because for domain boundaries d = 1, so for a resealed field ϕ(x/R) the integrals of the two terms in the integrand in Eq. (23.1.2) go as R−1 and R+1, respectively.

Eq. (23.1.5) could have been obtained more directly, by deriving a second-order differential equation for ϕ(x) from the condition that Eq. (23.1.2) must be stationary under small variations in 0(x), and then using this differential equation to show that the quantity [image: image](dϕ/dx)2−V(ϕ) is constant in x. The advantage of the derivation based on the formula (23.1.3) is that it shows immediately that the solution (23.1.5) is stable against small perturbations that maintain the flatness of the boundary, aside from the ‘zero-mode’ associated with changes in the boundary location x0. By adding a term [image: image](dϕ/dy)2 + [image: image](dϕ/dz)2 in the integrand of Eq. (23.1.2), we can see that this solution is also stable against any perturbation δϕ(x, y, z), provided δϕ(x, y, z) → 0 for x → ± ∞ with fixed y and z.

If there are discrete spontaneously broken symmetries then domain boundaries would have formed when these symmetries became broken in the early universe. If the domain boundaries did not disappear they would produce gross distortions of the observed isotropy and homogeneity of the present universe.5 We do not now know of any exact discrete symmetries except CPT, or of any spontaneously broken approximate or exact discrete symmetries, so for the present this is not a problem.

(c) Instantons, etc. Now consider a gauge theory, with
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where Fαij is the usual field strength tensor, and we take d > 4. This can either be regarded as the action for quantum gauge fields in a Euclidean d-dimensional spacetime, or the potential energy for classical gauge fields in temporal gauge, with [image: image], in (d + 1)-dimensional spacetime.

In order for S[A] to be finite, Fαij(x) must vanish as x → ∞. This can be achieved by having Aαi(x) vanish sufficiently rapidly as x → ∞, but even for d > 4 it is also possible for S[A] to be finite for a field Aαi(x) that vanishes as slowly as 1/[image: image]x[image: image], as long as the field approaches a pure gauge as [image: image]x[image: image] → ∞
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where g([image: image]) is a direction-dependent element of the gauge group G. Furthermore Aαi(x) is unaffected if we replace g([image: image]) with g0g([image: image]) for any fixed group element g0 ∈ G, so by choosing g0 = g−1([image: image]) we can arrange that g([image: image]) = 1 for any one direction [image: image]. Each gauge field of finite S[A] therefore defines a mapping from the unit sphere [image: image][image: image][image: image] = 1 to the group manifold, with the point [image: image] mapped into the unit element of G. (In the case in which the gauge field vanishes faster than 1/[image: image]x[image: image] as [image: image]x[image: image] → ∞, this mapping takes all points on the unit sphere into the identity element of the gauge group.) The set of classes of such topologically distinct mappings [image: image], with one point of Sd–1 mapped into a fixed element of G, is known as πd-1(G), the (d – 1)th homotopy group of the group manifold. As indicated in Appendix B of this chapter, π3(G) is non-trivial for any semisimple Lie group G. The topologically non-trivial stationary points of S[A] for d = 4 are known as instantons.1 Their importance in quantum chromodynamics is discussed in Sections 23.5 and 23.6.

In order for S[A] to be stationary at a field A(x), it is necessary that A(x) should satisfy the field equations
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A simple scaling argument again limits the values of the dimensionality d where we can hope to find a topologically non-trivial local minimum of S[A]. Define AR(x)≡A(x/R)/R. Then

[image: image]

so for d ≠ 4 there can be no topologically non-trivial stationary point of S[A] unless S[A] = 0. But if S[A] = 0 then Fαij = 0 everywhere, so by a gauge transformation we can make Aαi also vanish everywhere.

As we shall see in Section 23.5, for d = 4 it is possible to find instanton solutions where S[A] (here identified as −I[A]) is stationary, with Fαij not equal to zero except at infinity. The scaling argument above shows that if A(x) is such an instanton solution then so is A(x/R)/R, but this degeneracy is removed by quantum corrections.

(d) Monopoles, vortex lines, etc. Now consider a theory of gauge fields together with scalars that furnish a linear representation of the gauge group, with
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where gab(ϕ) is a positive-definite matrix (usually ϕ-independent), U(ϕ) is bounded below, and shifted by a constant term so that its minimum value is zero, and and Di are the usual field strength and gauge-covariant derivative. We require that U(ϕ) is a scalar and gab(ϕ) is a tensor under transformations in the gauge group G. Again, Eq. (23.1.9) gives either the action for a quantum field theory in Euclidean d-dimensional spacetime, or the potential energy for a classical field theory in temporal gauge in (d + 1)-dimensional spacetime.

For S [ϕ, A] to be finite it is necessary for U(ϕ(x)) to vanish as x → ∞. The set of ϕs at which U(ϕ) vanishes is invariant under G and may be discrete or continuous. In case (b) above we have dealt with an example where this set is discrete. Let us now consider the broken symmetry case where the zeros of U(ϕ) form a continuous manifold [image: image]0 consisting of fields related by transformations g [image: image] G. In this case each ϕ([image: image]) may be obtained by a transformation γ([image: image]) [image: image] G acting on the value ϕ([image: image]) of the field in any one direction [image: image]. We may therefore consider the field ϕ(x) to define a mapping Sd−1 [image: image] G/H into a coset space G/H; in other words, into the group G with elements g1 and g2 identified if they differ only by right multiplication with some element h of the subgroup H ⊂ G that leaves ϕ([image: image]) invariant, that is, if g1 = g2h. In particular, the point [image: image] is mapped into the subgroup H, in order that γ([image: image]) acting on ϕ([image: image]) should yield ϕ([image: image]) itself. The fields that approach values on the manifold [image: image]0 as x → ∞ may therefore be classified according to the topologically distinct mappings of Sd−1 into G/H that map the point [image: image] into the fixed ‘unit’ element H of G/H. The set of classes of such topologically distinct mappings Sd−1 [image: image] G/H with one point of Sd−1 mapped into a fixed element of G/H is known as πd−1(G/H), the (d − 1)th homotopy group of the manifold G/H.

In this case ∂iϕ(x) goes as 1/|x| for x → ∞. In order for S[ϕ] to be finite Diϕ must vanish faster than |x|−d/2 for x → ∞, so it is necessary for itαAαi(x) to approach γ−1([image: image])∂iγ([image: image]) faster than |x|−d/2 for x → ∞. This is a pure gauge field, so the field strength tensor Fαij(x) vanishes faster than |x|−d/2−1, which is fast enough to make ∫ ddx FαijFαij converge.

Derrick’s theorem does not apply for the gauge theory defined by Eq. (23.1.9), but it is interesting to see where the same reasoning takes us. For any given fields ϕ(x) and A(x), again define ϕR(x) ≡ ϕ(x/R), and now also AR(x) ≡ A(x/R)/R. The three terms in the Hamiltonian (23.1.9) now have the scaling properties
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where [image: image], [image: image], and V[ϕ] ≡ ∫ ddx U(ϕ). Now, for d > 4, S[ϕR, AR] has no minimum at any finite value of R, so there is no stable configuration with non-trivial topology. For 0 < d <4 there is no difficulty in finding a finite value of R at which S[ϕR, AR] is a minimum.

In the physically interesting case d = 3, topologically non-trivial field configurations are classified according to the homotopy group π2(G/H), which is non-trivial for a simply connected group G (such as SU(2)) broken to an H containing the U(1) of electromagnetism. The topologically non-trivial classical field configurations with d = 3 are known as magnetic monopoles.2 As we shall see in Section 23.3, their magnetic pole strength is quantized, the different values corresponding to different elements of π2(G/H).

For d = 2, topologically non-trivial configurations correspond to elements of π1(G/H), which is non-trivial when G is a non-simply connected group like U(1) or SO(3), broken either completely or to a discrete subgroup. The topologically non-trivial classical field configurations with d = 2 are the cross sections of vortex lines. One example is provided by superconductivity, where G = U(1) is spontaneously broken to H = Z2. We have seen in Section 21.6 that vortex lines occur in type II superconductors for magnetic field strengths in a certain range, and that the magnetic flux carried by a vortex line is quantized, the different values of the flux corresponding to different elements of π1(U(1)/Z2). Vortex lines can also occur in relativistic quantum field theories,4 and may be produced in symmetry-breaking transitions in the early universe, in which case they are known as cosmic strings.11

Monopoles and vortex lines share a remarkable feature that can be deduced on purely topological grounds. In both cases the forms of the Goldstone boson fields πa(x) on large spheres (S1 for vortex lines, S2 for monopoles) surrounding the configurations are twisted, in such a way that they cannot smoothly be deformed into constants. In particular, it is impossible smoothly to reduce the radii of these spheres to zero without encountering some sort of singularity, because a non-singular field πa(x) on a sphere would have to become a constant as the radius of the sphere shrinks to zero. The singularity in both cases occurs in a core (a line or perhaps a tube for vortex lines, a point or perhaps a ball for monopoles) within which the group G is no longer broken, so that the system is no longer described by Goldstone boson fields, but by an order parameter that transforms linearly under G.

For d = 4, the function S[ϕR, AR] of R can only have a minimum at some finite R if T[ϕ, A] = V[ϕ] = 0, which would require that ϕ(x) everywhere takes a value at which U(ϕ) = 0. Assuming that these values form a continuum related by transformations in the gauge group G, by a gauge transformation they may be made constants, ϕ(x) = ϕ0. Then in this gauge the condition T[ϕ, A] = 0 implies that Aa(x) = 0 for all broken symmetries, for which taϕ0 ≠ 0. Both T[ϕ, A] and V[ϕ] are stationary at such a field configuration, so in order for S[ϕ, A] to be stationary K[ϕ, A] must also be stationary, which means that the non-zero gauge fields Aiμ (which belong to the subgroup H ⊂ G that is unbroken by ϕ0) must satisfy the Euclidean Yang–Mills field equations
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This case therefore reduces to case (c), but with the gauge group G replaced with its unbroken subgroup H.

23.2 Homotopy Groups

We learned in the previous section to classify field configurations, at which the Hamiltonian or other functionals are finite, in correspondence with the elements of appropriate homotopy groups. But we have not yet explained in what sense the homotopy groups are groups, nor have we given any physical significance to the group structure. As we shall see, there is a natural definition of the multiplication rule for elements of homotopy groups, according to which two extended configurations of fields forming a manifold [image: image] in d dimensions, that belong to different elements cl and c2 of πd([image: image]), can only fuse continuously to form a configuration belonging to the element cl × c2 of πd([image: image]).

We will begin by defining the first homotopy group π1([image: image]) of an arbitrary manifold [image: image], also known as the fundamental group of the manifold. As we have seen, the existence of a non-trivial π1(G/H) for some coset space G/H is the condition for the topological stability of a vortex line in three dimensions (or a monopole in two dimensions). After considering π1([image: image]), we will then move on to more general homotopy groups.

A connected manifold [image: image] is said to be multiply connected if there is some closed curve of points p(z) on the manifold, parameterized by a single variable z with 0 ≤ z ≤ 1 and p(0) = p(1), which cannot be contracted to a point by a continuous deformation. Since on a connected manifold we can always continuously deform any such closed curve so that any one point on the curve is anywhere we like on the manifold, we may restrict our attention only to curves for which p(0) = p(1) = p0, where p0 is any fixed point of the manifold, known as the base point. Two such closed curves p1(z) and p2(z) are said to be homotopically equivalent if they can be deformed into each other, that is, if there is a continuous function p(z,t) for 0 ≥ t ≥ 1, with

[image: image]

The relation of homotopic equivalence is an equivalence relation in the sense of being symmetric, reflexive, and transitive, so it divides the space of closed curves on the manifold into equivalence classes: two closed curves are in the same class if and only if they are homotopically equivalent. The set of these equivalence classes is known as the first homotopy group of the manifold, πi([image: image]).

