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 Relativism, Pluralism, Tolerance






1 Overview: Where We are Going


The aim of this book is to articulate various kinds of pluralism and relativism concerning logic, and to defend some of them. There is controversy over what logic is. Indeed, a certain flexibility concerning the nature of logic drives at least some aspects of the project. Although we will broach more general matters from time to time, the main focus is on rigorous deduction, within various mathematical theories. Our questions include these: Is there more than one logic that is employed—or can be employed, or should be employed—in legitimate mathematical theories? Is there more than one extension for the relation of logical consequence, or validity, depending on the background theory (or depending on something else)? If so, is the extension of logical consequence somehow relative to something?

In the philosophical literature, there is no consensus on terms like “pluralism,” “relativism,” and “contextualism.” So I must begin by briefly showing how I use the indicated terms. That is the business of the succeeding sections of this chapter, which will also help motivate the material to follow. For now, we will keep the terminological matters tacit, hoping that the resulting confusion is minimal.


Chapter 2 develops a number of different senses in which one can be a relativist and/or a pluralist concerning logical consequence and validity. I argue, first, that the terms “logical consequence” and “validity” are polysemous or, perhaps better, they express cluster concepts. A number of different, closely related notions go by those names. They invoke matters of modality, meaning, effectiveness, justification, rationality, and form. The upshot is a kind of pluralism: there are different, mutually incompatible, but equally legitimate ways to sharpen or further articulate the intuitive notion(s) of logical consequence and validity. Absent a specific theoretical purpose, there is no need to choose between the various articulations and sharpenings.

I suggest that at least much of the “clash” between proof-theoretic and model-theoretic approaches to logic can be understood in these terms. Each camp is onto a different aspect of the intuitive notion of logical consequence, or, perhaps better, each camp proposes a different sharpening of the intuitive notion. The same goes for at least some of the “clash” between advocates of higher-order logic and those who insist on restricting logic to first-order, a debate that has occupied me for some time (Shapiro [1991]). If this is correct, then in both cases, there is no real clash, unless it is over which of the various aspects of the intuitive notion(s) are primary, or, perhaps, which are relevant to this or that theoretical purpose.

The pluralism defended by J. C. Beall and Greg Restall [2006] can be located in the taxonomy. They articulate a pluralism entirely within the broadly model-theoretic camp, arguing that even the model-theoretic notions can be articulated, or sharpened, in different, equally legitimate ways. The field for this sort of pluralism is rich, but it is only one sort of pluralism.

A different sort of pluralism arises from a perspective toward logic sometimes called “logic-as-model.” The idea is that a logical system—a formal language together with a deductive system and/or a model-theoretic semantics—is a mathematical model of norms that underlie inferential practice and consistency (or whatever else it is that underlies logical consequence). The pluralism emerges from the observation that, with models, there are tradeoffs to be negotiated. One model may be simpler and easier to work with, but more idealized; another more realistic but more cumbersome.

Most (but perhaps not all) of the articulations of the intuitive notions(s) of logical consequence make essential reference to a distinction between logical and non-logical terminology. Within formalized treatments, a logical/non-logical boundary also plays a central role in standard proof-theoretic and in standard model-theoretic systems (although the role is rather different in the two frameworks). This suggests the possibility of a relativism, explicitly noted and endorsed by Bernard Bolzano [1837] and Alfred Tarski [1935], although it is strongly resisted by others. The idea is that logical consequence and validity are relative to the choice of logical terms. An argument may be valid with respect to one collection of logical terms, invalid with respect to another. This, too, helps explain, or, better, explain away at least some of the “clash” between advocates of first-order logic and advocates of higher-order logic, with standard, model-theoretic semantics. Each camp makes a different choice of logical and non-logical terms. It becomes a pluralism if there is no sense to be made of one side or the other being uniquely correct.

Another sort of pluralism might emerge if the notion of logical consequence and validity are vague. Are there borderline cases of valid arguments? If so, then it depends on what the proper account of vagueness is. On some accounts, vague expressions are relative to something, such as a sharpening or a conversational context. Other accounts have it that vagueness alone does not yield any sort of relativism or pluralism.

The remainder of the book is an extended case for a more extensive and, I think, more radical sort of relativism or pluralism concerning logic. There is a trend in mathematics, tracing back at least to the late nineteenth century that, to speak roughly, any consistent axiomatization is at least potentially worthy of mathematical study. But consistency is itself a matter of logic. Speaking loosely, if the logic is weaker, more theories are consistent. I show that there are a number of interesting and important mathematical theories that employ a non-classical logic, and are rendered inconsistent if classical logic is imposed. This suggests that logical consequence is relative to a theory or a structure.


Chapter 3 begins with three mathematical theories, each of which invokes intuitionistic logic, and is rendered inconsistent if excluded middle (or any other strictly classical validity) is added. These theories are mathematically viable, or at least they seem to be, and they also may have important applications, in invoking the notion of potential infinity and/or the intuitive notion of continuity. In a sense, the present pluralism begins where that of Beall and Restall [2006] leaves off. They take the logics to concern a single language, following the same set of norms. In particular, for Beall and Restall, all logical truths are necessary. As they explicitly note (pp. 117–18), the only constructive theories they countenance are those that are consistent with classical logic. So they at least implicitly reject the very theories that motivate the present project. We also look at theories that invoke other non-classical logics, including theories that are inconsistent, but non-trivial (since they invoke a paraconsistent logic). The extensive work on the various semantic paradoxes and on vagueness also provides grist for the present, eclectic mill, at least potentially.


Chapters 4 and 5 concern meaning. There are two, intricately related groups of questions. One group concerns words and phrases like “valid,” “logically entails,” and “logical consequence.” Do those expressions have the same meaning (or the same content) in all contexts? In particular, does “validity” mean the same thing in classical, intuitionistic, quantum, and relevant contexts? If the meaning of, say, “valid” is the same in these contexts, then what of its extension? Presumably, the extension of “validity” is not the same in classical, quantum, and relevant contexts. Or so it seems.

I argue that this matter is, for the most part, merely terminological. It is just a question of how one intends to use words that are, near enough, terms of art. I have no objection to anyone who applies words like “valid” only to arguments or argument forms that hold in all contexts, in all theories. So, if the present orientation toward logic is correct, then excluded middle is not “valid.” Neither is disjunctive syllogism, and most other contested inferences—provided only that a mathematical theory inconsistent with the inference pattern in question proves viable. A different terminological policy, the one that I favor and adopt here, is to think of “valid” and “logical consequence” as somehow relative to a structure. So there is classical logic, intuitionistic logic, etc., each legitimate in its own contexts. An advocate of this terminological policy can then coin a new term, “super-valid” to apply to those argument forms that are valid in every context. Again, it is just a matter of terminology. However, the present orientation toward logic has to be articulated differently, depending on the terminological matters. And there are ramifications concerning contextualism and assessment sensitivity.

Our second batch of issues is more substantial. They concern the meaning of the logical terminology itself, words and phrases like “and,” “or,” “if…then,” and “not,” at least when they connect whole formulas (or propositional functions), in rigorous mathematical deduction. The same goes for the quantifiers “for all,” and “there is.” I am less concerned with the meanings of logical terminology in formal treatments of logic. Arguably, an author of a logic text just stipulates that a given connective or quantifier is to obey such and such rules or is governed by such and such a satisfaction-condition. Present focus is on the meanings of these terms when they are used in live mathematics. It is a twist on the old question of whether there is a substantial disagreement between, say, classicists and intuitionists, or whether they are merely talking past each other, as they attach different meanings to the crucial logical terminology. In other words, our question is whether the dispute between (monistic) classicists and (monistic) intuitionists is merely verbal. Questions in this neighborhood become pressing once we adopt the present eclectic view that both camps are legitimate. Chapter 4 examines views and arguments on this issue, from both sides, and finds them all wanting. Neither side has a compelling case. However, some of the arguments are important, and point toward the present solution. I also show how the various options of contextualism and assessment-sensitive relativism play themselves out, depending on how this matter of meaning-shift is adjudicated.

The purpose of Chapter 5 is to float a thesis that the matter of meaning-shift, concerning the logical terminology, is itself context-sensitive, and, moreover, interest-relative. Whether we say that the logical terms have the same meaning, or different meanings, in the different structures or theories, depends on what is salient in a conversation comparing the structures or theories. For some purposes—in some conversational situations—it makes sense to say that the classical connectives and quantifiers have different meanings than their counterparts in intuitionistic, paraconsistent, quantum, etc. systems. In other situations, it makes sense to say that the meaning of the logical terminology is the same in the different systems.

This raises a host of questions concerning meaning, semantics, analyticity, open-texture, and verbal disputes. I relate the present matter to at least some of the rather extensive literature on these matters, at least in broad outline.

The final two chapters take up matters of meta-theory. Chapter 6 starts with the trite observation that logic is ubiquitous. Every coherent perspective—every language, every form of life, every context—has an underlying logic, assuming only that it involves something resembling deductive reasoning. So, for example, we can ask about the perspective from which the present, eclectic orientation is articulated, the perspective of this very book. What is the logic for that? Is there only one such logic? These questions are, perhaps, a bit less pressing, since the present study is not a mathematical theory and, frankly, there is not much, if any, disputed deductions in it.

There are general questions concerning how we go about using one logic in order to sanction or discuss another one. This is an instance of a general phenomenon concerning meta-theoretic studies, whether they be formal or informal, mathematical or philosophical. One key instance concerns the logic for foundational studies. Mathematicians and logicians have done extensive studies of various mathematical theories, showing how they relate to each other, using some structures to shed light on others, and the like. Sometimes the object-level theories in question invoke different logics than those mentioned in the object-level theories. What is the proper logic for this foundational study? Is there more than one such logic? Is there more than one such foundation?

The closing Chapter 7 deals with another, closely related meta-theoretic matter, namely judgments concerning what follows from what—and what does not follow from what—about a given, fixed logic. Examples include “excluded middle is valid in classical set theory” and “double negation is invalid in smooth infinitesimal analysis.” Statements like these are made from a meta-theoretic perspective, often one whose logic is different from that of the target theory. To articulate the issues, I adapt a framework, due to Sebastiano Moruzzi and Crispin Wright [2009], for evaluating other allegedly relative notions. I show that, in most of the typical cases, the logic of the meta-theory does not matter in judgments concerning what is valid and invalid in a given object-language theory. However, sometimes the meta-theory does matter. This has ramifications concerning foundational studies, but, in practice, the issues are easily negotiated.

In the philosophical and logical literature, terms like “relativism,” “pluralism,” and “tolerance” are used in a variety of ways, and at least some of the discussion appears to be at cross purposes. For example, in the literature on meta-ethics, the word “relativism” is sometimes used for what philosophers of language call “contextualism.” There are, of course, deep, interesting, and important philosophical and conceptual issues at or near the surface of these terminological matters. All too often, however, the deep, interesting, and important matters get lost or confused in the terminology. So we must begin with an indication of how I intend to use the terms here.
1
 I’ll be brief and try not to beg questions in the choice of terminology.




2 Relativism


Our first and primary sense “relativism” about a given subject matter (or word) Φ is what Crispin Wright [2008, 158] calls folk-relativism. Its slogan is: “There is no such thing as simply being Φ.” If Φ is relative, in this sense, then in order to get a truth-value for a statement in the form “a is Φ,” one must explicitly or implicitly indicate something else. Prima facie, at least, etiquette is folk-relative. To say whether a certain type of behavior is good manners, or rude, one must somehow indicate a region or a culture. A major discovery of the early twentieth century is that simultaneity is relative, in this folk sense. At least according to special relativity, in order to get a truth-value for a statement in the form “a is simultaneous with b,” for given events a and b, one needs to indicate a frame of reference.

This notion of relativism seems to be the one articulated in a lucid encyclopedia entry by Chris Swoyer [2003]:


Relativism is not a single doctrine but a family of views whose common theme is that some central aspect of experience, thought, evaluation, or even reality is somehow relative to something else. For example, standards of justification, moral principles or truth are sometimes said to be relative to language, culture, or biological makeup.



Swoyer suggests that each relativistic proposal comes with an instance of the “general relativistic schema”:

(GRS) Y is relative to X.

That is, to make a claim of folk-relativism, one first specifies what one is talking about, the “dependent variable” Y, and one then specifies what that is alleged to be relative to, the “independent variable” X. So in our second example, the dependent variable Y would be for simultaneity, or any related term, like “before” or “after” (or “longer than,” etc.). The independent variable X would be for a frame of reference.

This folk sense of relativism is rather loose, and it includes many items that are not usually thought of as “relative.” For example, one can cast ordinary ambiguity in terms of the general relativistic schema (GRS). In some uses, the word “duck” is a common noun for a kind of animal, and in others, it is a verb referring to an activity of stooping suddenly, typically to avoid something unpleasant. And there are other uses of this word, such as a cricket batsman being out before scoring any runs. So, the sense of the word “duck” is relative to context of use, in the foregoing folk sense of relativism. Of course, one would not normally think of ambiguity, or word meaning, as a species of relativism, but that sort of over-generation will not distract us here.