To define the multiplication rule for πi([image: image]), choose a standard curve p[z; c] that starts and ends at the base point p0 for each equivalence class c in π1([image: image]) For any two equivalence classes c1 and c2, define the ‘product’ c1 × c2 as the equivalence class containing the curve p[z,c1,c2] that starts at p0, follows p[z, c1] back to p0, and then follows p[z, c2] back again to p0. Formally, we take
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We must now show that multiplication defined in this way satisfies the conditions for a group. First, let us check that this multiplication is associative. For this purpose, note that (c1 × c2) × c3 is the equivalence class containing a curve p[z, c1 × c2, c3] that goes along the standard curve p[z, c1 × c2] from the base point and back again, and then along the standard curve p[z, c3] from the base point and back again, while c1 × (c2 × c3) is the equivalence class containing a curve p[z, c1,c2 × c3] that goes along the standard curve p[z, c1] from the base point and back again, and then along the standard curve p[z, c2 × c3] from the base point and back again. By definition, the curve p[z, c1 × c2] may be deformed into a curve that goes along p[z, c1] from the base point and back again and then along p[z, c2] from the base point and back again, while p[z, c2 × c3] may be deformed into a curve that goes along p[z, c2] from the base point and back again and then along p[z, c3] from the base point and back again. Hence both curves p[z, c1 × c2, c3] and p[z, c1, c2 × c3] may be deformed into the curve that goes along p[z, c1] from the base point and back again, then along p[z, c2] from the base point and back again, and finally along p[z, c3] from the base point and back again, and hence they may be deformed into each other, showing that
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The unit element e of π1([image: image]) is defined as the equivalence class contaming the curve p[z, e] = p0 that stays at the base point. To check that e × c = c, note that
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But this curve can be continuously deformed into p[z, c] by taking
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which is the same as p[z, e, c] for t = 1 and the same as p[z, c] for t = 0. The product e × c is the equivalence class containing p[z, e, c], which we now see is the same as the equivalence class containing p[z, c], which is just c. The proof that c × e = c is similar

The ‘inverse’ c−1 of the equivalence class c is the equivalence class that contains a curve p−1[z, c] which goes around the same path as the standard curve p[z, c] but in the opposite direction; that is,
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This is not necessarily the same as the ‘standard’ curve p[z,c−1], but by the definition of the equivalence class c−1, the two curves may be deformed into each other. To check that c−1 × c = e, note that by deforming p[z,c−1] into p−1 [z, c], the curve p[z, c−1, c] may be deformed into

[image: image]

But this curve can be continuously deformed into p[z,e] = p0 by taking

[image: image]

which is the same as p[z, c−1, c] for t = 1 and the same as p[z, e] for t = 0. The product c−1 × c is the equivalence class containing p[z, c−1, c], which we now see is the same as the equivalence class containing p[z,e], which is just e. The proof that c × c−1 = e is similar. The existence of a unit element and inverses shows that these equivalence classes form a group.

The classic example of a manifold [image: image] with a non-trivial first homotopy group is the circle itself, [image: image] = S1. This may be parameterized by an angle θ with θ = 0 and θ = 2nπ (with n any positive or negative integer) identified as the same point. The homotopy groups consist of classes of functions θ(z) for 0 ≤ z ≤ 1 that begin at some base point, θ(0) = θ0, and end at the same base point, θ(1) = θ0 + 2nπ. Two such functions may be continuously deformed into each other if and only if they have the same value of n, so π1(S1) consists of a denumerably infinite number of classes cn labelled by the positive or negative integer n. Furthermore, the ‘product’ of two classes cn, and cm consists of curves that go n times around the circle from the base point and back again, and then m times around the circle from the base point and back again, so here multiplication is just addition:
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and hence
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where Z is the group of addition of positive and negative integers. As an immediate physical application, we note that when a gauge group SO(2) is completely spontaneously broken, the coset space is just SO(2) itself, which has the topology of a circle, so in this case there is an infinite number of types of topologically stable vortex line, characterized by a positive or negative integer n. For instance, this is the case in a type II superconductor, where as we saw in Section 21.6 the U(1) of electromagnetic gauge invariance is spontaneously broken to a discrete subgroup Z2.

More generally, all spheres Sd with d > 1 are simply connected, which means that they have a trivial first homotopy group, a statement conventionally expressed as
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Only a few of the more familiar Lie groups are multiply connected:
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Here Z2 is the group with two elements 1 and –1, with group multiplication defined as ordinary multiplication, and Spin(n) is the simply connected covering group of SO(n). (As we saw in Section 2.7, Spin(3) is the same as SU(2).) Also, for a direct product of two manifolds [image: image] and [image: image]′, the fundamental group is
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We can appreciate the physical significance of the group structure of π1([image: image]) by asking what happens when two distant parallel vortex lines in three dimensions are brought together. When the vortex lines are sufficiently far apart their fields do not interact, so the configuration can be described by specifying the classes c′ and cʺ in π1(G/H) to which each belongs. The class c to which the whole configuration belongs is determined by the behavior of the fields on a very large circle surrounding both vortex lines. By a continuous deformation we can distort this very large circle into two large circles, one surrounding each vortex line, which intersect at a point midway between them. As we go around this closed curve in two-dimensional space we first trace out a curve in G/H which consists of one of the closed curves in the class c′, and then one of the closed curves in the class cʺ, just as in the definition of the product of the classes. We conclude then that the whole configuration is in a class c = c′ × cʺ, and so the two vortex lines can only fuse together to form a vortex line of this class. In particular, they can only annihilate if cʺ = c′−1

For instance, when π(G/H) = Z (as in superconductivity, where G/H = SO(2)/Z2), in three dimensions two vortex lines of classes cn and cm can fuse together to form a vortex line of class cn+m so they can only annihilate if n = –m. On the other hand, when π1(G/H) = Z2 (as when G = SO(N) with N ≥ 3 and H is trivial) there is only one kind of vortex line in three dimensions, corresponding to the element –1 of Z2, and since (−1)2 = 1, any two can annihilate.

Now let us consider the general homotopy group πk([image: image]). This is much like π1([image: image]), except that instead of considering mappings of the circle S1 into a manifold [image: image], we consider mappings of the k-sphere Sk (the surface of a (k + 1)-dimensional ball) into [image: image], again with one point of Sk always mapped into the same ‘base point’ p0 of [image: image]. Two such mappings are equivalent if one can be continuously deformed into the other, keeping the same point of Sk always mapped into the base point. The kth homotopy group πk([image: image]) has elements consisting of equivalence classes of these mappings.

It is often convenient to picture the d-sphere Sd as the interior of a d-dimensional hypercube, with all points on the boundary identified as a single point. For instance, we have already seen that the circle S1 can be treated as the interval 0 ≤ θ ≤ 2π, with points θ = 0 and θ = 2π identified. Similarly we can make a map of an S2 like the earth’s surface by cutting out the south pole and spreading out the resulting sheet on the unit square 0 ≤ z1 ≤ 1, 0 ≤ z2 ≤ 1. Continuous mappings of this square into [image: image] must take all points on the boundary into the same point of [image: image], because all points on the boundary are the same point, the south pole. In general, two mappings p(z1, . . . zd) and p′(z1, . . . zd) of Sd into M are homotopically equivalent if one can be continuously deformed into the other, while keeping p on the boundary of the hypercube equal to the base point p0.

As before, for each equivalence class c we choose a standard mapping p(z1, . . . zd; c). The product of c1 and c2 is defined as the equivalence class that contains the mapping
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The unit element e is defined as the equivalence class that contains the mapping with p = P0 for all z, and the inverse c–1 of c is defined as the equivalence class that contains the mapping with
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In the same way as for π1, it can be shown that this multiplication is associative, and that e × c = c × e = c and c−1  × c = c ×  c−1 = e. All πn([image: image]) for n ≥ 2 are Abelian. (There are manifolds [image: image] for which π1([image: image]) is non-Abelian, such as the plane with two or more points removed.)

In any case in which πk([image: image]) = Z, there must be a one-to-one mapping of the k-sphere Sk into a k-sphere [image: image] in [image: image], which corresponds to the element ‘one’ of Z (not the unit element, which is zero). The element v of Z with v = 2, 3,... corresponds to the mapping of Sk into the same k-sphere [image: image] in [image: image] which covers [image: image] v times, with the Jacobian of the transformation Sk → [image: image] positive. The element v of Z with v = –1, –2,... corresponds to the mapping Sk → [image: image], which covers [image: image] [image: image]v[image: image] times, with the Jacobian of the transformation Sk → [image: image] negative.

For instance, we saw in the previous section that magnetic monopoles arise when a simply connected group G is broken to the U(1) of electromagnetism. In this case the appendix shows that
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so a magnetic monopole carries an integer-valued quantum number v, which as shown in Section 23.3 is proportional to the magnetic charge. This quantum number gives the number of times that a two-sphere of large radius surrounding the monopole is mapped into a two-sphere in the manifold G/U(1) of Goldstone boson fields (with the relative orientation of the two two-spheres being the same or opposite for v positive or negative, respectively) and is therefore known as the winding number. The structure of the group Z shows that this quantum number is conserved, in the sense that a monopole of quantum number v can fuse with a monopole of quantum number v′ only to form a monopole with quantum number v + v′.

If the unbroken subgroup is SO(n) with n ≥ 3, then according to Appendix B of this chapter
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In this case there is just one sort of ‘monopole,’ corresponding to the element –1 of Z2, which can annihilate only in pairs. It is important to distinguish between this case and that in which SO(n) is replaced with its simply connected covering group Spin(n), for which there are no monoples. We will come back to this point at the end of the next section.

Another example: we saw in the previous section that the skyrmions in quantum chromodynamics with n light quarks correspond to elements of π3(SU(n)), which according to the appendix is Z. Thus these skyrmions carry a conserved integer-valued quantum number v, which perhaps may be identified with baryon number. Similarly, recall from the previous section that the instantons in a gauge theory based on a simple gauge group G correspond to the elements of π3(G), which according to the appendix is Z, so these instantons like skyrmions carry an integer-valued quantum number v, also known as the winding number. In Section 23.5 we shall see how to express this quantum number as a local functional of the gauge field.

23.3 Monopoles

As a detailed example of a topologically non-trivial field configuration, we shall now consider the monopole of ’t Hooft and Polyakov,2 and its generalizations. We saw in Section 23.1 that when a simply connected gauge group G is spontaneously broken to the U(1) of electromagnetism, the configurations of finite energy are classified according to the elements of the group π2(G/U(1)) = π1(U(1)) = Z. (The case of non-simply connected Lie groups is considered at the end of this section.) According to the physical interpretation of homotopy groups discussed in Section 23.2, this means that these configurations have a conserved additive quantum number. But we still need to show that any of these stationary configurations actually exist, and to give a physical interpretation of their topological quantum numbers.

As an illustrative example, consider a theory (like the Georgi–Glashow electroweak model12) in which an SU(2) gauge group is spontaneously broken by the vacuum expectation value of an SU(2) triplet of scalar fields On. (It is explained at the end of this section why in this case we say that the gauge group is SU(2) rather than SO(3).) The Lagrangian density for the scalars and gauge fields in Minkowskian spacetime is taken as
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where

[image: image]

and the function V(ϕnϕn) is assumed to be positive, with the value zero at a non-vanishing value [image: image]ϕ[image: image] (taken positive) of [image: image]. (In much work on monopoles V is taken to be the quartic polynomial λ(ϕnϕn – [image: image]ϕ[image: image]2)2, with λ > 0, but we shall not make this assumption here.) Eq. (23.3.1) describes a theory with a spacetime-independent vacuum solution with Anµ = 0, in which a vacuum expectation value ϕn with ϕnϕn = [image: image]ϕ[image: image]2 breaks SU(2) to its U(1) subgroup, which can be identified with the gauge group of electrodynamics. Instead we here shall seek topologically non-trivial inhomogeneous but time-independent classical solutions in temporal gauge, with [image: image] = 0 but [image: image] ≠ 0. The Lagrangian density in this case is the negative of the potential energy density [image: image], given by
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with squares including obvious index contractions. Because each term in (23.3.4) is positive, the integral of each term must separately converge in a configuration of finite energy.

In particular, for the integral of V(ϕnϕn) to converge, the vector ϕn must have the fixed length [image: image]ϕ[image: image] at infinity, so each configuration of finite energy defines a smooth mapping of a large two-sphere [image: image] surrounding the monopole configuration into the two-sphere of the ϕn, with ϕnϕn = [image: image]ϕ[image: image]2. As [image: image] runs over [image: image], ϕn, On may run over the sphere ϕnϕn = [image: image]ϕ[image: image]2 any integer number N of times, either with Jacobian Det (∂x/∂ϕ) positive, in which case we say that the winding number is N, or with Jacobian negative, in which case the winding number is –N.

To see what the winding number has to do with the magnetic monopole moment, we must first consider what in this theory is observed as ‘the’ magnetic field. Whatever the field configuration, we can introduce a gauge in which the scalar field ϕn points in some definite direction, say the three-direction, in any given finite region, so that in this region the gauge field associated with the unbroken U(1) subgroup of SU(2) is A3i. ’t Hooft2 found a gauge-invariant tensor [image: image]µv which reduces to the usual electromagnetic field strength tensor ∂µA3µ – ∂vA3µ in this gauge:
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where [image: image]. To check that [image: image]µv is the ordinary electromagnetic field strength tensor in a gauge with constant [image: image] (and for later purposes) we use Eqs. (23.3.2) and (23.3.3) and the identity [image: image] to write [image: image]µv in the form13
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Thus in a gauge in which [image: image] is a fixed unit vector in the three-direction,  we have as promised
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The magnetic monopole moment g of any localized field configuration is defined as 1/4π times the magnetic flux through a large closed surface [image: image] around the configuration:
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The first two terms in Eq. (23.3.6) for [image: image]ij are derivatives, and therefore do not contribute to the integral (23.3.7), so that
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This has the important property of being a topological invariant: integrating by parts where necessary, can see that the change in g under an infinitesimal variation δ[image: image] in [image: image] is
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But because [image: image] is a unit vector, δ[image: image] as well as ∂i[image: image] and ∂j[image: image] are all in the plane perpendicular to [image: image], so

[image: image]

and therefore δg = 0. The quantity (23.3.8) is related to the topological invariant known as the Kronecker index.

Because g is a surface integral, it is additive: for any two distant localized configurations, the surface [image: image] used to calculate g may be taken to be a pair of spheres, one surrounding each configuration, connected by a thin neck between them, so the value of g for the whole system will be the sum of the values of g1, g2 for the individual localized configurations. Furthermore, since g is a topological invariant, we will have g = g1 + g2 for any field configuration that is formed by a smooth fusion of two configurations with magnetic monopole moments g1 and g2. It follows that g must be proportional to the winding number. Arafune, Freund, and Goebel13 verified this and calculated the coefficient of proportionality by using the formula (23.3.8) for general winding number. Here we will simply calculate the coefficient by studying the ’t Hooft–Polyakov monopole,2 in which the fields have unit winding number.

As we saw in the previous section, the ‘identity’ (as opposed to the unit) element [image: image] of π2(SU(2)/U(1)), which corresponds to the element ‘one’ of Z, consists of configurations in which the two-sphere [image: image] at infinity is mapped once (with positive Jacobian) into the sphere described by [image: image]. As a representative of this homotopy class, we may take a configuration in which at infinity [image: image] is in the same direction as x. To construct this configuration let us impose a symmetry under joint rotations on ϕ = {ϕ1 ϕ2, ϕ3} and x, as well as parity conservation, and make the ansatz:

[image: image]

There is an important similarity between this field configuration and that for a vortex line in a superconductor. The solution ϕ = ±ℓφ/2e for the Goldstone boson field in a vortex line found in Section 21.6 shows that, although gauge invariance and rotational invariance are spontaneously broken, the vortex line solution is invariant under the combination of a global gauge transformation for which ϕ → ϕ  + [image: image] and a rigid rotation φ → φ ± 2e[image: image]e/ℓ. Similarly, a monopole solution of the form (23.3.9)–(23.3.10) is not invariant under rotations or gauge transformations, but it is invariant under the combination of a rigid three-dimensional spatial rotation and an equal global SO(3) gauge transformation.

As already mentioned, in order for the integral of V(ϕnϕn,) to converge it is necessary for ϕnϕn to approach [image: image]ϕ[image: image]2 as r → ∞, so in this limit F(r) → 1. To derive the limiting behavior of G(r), note that the covariant derivative of the scalar field is
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so the scalar term in the Hamiltonian density is
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For this to have a finite integral it is necessary also that G(r) → 1 and F′(r) 0 as r → ∞. Finally, the field strength (23.3.2) is
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so the Yang–Mills term in the Hamiltonian density is
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This has an integral that converges at large distances as long as G′(r) vanishes sufficiently rapidly as r → ∞.

We can use these results to calculate the magnetic monopole moment of this configuration. Eq. (23.3.13), together with the limits G(∞) = 1 and G′(∞) = 0, shows that for r → ∞, we have
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Since Diϕn vanishes rapidly as r → ∞, the magnetic part of the field strength tensor in this gauge is given for r → ∞ by the first term in Eq. (23.3.5), so at large distances the magnetic field becomes
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Thus this configuration has magnetic monopole moment g = –1/e. According to the general argument above, the magnetic moment of a configuration with winding number v, corresponding to the element v of Z, is then
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It requires a detailed numerical calculation to find the stable configuration that minimizes the integral of the Hamiltonian density (23.3.4). However there is a limiting case where an analytic solution is available. To see this, it is useful first to derive a general lower bound due to Bogomol’nyi10 on the monopole energy for a given magnetic monopole moment g. Note that (23.3.4) may be written
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Using the Bianchi identity (15.3.9), the second term may be written
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so its integral is given by the magnetic monopole moment g
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Since every other term in [image: image] is positive, we have a general lower bound on the energy of a configuration with magnetic monopole moment g
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For g = ± 1/e, this gives an energy E ≥ 4π [image: image]ϕ[image: image] /e, which for small coupling constant e is much greater than the corrections due to quantum fluctuations, which are at most of order [image: image]ϕ[image: image]. This is why we can take such a classical configuration seriously as the leading term in a perturbation expansion.

Now, it is tempting to try to minimize the energy for a given magnetic monopole moment by setting the first term in Eq. (23.3.18) equal to zero, so that
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but in general this does not lead to a configuration at which the energy is stationary. The condition that the energy should be stationary with respect to variations in the scalar field is the field equation
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while Eq. (23.3.20) together with the Bianchi identity (15.3.9) would imply that DkDkϕn = 0. This argument suggests that in the special case where V(ϕnϕn) is very small, it will be possible nearly to reach the lower bound (23.3.19), and hence minimize the energy for a given magnetic monopole moment, by imposing the condition (23.3.20). (Where V is the quartic polynomial λ(ϕnϕn – [image: image]ϕ[image: image]2)2, the assumption that V is small means that λ [image: image] e2, as in a type I superconductor.) Such stable configurations were studied in this way by Bogomol’nyi10. They had been found earlier by Prasad and Sommerfeld14 without direct use of Eq. (23.3.20), and are usually called BPS monopoles.

The Bogomol’nyi condition (23.3.20) provides first-order differential equations for F(r) and G(r), which are much easier to solve than the second-order field equations derived directly from the condition that the energy should be stationary. Using Eqs. (23.3.11) and (23.3.13), the terms in Eq. (23.3.20) proportional to [image: image]ijk[δkn – [image: image]] and [image: image]ijk[image: image] respectively yield the differential equations
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With the boundary condition that F(r) → 1 and G(r) → 1 as r → ∞, these equations have the solution
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where ρ ≡ e(ϕ)r. Note in particular that the field ϕn given by Eqs. (23.3.9) and (23.3.24) vanishes for r → 0, so as remarked in Section 23.1, the SU(2) symmetry is restored at the center of the monopole.

Let’s now return to the case of a potential V of arbitrary strength. The ’t Hooft–Polyakov monopole is stable, because there are no configurations of smaller topological quantum number into which it could decay. Configurations of higher magnetic monopole moment are generally unstable.10 There are also interesting configurations with both magnetic monopole moments and electric charge, known as dyons.15

There is another way of understanding the value 1/e of the ‘t Hooft– Polyakov magnetic monopole moment, which goes back to the original work of Dirac on magnetic monopoles.16 As mentioned earlier, instead of the gauge we have been using, we can make a gauge transformation ϕn → Rnm(X)ϕm that rotates ϕn to point in a fixed direction [image: image], for instance the three-direction. Then the field strength Bnk ≡ [image: image][image: image]ijk fnij is transformed into Rnm Bmk, which approaches [image: image]n[image: image]k/er2 for r → ∞, so here we do not have to project this on a local unbroken symmetry direction. The price we need to pay for these conveniences is that the gauge transformation is singular; the rotation that takes a vector in the direction into some fixed direction [image: image] is
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which is singular at [image: image] = –[image: image]. This R is not unique; for instance, we could perform the rotation R([image: image]; –[image: image]) that takes [image: image] into the –[image: image] direction, followed by a fixed rotation of 180° around some axis perpendicular to [image: image], but this would become singular at [image: image] = –[image: image]. To avoid the singularities, we have to adopt different gauges in different regions; for instance, with i in the three-direction, we can use a gauge for 0 < θ < θ0 that is singular at θ = π and a gauge for θ0 < θ < π that is singular at θ = 0, where θ0 is an arbitrary angle with 0 < θ0 < π, often taken as π/2. Everywhere except at θ = 0 and θ = π the magnetic field will be given at large distances by B → g[image: image]/r2, where g is the magnetic monopole strength. This can be written as the curl ∇ ×  A of a vector potential whose only non-vanishing component is in the azimuthal φ direction. For 0 < θ < θ0 we must take Aφ = g(1 – cos θ)/r sin θ, which is only singular at θ = π, while for θ0 < θ < π we must take Aφ = –g(1 + cos θ)/r sin θ, which is only singular at θ = 0. The difference ∇A between these two vector potentials is a gradient ∇[image: image] with [image: image] = 2gπ, which of course does not affect the magnetic field for 0 < θ < π, but could affect the dynamics of charged fields. A gauge transformation with [image: image] = 2gπ will change a field of charge q by a factor exp(2iqgπ), which is not single-valued unless 2qg is an integer. This is the Dirac quantization condition; the existence of any magnetic monopole with monopole moment g would require all electric charges to be integer multiples of (2g)–1. For the ’t Hooft–Polyakov monopole this condition is automatically satisfied, because here g = 1/e, and all charges in the Georgi–Glashow model are integer multiples of e/2.

The Georgi–Glashow model was ruled out as a theory of weak and electromagnetic interactions by the discovery of neutral currents, but magnetic monopoles are expected to occur in other theories, where a simply connected group G is spontaneously broken not to U(1), but to some subgroup H′ × U(1), where H′ is simply connected. (According to Appendix B of this chapter, for simply connected groups G we have π2(G/H) = π1(H), which for H = H′ × U(1) equals π1(H′) × π1(U(1)) = π1(U(1)) = Z.) There are no monopoles produced in the spontaneous breaking of the gauge group SU(2) × U(1) of the standard electroweak theory, which is not simply connected. (About this, more below.) But we do find monopoles when the simply connected gauge group G of theories of unified strong and electroweak interactions, such as SU(4) × SU(4) or SU(5) or Spin(10), is spontaneously broken to the gauge group SU(3) × SU(2) × U(1) of the standard model. (See Section 21.5.) The monopoles in this case are expected to have a mass larger by an inverse square gauge coupling constant than the vector boson masses M [image: image] 1015−1016 GeV produced by this symmetry breaking. Such monopoles would have been produced when the universe underwent a phase transition in which G was spontaneously broken to SU(3) × SU(2) × U(1), at a temperature T of order M.

This poses a problem for some cosmological models.17 The scalar fields before this phase transition would have necessarily been uncorrelated at distances larger than the horizon distance, the furthest distance that light could have travelled since the initial singularity. At an early time t in standard cosmological theories18 the horizon distance is of order t [image: image] (GN T4)–1/2 (where GN [image: image] (1019 GeV)–2 is Newton’s constant), so the number density of monopoles produced at this time would have been of order t–3 [image: image] (GNM4)3/2, which is smaller than the photon density M3 at T [image: image] M by a factor of order (GNM2)3/2. For M 1015 GeV this factor is of order 10–12. If monopoles did not find each other to annihilate, then this ratio would remain roughly constant to the present, but with at least 109 microwave background photons per nucleon today, this would give at least 10–3 monopoles per nucleon, in gross disagreement with what is observed. This potential paradox was one of the factors leading to inflationary cosmological models,19 in which there was a period of exponential expansion, which if it occurred before the monopoles were produced would have greatly extended the horizon, and if it occurred after the production of monopoles (but before a period of reheating) would have greatly diluted the monopole density.

The discovery of monopoles of any sort would create opportunities for the observation of remarkable phenomena, including the existence of fermion–monopole configurations of fractional fermion number,20 and the violation of baryon conservation in fermion–monopole scattering.21

* * *

In the above discussion we have considered only monopoles associated with the spontaneous breakdown of a simply-connected gauge group G. This raises a question. For every Lie group G, whether simply connected or not, there is a simply-connected group [image: image] with the same Lie algebra, known as its covering group. (For examples, see Section 2.7.) Any non-simply connected group has fewer representations than its covering group (for instance, the doubly-connected groups SO(n) have only scalar, vector, and tensor representations, while their covering groups Spin(n) also have spinor representations). If a theory does not happen to involve fields that belong to the extra representations of the covering group, then we are free to consider the gauge group of the theory to be either the non-simply connected group G or its covering group [image: image]? In particular, does the menu of possible monopoles depend on whether the theory contains only fields transforming as representations of a non-simply connected group G, or additional fields that would only furnish representations of its covering group [image: image]? For instance, in the original Georgi–Glashow model12 the only scalar fields belonged to a representation of SO(3), the three-vector, but there were fermions that belonged to spinor representations of the covering group Spin(3) = SU(2). Would the allowed values of the magnetic monopole moment change if we added scalar fields belonging to the spinor representations of SU(2)? Would it change if we removed the fermions?