The focus of this book is on logical consequence and validity. In the general relativistic schema (GRS), this is the dependent variable Y. To formulate a relativistic proposal, one would specify the independent variable X that logical consequence is supposed to be relative to. In these terms, the main thesis of Beall and Restall [2006] is an instance of folk-relativism. They begin with what they call the “Generalised Tarski Thesis” (p. 29):


An argument is validx if and only if, in every casex in which the premises are true, so is the conclusion.



For Beall and Restall, the independent variable x ranges over types of “cases.” Classical logic results from the Generalized Tarski Thesis if “cases” are Tarskian models; intuitionistic logic results if “cases” are constructions, or a stages in constructions (i.e., nodes in Kripke structures); and various relevant and paraconsistent logics result if “cases” are situations (of a particular sort). In present terms, then, Beall and Restall take logical consequence to be folk-relative to kinds of cases. On their view, for example, the law of excluded middle is valid relative to Tarskian models, invalid relative to construction stages (Kripke models); and the argument form ex falso quodlibet is valid relative to Tarskian models (and possible worlds); invalid relative to situations.

Beall and Restall call their view “pluralism.” For them, “relativism” is something else. They write:



…we are not relativists about logical consequence, or about logic as such. We do not take logical consequence to be relative to languages, communities of inquiry, contexts, or anything else. (p. 88, emphasis in original)



Apparently, they take “relativism” about a given subject matter to be a restriction of what we here call “folk-relativism” to those instances of the (GRS) in which the “independent variable” ranges over languages, communities of inquiry, or contexts (or something like one of those). Of course, those are the sorts of things that theses concerning the relativity of morality, knowledge, modality, and etiquette typically turn on. Here, we do not put any restrictions on the sort of variable that the “independent variable” can range over, acknowledging any over-generation that may result. However, there is no need to dispute terminology. To keep things as clear as possible, I will usually refer to “folk-relativism” in the present, quasi-technical sense.
2



In the next two chapters, we will encounter several sorts of folk-relativism concerning logic, some more controversial than others. Beall and Restall’s pluralism will be situated among them.

Folk-relativism itself is not a semantic thesis, and has no direct semantic consequences. However, once one has established (or postulated) a folk-relativism for a given subject, or a given batch of words, interesting and important semantic issues arise. What is the meaning of the expressions used in the discourse? Or, perhaps better, what should the meaning be? What is the nature of propositions expressed with the terms, in various contexts? How, exactly, do utterances of indicative sentences with the terms, in context, manage to get truth-values? What is needed to get such a truth-value?

Semantic matters like this loom large in what follows. We will deal not only with the meanings of expressions like “logical consequence” and “validity,” but also with the meanings of the basic logical terminology, words like “not,” “and,” “or,” “for all,” and “there are,” at least when those are used in rigorous deductive arguments. As noted earlier, it is often said that intuitionists and classical mathematicians/logicians do not really disagree, since they attach different meanings to the logical terminology. Is this correct? If so, what does it say about validity and logical consequence? These matters will be taken up in due course, mostly in Chapters 4 and 5.

In general, there are several options for interpreting folk-relative expressions. I’ll sketch the framework proposed by John MacFarlane [2005], [2009], [2014], using his terminology, as it will prove useful for the understanding of logic. The terms used by other philosophers and linguists can usually be translated into MacFarlane’s framework, often with a bit of loss.

Indexical contextualism about a given term is the view that the content expressed by the term is different in different contexts of use. The clearest instances of context-sensitive terms are the so-called “pure indexicals,” words like “I,” “you,” “here,” and “now.” The content expressed by the sentence “I am hungry,” when uttered by me on a given day, is different from the content expressed by the same sentence, uttered by my wife at the same time. Intuitively, the first one says that I am hungry and the second says that she is hungry. Clearly, these are different propositions; they don’t say the same thing about the world.

Although very little is without controversy in this branch of philosophy of language, words like “enemy,” “left,” “right,” “ready,” and “local” seem apt for indexical contextualist treatments.
3
 Suppose, for example, that Jill, sitting at a table says that the salt is on the left while, at the same time, Jack, who is sitting opposite her, says that the salt is not on the left (since it is on his right). Intuitively, Jack and Jill do not disagree with each other, and the propositions they express are not contradictories. Intuitively, the reason for this is that the content of the word “left” is different in the two contexts. In the first, it means something like “to the left from Jill’s perspective” and in the second it means “to the left from Jack’s perspective.”

One way to articulate an indexical contextualist thesis, about a given term, is to postulate that sentences containing it have an unpronounced parameter, an elided constituent. For example, one might develop a folk-relativism about etiquette as a thesis that words like “polite,” “rude,” and “proper” (in the relevant sense) invoke a parameter for region. So, for example, the sentence “it is rude to belch after a good meal” is to be read as “it is rude-in-________ to belch after a good meal.” Typically, speakers and hearers rely on context to determine what goes in the blank. Of course, it is manifest that, with some context-sensitive terms, the parameter can be made explicit. One can say that it is rude in New York High Society to belch after a good meal (or at any time, for that matter).

Recall Beall and Restall’s [2006, 29] “Generalised Tarski Thesis”:


An argument is validx if and only if, in every casex in which the premises are true, so is the conclusion.



The explicit subscript x here seems to be indicating something like an elided constituent. Values for this variable determine the extension of validity in a given conversational context. So perhaps the view is a kind of indexical contextualism concerning validity.

The unpronounced parameter might be thought of as a so-called “unarticulated constituent,” an item that gets its value from the context of utterance. Alternately, it may occur at the level of “logical form,” so that it can be bound. There are undoubtedly other options. When it comes to logic, this issue proves to be interesting and, I think, illuminating—see Chapter 4.

Non-indexical contextualism, about a given term, is the view that its content does not vary from one context of use to another, but the extension of the term can so vary. The truth-value of an utterance of a sentence with the term is determined with a parameter obtained in the context of utterance.
4
 Suppose, for example, that a graduate student sincerely says that Mountain Dew is tasty, and her professor replies “No, Mountain Dew is not tasty; it sucks.” According to a non-indexical contextualism about “tasty” (and “sucks”), each of them utters a proposition that is the contradictory of that uttered by the other. That follows from the first clause above, that the content of the term does not vary from context to context. This is the main difference with indexical contextualism. Both forms of contextualism have it that if we assume that the student and professor accurately report their own tastes, each has uttered a truth. For the graduate student, at the time, Mountain Dew is tasty, since it is tasty-for-the-graduate-student.
5
 In that context, Mountain Dew is in the extension of “tasty.” For the professor, Mountain Dew is not tasty, since it is not tasty-for-the-professor. So in that context, Mountain Dew is not in the extension of “tasty.”

Finally, assessment-sensitive relativism, sometimes called “relativism proper,” about a term agrees with the non-indexical contextualist that the content of the term does not vary from one context of use to another, and so, in the above scenario, the relativist holds that the graduate student and the professor each express a proposition contradictory to that expressed by the other. However, for the assessment-sensitive relativist, the term gets its extension from a possibly separate context of assessment. Suppose, for example, that a third person, a Dean, overhears the exchange between the graduate student and professor, and assume that Mountain Dew is not tasty-for-the-Dean. Then, from the context of the Dean’s assessment, the student uttered a false proposition and the professor uttered a true one. And, from the graduate student’s context of assessment, the professor uttered a false proposition, and from the professor’s context of assessment, the student uttered a false proposition.


According to MacFarlane, the difference between non-indexical contextualism and assessment-sensitive relativism is made manifest by the phenomenon of retraction. Suppose, for example, that our graduate student ages a few years and comes to find Mountain Dew disgusting. What would she make of her earlier utterance that it is tasty? According to assessment-sensitive relativism, she should retract her earlier utterance. The reason is that from her later context, where the assessment is taking place, her earlier utterance—the thing she said in the early context of use—is false. On the other hand, with both forms of contextualism, there should be no retraction of the earlier utterance, as it remains true in its context of use. To illustrate this, suppose that someone says, truly, that a given salt shaker is on the left; a few minutes later, he has gone to the other side of the table and finds the salt shaker on the right. Surely he would not retract his earlier statement that the shaker is on the left. From his present context, he does not regard his earlier utterance as false, and so does not retract it. So, intuitively, words like “left” are not up for an assessment-sensitive treatment. The place of retraction on the present orientation to logic, and words like “valid,” will be important.

To reiterate, in the present study, the central notion is that of folk-relativism, a matter that arises before the ensuing semantic options are considered. The semantic issues are important, of course, but, in a sense, they are secondary. For the most part, in what follows, the word “relativism” will mean “folk-relativism.”




3 Pluralism


Pluralism about a given subject, such as truth, logic, ethics, or etiquette, is the view that different accounts of the subject are equally correct, or equally good, or equally legitimate, or perhaps even true. Sometimes pluralism is a metaphysical doctrine about concepts. In this sense, one is a pluralist about a given concept C if there are different properties picked out by C. Here no such framework for pluralism is invoked. I will stick to the loose characterization given first, and will accept any over-generation (and under-generation) that results.

Notice that folk-relativism, as loosely characterized here, gives rise to pluralism, as loosely characterized here. To be precise, this happens if at least two instances of the proposed independent variable X in the general relativistic schema (GRS) provide different, but equally legitimate “accounts” of the dependent variable Y. Suppose, again, that one holds that etiquette is relative to region. Then one will probably think that etiquette-in-Scotland and etiquette-in-Ohio are correct, or legitimate, etiquettes, each in its own domain. If so, then our folk-relativist is also a pluralist about etiquette.

So the view articulated and defended in Beall and Restall [2006] is, in fact, a pluralism about logical consequence (which is what they call it). In present terms, this follows from it being an instance of folk-relativism, with at least two legitimate instances. And, of course, that is the form of their own argument.

Presumably, one would not think of different visual perspectives as providing different, equally legitimate, accounts of “left” and “right,” although I suppose one could do so, if there were some theoretical motivation. Similarly, one would probably not think of different reference frames as giving rise to different accounts of simultaneity. And one would not normally think of “left” and “simultaneous” as up for pluralism. But we can live with this over-generation, if that is what it is.

Pluralism can arise at a different level, with respect to folk-relativism. Suppose, again, that one is a relativist about Y, holding that Y is relative to X. Then one is a pluralist about Y, at this second level, if for at least some of the X’s, there is more than one equally correct, or equally good (or equally legitimate, or perhaps even true) account of Y relative to that X. Using the above example, one is a folk-relativist and a pluralist about etiquette if one holds that there are different but equally correct accounts of, say, etiquette-in-Scotland—where this is not just a further relativity to more specific place, such as etiquette in Edinburgh, as opposed to etiquette in Glasgow, and also not a further relativity to a different independent variable Z.

Similarly, one can be a pluralist about at least some topics without being a folk-relativist about them. That is, one may hold that there is no independent variable X to which Y is relative, but that there are still different, equally good accounts of Y. Some varieties of pluralism about logic (such as that of Cook [2010]) are of this form. Of course, there are borderline cases, and some that could be called either way. Subtleties like this will not slow us down here.

Let us use the term monism for views about a given subject that reject both folk-relativism and pluralism for that subject. Again, I’ll live with any over-generation and under-generation that results. A monist about logic holds that there is only one correct account of logical consequence and validity. There is but One True Logic, with a single extension, that holds in all rational discourses whatsoever. And, to coin one more term, let’s say that someone who opposes logic monism, holding either a serious folk-relativism or a pluralism (or both) has an eclectic orientation to logic. So Beall and Restall, along with the various kinds of folk-relativism articulated later, are all instances of an eclectic approach to logic.




4 Tolerance


The notion of tolerance could be confused with pluralism or relativism. Rudolf Carnap’s “Empiricism, semantics, and ontology” [1950] ends thus: “Let us be cautious in making assertions and critical in examining them, but tolerant in permitting linguistic forms.” This statement is not a pluralism, or at least not as it stands. Carnap does not claim, or imply, that every linguistic framework is legitimate. Some clearly are not acceptable, in any sense. Indeed, the point of being “critical in examining” frameworks is that we will come to reject some of them. Carnap’s slogan does not even say or imply that distinct linguistic frameworks are ever equally legitimate. He proposes that we permit theorists to develop and present linguistic frameworks, and see where they go. We can let a thousand flowers try to bloom, without assuming, one way or the other, that more than one of them will.

When it comes to logic, tolerance, as characterized so far, is not a particularly interesting philosophical doctrine, at least not by itself. Tolerance is merely a matter of how one behaves toward other, rival logicians—those who favor systems and approaches other than one’s own. The tolerant logician is collegiate. She will not reject a candidate for an appointment in her department just because he adopts a different logic than she does. And she will try to referee articles by rival colleagues on their own merits, and not reject them out of hand just because they involve a different logic (and are thus, by her lights, logically incoherent). But our tolerant logician need not agree that there are equally good, rival logics, nor that logical consequence is relative to anything, in any sense. That is, one can be tolerant even if one is a monist concerning logic—just as one can be tolerant even if one is a monist concerning religion.