The answer is that the menu of possible monopoles does not depend on whether we say that the gauge group is a non-simply connected group G or its covering group [image: image], and therefore is unaffected when we add or remove fields belonging to representations of [image: image] that are not representations of G. As we saw in Section 23.1, in general the topologically stable monopole-like configurations are classified according to the elements of π2(G/H). According to a result quoted in Appendix B of this chapter, this homotopy group consists of those elements of π1(H) that correspond to the trivial element of π1(G) when H is embedded in G. But if we replace G with its covering group [image: image], we also replace H with a different subgroup H′, because some of the loops in H do not return to the base point when H is embedded in [image: image]. These are just the loops that do not become trivial when H is embedded in G, so π2(G/H) = π1(H′), and thus as far as monopoles are concerned we could just as well say that the gauge group is [image: image] rather than G.

For instance, as far as the scalar fields are concerned, the gauge group of the Georgi–Glashow model might be considered to be the doubly-connected SO(3) rather than its simply-connected covering group SU(2). The unbroken subgroup is then SO(2), in which we identify transformations that differ by a 360° rotation. Thus π1(SO(2)) includes loops that extend from the unit element to a 360° rotation, which would not be loops when SO(3) is embedded in SU(2). But π2(SO(3)/SO(2)) is not the same as π1(SO(2)), but rather excludes the loops that are homotopically non-trivial when SO(3) is embedded in SU(2), which are just the loops that extend from the unit element to a 360° rotation, so π2(SO(3)/SO(2)) is the U(1) subgroup of SU(2), just as if the gauge group were taken to be SU(2) from the beginning.

It is convenient always to consider the gauge group G associated with any semi-simple gauge algebra to be the simply-connected covering group, so that we can use the simple result that π2(G/H) = π1(H). As we have just seen, the connectivity properties of H are then fixed by its embedding in G, or more precisely, by the embedding of the Lie algebra of H in the Lie algebra of G. For instance, an SU(3) gauge algebra might be spontaneously broken either into an SU(2) subalgebra, under which the defining representation of SU(3) transforms as a doublet plus a singlet, or into an SO(3) subalgebra, under which the defining representation of SU(3) transforms as a three-vector. In the first case we do not have the option of considering the unbroken subgroup to be SO(3); since π1(SU(2)) = 0, there are no monopoles here. In the second case the unbroken gauge group must be regarded as SO(3), not SU(2), so the theory does have monopole-like configurations, classified according to the elements of ni(SO(3)) = Z2. The nature of the unbroken subalgebra of H and its embedding in the gauge algebra G may be dynamically affected by the variety of field types that we introduce in the Lagrangian, but once the algebra of H and its embedding in the algebra of G are fixed, the menu of monopoles is otherwise entirely unaffected by the variety of fields in the theory.

In particular, the argument that led to the Dirac quantization condition shows that, in any theory in which a Lie algebra G is spontaneously broken to a subalgebra including the electric charge operator, the allowed magnetic monopole moments are integer multiples of the reciprocal of the smallest electric charge that appears in the representations of the covering group of G, whether or not there is actually any particle that carries that charge in the theory. If the algebra of G itself contains a U(1) generator, then we must consider the covering group of this U(1), which is the non-compact group of translations along the real line. If this U(1) generator appears as a term in the electric charge operator, as in the standard electroweak theory, then there is no minimum electric charge in the representations of the covering group, and hence no monopoles.

23.4 The Cartan–Maurer Integral Invariant

In understanding the topology of various compact manifolds, it is a great help that there is often a topologically invariant quantity that can be written as an integral over the manifold. This will be important in our discussion of instantons in the next section, and it has already been used in studying Wess–Zumino–Witten terms in Sections 19.8 and 22.7.

Consider a mapping of an arbitrary compact manifold [image: image] of odd dimensionality d with coordinates θ1, θ2, . . . θd into a manifold [image: image] of matrices g(θ1, θ2, . . . θd) with Det g ≠ 0. (For the applications that concern us here, [image: image] is usually a sphere Sd, and the g are the elements of a Lie group G in some representation.) We define a functional of g(θ), known as the Cartan–Maurer form:
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where [image: image] is the totally antisymmetric quantity with [image: image]12...d = 1. From the fact that [image: image] = –(–1)[image: image], we see that [image: image][g] vanishes where [image: image] is even-dimensional, so we will restrict ourselves here to the case where d is odd. The usefulness of this quantity arises from its several remarkable properties.

First, this integral is independent of the coordinate system used to parameterize the manifold [image: image]. This follows rather obviously from the fact that [image: image] is a contravariant tensor density, in the sense that

[image: image]

Second, the integral (23.4.1) is also invariant under small deformations of the mapping [image: image] [image: image] [image: image]. Using the properties of the trace, we see that under an infinitesimal change g → g + δ of the function g(θ), the change in each factor g–1∂g/∂θi in (23.4.1) makes the same contribution to the change in [image: image][g]:
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Now, the last factor in the trace is

[image: image]

When we integrate by parts, the derivative [image: image] gives no contribution when acting on the partial derivatives [image: image] because [image: image] is antisymmetric. The remaining d – 1 terms where [image: image] acts on g–1(θ) are all equal except for an alternating sign, so since there are an even number of them they add up to zero.

Finally, let us specialize to the case where [image: image] is the sphere Sd. Because [image: image][g] is invariant under small variations of g(θ), it can be regarded as a function [image: image](c) only of the homotopy class c to which g(θ) belongs. The integrals [image: image](c) (or strictly speaking, exp{[image: image](c)}) furnish a representation of the homotopy group πd([image: image]), in the sense that
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(If ga(θ) and gb(θ) are elements of the homotopy classes ca and cb respectively, then the homotopy class ca × cb consists of mappings homotopically equivalent to

[image: image]

The part of the integral [image: image][gab] over the hemispheres with 0 ≤ θ1 ≤ 1/2 and 1/2 ≤ θ1 ≤ 1 can be done by changing variables to θ′1 = 2θ1 and θ′1 = 2θ1 – 1, respectively, yielding the terms [image: image](ca) and [image: image](cb) in (23.4.2).)

In particular, this tells us that the homotopy classes e, c, c × c, etc., and c–1, c–1 × c–1, etc., have
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If [image: image](c) ≠ 0 for some c, then these invariants are all different, so the classes cn are all different, and therefore form a subgroup Z of πd([image: image]). This goes far to explain the great difference between the sizes of the homotopy groups for odd and even dimensions shown in Appendix B of this chapter. For instance, π1(U(1)) = Z, π3(G) = Z for all simple Lie groups G, and π5(SU(n)) = Z for all n ≥ 3, while for all Lie groups G, π2(G) = 0 and π4(G) is finite.

As a simple example where [image: image](c) ≠ 0, consider the homotopy group π1(U(1)), which is the same as the group π1(S1) used as an example at the beginning of the previous section. Any mapping S1 [image: image] U(1) may be characterized by v, the number of times that the phase of the U(1) element goes counterclockwise around S1 minus the number of times it goes around S1 in the opposite direction, as the coordinate θ goes around S1, two mappings being homotopically equivalent if and only if they have the same v. The vth class contains the mapping gv(θ) = exp(2ivπθ) with 0 ≤ θ ≤ 1, for which

[image: image]

thus verifying that π1(U(1)) = Z.

As an aid to calculating [image: image](g) in less simple cases, suppose that we can continuously deform the manifold [image: image] into a Lie group H of dimensionality d. The result of performing the H transformation with parameters θ followed by the H transformation with parameters φ is an H transformation, say with parameters θ′(θ, φ). In terms of a matrix representation g(θ), this reads

[image: image]

Differentiating with respect to θ′ with φ fixed and multiplying on the left with the inverse of this equation gives

[image: image]

The integrand of [image: image][g] at a point θ′ is therefore

[image: image]

Now, every Lie group H has a metric γij(θ) (not necessarily unique) which is form-invariant in the sense that
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For instance, we can take
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For any choice of γij(θ), the determinant of Eq. (23.4.4) gives
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By replacing the coordinates θ in Eq. (23.4.1) with θ′, we find
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Since the parameters φ of the second H transformation are arbitrary, we may regard θ and θ′ as independent variables, and evaluate the right-hand side of (23.4.6) at any value of θ, say θi = 0. It will be convenient to normalize the generators ti and coordinates θi so that for θ → 0,
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In this case, Eq. (23.4.6) reads
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We will be especially interested in the case d = 3. Bott22 has shown that for any simple Lie group G, all continuous mappings S3 [image: image] G may be continuously deformed into mappings of S3 into a ‘standard’ SU(2) sub-group of G. (Where G = SU(n), this standard SU(2) subgroup is the one that acts only on the first two components of the defining representation of SU(n). Not all SU(2) subgroups of SU(n) are equivalent to this one.) As remarked in Section 2.7, in a 2 × 2 representation the general element of SU(2) may be written








	
[image: image]




	 
	
(23.4.9)








where as usual
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and θ4 and θ are real, with (θ4)2 = 1 – θ2. (Note that Eq. (23.4.9) is consistent with the normalization convention (23.4.7).) A straightforward calculation gives the metric (23.4.5) as
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so that
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Hence Eq. (23.4.8) here reads
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Using [image: image] and Tr [image: image], we see that
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Also, for the ‘identity’ mapping g1, the integral here runs twice over the interior of the unit ball (because θ4 can be positive or negative), and gives
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For the class c of mappings homotopic to g1, we have then
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and so
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The integer v is known as the winding number. This result is for a representation and normalization conventions for which the standard SU(2) subalgebra has generators ti with structure constants [image: image]ijk, and Tr(titj) = [image: image]δij. More generally, if [ti, tj] = ig[image: image]iiktk and Tr (titj) = [image: image]Ng2δij, then
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The results (23.4.13) or (23.4.14) show incidentally that for every simple Lie group, π3(G) contains Z. As listed in Appendix B to this chapter, π3(G) = Z for all simple Lie groups. Thus the homotopy class of g(θ) for any simple Lie group is entirely determined by its homotopy class when the group is deformed into its standard SU(2) subgroup.

23.5 Instantons

As we saw in Section 23.1, the topologically non-trivial solutions of a pure gauge theory with a simple gauge group G in d = 4 Euclidean spacetime dimensions correspond to the elements of the homotopy group π3(G) = Z. These are four-dimensional field configurations, known as instantons, that (for reasons discussed in the next section) must be included along with their fluctuations in path integrals. After Belavin, Polyakov, Schwarz, and Tyupkin1 demonstrated the existence of these solutions, ’t Hooft23 showed that the inclusion of these configurations in path integrals solved the U(1) problem outlined in Section 19.10. Here we shall first discuss the instantons themselves, and then consider their role in path integrals.

According to Eq. (23.1.7), in order for a topologically non-trivial gauge field to have finite action, the gauge fields must approach a pure gauge at r → ∞ (where here [image: image], with i summed over the values 1, 2, 3, 4):








	
[image: image]


	
(23.5.1)








where Ai ≡ tαAαi and g([image: image]) is a direction-dependent element of the gauge group G. The topological invariant discussed in the previous section may therefore be written in terms of the asymptotic behavior of the gauge field
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where θa with a = 1, 2, 3 are any three parameters used to specify the direction of the unit four-vector [image: image]. This surface integral can be evaluated using Gauss’s theorem. In analogy with the current (22.2.29) in Minkowski spacetime, we can define a current in Euclidean spacetime
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whose divergence is
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(Here [image: image] is the totally antisymmetric tensor with [image: image].) We are using a representation of the gauge group with totally antisymmetric structure constants, so that
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with N a constant that depends on the representation in which we calculate the trace in Eq. (23.5.2). Hence Eq. (23.5.3) may be written
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For r → ∞, the field strength Fkl vanishes, so
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Hence Eq. (23.5.2) gives








	
[image: image]




	 
	
(23.5.8)








Thus in order to demonstrate the existence of topologically non-trivial field configurations, we have to show that there are configurations for which the Chern–Pontryagin density [image: image] has a non-vanishing integral.

For this purpose, it is very useful to take advantage of what is known as the Bogomol’nyi inequality.10 From the fact that
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(with squares indicating obvious index contractions), we have
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where S[A] is (up to a factor) the Euclidean action
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The lower bound (23.5.9) is evidently reached if and only if the gauge field is self-dual or anti-self-dual, in the sense that
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Hence any solution of the first-order equation (23.5.11) is a minimum of S[A] for gauge fields of winding number unity, and hence also a solution of the second-order Yang–Mills field equation.