Of course, Carnap’s own views on logic go well beyond the very weak doctrine of tolerance articulated earlier. Tolerance, in this weak sense, is consistent with pluralism, and may result in pluralism—if more than one of the flowers does bloom. For a given set of pragmatic goals, it may turn out that there are different, mutually incompatible linguistic frameworks that score more or less equally well on those goals, due to various tradeoffs along the way. Moreover, there may be no available framework that is better than both of them—any attempt to synthesize the frameworks seems to produce one that is worse than both. Now suppose we maintain, apparently following Carnap, that pragmatic considerations are all that matter in choosing a linguistic framework, and that each framework comes with its own logic. Then we’d have a kind of pluralism, and a folk-relativism, concerning logic. Validity would be relative to linguistic framework.
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In any case, I do not wish to broach exegetical issues here concerning Carnap (or anyone else). In general, there may be different philosophical or epistemic stances that underlie tolerance, beyond a desire for collegiality, politeness, or smooth interpersonal relations. Even if one is not a pluralist or relativist, a logician may be tolerant because she admits that the logic she advocates may turn out to be the wrong one. This is to keep an open mind, giving one’s rivals a chance to display their wares, even if she plans on being “critical in examining” that work, hoping to find fault with it. That is, an open-minded monist will be tolerant.

But someone may also be tolerant because she is a pluralist or relativist about logic. The reason a pluralist or relativist allows other logicians free reign to work out their systems, to see what they can do, is that she believes that there is no single logical system that is correct, best, or true in all contexts, situations, or whatever. That is the combination urged here, in various guises. And it is to those guises that we now turn.






1

 The present articulation of “pluralism” is the same as that defined in Cook [2010] and, I think, implicitly assumed in Beall and Restall [2006]. The present “folk-relativism” is Cook’s “relativism.” Other writers use “relativism” in more restricted senses, often connected to semantics. I’ll try to sort out at least some of this in what follows.




2

 John A. Burgess [2010] also attributes a kind of (folk) relativism to Beall and Restall: “For pluralism to be true, one logic must be determinately preferable to another for one clear purpose while determinately inferior to it for another. If so, why then isn’t the notion of consequence simply purpose relative” (p. 521). Burgess adds, “[p]erhaps pluralism is relativism but relativism of such a harmless kind that to use that word to promote it would dramatise the position too much.” The present label “folk-relativism” is similarly meant to cut down on dramatic effect, or at least a certain kind of dramatic effect.




3

 Of course, this is not to say that these terms are like standard indexicals in every manner. For example, the word “I” seems to always take widest scope, always denoting the speaker, even when the word occurs in indirect discourse or is embedded in modal and other intensional operators (other than direct quotation). In the sentence, “Sue said that Joe believes that Karl fears that I am not being totally honest,” “I” denotes the speaker, and neither Sue, Joe, nor Karl (unless one of them happens to be the speaker). The other terms in the list, such as “local” do not behave that way. Suppose, for example, that a speaker says “I just got off the phone with our friend Jill. She is in Scotland. She told me that she is heading to a local distillery.” “Local” here (probably) means local-to-Jill, not to the speaker.




4

 Most terms have different extensions in different possible worlds. That is not the sort of contextual variation envisioned here. For terms subject to non-indexical contextualism, the relevant contextual parameter is for a judge, a time, a place, a reference frame, etc., the sort of “parameters” that lead to folk-relativism. It seems that some authors do not like the phrase “non-indexical contextualism,” perhaps because it suggests too many connections to ordinary indexicals terms, like “I” and “now.” The “moderate relativism” defended in Recanati [2007] is a variety of non-indexical contextualism (as the author himself notes). Most of those who work in this branch of philosophy of language know what “non-indexical contextualism” is supposed to mean (at least roughly), and so we will stick to that here.




5

 Think of “tasty-for-the-graduate-student” as a technical term, meaning something like “tasty, as judged by the graduate student.” There is an interesting issue concerning how a non-indexical contextualist would interpret ordinary expressions like “tasty for the graduate student.” On such views, “tasty” is supposed to be a monadic predicate, and so it is hard to see how the qualifying material, specifying the judge, is to be accommodated. The same goes for assessment-sensitive relativism.




6

 Since, for Carnap, meaning is tied to a linguistic framework, it would seem that he holds that different logics assign different meanings to the logical terms, words like “and” and “not”. That would be a kind of indexical contextualism for those terms. We turn to such matters directly in Chapters 4 and 5. Carnap’s views on logic (at least during the relevant period) are elaborated a bit more in Chapter 4.
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 Varieties of Pluralism and Relativism for Logic




The main purpose of this chapter is to articulate a number of different senses in which one can be a folk-relativist and/or a pluralist concerning logical consequence and validity.
1
 I propose, first, that logical consequence is either polysemous or is something like a cluster concept. One way to put this is that a number of different notions go by that name, even in the literature on logic and the philosophy of logic. Or one might say instead that there is a single, intuitive notion of logical consequence, but it has several, relatively diverse aspects—different items in the cluster. The various notions or aspects of consequence are often run together. They turn on matters of modality, meaning, effectiveness, justification, rationality, form, and perhaps other things. I suggest that much of the work on logic focuses on different aspects of the intuitive notion or notions, sometimes at the expense of other aspects. That is a kind of pluralism, by itself: there are different, mutually incompatible, but equally legitimate ways to sharpen or further articulate the intuitive notion(s) of logical consequence.

The ongoing “clash” between proof-theoretic and model-theoretic approaches to logic can be understood in these terms. I submit that each camp is onto a different aspect of logical consequence, or, perhaps better, each camp proposes a different sharpening of the intuitive notion. It is not the case that one camp is correct, to the exclusion of the other. The same goes for at least some of the “clash” between advocates of higher-order logic and those who insist on restricting logic to first-order. Here, too, each camp is onto a different aspect of logical consequence; there is no absolute sense in which one or the other is correct, to the exclusion of the other.

This sets the stage for an initial treatment of the pluralism defended by J. C. Beall and Greg Restall [2006]. They find room for variation, and sharpening, solely within the model-theoretic tradition. In present terms, Beall and Restall argue that there are different ways to articulate the notion of a model, or an interpretation, of a given formal language. Different sharpenings of this notion give rise to different extensions for “validity,” no one of which is uniquely correct. The present taxonomy also illuminates and provides perspective for some of Beall and Restall’s opponents.

We next focus on a general attitude toward logical study, and, in particular, toward the relationship between the formal languages developed in logic and natural languages (or the realm of propositions, or whatever the relata of logical consequence are). The perspective is sometimes called “logic-as-model.” The idea is that a logical system—a formal language together with a deductive system and/or a model-theoretic semantics—is a mathematical model, in the sense that, say, a particular system of differential equations is a model of the growth of bacteria in a certain environment. In general, it is rare for there to be a single mathematical model for a given phenomenon. There are usually tradeoffs to be negotiated. One model may be better for describing some purposes, another model better for others. One model may be simpler and easier to work with, but more idealized, another more realistic but more cumbersome. It is rare for there to be a single model that uniquely best describes a given phenomenon. Thus a pluralism emerges, at least in the loose sense of that term articulated in the previous chapter.

Most (but perhaps not all) of the articulations of the intuitive notions(s) of logical consequence make (implicit or explicit) reference to a distinction between logical and non-logical terminology. The logical/non-logical boundary also plays a central role in standard proof-theoretic and in standard model-theoretic systems, although the roles are rather different in each case. This boundary suggests the possibility of a sort of folk-relativism, explicitly noted and endorsed by Bernard Bolzano and Alfred Tarski (but resisted by others). The idea is that logical consequence and validity are relative to the choice of logical terms. An argument may be valid with respect to one collection of logical terms, invalid with respect to another. This, too, helps explain the “clash” between advocates of first-order logic and advocates of second-order logic, with standard, model-theoretic semantics. Each camp makes a different choice of logical and non-logical terms. It becomes a pluralism if there is no sense to be made of one side or the other being uniquely correct. Of course, this is a big “if.”

Another potential pluralism might emerge if some of the notions of logical consequence and validity are vague. Are there borderline cases of valid arguments? If so, we have to turn to accounts of vagueness, at least briefly. On some such accounts, vague expressions are (folk-)relative to something, such as a sharpening or a conversational context. Other accounts have it that vagueness alone does not yield any sort of relativism or pluralism.

A more extensive and, I think, more radical sort of folk-relativism (or pluralism) concerning logic is developed in succeeding chapters. There is a trend in mathematics, tracing back at least to the late nineteenth century that, to speak roughly, any consistent axiomatization is at least potentially worthy of mathematical study. But consistency is itself a matter of logic. In particular, there are a number of interesting and important mathematical theories that employ a non-classical logic, and are rendered inconsistent if classical logic is imposed. This suggests that logical consequence is relative to a theory or a structure.




1 What is Logical Consequence a Relation of?


I propose to settle two annoying preliminaries with quick acts of authorly fiat. The first concerns the relata of logical consequence and validity. Are those sentences of properly regimented natural languages, sentences from the languages of mathematics and science, abstract propositions (perhaps understood as the meanings of sentences, or what sentences say), logical forms, information states, or what? Most, but perhaps not all, of the present issues can be presented independently of this particular question, and so I propose to duck it, at least most of the time. For convenience, we’ll take logical consequence to relate sentences in interpreted languages, free from the usual ambiguities, indexicals, vagueness, and the like. Subsequent chapters will concern suitably regimented languages of various mathematical theories.
2
 Of course, matters of meaning cannot always be set aside.

Second, what is the structure, or arity, of logical consequence and validity? The now standard view is that consequence is a relation between a set of propositions/sentences and a single proposition/sentence. And so validity is a property of arguments each of which consists of a (possibly empty) set of premises and a conclusion. Some logicians, however, think of logical consequence as a relation between a set of premises and a set of conclusions, allowing so-called “multiple conclusions.” Others take consequence to be a relation among sequences of premises—so that the order in which they are given matters—and either a single conclusion or a sequence of conclusions. Still others invoke multi-sets, where the same sentence or proposition can occur more than once, but where the order does not matter. A related option is to think of the premises (and conclusions, if there is to be more than one) as bound together as intensional fusions rather than as sets or sequences (Read [1988]). Another, perhaps bizarre, option is to allow consequence to be tertiary or n-ary, for arbitrary n. In other words, we may have more than just premises and conclusions to consider (Hjortland [2013], Zach [1993]).

Consideration of multiple-conclusion logics, sub-structural logics, multi-sets, and the like, could provide more grist for the present, eclectic mill (see, for example, Restall [2000]). We would have even more logics to consider, and maybe more than one of those comes out good, or best. However, the complications would be too much of a distraction. We have enough to deal with. For reasons of familiarity, and to keep the discussion from getting needlessly complex, I’ll stick here to the now standard view, and take consequence to be a relation between a set of premises and a single conclusion. So multiple-conclusion logics, some sub-structural logics, and the like, fly below the present radar, at least for the most part (although they will be invoked from time to time).





2 Notions of Consequence


If there is only one legitimate relation that underlies at least the main uses of phrases like “valid” and “logical consequence,” in relevant contexts and situations, and there is no vagueness concerning this relation, then folk-relativism and pluralism concerning logic are both false. There is no independent variable X to which logical consequence is relative, nor are there different, mutually incompatible logic-systems each of which is equally good or equally correct. The One True Logic will be the system that captures the One True notion of logical consequence. We should all be monists. But this “if” is hereby up for challenge.

Tarski’s [1935, 409] “On the concept of logical consequence” opens:


The concept of logical consequence is one of those whose introduction into the field of strict formal investigation was not a matter of arbitrary decision on the part of this or that investigator; in defining this concept, efforts were made to adhere to the common usage of the language of everyday life. But these efforts have been confronted with the difficulties which usually present themselves in such cases. With respect to the clarity of its content the common concept of consequence is in no way superior to other concepts of everyday language. Its extension is not sharply bounded and its usage fluctuates. Any attempt to bring into harmony all possible vague, sometimes contradictory, tendencies which are connected with the use of this concept, is certainly doomed to failure. We must reconcile ourselves from the start to the fact that every precise definition of this concept will show arbitrary features to a greater or less degree.



Tarski seems to suggest here that we are confronting a quasi-empirical question concerning the meaning of the English phrase “logical consequence,” or the English word “valid,” perhaps as used by professional logicians, or by certain experts, to which competent speakers are prepared to defer (or ought to be prepared to defer). Or else one might think that one of the phrases somehow picks out a certain concept, or relation, and the dispute is over that very concept or relation. Some say that the concept is a certain way; others say that it—that very concept—is some other way. As noted, I do not think that the notion of logical consequence is so monolithic, and the purpose of this section is to make that plausible.

Shapiro [1998] lists a number of different senses in which one can say that a sentence or proposition is a logical consequence of a set of sentences or propositions. No doubt there are others, with apologies to readers who do not find their favored conception(s) in the list. The parenthetical names are only meant to be suggestive, not historically accurate. And I do not assume that all of these notions are distinct—stay tuned.

To follow the advice in the song “Do-re-mi,” from The Sound of Music, let’s start at the very beginning, a very good place to start. The following appears in Aristotle’s Prior Analytics, Book 1, Chapter 2:


A deduction is a discourse in which, certain things having been supposed, something different from the things supposed results of necessity because these things are so. By “because these things are so,” I mean “resulting through them” and by “resulting through them,” I mean “needing no further term from outside in order for the necessity to come about.”



This is a modal notion of consequence. A more contemporary modification of Aristotle’s notion is that Φ is a logical consequence of Γ just in case:


(1) It is not possible for every member of Γ to be true and Φ false (Aristotle).




Spelling this out in a now common framework leads to:


(2) Φ holds in every possible world in which every member of Γ holds.




There are also linguistic, or semantic, characterizations of consequence:


(3) Φ holds in every interpretation of the language in which every member of Γ holds (Tarski [1935]).

(4) The truth of the members of Γ guarantees the truth of Φ in virtue of the meanings of the terms.

(5) The truth of the members of Γ guarantees the truth of Φ in virtue of the meanings of a special collection of the terms, the “logical terminology” (Tarski [1935]).

(6) There is no uniform substitution of the non-logical terminology that would render every member of Γ true and Φ false (Bolzano [1837], Quine [1986]).

(7) The truth of the members of Γ guarantees the truth of Φ in virtue of the forms of the sentences (or propositions).




And there are epistemic characterizations, since, after all, logic surely has something to do with (deductive) reasoning:



(8) It is irrational to maintain that every member of Γ is true and to fail to maintain Φ.

(9) There is a deduction of Φ from Γ by a chain of legitimate, gap-free (self-evident) rules of inference (Aristotle, Leibniz [1686], Frege [1879]).




In addition to all of this, there is a tradition, going back to antiquity, that insists that Φ is not a logical consequence of Γ unless Γ is relevant to Φ. This matter, of course, is hotly disputed, and always has been. It must be conceded, I think, that there are some intuitions, for lack of a better term, that support a requirement of relevance, at least prima facie. This is indicated by the efforts of some classical logicians and intuitionists to dismiss or explain away those intuitions, perhaps as confused. Another slogan is that logic is absolutely general, and topic neutral. That will loom large in much of the rest of this book.

As noted earlier, I do not claim that all of these intuitive notions are completely distinct from each other. Some seem to be related to others, and some are developments, or represent theories, of others. As noted, (2) has been proposed as an explication of (1), in terms of one or another of the now common “possible worlds semantics” of modality. There may be a tight relationship between the modal notions (1–2) and at least some of the semantic ones (3–7). This depends on the extent to which the modality invoked in the modal notions is to be understood in terms of the meaning of the constituents of the sentences or propositions: Are the “possibilities” in question, in the modal conceptions, to be understood as “interpretations” of the language or of part of the language?
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 Among the semantic notions, items (5) and (6) seem to be related to (7), if the “logical terminology” of a sentence or proposition is what marks, or determines, its form. The epistemic notion (8) can be brought into the semantic fold, if we think of the indicated rationality as somehow tied to knowledge of the meaning of certain terms, presumably the meanings of the logical terminology. Perhaps the reason it is irrational to accept the premises and deny the conclusions of a valid argument is that the meaning of the terms, or the logical terms, in the argument, somehow make it evident that if the premises are true, then so is the conclusion. The deductive notion (9) can also be understood in semantic terms if the primitive steps in the gap-free chains of reasoning turn on the meanings of the terminology, or perhaps the meanings of the logical terminology—as held by most inferentialists. On several views, then, knowledge of the logical relations is tied to linguistic competence: knowledge of the meanings of (some of) the terms one uses. Perhaps the very concept of rationality involves linguistic competence with at least the logical terminology.

The connections cited between some of the items in our list are, of course, controversial. Nevertheless, at least some of the items in the list are, at least prima facie, different notions, even if it is not clear exactly how many there are—or how different they are. One may argue that some of the notions are confused or miss the target. The more general ones (such as (1), (3), (4), and (8)) seem to over-generate, in the sense that there are some arguments that they sanction as valid, but whose conclusions do not seem to be logical consequences of their premises, at least by the lights of contemporary logical theory. For example, “Boston is north of New York” seems to follow from “New York is south of Boston,” in the sense of (1), (2), (3), and (4), but this does not come out as valid in most contemporary logical systems. Some of the notions may characterize consequence relations other than the logical ones. For example, (4) seems to be a reasonable definition of what may be called analytic consequence or conceptual consequence; maybe (2) gets at what we may call metaphysical consequence.

Nevertheless, it does seem to be at least prima facie correct that at least some of the seemingly different notions listed here are more or less on target, concerning what should rightly be called logical consequence. Texts in logic, and arguments in the philosophical literature on the nature of logic and the extension of logical consequence, are typically couched in terms much like those in our list. Of course, this is not to say that every text and example in the literature is correct, or even makes sense, but presumably many of them do. So the present thesis that “logical consequence” is polysemous or multi-faceted does seem to be at least a good working hypothesis. To put it differently, there are lots of relations on whatever the relata of logical consequence are. There are modal relations, semantic relations, and epistemic, deductive relations. Why think that one of these is to be dubbed as the One True relation of logical consequence?

This hypothesis is a sort of pluralism concerning logic. It says that there are different, mutually incompatible articulations or sharpenings of the intuitive notion or notions of logical consequence. At least some of the supposedly rival explications of logical consequence are (more or less) accurate theories of different aspects of consequence, different members of the cluster.

The pluralism explains why at least some of the discussion, debate, and disputes over logic is, or at least appears to be, at cross purposes. Proponents of one view bring up certain considerations, often carefully articulated and argued, and then find that their opponents are completely unmoved. Of course, it would beg the present question to assert outright that some of the discussion over the boundaries of logic is at cross purposes. For now, I’m only suggesting that some of it looks that way, and that pluralism may be something of an inference to the best explanation of at least some aspects of the contemporary intellectual climate in the philosophy of logic.

Consider, for example, the debate over whether second-order logic, with standard model-theoretic semantics, is really logic. This is a subject that has engaged me for some years (well, some decades), as a committed partisan (e.g., Shapiro [1991]). Some opponents of second-order logic argue that the goal of logic is to codify the proper canons of inference—perhaps something along the lines of (8) or (9) in our list. Accordingly, logic is a tool for organizing and regulating our beliefs, as we strive for consistency, and strive to extend our knowledge via deductive reasoning (e.g., Wagner [1987]). Since second-order consequence is inherently incomplete, there can be no sound, effective deductive system that characterizes it. That is, for any sound, effective deductive system S, there is a valid argument, couched in a second-order language, that is not sanctioned as valid by S. Whatever the canons of correct inference are, they are presumably effective (or so we can assume). One cannot be expected to reason according to a non-effective canon. Ought implies can. So, the argument concludes, second-order logic is not logic.

On the other hand, advocates of second-order logic certainly know that its consequence relation is not effective. Alonzo Church [1956, 326n], for example, wrote:



It is true that the non-effective notion of consequence, as we have introduced it…presupposes a certain absolute notion of ALL propositional functions of individuals. But this is presupposed also in classical mathematics, especially classical analysis. (Church [1956, 326n])



So either advocates of second-order logic, including Church, are deeply confused, and have overlooked the obvious, or else they have something else in mind for what logical consequence is. Again, it may be that one of the camps (or both) are simply wrong about what logic is, or what logical consequence is, but perhaps not. It might be better to conclude that there are different notions of logical consequence in play, each worthy of the attention of logicians.

In particular, one can think of second-order consequence as an articulation of a semantic notion of consequence, something along the lines of (5) or (7), depending on what counts as “form,” and on how the logical/non-logical boundary is drawn. We will return to this later, (for example, see §6 of the present chapter).

The “clash” or “debate” between advocates of an inferentialist, or proof-theoretic account of logical consequence and advocates of a truth-theoretic, or model-theoretic account can also be understood in these terms, that is, as a non-clash. I submit that each camp is focusing on a different notion of consequence or a different aspect of the intuitive notion(s).

The proof-theoretic account is aimed at a deductive notion of consequence, or perhaps the deductive aspects of the intuitive notion of logical consequence (if there is a single intuitive notion). Clearly, deduction has something to do with how logical consequence is deployed in practice, via deduction. In mathematics and science, at least, the canonical or at least the typical way that one shows an argument to be valid is by deducing its conclusion from its premises.
4
 That is, one gives a step-by-step argument going from premises to conclusion, using moves that one can take a reader to concede, either because they are obviously or self-evidently valid, or because the steps have been previously shown to be valid. The notion (9) in our list captures this notion of consequence directly, and one might take that as a gloss on (8). The reason it is irrational to believe the premises and not believe the conclusion of a valid argument is just that there is a straightforward, validity-preserving route from premises to conclusion.


In contrast, the model-theoretic account is tied to a semantic notion, something along the lines of (3)–(7), or at least (5)–(7).
5
 This notion can be read off the typical way that one shows an argument to be invalid, a procedure that dates back at least to Aristotle’s Prior Analytics. To refute an opponent’s reasoning, one gives another argument, in the same form, that has true premises and a false conclusion. This is sometimes called a counter-argument. The idea is that the counter-argument is clearly invalid (on all accounts), since it actually has true premises and a false conclusion. The original argument must therefore be invalid as well, since it has the same form as the counter-argument. The main presupposition behind this is that validity is a matter of form—however that notion and slogan are to be articulated.

In these terms, an argument is valid, in the model-theoretic sense, if it is not possible to refute it, or, in other words, if every (form-preserving) interpretation that makes the premises true also makes the conclusion true. Second-order consequence and, indeed, many other non-effective consequence relations can be understood this way. The codification of this notion of validity is not undermined by pointing out that the consequence relation is not effective. There is no a priori reason to think that non-refutability is effectively decidable.

My claim, then, is that the two camps—the model-theorists and the inferentialists—are each onto different, though related, notions of consequence. A member of either camp might concede at least some of this, but go on to argue that her notion is the primary one. This would be to maintain a monism concerning logic, perhaps with only a grudging tolerance, maintaining that the opponent has focused on a derivative or subsidiary aspect of the One True consequence relation.

For example, a monistic model-theorist might argue that the underlying intuitive notion of logical consequence is modal-cum-semantic, and that this notion is directly captured by her proposed model theory. The deductive notions are merely epistemic, focusing on the primary method we use to determine whether an argument is valid (in the model-theoretic sense). The monistic model-theorist thus holds that her proof-theorist counterpart/opponent confuses the criterion we use to determine validity with validity itself.


It must be admitted that many logic texts encourage this way of looking at things. A typical author presents a formal language, and gives a range of interpretations, and then provides rigorous truth-conditions for the well-formed formulas. That is, she indicates which formulas are true (or are satisfied) in which interpretations. This usually involves truth-tables, for the sentential language, and models for the richer, predicate language (or truth-trees or something similar). The logical notions of validity, consistency, and the like are defined in these semantic terms, usually as necessary truth-preservation. After this, our typical text provides a deductive system. It is then said that the deductive system is “sound” if every deducible argument is valid (in the semantic sense), and the deductive system is “complete” if every (semantically) valid argument formulable in the formal language is deducible. That is, the author says, or proves (depending on the level of the text), that the deductive system is sound for the model-theoretic semantics. Soundness assures us that the given deductive system is acceptable, the model theory being taken for granted.

From this perspective, soundness is crucial. If a deductive system is unsound then there is an interpretation, or model, on which there is a deduction with true premises and false conclusion—clearly a disaster if validity is to be understood semantically. In contrast, completeness is nice, but not essential.

Consider, for example, the most common case where completeness fails, second-order logic with standard semantics. From the model-theoretic perspective, the “blame” for this incompleteness lies with the deductive system. It does not have enough axioms or rules to deduce every valid argument—that is, every argument that is valid by the lights of the model theory. One might try to repair this deficiency by adding some axioms or rules of inference to the deductive system, although that procedure is bound to fail in the case at hand, thanks to Gödel.

A monistic proof-theorist would take the opposite line. For him, the goal of the deductive system is to directly codify the correct consequence relation, a relation that concerns canons of valid reasoning, something along the lines of item (9) in our list. The model theory is, at best, epistemic, focusing on the primary method we use to determine whether an argument is invalid. Our monistic proof-theorist argues that his model-theorist opponent begins with a criterion we use to determine invalidity, and confuses that criterion with invalidity itself.


From this perspective, soundness is still the more important of the two main meta-theoretic results. If the logic is sound, then the method of counter-arguments does indeed establish (deductive) invalidity. Given soundness, what a counter-argument shows is that it is not possible to deduce the conclusion from the premises—and this is what invalidity amounts to for our monistic proof-theorist.

Consider, again, a case where we have an incomplete system. Our proof-theorist might claim that the “blame” for the incompleteness lies with the model theory, not with the deductive system. In particular, our proof-theorist will point out that the model-theoretic semantics does not have enough interpretations to refute every invalid argument—that is, every argument that is invalid by the One True (deductive) consequence relation. In the case of second-order languages, with standard semantics, for example, our proof-theorist may propose to supplement the semantics by adding another batch of interpretations for the formal language, thus producing Henkin semantics or a two-sorted, first-order semantics, either of which is complete (see Shapiro [1991, Chapter 4]).