Belavin et al.1 found a solution of Eq. (23.5.11) of the form
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where R is an arbitrary scale factor, and g1([image: image]) is an element of an SU(2) subgroup of the gauge group, with
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and
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It is clear that this solution has the asymptotic behavior (23.5.1), with g([image: image]) the same as the ‘identity’ mapping (23.4.9), so this solution belongs to the homotopy class of the identity map, and therefore as we saw in the previous section has winding number v = 1. From Eqs. (23.4.14) and (23.5.9) (which is here an equality) we have then
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From Eqs. (23.5.10) and (23.5.11) (with positive sign), we also have
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This solution is not unique, because it can be translated or subjected to a gauge transformation, but aside from these degrees of freedom, there are no other solutions of the field equations with winding number unity.24

Because we have found field configurations with v = 1, we know that there are also field configurations with any integer v. For instance, solutions with v a positive integer [image: image] can be constructed by superimposing [image: image] solutions with v = 1 with centers so far apart that at these distances the non-linearities of the field equations become unimportant. A solution with v = –1 negative can be found by replacing g1 in Eq. (23.5.12) with [image: image], and solutions with v a negative integer –[image: image] can be found by superimposing [image: image] of these at large separations. For general winding number, Eqs. (23.5.15) and (23.5.16) become
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These results are for a gauge field normalized as in Eqs. (23.5.11)–(23.5.13). With this normalization, the action I[A] is not –S[A], but
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where g is the conventional coupling constant. If we had used our usual convention of including a factor g in the generators and structure constant, then the action I[A] would be the same as –S[A], but with Aαµ and Fαµv carrying a factor 1/g we would have S[A] = 8π2/g2 instead of Eq. (23.5.15), so in this case again the action would be –8π2/g2, but now in place of Eq. (23.5.18) we would have
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We shall see in the next section that in path integrals we must sum the effects of instantons of all winding numbers. The contribution of configurations of winding number v ≠ 0 to Euclidean path integrals is suppressed by a factor exp(I[A]) = exp(–8[image: image]v[image: image]π2/g2). In Section 23.7 we will see that the coefficient of this exponential is a negative power –n of g: in quantum chromodynamics, n = 12. The function g–n exp(–8[image: image]v[image: image]π2/g2) and all its derivatives with respect to g vanish at g = 0, so such contributions are non-perturbative — they will never be encountered in any order of perturbation theory.

This does not necessarily mean that these contributions are small. As we saw in Chapter 18, in quantum chromodynamics the coupling g is not a fixed dimensionless parameter, but a function of a sliding energy scale, and becomes large at low energies. The effective energy scale to use in the coupling in Eq. (23.5.19) is determined by quantum fluctuations, the subject of Section 23.7, but on dimensional grounds it cannot be very different from 1/R, where R is the instanton size in Eq. (23.5.12). The instanton size is not fixed, but must be integrated over, with some weight function that depends on the process under consideration. In quantum chromodynamics the running coupling constant gµ is given for large µ by Eq. (18.7.7) as
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where β0 = 11 –2nf/3 and [image: image] ≈ 250 MeV is the quantum chromodynamic scale factor. The factor exp[image: image] is therefore, for small instantons,
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We cannot calculate this factor for large instantons, with R[image: image] [image: image] 1, but it is clear that in this case there is no suppression of instanton effects.

Despite initial hopes, the discovery of instantons has not led to much improvement in our ability to do quantitative calculations in quantum chromodynamics. On the other hand, as we shall now see, it has produced spectacular qualitative changes in our understanding of quantum chromodynamics and other gauge theories.

The mere fact that there are solutions of the field equations for which the integral (23.5.15) does not vanish is enough to provide a solution of the U(1) problem discussed in Section 19.10. Under global U(1) transformations ψ → exp(iγ5α)ψ, the measure for integration over quark fields undergoes a change given by Eq. (22.2.10):
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where (with the matrix t here equal to unity) the anomaly function [image: image](x) is given by Eq. (22.2.45):
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The existence of this anomaly would not in itself solve the U(1) problem, because the quantity (23.5.22) is a total derivative, and so would have a zero integral for a non-singular gauge field that vanishes sufficiently rapidly at infinity. The instanton solution vanishes only as 1/r, and yields a non-vanishing value for this integral, given by Eqs. (23.5.22), (23.5.18), and (23.5.5) as
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showing that the anomaly does violate the U(1) chiral symmetry.

As we saw in Section 22.4, the currents of baryon and lepton number also contain anomalies due to the interaction of quarks and leptons with the SU(2) × U(1) gauge fields of the standard model. Instanton configurations of the SU(2) gauge field therefore produce violations of baryon and lepton conservation.25 As noted in Section 22.4, there are various currents whose conservation is not violated by anomalies or anything else, such as baryon number minus lepton number, and the differences of electron, muon, and tau lepton numbers, so these will be conserved in any baryon- and lepton-non-conserving process. For instance, the decay of a proton or deuteron is forbidden, but the decay [image: image] is allowed. The amplitudes for these effects are suppressed by the same factor exp(–8[image: image]v[image: image]π2/g2) as before, but now with g the SU(2) coupling constant e/sin θ, evaluated not at a sliding scale but at the natural scale for electroweak processes, roughly of order mz. Taking e2/4π = 1/129 (see Section 18.) and sin2 θ = 0.23, the suppression factor for [image: image]v[image: image] = 1 is exp(–373). He3 decay into three antileptons is not likely to be observed.

* * *

There is another approach26 that illuminates some aspects of instantons. In temporal gauge, with Aα4(x, x4) = 0, the gauge field for x4 → ±∞ is expected to approach time-independent pure gauges for x4 → ±∞:
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where g±(x) are group elements in the representation generated by tα. Assuming that Aα(x, x4) vanishes for x → ∞, the group elements g±(x) must approach constants g± for x → ∞, so the three-spaces at x4 → ∞ may be regarded as three-spheres, with the point at infinity regarded as an ordinary point. Following the same argument that led to Eq. (23.4.13), we then have
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where n± are integers. The integral over the boundary of four-space in Eq. (23.5.2) may be regarded as the integral over the ‘plane’ x4 = +∞ minus the integral over the ‘plane’ x4 = –∞, so from (23.5.8) and (23.5.18) (with N = 1) we have
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The exponential factor exp(–8[image: image]v[image: image]π2/g2) from Eq. (23.5.19) may therefore be regarded as the amplitude for a transition from a configuration with spatial winding number n_ at x4 → –∞ to one of spatial winding number n+ at x4 → +∞. The exponential form of this factor for v ≠ 0 reflects the fact that this is a tunneling process; no continuous sequence of pure gauge fields can take us from a configuration of one spatial winding number to a configuration with a different spatial winding number.

The interpretation of the factor exp(–8[image: image]v[image: image]π2/g2) as a tunneling amplitude suggests that baryon- and lepton-non-conserving processes may proceed rapidly at temperatures above about 1 TeV, where instead of having to tunnel through the barrier, thermal fluctuations can take the vacuum over the barrier.27 This process may be of cosmological importance, but it is still subject to the selection rules mentioned above: thermal fluctuations will not change the density of baryon number minus lepton number, or the differences of the densities of the three varieties of lepton number.

23.6 The Theta Angle

We have seen that there are configurations of arbitrary integer winding number, but how do we know that these configurations must be included in the path integral? To keep an open mind, suppose we add up configurations with arbitrary weight factors f(v) for each winding number, leaving open the possibility that some or most of these weight factors might vanish. The expectation value of a local observable [image: image] located within a large Euclidean spacetime volume [image: image] is then
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where ϕ stands for all the fields of the theory; the subscript v on the integrals over ϕ indicates that we are to include only configurations of winding number v; and [image: image] is the integral of the Lagrangian density over the spacetime volume [image: image]. Now suppose that [image: image] is divided into two very large volumes [image: image]1 and [image: image]2, with [image: image] in the volume [image: image]1. The integral over all fields with winding number v may be written as an integral over all fields with winding number v1 in volume [image: image]1 and winding number v2 in volume [image: image]2, with v1 and v2 summed over all values with v1 + v2 = v, and so to a good approximation Eq. (23.6.1) becomes
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But then for general weight factors the average is not the same as if we omitted the volume [image: image]2, in contradiction with our general ideas about cluster decomposition. (See Chapter 4.) In order for the factors involving the volume [image: image]2 to cancel in this ratio, we must have

[image: image]

This will be the case if and only if f(v) is of the form
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where θ is a free parameter. Thus in particular we cannot arbitrarily discard all configurations with non-zero winding number, because then an instanton of winding number v in one region would have to be balanced with an instanton of winding number –v in some other region, making it impossible to calculate expectation values without considering what is happening far from the location of the operators being measured.

The factor f(v) may be put in a more familiar form. According to Eq. (23.5.18), with gauge fields normalized so that in the standard SU(2) subgroup the structure constants are [image: image]ijk, the winding number may be written as an integral:
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This can be expressed in terms of a Minkowskian path integral; since (d4x)E = d4x; Fα34 = –iFα30; and [image: image]1230 = –1, Eq. (23.6.4) may be written
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Thus inclusion of the weighting factor (23.6.3) is therefore equivalent to adding a term
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to the Lagrangian density. But as mentioned at the beginning of Section 15.2, we might have included such a term in the Lagrangian of any non-Abelian gauge theory anyway, with arbitrary real θ.

The inclusion of a term (23.6.6) in the Lagrangian density would violate P and CP conservation. We could of course simply set θ = 0, but this would invalidate what in Section 18.7 was scored as one of the successes of quantum chromodynamics: it made it automatic for P and CP to be conserved by the strong interactions even though they are evidently violated by the weak interactions.

To assess the physical consequences of including the term (23.6.6) in the Lagrangian, consider the effect of redefinition of all the fermion fields
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where f is a flavor index, and ocf are a set of real phases. According to Eqs. (22.2.10) and (22.2.24), the effect on the measure for path integrals over fermion fields is
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(We are using generators normalized so that Tr (tαtβ) = δαβ/2.) Comparing this with Eq. (23.6.6) shows that this is equivalent to shifting θ by
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The redefinition of the fermion fields will also change the mass terms in the Lagrangian density. In order to take account of masses involving γ5, let us write the fermion mass term in the Lagrangian as
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with mass parameters [image: image]f which, if complex, would violate P and CP conservation. Then the redefinition (23.6.7) changes these parameters by
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A mere change of path integration variables cannot have any physical effect, so observable quantities cannot depend separately on θ or the phases of the mass parameters [image: image]f, but only on the combination
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In particular, we can always define the fermion fields so that θ = 0, but at the price of perhaps introducing P and CP violating phases in the mass parameters.

This discussion shows that if any of the quark masses were to vanish, then the theta angle would have no effect and there would be no P or CP non-conservation in quantum chromodynamics. The analysis of quark mass ratios in Section 19.7 indicates that the quarks all have non-zero masses, though it is sometimes suggested that the inclusion of terms of second order in ms in this analysis might allow mu to vanish.28 But there is no question that the u and d quarks are quite light, which leads to some suppression of the effects of a non-zero theta angle. We saw in Section 19.4 that mu and md are roughly of order [image: image]/mN (where mN is used here as a typical quantum chromodynamic mass scale), so we might expect the effects of the theta angle to be suppressed by four factors of mπ, but this is not quite correct. With P and CP not conserved there would be a non-zero amplitude for the π0 to disappear into the vacuum, proportional to [image: image], but the ‘tadpole’ graphs with pion lines ending in such vacuum transition vertices would be enhanced by a factor [image: image] from the pion propagator, giving a net effect proportional to [image: image], not [image: image]. In particular, if we define fermion fields so that all [image: image]f are real, then a non-zero theta angle would produce a P- and T-non-conserving neutron electric dipole moment dn proportional to [image: image]θ[image: image] and [image: image], and hence on dimensional grounds of order29
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The neutron electric dipole moment is known to be less than about 10–25 e cm, so [image: image]θ[image: image] < 10–9.

In order to explain in a natural way why θ is so small, Peccei and Quinn30 proposed a theory in which θ became in effect a dynamical variable, which could relax to a minimum of the effective potential, at which P and CP would be conserved. Their idea was taken up by Wilczek and myself,31 who noted that it would require the existence of a light spinless particle, the axion. The axion that appeared in the original Peccei–Quinn model has been ruled out by experiment, but there are more general possibilities,32 in which the axion couples too weakly to ordinary matter to have been observed.