A monistic proof-theorist may be even less concessive than this, perhaps arguing that there is no legitimate notion of model-theoretic consequence, subsidiary or otherwise. Neil Tennant [1986] argues that any work done by model theory to negotiate the (deductive) consequence relation can be better accomplished by proof-theoretic means.

Against all of these monistic theories, I would urge a more eclectic, pluralist perspective. Each of at least most of the various camps is onto an important aspect of consequence, and we can explore the relations between the aspects in that spirit. So I must resist the arguments provided by each of these camps in favor of one of the notions of consequence, to the exclusion of the other. I cannot hope to do justice to the vast literature on this issue, and will rest content with this sketch of an opposing perspective. It can be judged on holistic grounds, on how well it explains the phenomena of logical theorizing and deductive reasoning.




3 Model-theoretic Pluralism


As noted in the previous chapter, Beall and Restall [2006] characterize validity in terms of what they call the “Generalised Tarski Thesis” (GTT) (p. 29):



An argument is valid
x
 if and only if, in every case
x
 in which the premises are true, so is the conclusion.



The subscript x is a place holder for a type of “case”; specifying a type of case yields an “instance” of GTT. Beall and Restall argue that an “instance of GTT is admissible if it satisfies the settled role of consequence, and if its judgements about consequence are necessary, normative, and formal” (p. 35). So, for Beall and Restall, logical “pluralism is the claim that at least two different instances of GTT provide admissible precisifications of logical consequence” (p. 29). The purpose of their book is to articulate and defend such a pluralism.

The three substantial examples they provide are classical logic, intuitionistic logic, and a variety of relevance logic. Classical logic results if “cases” are either possible worlds or Tarskian models. Intuitionistic logic results if “cases” are stages in constructions, which are essentially nodes in Kripke structures, or perhaps Beth trees (Kripke [1965], see Dummett [2000, Chapter 5]). And a relevance logic results if “cases” are “situations” à la Barwise and Perry [1983] (allowing inconsistent situations).
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 Beall and Restall argue, in detail, that each of these kinds of “case” is “admissible” in the aforementioned sense: they argue that each of these instances of the GTT “satisfies the settled role of consequence,” and that the judgments of each instance about consequence are “necessary, normative, and formal.”

As noted in the previous chapter, Beall and Restall’s “pluralism” is a pluralism in the present sense. That is, their thesis is that there are different, equally correct accounts of logical consequence. The view is also a folk-relativism, as indicated by the variable “x” in the Generalized Tarski Thesis. For Beall and Restall, validity is relative to a type of “case.”

G. C. Goddu [2002] criticizes early articulations of Beall and Restall’s pluralism ([2000], [2001]) for not further specifying, exactly, what counts as a case, or, perhaps better, what counts as a type of case. Goddu wonders if lines in a truth table count as a system of cases, along with first-order interpretations. If so, then just about every classical logician is a “pluralist,” since it would follow that classical, sentential logic and classical, first-order logic are legitimate logics. Both of those satisfy the GTT. Presumably, something similar could be said about those who are otherwise monistic intuitionists. Intuitionistic sentential logic and intuitionistic predicate logic can be separate instances of the GTT. Ditto for monistic relevance logicians. So Beall and Restall’s “pluralism” is no more than a truism, held by just about everybody.

In response, Beall and Restall [2006, 90–1] say that they are not sure whether truth table lines count as a kind of case, but they are “happy to accept the example as a rather uninteresting example of pluralism.” So it may indeed be that every classical logician—or, indeed, every logician—is a “pluralist” in Beall and Restall’s sense. That alone does not make their project trivial. The real action does not lie in figuring out who, exactly, counts as a pluralist, by their lights. It would not be a big deal if everyone did. What matters is how far their own pluralism extends. The important theme lies in Beall and Restall’s detailed arguments that classical logic, intuitionistic logic, and some relevant logics all count as legitimate accounts of logical consequence. That, of course, is not at all a truism.

Beall and Restall [2006, 89] concede that they “do not pretend to have given precise individuation conditions for cases.” We do not have necessary and sufficient conditions for casehood. Indeed, they “are not sure such conditions can be given.” As we know in philosophy generally, it is hard to pin down anything with precision, so that any and all conceivable candidates are covered—no over-generation and no under-generation. I think it is enough that Beall and Restall have provided three interesting and non-trivial examples of types of cases, and motivated each one in some detail. If there are any borderline cases of “systems of cases,” they can take care of themselves.

It is straightforward to locate Beall and Restall on the map from the previous section. They note that cases “whatever else they are, are ‘things’ in which claims may be true,” adding that by “specifying ‘truth-conditions’ for claims, you thereby specify cases” (p. 89). This suggests a broadly semantic or modal conception of logical consequence/validity.

As noted, one of their “precisifications” of the notion of validity is where “cases” are possible worlds. That instance of GTT yields, exactly, our sense (2), in which a conclusion Φ is a consequence of a set Γ just in case


(2) Φ holds in every possible world in which every member of Γ holds.



This, in turn is an articulation of a modal conception of consequence, traced to Aristotle’s Prior Analytics:



(1) It is not possible for every member of Γ to be true and Φ false.



According to Beall and Restall, a different “precisification” of the intuitive notion of validity is where “cases” are Tarskian models. If models are thought of as interpretations of the language (or of the non-logical terminology), as seems plausible, then this articulation of the GTT is our


(3) Φ holds in every interpretation of the language in which every member of Γ holds.



Both of these are broadly model-theoretic conceptions of validity, as are Beall and Restall’s other kinds of “cases,” namely stages in constructions (Kripke structures) and situations.

So, one distinctive feature of their view is that they find a pluralism (and, indeed, a folk-relativism) within the modal-cum-semantic-cum-model-theoretic conception of logical consequence. Even that conception of logical consequence is not univocal: it can be developed in several, mutually incompatible ways, each relative to the value of a parameter. This is a nice extension of the theme of the present chapter.

In a “parenthetical remark,” relatively early in the book, Beall and Restall note that one might articulate a more far-reaching pluralism that includes other, non-model-theoretic conceptions of consequence:
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We have unashamedly privileged the model-theoretic or semantic account of logical consequence over the proof-theoretic account. We think that a version of pluralism can be defended which does not privilege ‘truth in a case’ to the same extent. However, since most of the current debates with which we are interacting lie firmly within this model-theoretic tradition, and since we are comfortable with that tradition, we are developing pluralism in this way. (p. 36)



Later in the book, they note that the GTT seems to entail that validity is reflexive and transitive (especially given their broadly classical meta-theory). So their pluralism does not extend to non-reflexive and non-transitive consequence relations. They write:



The given kinds of non-transitive or irreflexive systems of ‘logical consequence’ are logics by courtesy and by family resemblance, where the courtesy is granted via analogy with logics properly so called. Non-transitive or non-reflexive systems of ‘entailment’ may well model interesting phenomena, but they are not accounts of logical consequence. One must draw the line somewhere and, pending further argument, we (defeasibly) draw it where we have. We require transitivity and reflexivity in logical consequence. We are pluralists. It does not follow that absolutely anything goes. (p. 91)



Their cited example of a non-reflexive logic is that of Martin and Meyer [1982] (see also Meyer and Martin [1992]). Their main example of a non-transitive logic is Neil Tennant’s (e.g., [1987], [1997]) intuitionistic relevant logic, now called “core logic.” Beall and Restall rule those accounts of consequence out of bounds—as accounts of logical consequence—because they cannot be captured via the GTT; they are not even broadly model-theoretic. In Tennant’s case at least, the logic is not supposed to be model-theoretic. His perspective is explicitly proof-theoretic. He thus works in a different tradition (arguing that it is the uniquely correct one). So at that stage of their book, it seems, Beall and Restall have backed away from their parenthetical remark that “a version of pluralism can be defended which does not privilege ‘truth in a case’ to the same extent.” Logic, for Beall and Restall, is model-theoretic; proof-theoretic accounts are merely “logics by courtesy,” at least until they can be equipped with a model-theoretic semantics in line with an admissible instance of GTT. Since Tennant’s core logic is not transitive, and Martin and Meyer’s system is not reflexive, neither can be recaptured via an instance of GTT (admissible or otherwise). So, for Beall and Restall, those are not logics, strictly speaking (recalling, again, their broadly classical meta-theory).

I don’t wish to harp too much on the “parenthetical remark” in Beall and Restall [2006]. It is, after all, parenthetical (sans actual parentheses). Recall, however, that Beall and Restall say that “most of the current debates with which we are interacting lie firmly within [the] model-theoretic tradition.” This is not correct. At least some relevance logicians are inferentialists, basing their argument on the inferential role of logical terminology (e.g., Read [1988]). Of course, relevance logicians have also developed model-theoretic semantics, but I am not sure that they take something like the GTT to be definitive of logical consequence, nor that they take their debate to lie within the “model-theoretic tradition.” At least some of them would not hold their views hostage to the prospect of developing a model theory, much less one that itself “satisfies the settled role of consequence,” in which “its judgements about consequence are necessary, normative, and formal” (p. 35).

The debates over intuitionism are even more problematic for Beall and Restall. Virtually all of the post Brouwer-Heyting intuitionists (Tennant, Dummett, Prawitz (e.g., [1977]), etc.) are inferentialists, and argue against classical logic on proof-theoretic grounds. They take the debate itself to turn on proof theory versus model theory.

To be sure, there are a number of model-theories that are sound and complete for intuitionistic logic (see Dummett [2000, Chapter 5]). Among those is the framework of Kripke-structures, which seem to be what Beall and Restall call “stages in constructions.”
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 And one can at least get started on an intuitive motivation of the Kripke framework in terms familiar to intuitionistic philosophy. We think of mathematical objects as constructed, presumably one at a time; we talk about what is known at a given stage in a construction process, and the like. This much at least seems to be recapitulated in the Kripke framework, as Beall and Restall note.

The problem is that this motivation does not go very far, and badly misfires on the mathematics itself. Since this bears on the main themes of this book, I’ll develop the point a little. Consider the simplest of intuitionistic theories, Heyting arithmetic (HA). It has the same axioms as classical, Peano arithmetic (PA), but its underling logic is intuitionistic. Suppose the language has a binary relation symbol S for successor.
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 So Smn states that n is the immediate successor of m. Let F be a Kripke structure—a construction, in Beall and Restall’s terms—that models HA. Assume, in particular, that the axioms of HA are true at every node (stage) in F. One of the axioms of HA (and PA), of course, is that every number has a unique successor:



[image: image]


So that should hold in every node in our Kripke-structure F. In particular, it holds in the initial node (the start of the construction). We also have that 0 exists in every node. In particular, ‘0’ must denote something in the initial node, and it must denote the same thing in every node. The successor axiom also holds at the initial node. The truth-conditions for the quantifiers and the successor axiom thus entails that 0 has a successor at the initial node. So (a counterpart to) the number 1 must exist there. Given the other axioms, the denotation of ‘0’ is distinct from its successor. So the initial node has at least two members in its domain. By the successor axiom, and the truth-conditions for the quantifiers, the successor of the successor of 0 must also exist at the initial node of F. So that node must have three members. And so on.

In short, the successor axiom entails that all of the natural numbers exist at the initial node (and given the other axioms, all of those numbers are distinct). So much for the thought that the natural numbers are constructed, one at a time. Moreover, all of the equations among natural numbers hold at the initial node. We thus have the entire intended domain, plus all of its primitive functions and relations, holding all at once. This is a nice platonic thought (for those who like such thoughts), but it is not the intuitionistic way. The initial node is a completed infinity (as is every node).

Suppose, moreover, that this initial node is the only node in F. Then, since every node in F is terminal, F satisfies excluded middle, and we have a model of classical Peano arithmetic. Nothing intuitionistic about it.

To be sure, the Kripke semantics is sound and complete for intuitionistic logic. So there are Kripke structures for HA that do not satisfy excluded middle. Suppose G is one such. Then the initial node of G is (in effect) a classical model of arithmetic. Its domain is the natural numbers—all of them—and they have all of the primitive relations at that node. The other nodes of G are much like non-standard models of arithmetic. Each such node has infinite numbers—members that are larger than each (standard) natural number. The Kripke structure G does satisfy everything it should, and nothing it shouldn’t, but, clearly, G is not in line with intuitionistic/constructivist philosophy. Indeed, it has nothing to do with construction. We should not need to invoke non-standard numbers in order to capture intuitionistic arithmetic.

I suppose it is open to an advocate of Beall and Restall’s framework to argue that the Kripke framework does capture the intuitive motivation behind intuitionism/constructivism, or at least one viable motivation. It is just that the intuitionistic mathematicians have erred in how they axiomatize their own theories. If we do want to think of the numbers as constructed, one at a time, and we want to capture that in a Kripke structure, then the aforementioned principle,
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that every number has a unique successor, is simply not warranted—for, on the Kripke reading, that entails that all of the natural numbers exist “at once,” so to speak (i.e., at every node). Instead, the intuitionist should adopt a weaker axiom that for any number, one can construct its successor. That would come to
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I do not know how interesting, or viable, such a weak arithmetic would be, nor can I think of how to extend this to richer mathematical theories like real and complex analysis. But that might be a lack of imagination on my part. The proposed theme would clearly be revisionist, however. It would insist that intuitionistic mathematicians get their own theories wrong, since they misunderstand their own consequence relation.

A more modest approach would be to look for a different way to motivate and understand intuitionistic logic and intuitionistic mathematics (and the existential quantifier in particular). The usual routes are proof-theoretic which, as noted earlier, lie outside the Beall and Restall framework.

This is not to say that the Kripke framework is not an instance of GTT. It clearly is, provided only that a node in a Kripke structure counts as a “case.” Indeed, a node in a Kripke structure is a ‘thing’ “in which claims may be true.” For Beall and Restall, the matter would come down to whether this instance of GTT is admissible. Does this instance of GTT satisfy “the settled role of consequence” and are “its judgements about consequence are necessary, normative, and formal” in at least one of the indicated senses of those terms (p. 35). Much of Beall and Restall’s argument for this turns on the connection between the Kripke framework and intuitionistic construction, a connection which is, as argued here, dubious. Beall and Restall’s arguments do not motivate the conclusion that the Kripke framework is an admissible instance of the GTT. At least not if intuitionistic mathematics is to be thereby sanctioned.

Of course, this is not to say that some other argument for the admissibility of this instance of GTT cannot be given. Nor does it tell against Beall and Restall’s other examples involving relevance logic.

While we are on Beall and Restall’s pluralism, here is a preview of a coming attraction: Beall and Restall insist that the different logics they endorse all concern the same language (and thus the same batch of propositions). Consider, for example, a quantified instance of the law of excluded middle,
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Since this is a classical logical truth, and classical logic is among the legitimate logics, then, for Beall and Restall, each instance of this formula is, in fact, a necessary truth—in some sense of “necessary.” So Beall and Restall cannot accept, as legitimate, those branches of intuitionism that are in outright conflict with classical logic, such as intuitionistic analysis and intuitionistic arithmetic with Church’s thesis. The reason is that those theories have, as theorems, what Beall and Restall take to be necessary falsehoods: sentences in the form of the negation of (*).
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 According to Beall and Restall, the structures those theories describe are not possible; indeed they are logically incoherent.

Beall and Restall acknowledge this, conceding that they must “reject certain branches of constructive mathematics” (p. 120). They can only accept those branches that are consistent with classical logic:


The first line of defence, then, is deference to an important tradition in constructive mathematics. The constructivism of Errett Bishop [1967], Douglas Bridges [1979], Fred Richman [1996] [see also Bishop and Bridges [1985]], and others can best be described as mathematics pursued in the context of intuitionistic logic. This brand of constructive mathematics is explicitly consistent with classical mathematics. Bishop-style constructivists reject any inference in conflict with classical reasoning. That is the approach we too must take.



Too bad. The Bishop tradition is, of course, an important one, but it is not all there is to intuitionistic mathematics nor is it, in my opinion, the most interesting part of intuitionism. One of the main motivations for the present, eclectic orientation to logic, developed in subsequent chapters of this book, is to show how a wide variety of theories, studied by mathematicians whose credentials can hardly be challenged, are legitimate. Prime examples are those intuitionistic theories that are inconsistent with classical logic. So in a sense, the present study begins where Beall and Restall [2006] leave off.

Stay tuned. We will be returning to their insightful and intriguing study in future chapters, especially when matters of meaning come to the fore.




4 Primitive Pluralism


Otávio Bueno and Scott Shalkowski [2009] argue that Beall and Restall have not, and indeed cannot, make a connection between quantification over (actual) “cases”—however those are construed—and the necessity that underlies logical consequence. They conclude that Beall and Restall’s pluralism “collapses” either into a thesis that there is no relation of logical consequence at all or into a thesis that virtually every argument is valid. So Bueno and Shalkowski urge “a move away from the model-theoretic approach to understanding the fundamentals of logic” (p. 307). This conclusion, if warranted, tells against not only Beall and Restall, but also the treatments of a long line of logicians, such as Tarski [1935] and Church [1956]. Those views, too, are in danger of “collapse.”

Traditionally, the main alternative to model theory is, of course, proof theory, but Bueno and Shalkowski do not go in that direction. They insist on a modal conception of consequence, along the lines of item (1) in our list: a sentence or proposition Φ is a logical consequence of a set Γ just in case it is not possible for every member of Γ to be true and Φ false. Their view is that the modality in question cannot be understood in terms of quantification, whether it be over worlds, models, or anything else. So they reject the connection between our (1) and both our (2) and (3).

The extent to which the modality that underlies logical consequence can be understood or otherwise negotiated via quantification has been treated in the literature, and there is no need to revisit that matter here (see Etchemendy [1990], Shapiro [1998]). The plausibility of Bueno and Shalkowski’s rejection of model theory depends, of course, on what one means by the “fundamentals of logic.” Does the advocate of model theory have to somehow prove, on logical grounds alone, that something is possible, in the relevant sense, just in case it corresponds to a model in the model theory, or a “case” in the terminology of Beall and Restall? Or can the connection between models/cases and possibilities be left as a working hypothesis or a presupposition of the enterprise?

Bueno and Shalkowski propose that the modality in question not be defined or analyzed at all. The modality is dubbed “primitive” (Shalkowski [2004]). I suggest that one cannot just leave it at that. They must say something about this modality, in order to give readers some idea of what it is. There are, after all, a lot of modal notions. According to Bueno and Shalkowski, the modality that underlies validity is based on intuitive judgments concerning what does and what does not follow from what. The most sophisticated “intuitions” they cite are the inference from “Snow is white” to “Something is white,” and the obvious truth that “Something is green” does not follow from “Snow is white.” They claim that such “(im)possibility judgements are adequate to formulate in non-quantificational form the necessity requirements for logical consequence: B is a consequence of A if, and only if, the conjunction of A and not-B is impossible” (p. 307).

Is it? Are such simple judgments in fact adequate to characterize logical consequence? Without more detail, it is hard to say. Notice that, as simple as it is, Bueno and Shalkowski’s pronouncement rules intuitionistic logic out of bounds. The intuitionist agrees that the conjunction of a sentence in the form not-not-A with not-A is indeed impossible, but she insists that, nevertheless, A is not a consequence of not-not-A. Although clearly unintended, Bueno and Shalkowski also rule out relevance logic, at least for a non-dialetheist. Most relevance logicians hold that the conjunction of B with (A&¬A) is impossible, but the whole point of relevance logic is to deny that B follows from (A&¬A).
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For Bueno and Shalkowski’s proposal to be taken seriously, we’d also need an articulated account of the methodology of logic. Whose intuitions matter? Who are “we”? Moreover, how do we tell which intuitions are relevant, separating logical consequence from analytic consequence, conversational implicature, and the like? These, of course, are well-known problems, but given the explicit reliance on intuitions, they need to be addressed.

Bueno and Shalkowski say they are open to a kind of logical pluralism, although it is not easy to see how far it extends, given that intuitionistic logic and relevance logic are not logics by their lights. They say that we might “characterize the appropriateness of distinct logics in terms of subject matter rather than cases” (p. 308). I cannot be certain, but the idea may be that different subject matters come with differing primitive modalities. There is indeed an industry in linguistics and philosophy of language of articulating various modal notions, and developing various semantical accounts for those (never mind that much of this work invokes quantification over possible worlds). The connection between work on various modalities and our present issues concerning logic may indeed prove fruitful and interesting, but it would take us too far afield to explore it here, to see if a viable pluralism is in the offing.

Hartry Field (e.g., [2006], [2008]) shows that, in just about any language/logic that has an unrestricted truth-predicate with certain intuitive features, one cannot coherently maintain that valid arguments are truth-preserving (due to the Curry paradox). In particular, one cannot maintain that validity is truth-preserving and that modus ponens (or the usual arrow-elimination rule) is valid. The details are subtle, and vary with the various logics. Field [2009], [2009a] concludes that we should not characterize validity as the necessary preservation of truth, thus rejecting the broadly model-theoretic conceptions under study here, in particular that of Beall and Restall [2006]. So in that respect, Field agrees with Bueno and Shalkowski [2009].
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Field [2009] also proposes that we take validity as a primitive, rejecting all attempts to characterize or analyze it. Of course, this does not preclude saying something about validity, enough to give the reader a sense of what the beast is. He suggests that validity is tied to the norms that rational agents use (or ought to use) in ordering, regulating, and modifying their beliefs for consistency. Given certain views about the underlying norms, we end up with a distinctive kind of pluralism concerning logic: if there are a variety of norms that underlie our rational practices, then we may endorse a variety of different logics, with no one of them uniquely best.

Field writes:


…logical validity has a normative component. Given this, mightn’t we get an interesting logical pluralism by arguing for normative pluralism? It is, of course, epistemic normativity that is tied to the notion of logical validity. Is pluralism about epistemic normativity a believable doctrine?

Quite independent of logic, I think there are strong reasons for a kind of antirealism about epistemic normativity: basically, the same reasons that motivate antirealism about moral normativity, or about aesthetic goodness, extend to the epistemic case…I think most of [those reasons] involve ideas that are at least in some sense pluralist. (Field [2009, 354])



The details of Field’s proposal are subtle and deep, and it would take us too far afield to develop them here. I only note that if his program is viable, then we have another sort of pluralism to put on the table, in line with the theme of this chapter. It might even be a sort of folk-relativism, if validity ends up as somehow relative to an epistemic norm.




5 Another Possible Route to Pluralism: The Status of Formal Languages


Most, but perhaps not all, theorists agree that validity directly or indirectly turns on the meaning of the logical terminology, typically the meaning of the usual connectives and quantifiers, and perhaps the sign for identity. The model-theorist, for example, holds that the meaning of a lexical item is given by the contribution it makes to the truth-conditions (or satisfaction-conditions) of a compound sentence (or formula) containing the item in question. So a sentence in the form Φ˅Ψ is true in an interpretation (under an assignment) just in case either Φ is true in that interpretation (under that assignment) or Ψ is true in that interpretation (under that assignment). In contrast, the proof-theorist claims that the meaning of a logical term is given by its inferential role, typically its introduction and/or elimination rules. Thus, for example, Michael Dummett [1991, 251] writes:


Gerhard Gentzen, who, by inventing both natural deduction and the sequent calculus, first taught us how logic should be formalised, gave a hint how to do this, remarking without elaboration that ‘an introduction rule gives, so to say, a definition of the constant in question’, by which he meant that it fixes its meaning.



(See Gentzen [1969, 80], also Tennant [1997]). So both groups of theorists tie the notion of validity to what they take the meaning of the logical terminology to be.

We will deal with matters of meaning in a bit more detail in Chapters 4 and 5. For now, we simply ask what is at issue here. What is it whose meaning is supposedly fixed in this or that way, by either truth-conditions or inferential role? What, exactly, are the lexical items in question? I presume that neither Dummett’s claim, nor that of his model-theoretic opponent, concerns the meaning of the symbols introduced into the formal languages of logic texts. When a logician presents a formal system, she stipulates the rules of a deductive system and/or she stipulates the relation of satisfaction between formulas, interpretations, and variable assignments (or something to that effect). If the text is sufficiently advanced, she goes on to work with the mathematical structures themselves, examining soundness, completeness, compactness, the Löwenheim-Skolem theorems, and the like. There is no further question about the real meaning of the logical terminology in the formal language, is there? If there is such a thing as “meaning” in this context, it is given by the stipulated definitions—either the axioms and rules of the deductive system, or the recursion clauses for satisfaction, or both, if the presented system is sound and complete.

To get a substantial dispute between monistic model-theorists and monistic proof-theorists off the ground, or else to show that there really is no dispute, we have to examine the relationship between a formal language in a logical system and whatever the medium of logical consequence is: a natural language, a properly regimented fragment of natural language, a realm of propositions, whatever. Rather than repeat this list, over and over, or argue that we should be focusing on one element of it, I’ll just assume that the medium of logical consequence is a certain fragment of a natural language, perhaps a language of mathematics and some other serious deductive endeavor. For the most part, this is just for expository convenience. So we examine the relationship between a formal language in a logical system and a counterpart natural language or natural language fragment. Perhaps that relationship can spawn an interesting, non-trivial pluralism or folk-relativism concerning logical consequence.

So what is the proper relationship between a formal language and its counterpart in natural language? One view is that formal languages aim to accurately represent or describe underlying features of natural language sentences. One thesis is that natural language sentences have underlying logical forms, and a good formal language accurately captures those forms (e.g., Montague [1974], Davidson [1984], Lycan [1984]; see also the papers in Davidson and Harman [1972]). Then our “dispute” between proof-theorists and model-theorists would become a disagreement about the meaning of the natural language counterparts of the logical terminology. If the natural language in question is English, the dispute would turn on the meaning of words like “or,” “if,” “for all,” and perhaps “is identical to,” at least as those words are used in deductive arguments, perhaps in mathematics and science, perhaps more generally. The monistic model-theorist says that the meaning of at least these natural language particles is given by truth/satisfaction conditions and the monistic proof-theorist says that this meaning is given by inference rules.