The common feature of all versions of the axion theory is that there is some U(1) symmetry that is spontaneously broken at energies much higher than those associated with quantum chromodynamics, and is also broken by an anomaly involving the gluon fields. According to the general formalism of Chapters 19 and 22, the low energy effective field theory will contain a Goldstone boson field ϕ), so that, under the symmetry transformation
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the effective Lagrangian undergoes the transformation
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where A is a dimensionless constant of order unity, characterizing the anomaly, and Fϕ is a constant of the order of the energy scale at which the symmetry is spontaneously broken (with ϕ defined to be canonically normalized.) Then the terms in the effective Lagrangian involving ϕ are
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where M ≡ Fϕ/A and ‘...’ denotes possible interactions involving derivatives of ϕ. Comparing Eqs. (23.6.16) and (23.6.6), we see that, for a constant ϕ, all observables will be functions not of ϕ and θ separately, but only of θ + ϕ/M (This is with fermion fields defined to make the mass parameters [image: image]f all real; otherwise observables will depend on [image: image].) If everything in the theory but the theta term (23.6.6) and the ϕ interaction in Eq. (23.6.16) conserves P or CP, then the effective potential will be even in θ+ϕ/M, so it will have a stationary point at θ + ϕ/M = 0, preserving the conservation of both P and CP. In the real world P and CP are not exact, but the only observed violations are in the weak interactions, and would shift the expectation value of ϕ only a small way33 from –Mθ.

Even without specifying the underlying theory, by using effective field theory techniques it is possible to say a fair amount about the general properties of the axion. The most general Lagrangian for the axion field ϕ, now including the theta term and all interactions with u and d quarks up to order 1/M, is of the form








	
[image: image]




	 
	
(23.6.17)








where fu and fd are dimensionless coupling constants, expected to be of order unity. As shown by Eq. (23.6.8), the redefinition (23.6.7) of the quark fields has the effect of subjecting the quantity ϕ(x)/M + θ in the second term of the Lagrangian (23.6.17) to the replacement
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By choosing αf = –(θ + ϕ/M)cf/2 with constant coefficients cf satisfying cu+cd = 1, we eliminate the term in the Lagrangian involving [image: image], and change the mass term in the low energy quantum chromodynamic Lagrangian density to
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In addition, from the kinematic part of the quark Lagrangian we pick up a derivative interaction term
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so that fu and fd in Eq. (23.6.17) are replaced with f′u = fu – cu/2 and f′d = fd – cd/2. To derive an effective Lagrangian for low–energy pions and axions, we follow the procedure of Section 19.5 (but now with u and d quarks in place of protons and neutrons), and make the replacements:
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where v is the constant v = [image: image][image: image]u[image: image] = [image: image][image: image]d[image: image], and ‘...’ denotes terms that do not have the one-pion pole. From Eqs. (23.6.19) and (23.6.20) we find the effective pion–axion Lagrangian
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where ϕ′ is the difference between the axion field and its expectation value
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Since cu and cd are arbitrary except for the condition that cu + cd = 1, we are free to eliminate the ∂µϕ∂µπ0 cross term by taking cu = [image: image]+fu–fd and cd = [image: image]+ fd – fu, so that f′u; = f′d. The quadratic part of the Lagrangian (23.6.22) is
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where
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For M [image: image] Fπ one eigenvalue of [image: image], is [image: image], which according to Eq. (19.7.20) is the π0 squared mass. The other eigenvalue is then the axion mass
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For the quark mass ratio derived in Section 19.7, this gives ma = 13 MeV/M(GeV).

We can also use this formalism to say something about the interactions of axions with hadrons. The eigenvector of [image: image] with eigenvalue [image: image] has a component along the original π0 direction equal to (mucu – mdcd)Fπ/(mu + md)M. As mentioned earlier, because of the one-pion pole this is the dominant axion–hadron coupling. We see that the ratio of the axion and pion production interaction amplitudes will typically be of order Fπ/M. The fact that axions are not observed in such collisions indicates that M > 3 TeV, in contradiction with the original expectation30,31 that the anomalous U(1) symmetry is spontaneously broken by the same scalar vacuum expectation values of order 0.3 TeV that break the electroweak SU(2) × U(1) symmetry. It is possible to explain why axions are not found in reactor or accelerator experiments by taking M as an independent parameter,32 much larger than the electroweak breaking scale, but there are still astrophysical limitations. Limits on the rate of cooling of red giant stars give34 M > 107 GeV, while observations of the supernova SN1987A indicate35 that M > 1010 GeV.1 Cosmological arguments suggest36 an upper bound M < 1012 GeV, leaving an open but narrow window of allowed axion parameters.

23.7 Quantum Fluctuations around Extended Field Configurations

Topologically non-trivial four-dimensional field configurations such as instantons provide only zeroth-order contributions to path integrals. Now we must consider the effect of quantum fluctuations around these configurations.

To start in a very general way, consider a set of fields, collectively called ϕ(x), whose dynamics is described by the Euclidean action I[ϕ], and suppose we have a set of configurations ϕv,u at which I[ϕ] is stationary, where v labels the topological type of the configuration, and u represents a set of continuous collective parameters on which the configuration depends. For instance, for instantons v is the winding number, an integer, and u includes the position and scale as well as its ‘direction’ in the gauge group. Euclidean path integrals may then be written
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where the subscript on the integral over the fluctuation ϕ′ indicates that we are to integrate only over fluctuations that do not entail changes in the collective parameters, and [image: image] stands for any product of local functions of field operators. Because I[ϕ] is stationary at ϕ = ϕv,u, its expansion to second order in the fluctuations takes the form
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where l and m here include spin and species indices, and Iv ≡ I[ϕv,u] is a function of v alone because the action is supposed to be stationary at all field configurations ϕv,u. The integral over the fluctuation ϕ′ in Eq. (23.7.1) will then yield a sum of terms from contractions of the fields in [image: image], times (for real bosonic fields) an over-all factor [Det K(v,u)]–1/2, it being understood that K now acts only in the subspace of fluctuations that do not entail changes in the collective parameters u. This factor can be written as a product over the eigenvalues λn(v, u) of the ‘matrix’ K(v,u):
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the prime here indicating that we are to exclude the ‘zero modes’, the zero eigenvalues of K, for which the eigenfunctions correspond to changes in the collective parameters.

These remarks allow us to refine the results given in Section 23.5 for the coupling-constant dependence of instanton contributions with different winding numbers. Suppose we define the fields of our theory in such a way that the action takes the form I[ϕ,g] = g–2I1[ϕ] where I1[ϕ] is independent of coupling constants. (For instance, as discussed at the end of Section 15.2, in Yang–Mills theories we would use as a gauge field the canonically normalized gauge field times a factor g.) Then all eigenvalues of K are proportional to g–2, and the factor (23.7.3) is proportional to g to a power equal to the number of non-zero eigenvalues of K. This power is of course infinite, but it can be written as the number of all eigenvalues of K, which is also infinite but is independent of v, minus the number [image: image](v) of zero modes, equal to the number of collective parameters, which is finite and dependent on v. We conclude then that aside from factors that do not depend on v, the contribution of fluctuations around configurations of topological type v is a factor with a coupling-constant dependence that is given in terms of the number [image: image](v) of collective parameters by
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This estimate is based on the approximation (23.7.2), which correspond to a one-loop approximation, so when higher-order terms are taken into account the factor (23.7.4) will be multiplied with a power series in g, whose details depend on the operators [image: image] appearing in the path integral.

Let’s see how this applies to instantons. The configuration with v = 0 of course has no collective parameters, and so its contribution to path integrals is just a power series in g. The configuration with v = 1 has four collective parameters giving the spacetime location of the instanton, one collective parameter giving the scale of the instanton, and a number N1 of collective parameters corresponding to the rotations and/or global gauge group transformations that do not leave the instanton invariant, so (now including the factor exp(Iv) given by Eq. (23.5.19)), the coupling-constant dependence for v = 1 instantons is [image: image]. For the v = 1 instanton (23.5.12) in an SU(2) Yang–Mills theory, there are three independent rotations and three independent SU(2) transformations, but since the instanton is invariant under three combined rotations and SU(2) transformations, we have N1 = 3, so fluctuations around the v = 1 instanton yield a coupling-constant dependence [image: image]. In an SU(3) Yang–Mills theory we have three independent rotations and eight independent SU(3) transformations, but again the instanton is invariant under three independent combined rotations and SU(3) transformations in the standard SU(2) subgroup (say, acting on the first two components of the defining representation of SU(3)), and now also invariant under one additional SU(3) transformation that (like hypercharge) commutes with all generators of the standard SU(2) subgroup. Hence N1 = 3 + 8 – 3 –1 = 7, and the v = 1 instanton yields a factor proportional to [image: image].

Now suppose that the action I also contains a term

[image: image]

involving independent fermion fields ψ and [image: image]. If none of these fields appear in [image: image] then the integral over these fields yields a factor Det [image: image](v, u), which vanishes if [image: image](v, u) has any zero modes. This result can be simply understood in terms of the rules for integration over fermionic parameters. By expanding ψ(x) and [image: image](x) in the eigenmodes of [image: image], we can write the integral over ψ(x) and [image: image](x) as an integral over the coefficients in these expansions. The coefficients of the zero modes do not appear in the quadratic approximation to the action, so for each such fermionic zero mode we have an integral over a fermionic parameter that does not appear in the integrand, which vanishes according to the general rules of Section 9.5. The only terms in an integral over fermionic variables that do not vanish are those for which the integrand contains a single factor of each integrated variable. Hence the integral over fermionic fields in Eq. (23.7.1) will not vanish only if there is a single fermionic field in [image: image] for each zero mode of [image: image]. For instantons there are fermionic zero modes whose numbers and chiralities are governed by index theorems, like the Atiyah-Singer index theorem derived in Section 22.2, so only certain processes are allowed for a given winding number. It was on this basis that ‘t Hooft25 showed that the baryon- and lepton-nonconserving effective interaction produced by v = 1 instantons in the electroweak standard model must involve just one of each lepton flavor.

23.8 Vacuum Decay

A vacuum state is stable if its scalar field expectation values are at a true minimum of the effective potential. But if the scalar field expectation values are at a local minimum that is higher than the true minimum then this vacuum will be metastable. A metastable ‘false’ vacuum state corresponding to a local minimum will decay into the stable ‘true’ vacuum corresponding to the true minimum by a process of barrier penetration, analogous to nuclear alpha decay or spontaneous fission. This is not a process that can be observed in our laboratories, but it has presumably occurred several times in the history of the universe as various symmetries have become spontaneously broken, so it is important to be able to calculate the rate of such false vacuum decay. As we shall now see, this calculation involves consideration of yet another extended field configuration.6

Let us concentrate on the component ϕ of the scalar field multiplet that acquires an expectation value [image: ]ϕ[image: ] in the true vacuum. For instance, in the theory of broken chiral symmetry discussed in Section 19.5, ϕ would be the fourth component of a chiral four-vector. It will turn out that, where barrier penetration is strongly suppressed, the other scalar fields (including those of any Goldstone bosons) do not affect the dominant suppression factor in the decay rate. For definiteness, we will take the Lagrangian density in the form
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We assume that the lowest-order effective potential V(ϕ) has a true minimum at ϕ = (ϕ) and a local minimum at ϕ = 0, and we adjust an additive constant in the Lagrangian density so that V(0) = 0, in which case V([image: ]ϕ[image: ]) < 0. We want to calculate the rate at which the false vacuum state with scalar field expectation value zero will decay into the true vacuum state with scalar field expectation value [image: ]ϕ[image: ].

The results of Appendix A of this chapter (Eqs. (23.A.6), (23.A.21), and (23.A.23)) show that the energy E0 of the false vacuum state in which the scalar field vacuum expectation value vanishes is given by
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where S [ϕ; T] is the Euclidean action derived from Eq. (23.8.1)
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and the integral in Eq. (23.8.2) is over all fields ϕ(x, t) satisfying the conditions
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The energy (23.8.2) is complex; its imaginary part will give us the decay rate.

To calculate the functional integral in Eq. (23.8.2), we look for a stationary ‘point’ of the Euclidean action S[ϕ, T]. The fields at which (23.8.3) is stationary satisfy the field equations
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subject to the boundary conditions (23.8.4). Because of these boundary conditions, such a solution is known as a bounce.