On this first perspective, logic is a descriptive enterprise (see John P. Burgess [1992]). We should be clear, however, about what it is that logic is trying to describe, from that point of view. On all (or at least most) accounts, logical consequence is itself a normative notion (or a loosely related batch of normative notions). Logicians are not out to codify or capture how speakers, even careful speakers, actually reason, but how they ought to reason, or, perhaps better, how they ought to regulate their system of beliefs for consistency, based on the meanings of the terms they use (see Harman [1986]). Logic concerns correct deductive reasoning. On our first, descriptive perspective, then, the aim of logic is to describe this normative notion, in roughly the same sense that a good dictionary describes how words ought to be spelled and used, and a good grammar describes how sentences ought to be parsed and used. From our first perspective, the logician is out to describe what follows from what; her target includes the norms actually implicit in rational beings, as such, in our community of reasoners.

From this descriptive perspective, one might think that the dispute between monistic model-theorists and monistic proof-theorists is an empirical matter, perhaps to be referred to lexicographers or linguists, those whose professional calling is to determine what words in live languages mean. But, it seems, our combatants are not inclined to out-source this question. They bring their own arguments, usually relying on intuitions they have as native speakers, or as philosophers engaged in conceptual analysis. The methodology of logicians is largely a priori.

Typically, the arguments given by our combatants concern how meaning should be determined or, better, what sort of beast meaning is. Dummett (e.g., [1973] [1991a]) argues that a theory of meaning is a theory of what competent speakers of the language know, and that, in general, we cannot attribute a knowledge of truth-conditions to speakers of a natural language. He argues that for the logical terms, at least, meaning must be understood in terms of inferential role. Model-theorists, in contrast, typically adopt a more holistic view of language understanding and use, speaking of tacit knowledge and the like, relying on truth or satisfaction conditions.

Our first, descriptive perspective on the relationship between formal languages and natural languages does not seem to produce any new or special pluralism or folk-relativism concerning logic. If the logical terms in natural languages are univocal, and if logical consequence turns on the meaning of that logical terminology, then there will be no pluralism—at least not in this direction. If the meaning of these terms is given by (something like) truth-conditions then (something like) model-theoretic consequence is correct, and the proof-theoretic notions are subsidiary at best. If meaning is given by (something like) inferential role, then (something like) deductive consequence is correct, at the expense of any other conception of consequence. If meaning is given some other way, then perhaps both of our combatants are mistaken.

So much for a descriptive perspective of the general question concerning the relation between formal and natural languages. A second perspective is more prescriptive, or revisionist concerning inferential practice. Tarski (e.g., [1935]), Gottlob Frege [1879], and perhaps Gottfried Leibniz, seemed to hold that because natural languages—even natural languages of mathematics—are hopelessly vague and ambiguous, they should be replaced by formal languages, at least for some purposes. A related view, held by Quine (e.g., [1960], [1986]), is that a natural language should be regimented for our serious scientific, mathematical, and philosophical work. Here, at least, Quine seems to follow Bertrand Russell. In a polemical reply to P. F. Strawson’s criticism of his account of denoting expressions, Russell wrote that there is:


a fundamental divergence between myself and many philosophers with whom Mr. Strawson appears to be in general agreement. They are persuaded that common speech is good enough, not only for daily life, but also for philosophy. I, on the contrary, am persuaded that common speech is full of vagueness and inaccuracy, and that any attempt to be precise and accurate requires modification of common speech both as regards vocabulary and as regards syntax…For technical purposes, technical languages differing from those of daily life are indispensable…In philosophy, it is syntax, even more than vocabulary that needs to be corrected…My theory of descriptions was never intended as an analysis of the state of mind of those who utter sentences containing descriptions…I was concerned to find a more accurate and analysed thought to replace the somewhat confused thoughts which most people at most times have in their heads. (Russell [1957, 387–8])



Quine sometimes uses the expression “canonical form” for the relationship between declarative sentences and their regimented counterparts. A Carnap-style explication also fits this prescriptive mold. An explication is intended as a replacement for an otherwise flawed natural language expression. So we might think of a formal language as an explication of a natural language, for the purposes of deductive reasoning.

To speak naively, a revisionist thesis typically comes with a telos: we should start doing A in order to better accomplish B. One who argues that we should replace a natural language with (something like) a formal language presumably has some purposes in mind. Since different goals and purposes may give rise to different logical systems, this revisionist perspective may allow for a kind of folk-relativism: the logical consequence relation to be invoked in the replacement system is relative to the purposes for which we should revise our linguistic and deductive practices. Some purposes may favor a model-theoretic revision, explication, or regimentation, while other purposes may suggest a proof-theoretic system; some purposes may favor a first-order regimentation, others a higher-order one, and so on. I’ll forego providing details of how this relativism/pluralism would work, and will not elaborate the revisionist perspective any further.

A third perspective, held also by Frege, and a host of others (including certain time-slices of Russell), is that sentences of natural languages are used to express, or try to express, propositions, members of an objective, abstract realm of thoughts, or perhaps sentences in a language of thought. In some cases, perhaps, a natural language sentence used in a particular context more or less accurately expresses a single proposition. In other cases, the connection between sentences and propositions is more hazy, due to ambiguity and vagueness. Frege [1879] wrote:


I can best make the relation of my ideography to ordinary language clear if I compare it to that which the microscope has to the ordinary eye…Considered as an optical instrument, [the eye] exhibits many imperfections, which ordinarily remain unnoticed…[A]s soon as scientific goals demand great sharpness of resolution, the eye proves to be insufficient.



From this, third perspective, sentences in a formal language are designed to exhibit the underlying logical forms of propositions, and only indirectly the forms of sentences of natural language. On a view like this, then, logical consequence is actually a relation between sets of propositions (or thoughts, etc.) and propositions (etc.). Any slippage between natural languages and formal languages, noted by the revisionist perspective just above, is chalked up to a slippage between natural language sentences and the propositions they express, or partially express. Logic, the view continues, does not concern itself with this slippage. Its focus is on the pristine realm of propositions or thoughts.

Although this is not the place to argue for it in detail, I urge a perspective different from any of these three (although it is perhaps compatible with some of them). I propose that a formal language is a mathematical model of a natural language in roughly the same sense as, say, a collection of point masses is a model of a system of physical objects, and a Turing machine is a mathematical model of a person following an algorithm, or perhaps a computing device. In other words, a formal language displays certain features of natural languages, while ignoring, simplifying, or idealizing other features (see Shapiro [1998]; also Corcoran [1973], Cook [2000], [2002], and Sánchez-Miguel [1993]).
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With mathematical models, which features one focuses on, which are idealized, and which are ignored, depends on the purposes at hand, on why one is developing a model in the first place. Here, of course, our goal is to shed light on the relation (or relations) of logical consequence, and perhaps the norms for deductive reasoning and regulating beliefs to maintain consistency. So, presumably, in developing a logic-model, we should focus on and idealize those features of natural language that bear on deductive reasoning, or on regulating our beliefs for consistency, whatever those features may be. We end up with a pluralism similar to that of the revisionist and propositional perspectives broached previously, but here it can be elaborated further, and into several varieties.

First, the matter argued in §2, concerning the various intuitive notions of logical consequence, can be articulated in terms of logic-as-model. Recall that the main proposal there was that logical consequence is polysemous, or is a cluster concept, with different aspects jumbled together. There is, for example, the practice of deducing conclusions and the practice of refuting arguments. If that is correct (and it is), then, from the present logic-as-model perspective, there could be different logics that model different aspects of logical consequence. This is a type of folk-relativism: logic is relative to the aspect of natural language that one is interested in modeling. The proof-theoretic systems model deductive aspects of consequence and, perhaps, its connection to rationality, while model-theoretic systems model the more semantic aspects of consequence, the practice of refuting arguments.

With mathematical models generally, sometimes we have compelling reasons to believe that there is a unique model, at least for a given purpose. For example, one might argue that this is the case with effective computability and recursiveness, as modeled by Turing computability, via the Church-Turing thesis. The mathematical and conceptual work in the 1930s converged on a single precise, mathematical property of computability (at least extensionally). Even in that case, however, there are other models of computability worthy of study: finite state computability, push-down computability, computability in polynomial time, computability in polynomial space, etc. It seems counterproductive—to the scientific and philosophical purposes at hand—to insist that those other models should be discarded as incorrect, giving way to the One True model of computability. It might be better to think of these as different ways to sharpen or model the intuitive notion (see Shapiro [2006a]).

However that may be, the convergence found in the case of computability is not typical. In most situations, there are different models, with different strengths and weaknesses. A mathematical model is a tool that is perspicuous, easy to work with, and easy to study. Of course, a model should also be “realistic” in that some of its features do correspond, more or less, to features of what it is a model of—logical aspects of natural languages in the present case. There should be a balance between simplicity and closeness of fit. With models generally, it is usually not a question of “getting it exactly right,” even if the purposes and aspects being modeled are kept fixed. For a given purpose, there may be bad models—models that are clearly incorrect—and there may be good models, but it is unlikely that one can speak of the “correct model.” There is almost always a gap between a model and what it is a model of. In most cases, one can make a model more “realistic” (i.e., more correct) at the cost of making it more cumbersome to work with and more difficult to study and use. This happens, for example, when volumes are added and friction is considered in models of physical systems.

It is not much of a stretch to think of the truth-functional connectives of classical logic as idealizing on, simplifying, and/or smoothing out their counterparts in natural language, much like the role of frictionless surfaces in modeling motion and the use of continuum mathematics in modeling interactions among large finite collections of molecules. Although the matter has been disputed, the presence of idealization/distortion seems especially compelling when it comes to the so-called material conditional of classical logic with respect to the various conditionals of natural language (see, for example, Maddy [2007, Part III, §§20–1]). As indicated by the wealth of work and the data uncovered in linguistics concerning words like “and,” “or,” and the quantifiers, the same goes for the rest of the logical terminology. The words do not usually work exactly the way their counterparts do in formal logics. Often, logicians are only interested in contexts in which the differences between truth-functional connectives and their natural language counterparts are, or at least seem to be, “negligible.” Arguably, mathematics is one such context.

The logic-as-model perspective leaves it open that some logic-models may be less idealized and more “realistic,” albeit more cumbersome, than others. Perhaps some relevance logics can be seen in this light. If so, then at least some of the “clash” between classical logic and various relevance logics is also at cross-purposes. These combatants may be focusing on different logic-models, each with various strengths and weaknesses. I won’t adjudicate in favor of or against any particular relevance logics here.

To conclude this section, the adoption of the logic-as-model perspective is, of course, controversial.
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 But once it is adopted, the further step to pluralism is to be expected, given the nature of mathematical models generally. Given the complex array of goals in modeling just about anything, there are likely to be different models that score approximately equally well on the various criteria, taken together. An advocate of logic-as-model can even maintain this pluralism while holding that the notion of logical consequence is univocal, and not a cluster concept—contra the perspective of §2 of this chapter.





6 Moving the Boundary between Logical and Non-logical Terminology


Let me repeat the list of intuitive notions of consequence from §2 (along with reminders that the list is not meant to be exhaustive, and that there may be items in the list that do not qualify as instances of logical consequence):


Modal:



(1) It is not possible for every member of Γ to be true and Φ false.

(2) Φ holds in every possible world in which every member of Γ holds.





Semantic:



(3) Φ holds in every interpretation of the language in which every member of Γ holds.

(4) The truth of the members of Γ guarantees the truth of Φ in virtue of the meanings of the terms.

(5) The truth of the members of Γ guarantees the truth of Φ in virtue of the meanings of a special collection of the terms, the “logical terminology.”

(6) There is no uniform substitution of the non-logical terminology that would render every member of Γ true and Φ false.

(7) The truth of the members of Γ guarantees the truth of Φ in virtue of the forms of the sentences (or propositions).





Epistemic:



(8) It is irrational to maintain that every member of Γ is true and to fail to maintain Φ.

(9) There is a deduction of Φ from Γ by a chain of legitimate, gap-free (self-evident) rules of inference.




The distinction between logical and non-logical terminology plays a central role in several of these notions. It is mentioned explicitly in two of the semantic notions, (5) and (6), and it is implicit on conceptions that invoke a notion of logical form, such as (7). On such notions, the logical terminology is what marks the form of a sentence or proposition, while the non-logical terms give its content. The (or a) form of “Harry is stupid or Alice is clever” is Sh∨Ca; the (or a) form of “All men are mortal” is ∀x(Mx→Tx).