We shall look for these bounce solutions by making the ansatz that ϕ(x, t) is invariant under rotations around a point x0, t0 in four dimensions:
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There are solutions that are not rotationally invariant in four dimensions, but these other solutions have higher values37 of S, and so become negligible for large T. Using Eq. (23.8.6) in Eq. (23.8.5) yields the ordinary differential equation
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Strictly speaking, a solution of this form is consistent with the boundary conditions (23.8.4) only when T is very large compared with the characteristic time associated with V(ρ), in which case we can take T to be infinite in Eq. (23.8.4), which then becomes the condition that ϕ(ρ) must vanish when ρ → ∞. Also ϕ(x, t) must be an analytic function of x near x = 0 at all t including at t = t0, so ϕ(ρ) is a power series in ρ2 for ρ → 0, and in particular dϕ/dρ = 0 at ρ = 0. With these conditions, Eq. (23.8.7) is the equation of motion of a particle of unit mass with ‘position’ ϕ at ‘time’ ρ, moving under the influence of a potential −V(ϕ) and a viscous force –(3/ρ)dϕ/dρ, that travels from rest at some finite initial value ϕ0 of ϕ at ρ = 0, and just reaches ϕ = 0 at ρ → ∞, losing its initial ‘energy’ –V(ϕ0) > 0 to viscosity along the way. The Euclidean action (23.8.2) for such a solution is
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It is crucial to determine the sign of B. For this purpose,38 we use the same device that was used to prove Derrick’s theorem in Section 23.1, and consider the action (23.8.8) for a modified field ρR(ρ) ≡ ϕ(ρ/R). By rescaling the variable of integration, we find
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If ϕ(ρ) is the solution of Eq. (23.8.7) then the action must be stationary with respect to any variation in ϕ, so that dS[ϕR]/dR must vanish at R = 1, and therefore
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It follows then that
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We will come back later to an explicit approximate solution for ϕ(ρ), but first let’s consider how such solutions are to be used.

We have here not just a single one-bounce configuration at which the Euclidean action is stationary, but a continuum, characterized by the collective coordinates x0 and t0. According to the results of Section 23.7, we must integrate over these parameters, which, since B is independent of x0 and t0, yields factors of [image: ] and T in a box of spatial volume [image: ]. The contribution of all one-bounce configurations to the functional integral in Eq. (23.8.2) is given in one-loop order by
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The coefficient A is proportional2 to a product [image: ], where the λn, are the eigenvalues of the kernel [image: ], and the prime indicates that we are to omit the zero eigenvalues, which correspond to changes in the collective coordinates x0 and t0. Using Eq. (23.8.10), we can see that the second derivative of Eq. (23.8.9) with respect to R is negative at R = 1, so there is at least one (and in fact just one39) negative eigenvalue, and hence to this order A is imaginary. We will not attempt to calculate A here, but will just note that A unlike exp(–B) does not have a dramatic dependence on the parameters of the theory, so that we can estimate it on dimensional grounds to be roughly of order iM−4, where M is some characteristic mass scale of the theory.

For large T and [image: ] we can find additional stationary configurations by superimposing any number N of these bounce configurations, yielding a contribution that is the Nth power of the quantity (23.8.12), divided by N! to take account of the fact that in integrating over N of the x0 and t0 we are summing over configurations that only differ by permutations of the N identical bounces. Summing over N then gives the exponential of the quantity (23.8.12), so the energy (23.8.2) is just the quantity (23.8.12) divided by –T








	
[image: image]


	
(23.8.13)








Since A is of order iM−4, the decay rate per volume of the false vacuum is thus of order
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Note that this is a decay rate per volume, because the decay does not occur by a change in the scalar field simultaneously everywhere in space, but by the occurrence of bubbles of true vacuum in a false vacuum background.

The result (23.8.14) is chiefly useful in the case where B is large, so that barrier penetration is strongly suppressed, and we can estimate the suppression factor as simply exp(–B). Fortunately, the most natural circumstance in which B is large is one in which it is possible to calculate B in closed form. This is the case in which the energy V([image: ]ϕ[image: ]) ≡ –[image: ] of the true vacuum is only slightly below the zero energy of the false vacuum, but V(ϕ) is positive and not small between ϕ = 0 and ϕ = [image: ]ϕ[image: ]. To minimize the Euclidean action (23.8.3) in this case, we must take ϕ to be near [image: ]ϕ[image: ] within a four-dimensional ball with a large radius R, at which ϕ drops to zero within a shell of thickness given by some length L ≈ M−1 characteristic of the potential in the limit [image: ] → 0. (This is sometimes called the ‘thin wall approximation,’ but perhaps a better term would be the big bubble approximation.) The action (23.8.3) in this approximation is
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where [image: ] is a surface tension, equal to the shell contribution to the action per area. The second term on the left-hand side of Eq. (23.8.7) becomes negligible for ρ ≈ R, so this is now essentially a one-dimensional problem. We can therefore take the surface tension from Eq. (23.1.4), which for a solution of the field equations is an equality, and in present notation reads
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The action (23.8.15) is stationary at a radius
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so the action at its stationary point has the value
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Note that B is large for small [image: ], so in this case the decay rate of the false vacuum is strongly suppressed. After the barrier has been penetrated the bubble of true vacuum will grow at the speed of light, colliding eventually with other bubbles, until all space is in the state of lowest energy.

Appendix A Euclidean Path Integrals

This appendix will outline the use of Euclidean path integrals in quantum field theory. As mentioned in Section 9.1, it is possible to formulate quantum field theory in a four-dimensional Euclidean spacetime. Instead of going into the non-trivial analytic continuation needed to calculate S-matrix elements in this approach, here we shall illustrate the use of Euclidean path integrals by addressing a problem for which they are naturally suited.

We consider a set of Hermitian canonical variables Qa and Pa, with commutation relations
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In quantum field theory the index a is understood, as in Section 9.1, to consist of a spatial position x and any discrete Lorentz and species indices m, and the Kronecker delta in Eq. (23.A.1) is understood as [image: ]. We define eigenstates of the Qa
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normalized so that
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and likewise for eigenstates [image: image]p[image: ] of the Pa.

The problem we consider is the calculation of the matrix element
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where H is the Hamiltonian, and T is an arbitrary positive constant. One application is to the study of ground-state energies. If the smallest eigenvalue of H is E0, with eigenvector [image: image]0[image: ], then for T → ∞
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so
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Also, we can calculate the partition function of statistical mechanics from the trace:
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where 1/β is the temperature.

To derive a path integral formula for F(q′,q;T) we define Euclidean time dependent operators
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and corresponding left- and right-eigenstates
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such that
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and
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One difference between this and the usual Minkowskian formalism is that the ‘time’ evolution of the operators is governed by a non-unitary similarity transformation (23.A.8), so there is no simple relation between the right-eigenstates [image: ]q, t[image: image] of Q(t) and the Hermitian adjoint of the left-eigenstates [image: image]q, t[image: ], except at t = 0.

In this language, the definition (23.A.5) of F(q′,q;T) may be rewritten
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Let us first calculate (q′, t + dt[image: image]q,t[image: ] for infinitesimal dt. Adopting the convention that H(Q, P) is written with all Qs to the left of all Ps, we have
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Let us expand [image: image]q, t[image: ] in a complete set of eigenstates of the Pa(t) operators. From Eq. (23.A.1) we have as usual
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so
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(The summation convention is suspended here.)

As in Section 9.1, we divide the time interval from –T/2 to T/2 into a large number of very small intervals and insert a sum over Q eigenstates for each interval. Defining functions q(t) and p(t) that interpolate between the values of the Q and P eigenvalues at each interval, we obtain the path integral expression for F in its most general form
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To calculate the partition function (23.A.7) we would integrate over the ps and qs subject only to the condition that q(t) is periodic with period equal to the inverse temperature β:
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Eqs. (23.A.14) and (23.A.15) look a little odd, with one term in the exponent real, and the other imaginary. These formulas begin to look more familiar after we do the path integral over the pa(t)s. This integral is trivial in the important class of theories where H(q, p) is quadratic in the Ps:
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As shown in the appendix to Chapter 9, the integral over the ps in Eq. (23.A.14) yields
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where [image: ](q) is the ‘matrix’








	
[image: image]


	
(23.A.18)








and [image: ](t) is the stationary ‘point’ of the argument of the exponential in Eq. (23.A.17) – that is, the solution of the equation
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The factor i here should not be surprising, because Eq. (23.A.19) is the same equation that is satisfied by the non-Hermitian operators (23.A.8):
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For a Hamiltonian in the general quadratic form (23.A.16), the solution of Eq. (23.A.19) is
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and so Eq. (23.A.17) takes the form
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where S[q] is the action








	
[image: image]




	 
	
(23.A.22)








In the special (but common) case where Ba(q) = 0, this simplifies to
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Thus in this case the ‘Lagrangian’ appearing in the path integral is equal to what the Hamiltonian would be in Minkowskian spacetime when the ps are expressed in terms of qs and [image: ]s.

Appendix B A List of Homotopy Groups

This appendix presents a list of homotopy group40 for various manifolds. Here Z denotes the group of the integers, with group composition defined by addition, so that zero is the unit element. Also, Zn, is the group of the integers modulo n. The trivial group, consisting of the element 0, is denoted 0. Homotopy groups for direct products of manifolds may be obtained from the homotopy groups of the manifolds themselves by the product rule:
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Spheres
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Lie Group Manifolds
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Bott Periodicity Theorems

For n ≥ (k – 1)/4, k ≥ 2,

[image: image]

For n ≥ k + 2, k ≥ 2,

[image: image]

For n ≥ (k + 1)/2, k ≥ 2,

[image: image]

Coset Spaces

For any Lie group G and any Lie subgroup H [image: ] G,

[image: image]

That is, π2(G/H) is the subgroup of π1(H) that maps into the trivial element of π1(G) when H is embedded in G. As a special case,

[image: image]

Problems

1.   What sort of term would need to be added to the action for Goldstone boson fields in four-dimensional Euclidean spacetime to make it possible to have topologically non-trivial field configurations at which the action is stationary?

2.   Consider a theory of scalar fields in six space dimensions in which the chiral symmetry SU(2) × SU(2) of the Lagrangian is spontaneously broken to the SU(2) of isospin. Suppose that enough higher derivative terms are added to the Lagrangian so that skyrmions are stabilized. What sort of conservation law do these skyrmions obey? (Hint: Note that, as shown in Section 2.7, SU(2) is topologically the same as S3.)

3.   Show that all πn([image: ]) for n > 1 and arbitrary manifolds are Abelian.

4.   What is the coupling-constant dependence of the contribution of instantons of unit winding number in an SU(4) gauge theory?

5.   Derive a formula for the axion mass in the case in which mu, md, and ms are all small.

6.   Consider the theory of a real scalar field ϕ with Lagrangian density

[image: image]

where m2 and λ. are positive, and g is very small. Calculate the exponential suppression factor exp(–B) in the rate of decay of the metastable vacuum state in terms of m2, λ, and g.
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1   For M > 107 GeV the axion mass would be less than about 1 eV, so that stars are hot enough to produce axions. The ratio of the axion and π0 decay rates into two photons is expected to be of order (Fπ/M)2 times a phase space ratio of order (ma/mπ)3, or

[image: image]

Hence for M > 107 GeV the axion lifetime is expected to be longer than about 1024s, which is ample time for the axion to travel even cosmological distances before decaying.

2   Where a continuous symmetry G is spontaneously broken to a subgroup H, there are additional collective coordinates giving the orientation of H within G. The integration over these parameters yields an additional factor in A equal to the volume of the coset space G/H.
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asymptotic freedom, 133–6, 153

Atiyah–Singer index theorem, 370. 464

axial coupling constant gA, 187, 203–4

axial gauge, 5, 15–18, 35, 41

axions, 458–61

b quark, 154, 313–15

background field gauge, 95–100

Bardeen formula, 379–80, 398, 414

Bardeen–Cooper–Schrieffer theory, 342–52

barrier penetration, see tunneling

baryon number, 239, 436, 443, 454–5, 464

baryons, 225–6; also see nucleons

base point, defined, 430

Batalin–Vilkovisky formalism, 42–50, 91–5, 404–7

beta-function

defined, 120–1

dependence on coupling definition, 138–9, 141

for electrodynamics, 126–7, 150

for minimum subtraction, 150

for multiple couplings, 140–2

for quantum chromodynamics, 152–3

for scalar field theory, 121, 129

also see renormalization group

Bianchi identity (for gauge fields), 13, 58

Bjorken scaling, 273–5, 280, 283

Bogomol’nyi inequalities, 425, 440, 451

Borel transform, defined, 283

Bott periodicity theorems, 473

bounce, 421–2, 465–468

bound states, 238–9, 389–96

BPS monopoles, 441

BRST quantization, 35–6, 41, 91

BRST symmetry, 27–41, 46, 81, 398–404

bubble formation, 467–8

c quark, 152, 312–15

Cabibbo angle, 185, 312–13

Callan–Gross relation, 275, 280

Callan–Symanzik equation, 121; also see renormalization group

canonical transformations(in Batalin–Vilkovisky formalism), see anticanonical transformations

Cartan decomposition, 215

Cartan–Maurer integral invariant, 445–450

charge conjugation invariance, 155, 240

Chern–Pontryagin density, 365, 451

Chern–Simons form, 366, 402

chiral symmetry, 182–5, 191; also see SU(2) × SU(2), SU(3) × SU(3)

cluster decomposition principle, 167, 456

cohomology,

antibracket, 94–5, 405–7

anti-BRST, 61

BRST, 32–3, 41, 399

de Rham, 238

collective parameters, 462–4, 467

color, defined, 152

compact Lie algebras, defined, 9

compact Lie groups, 10

consistency conditions, see Wess–Zumino consistency conditions

constraints, 15

convexity of effective potential, 74

correlation length, 337–8

cosets, defined, 214

cosmic strings, 429

cosmology, 426, 443, 455, 461, 464

Coulomb gauge, 15

coupling constants

electroweak, 305–10, 325–6, 329–30, 464

for non-Abelian gauge fields, 11–12, 100, 108–9, 297

for scalar fields, 120

covariant derivatives

in gauge theories, 4

in general relativity, 6

in spontaneous symmetry breaking, 195, 219, 321

covering groups, 58, 443–4

CP non-conservation, 7–8, 315, 457–61

critical exponents, phenomena, 145–8

currents, axial-vector, 185–90, 199

in gauge theories, 12–13

in superconductors, 323, 336

of anomalous symmetries, 365–7, 377–8, 380

of broken symmetries, 169–70

of semileptonic weak interactions, 311–13

used to define effective action, 63–5

vector (of isospin) 185

curvature, see Riemann–Christoffel curvature tensor

custodial symmetry, 326

cut-off, 108, 112, 364–5

d quarks, see u and d quarks

Debye frequency, 351

deep inelastic scattering, 153, 252, 272–83

Δ operator, defined, 49

Δ+-function, defined, 170

Derrick’s theorem, 424, 428–9, 466

descent equations, 402–4

De Witt notation, 37

De Witt–Faddeev–Popov method,see Faddeev–Popov–De Witt method

differential forms 36, 38–9, 400

dimensional regularization, 108–9, 122, 148–9; also see minimum subtraction

Dirac quantization conditions, 441–2, 445

direct sums, defined, 9, 52

domain boundaries, 421, 425–6

effective action, see quantum effective action

effective field theory, 145

general broken global symmetry, 211–25, 425

pions and nucleons, 192–211

superconductivity, 342–52

also see Wess–Zumino–Witten terms

effective potential, 68–74, 127–30, 168, 347–50

eightfold way, see SU(3) × SU(3)

electric dipole moment of neutron, 458

electrodynamics, 1, 33–4, 108, 118–19, 125–7, 150, 157–8

electron, 305–11, 385

e− – e+ annihilation, 127, 154, 272, 273, 287, 316

also see deep-inelastic scattering, electrodynamics

electroweak mixing angle θ, 307–8, 310–11, 330

electroweak theory, 305–18, 325–7, 454, 464

electroweak–strong unification, 327–32

energy–momentum tensor, 13–14, 283, 391

η meson, 225–6, 229–31, 244–5, 361

Euclidean path integrals, 240, 362, 368–70, 451, 468–472

exceptional Lie groups and algebras, 11, 57, 384

extended technicolor, 327

exterior derivative, defined, 36, 400

external fields Kn, 80–1

F parameter for broken symmetry, defined, 172

Faddeev–Popov–De Witt method, 2, 19–24, 43

Fermi coupling constant, 185, 316

Fermi surface, 343

ferromagnetism, 147

Feynman gauge, 23

field strength tensor Fμν, defined, 5

fixed point, 133, 145–8

flavor, defined, 152

flux quantization, 335, 338, 340, 342, 429

free energy, 147

Fujikawa–Lee–Sanda gauge, 301–4

fundamental group, 430

gap function, 348–9

Gasser–Leutwyler parameters, 232–3

gauge fixing functional, 19, 43, 48, 301

gauge invariance, 2–7, 319, 332

Gell-Mann–Low function, see beta-function

general relativity, see gravitation

generalized Feynman (ξ) gauge, 23–4

generators (of symmetries), 14

Georgi–Glashow electroweak model, 305, 436, 442, 444

ghost and antighost fields, 24–7, 38, 302–4

ghost number, 25, 43, 88

ghosts of ghosts, 39

GIM mechanism, 312

Ginzburg–Landau theory, 337, 341

gluons, 154–6, 278

Goldberger–Treiman relation, 187, 190–1, 204, 360

Goldstone bosons, 167–91, 215–25, 295–6, 408–16; also see mesons, pions, skyrmions

grand unification, see electroweak–strong unification

gravitation, 1, 6–8, 13–14, 36, 43, 91, 386

Gribov ambiguity, 15

Haar measure, 22

hadrons, see mesons, baryons

Higgs boson, 316

Higgs mechanism, defined, 295

Hodge operator, 40, 62

homotopic equivalence, defined, 430–1

homotopy groups, 235, 423–5, 427–36, 444–7, 472–3

Hubbard–Stratonovich transformation, 345

hypercharge y, defined, 306

infrared divergences, 113–14, 154

infrared-safe, defined, 114

instantons, 286, 421, 426–7, 436, 450–64

irreducible, defined, 51–2

irrelevant interactions, 145, 148, 344

isotopic spin, 3, 163, 182–3, 243

J/ψ particle, 313

Jacobi identity, 3, 39, 45, 46

jets, 114, 154–5

Josephson junction, 335–6

K mesons, 228–31, 236, 312–13

Kobayashi–Maskawa matrix, 313

Kronecker index, 438

KSFR formula, 271

λ matrices, defined, 226

Λ parameter in quantum chromodynamics, 155–7

Landau (or Lorentz) gauge, 23, 301

Landau ghost, 132, 136

lattice approximation, 22, 37–8, 112, 136–9, 238, 239

Legendre transformation, 65, 81

lepton number, 306, 317–18, 464

Lie algebras, see compact Lie algebras, semisimple Lie algebras, simple Lie algebras, U(1) Lie algebras

Lie groups, see compact Lie groups, exceptional Lie groups, orthogonal groups, symplectic groups, unitary groups

magnetic monopoles, 225, 421, 429, 435–45

Mandelstam variables, defined, 114

marginal interactions, 145

master equation,43, 45, 82; also see quantum master equation

measure

for integration over fermion fields, 361–70, 454

for integration over gauge fields, 18

Meissner effect, 334

mesons, 225–34, 236, 243–6, 271; also see pions

metric

for gauge groups, 7–12, 50–3

for Goldstone boson fields, 423

for Lie groups, 448

minimal variables, 44

minimum subtraction, 122, 146–51, 157

modified minimum subtraction, see minimum subtraction

Mott cross section, defined, 273

muon, 309–11, 389

Nakanishi–Lautrup field, 28

Nambu–Goldstone bosons, see Goldstone bosons

neutral currents, 311–13, 315, 327

neutrinos, 305–11, 385

v−e and [image: image]−e reactions, 272, 311

masses and oscillations, 317–18

neutron, see electric dipole moment of neutron, nucleon

non-Abelian gauge theories, 1–58, 86–91, 152–7, 426–30, 436; also see electroweak theory, quantum chromodynamics, electroweak–strong unification

non-linear realizations, 195, 215–24

nucleon

as skyrmion, 436

axial form factors, 186–7, 190

interaction with pions, 202–9

masses 209, 233–4

ω meson, 232

one-particle-irreducible graphs, 65–7

open gauge algebras, 42, 44, 48–50

operator product expansions, 252–83, 287–92

order parameters, 224–5, 336–7, 429

orthogonal groups, 11, 55–8, 384, 473

14O decay, 185, 312

p-form fields, see differential forms

parity conservation, 155, 240, 315, 416, 457–61

partial conservation of axial current (PCAC), 191

partition function, 469, 471

parton model, 274–5

Peccei–Quinn symmetry, 458–61

penetration depth, 334, 337, 352

persistent currents, 335–6

persistent mass condition, 238–9, 395–6

phase transitions, 148

ϕ meson, 236

pions

as Goldstone bosons, 182–211

coupling to nucleon Gπ, 187

π± decay, 185–6, 189

π0 decay, 359–61, 368

mass, 189, 201

scattering on nucleons, 206–9

scattering on pions, 198–202, 249

tadpoles, 458

power counting, 197–8, 200, 205–6, 203–4, 323, 344

proton decay, 318

pseudo-Goldstone bosons, 177–82, 324

pseudo-real representations, defined, 384

pure gauge fields, 6, 334, 412, 427, 428, 449, 455

quantum chromodynamics, 152–7, 181, 192, 225, 238, 239, 287–8, 421, 453; also see quarks, gluons, asymptotic freedom, deep inelastic scattering

quantum effective action, 63–8, 75–7, 164, 167, 346–7, 352

quantum electrodynamics, see electrodynamics

quantum master equation, 49, 92, 407

quarks, 152–7, 194, 225–7, 275, 312–15

masses, 231–2, 243, 457–61

also see anomalies

real and pseudoreal representations, 384

reducible gauge algebras, 38–9

relevant interactions, 145, 148

renormalization

at sliding scale, 111–12, 119–30

in general theories, 91–5, 141–2

in ‘renormalizable’ gauge theories, 82–91

of electron–electron potential, 349

of fields, 99–100, 118–19

of gauge coupling constants, 100, 108–9, 119

of general operators, 115–18, 123, 255, 260, 291

of masses, 99, 143–4

of pion self-interaction coupling constants, 199

of scalar coupling constants, 114–15

renormalization group, 111–58, 263–5, 329–32, 349–50, 453; also see anomalous dimensions, asymptotic freedom, asymptotic safety, beta function, critical phenomena, fixed point, Landau ghost

renormalons, 283–8

ρ mesons, 232, 271

Riemann–Christoffel curvature tensor, 6, 386

Riemann–Lebesgue theorem, 166

right cosets, defined, 214

running coupling constant, see coupling constants, beta-function

s quark, 152, 226, 244, 312–15

Schwinger terms, 403–4

second class currents, 186

σ model, 193–6

σ term, 209

simple Lie algebras, defined, 9

skyrmions, 421, 423–6

Slavnov operator, defined, 39

Slavnov–Taylor identities, 76–7, 81, 407

SO(10) (or Spin(10)) symmetry, 328, 386

spectral function sum rules, 266–72

sphalerons, 476

Spin(n) group, 436, 444

spontaneous symmetry breaking 63

approximate symmetries, 177–82

dynamical symmetry breaking, 318–27

global symmetries, 163–246, 265–6

in superconductivity, 332

local symmetries, 2, 295–352

standard model, 384–88; also see electroweak theory, quantum chromodynamics

standard SU(2) subgroup, 449

Stora–Zumino descent equations, see descent equations

strangeness, 155, 239

string theories, 36, 37, 38, 39, 41

structure constants, 2–3, 8–11, 39, 50–3, 89

structure functions, 272–80

subalgebras, defined, 9

superconductivity, 225, 332–52

supergravity, 42

supersymmetry, 331

surface tension, 426, 468

SU(2) × U(1) symmetry, see electroweak theory

SU(2) × SU(2) symmetry, 182–5, 191, 271, 360–1

SU(3) and SU(3) × SU(3) symmetry, 225–38, 243, 273

SU(4) × SU(4) symmetry, 328

SU(5) symmetry, 328

symmetric space, defined, 215

symplectic groups, 9, 56–8, 384, 473

t quark, 152, 154, 313–16

τ lepton, 272, 313

technicolor, 239, 326–7

temperature effects, 146–7, 455, 469, 471

temporal gauge, 427–8, 437, 454

theta angle, 455–61

thin wall approximation, 468

threshold corrections, 358

time reversal invariance, 240, 315

topology, 422–30; also see homotopy, cohomology

totally reducible, defined, 52

trapping, 2, 153–5

tree graphs, defined, 66

trivial pairs, 44

triviality, 137–8

tunneling, 165, 455, 464, 468

twist, 277

u and d quarks, 152, 182, 226, 244, 275, 312–15, 367, 385

U(1) Lie algebras, defined, 9

U(1) problem, 243–6, 454

unbroken symmetries, 238–43

unitarity gauge, 295–301, 324, 352–3, 473

unitary groups and algebras, 11, 54–5, 58, 384, 433, 473

universality classes, 148

vacuum alignment, 179, 181, 188–9

vacuum decay, 129–30, 421–2, 464–8

vacuum degeneracy, 163–7

vortex lines, 225, 338–42, 421, 429

W± particles, 307–11, 316

weak interactions, 185

Wess–Zumino consistency conditions, 396–407, 409, 411

Wess–Zumino–Witten terms, 234–8, 413–15

Wilson–Fisher expansion, 147–8

winding number, 435–6, 449, 452–3, 455–7

Yang–Mills theory, see non-Abelian gauge theories

Yukawa interactions, 308–10

Z and Zn groups, defined, 433, 472

Z0 particle, 127, 157, 307–11, 316

zero mass singularities, see infrared divergences

zero modes, 426. 462, 464, 467, 476

Zinn-Justin equation, 42, 80–2, 93, 405–6
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