Of course, some of the semantic notions of consequence, (3)–(4), do not invoke a logical/non-logical boundary at all, but, as noted earlier, those may not be notions of logical consequence, perhaps for that very reason. Indeed, those notions are not formal. The modal notions (1) and (2) do not directly invoke a logical/non-logical boundary either, unless the modality is to be understood in semantic terms, and then only if the semantic terms are along the lines of something like (5)–(7). John Etchemendy [1990, Chapter 9], who favors a modal conception of consequence, against the semantic ones, dubs the logical/non-logical distinction a “myth,” arguing that it has no role to play in proper logical study. This, however, is distinctly a minority view. The vast majority of logicians invoke the logical/non-logical distinction. Indeed, the idea that logic is formal goes back to the very beginnings of logical study, and was maintained by most ever since.

The logical/non-logical distinction is crucial to both model-theoretic and proof-theoretic studies, but in rather different ways. To a first approximation, in a given model theory, the meaning or semantic role of the logical terms remains fixed from interpretation to interpretation, while the extensions and, presumably, the meaning of each non-logical term varies. For example, in every interpretation, “&” always means “and.” More precisely, the contribution of an instance “&” to the truth (or satisfaction) conditions of a formula that contains it is fixed by the model-theoretic semantics itself. In contrast, in one interpretation, the extension of a non-logical monadic predicate M might be the collection of all male residents of Ohio, and in another interpretation, the extension of M might be the set of odd prime natural numbers. Clearly, if we can speak of meaning here, the meaning of the predicate letter M is different in the different interpretations.

In these terms, the quantifiers are a sort of mixed case. In typical model theories, the particle “∀” always means “all,” but its specific range varies from interpretation to interpretation. In one interpretation, it may mean “all residents of Ohio” and in another, it may mean “all natural numbers.” But it always means all-of-the-domain.

That is model theory. Within typical deductive systems, the axioms and rules concern the inferential roles of the logical terms. This is explicit in natural deduction and sequent calculi, where each logical term gets an introduction rule and an elimination rule. But the idea that axioms and rules concern the inferential roles of logical terminology holds in just about every deductive system intended for logic. Nothing special is specified for the non-logical schematic letters, other than their grammatical roles as constants, predicates, etc.

In most first-order model-theoretic and deductive systems, the non-logical terms are constants, predicates, and relation symbols. The logical terminology consists of the connectives: ¬,&,∨,→, and ≡ (or some subset of those), the quantifiers ∀,∃, and, sometimes, the sign for identity = (but, curiously, Enderton [1972] lists the quantifiers as among the non-logical terminology, since the domain varies from interpretation to interpretation).

One issue here is to determine what, if anything, the distinction between logical and non-logical terms amounts to. What is it that makes a given particle “logical,” other than an arbitrary implicit or explicit stipulation in a logic text? From the logic-as-model perspective, from the previous section, a corresponding question is this: Is the distinction between logical and non-logical terminology an artifact of the system, or does it represent something crucial about the notion of logical consequence? If the latter, then just what is represented by this distinction? Is there something about the natural language counterparts of words like “and,” “or,” and “for all” that distinguishes them as logical?

There is a substantial philosophical literature on the logical/non-logical boundary (e.g., Hacking [1979], Peacocke [1976], McCarthy [1981], Quine [1986], Tarski [1986], Sher [1991], Koslow [1992]).
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 Much of this work invokes notions like rationality, a priority, necessity, and formality, the very items that figure in some of the intuitive notions of logical consequence in our list. If there is more than one notion of logical consequence, or if the intuitive notion is something like a cluster concept, as proposed in §2, then some of this literature might be at cross-purposes with other parts of it. The different authors may be focusing on different notions of logical consequence, or else different aspects of the single notion. The semantic/formal conceptions of consequence seem to differ from the epistemic/deductive ones on the role played by logical and non-logical terms, and so they might differ on which terms are, or should be, on one side of the divide or the other.

Rather than deal with exegetical issues on this specialized literature, let us set aside the issues broached in the previous sections as much as possible. For the time being, the reader is invited to pick one of the notions of consequence, or one sufficiently determinate aspect of the intuitive notion, and focus on it. Of course, if the monist is correct and there is but one notion of consequence, then we are talking about it. Assume that the notion of consequence in play invokes a distinction between logical and non-logical terminology. A reader who holds that there just is no interesting or important distinction is invited to skip to the next section (or the next chapter).

Our question is whether there is a single, determinate logical/non-logical distinction for all of language, or for all of the realm of propositions, for the notion of consequence in question. In other words, does each sentence, or proposition, have only one logical form, or can it have several at once, depending on how one parses it for logical relations? Much of the aforementioned literature on the logical/non-logical boundary presupposes that there is but one distinction, and the various authors disagree over what it is, and perhaps also over which items fall on which side of it. Even Quine [1986, Chapter 5], who adopts a substitutional notion of consequence (or, actually, logical truth), along the lines of item (6) in our list, provides an extended argument that the symbol for identity is non-logical (and should be defined in terms of indiscernibility).

Other authors, however, do not think of the logical/non-logical boundary as fixed once and for all. Bolzano [1837] proposed a substitutional account of consequence, also roughly along the lines of item (6) in our list, but, unlike Quine, he took the notion of consequence to be relative to the choice of “variable” (i.e., non-logical) terms. One of Bolzano’s examples is this argument:


Caius is human, therefore Caius has an immortal soul.



Bolzano holds that any substitution for “Caius” in this argument that makes the premise true also makes the conclusion true (given his theological beliefs, of course). So if “Caius” is the only “variable” (non-logical) term in the argument, the conclusion follows from the premise (on that account of logical consequence, given the theology). If, however, “Caius,” “human,” and “has an immortal soul” are variable terms, then, of course, the conclusion does not follow from the premise, theology or no theology. “Jack is male, therefore Jack is a dog” is an obvious counter-argument (if Jack is in fact a person). The premise is true and the conclusion is false.

Bolzano distinguishes between arguments whose validity can be known by logic alone and arguments where it takes other knowledge (such as that of theology) to discern their validity, but he does not develop this very far. It is more of a passing comment. More importantly, Bolzano was skeptical of there being a single, clearly demarcated boundary between logical and non-logical items.

Alfred Tarski’s celebrated account of logical consequence also invokes a distinction between logical and non-logical terms, and, at that time, he joined Bolzano in despairing of making that distinction once and for all:


…no objective grounds are known to me which permit us to draw a sharp boundary between the two groups of terms. It seems to be possible to include among logical terms some which are usually regarded by logicians as extra-logical without running into consequences which stand in sharp contrast to ordinary usage…I also consider it quite possible that…we shall be compelled to regard such concepts as “logical consequence”…as relative…which must, on each occasion, be related to a definite, although in greater or less degree arbitrary, division of terms into logical and extra-logical. (Tarski [1935, 418–20], emphasis added)



Of course, the sense of “relative” here is the same as that in what I call “folk-relativism” in Chapter 1. Tarski did not put forward any semantic theses concerning the content of sentences containing the phrase “logical consequence.” The independent variable, to which consequence is relative, is a specific division of the terms into the logical and non-logical.

To be sure, Tarski did not hold that any boundary produces as good a notion of consequence as any other (contra Bolzano, perhaps):


This division is certainly not quite arbitrary. If, for example, we were to include among the extra-logical signs the implication sign, or the universal quantifier, then our definition of the concept of consequence would lead to results which obviously contradict common usage.



By “common usage” here, Tarski means the common usage of terms like “valid” and “logically follows.” To elaborate one of his examples, if the universal quantifier is taken to be non-logical (along with “men,” “mortal,” and “Socrates”), then “All men are mortal” does not entail “Socrates is mortal,” since we can substitute “some” for “all.” “Some men are Greek, therefore Barack Obama is Greek” is thus a counter-argument, since it has a true premise and a false conclusion.

Suppose that we make every term a logical term. Then, by Tarski’s definition, logical consequence becomes what we may call “material consequence”: Φ is a “consequence” of Γ if and only if either Φ is true or at least one member of Γ is false. If we go to the other extreme and make every term non-logical, then the notion completely degenerates: Φ is a “consequence” of Γ if and only if Φ is a member of Γ.

Nevertheless, as indicated in this passage, Tarski did seem to hold, at that time, that different logical/non-logical boundaries can yield reasonable explications of the notion of logical consequence. In a 1944 letter to Morton White (published in Tarski [1987]), he wrote:
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[W]e can consider…the possibility of several non-equivalent definitions of ‘logical terms’,…e.g., sometimes it seems to me convenient to include mathematical terms, like the ∈-relation, in the class of logical ones, and sometimes I prefer to restrict myself to terms of ‘elementary logic’. Is any problem involved here?



This Tarskian folk-relativism makes sense of at least some of the literature on (classical) logic. To start with an easy example, most texts distinguish first-order logic without identity from first-order logic with identity. In the latter, but not the former, the sign “=” for identity is logical. In the model theory for first-order logic with identity, it is stipulated that a sentence in the form a=b is true in a given interpretation just in case the denotation of a is identical to the denotation of b. In the deductive system, there are specific axioms or rules for this term (e.g., identity-introduction and identity-elimination rules). In first-order logic without identity, the “=” sign is treated as any other non-logical binary relation symbol.

In first-order logic with identity, then, the sentence (∃x)(∃y)(∀z)(z=x∨z=y) is true in a given interpretation just in case the domain has at most two members. This sentence, Da, Db, and ¬a=b thus entails (∀x)Dx. In first-order logic without identity, this conclusion does not follow from those premises. Indeed, let the domain be the natural numbers, interpret “x=y” as “x is congruent to y, mod 2” (i.e., either x and y are both even or they are both odd), interpret “Dx” as “x<10,” and let a be 1 and b be 0. I think it fair to say that most logicians do not worry about which of first-order logic with identity and first-logic without identity is really logic (Quine [1986] notwithstanding).
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A more controversial case is that of first-order logic versus second- and higher-order logic. In the model-theoretic semantics for second-order languages, one can think of so-called standard semantics as the insistence that the second-order quantifiers and the predication relation (between the items in the range of the first-order variables and items in the intended range of the second-order variables) as logical. So, in each interpretation, a sentence in the form ‘Pa’ is always interpreted as “a has P,” or “a is in the extension of P” and, if X is a monadic predicate variable, ‘∀X’ always means “for every property (or subset) X (of the domain).” To repeat the earlier quoted passage from Church [1956, 326n]:


It is true that the non-effective notion of consequence, as we have introduced it…presupposes a certain absolute notion of ALL propositional functions of individuals. But this is presupposed also in classical mathematics, especially classical analysis.



In contrast, with Henkin semantics, the higher-order quantifiers are treated as non-logical, since we specify a separate range for those variables in each interpretation, even after the range of the first-order variables is specified. With two-sorted first-order semantics, for the same formal languages, the predication relation is also non-logical (see Shapiro [1991, Chapter 4]).

Of course, as already noted, there is a substantial debate in the literature over whether second-order logic is really logic. But if logical consequence is indeed folk-relative to the logical/non-logical boundary, and if it is reasonable to include the predication relation and the higher-order quantifiers on either side of the divide, then there is no real disagreement between the camps. Both may be embracing a false presupposition that there is but one logical/non-logical boundary, and they fight over where it is, and, in particular, over whether the predication and the higher-order quantifiers fall on one side of it or the other.

The industry of model-theoretic logics can also be understood in terms of a variable logical/non-logical boundary. For example, in ω-logic, there is a designated sort of variable, along with some relations (such as “<”) on the objects in the range of this variable. It is required that, in each interpretation, the items in the range of the designated variable be isomorphic to the natural numbers (under the indicated relations). It is natural to think of ω-logic as having the variables that range over (a domain isomorphic to the) natural numbers and the special terminology for that domain as logical. Other systems have quantifiers like “for infinitely many x” and “for uncountably many x,” as logical operators. The list is (almost) endless (see Barwise and Feferman [1985] for a once-comprehensive study, or Shapiro [1991, Chapter 9] and Shapiro [2001], for some philosophically relevant examples).

If, as urged here, logical consequence is relative to the logical/non-logical boundary, then at least some of these are logical studies, and there is no point to arguing all, or all but one, fail to qualify for this or that reason. Of course, as Tarski noted, it does not follow that any boundary is as good as any other, nor does it follow that all of these logics conform to every intuitive feature of the intuitive notion, or notions, of consequence.
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7 Vagueness


Let us continue to focus on one fixed, but unspecified notion of logical consequence, or one fixed, but unspecified aspect of the intuitive notion. Not to beg any questions, if there is but One True notion of consequence, then we focus on it. The next question on our agenda is whether the focused-on notion of logical consequence is vague. To be clear, we are focusing on a single notion of consequence and asking whether it is vague. Readers not interested in this are invited to skip this section.

There is not much consensus in the literature concerning just what the phenomenon of vagueness is, let alone on what the correct account is. For the sake of discussion, let us just assume that the vagueness of a predicate or relation consists in the presence of borderline cases. We’ll forgo an analysis of “borderline,” and not worry about over-generation or under-generation of “vagueness.” And we will not insist on there being a sorites series involving the predicate.
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For logical consequence to be vague, then, we’d need at least one borderline case of a valid argument. To have an example to discuss, let us just assume that the law of excluded middle is a borderline case of a logical truth (contra Cook [2005]) and that the ill-named principle of ex falso quodlibet is a borderline case of a valid argument form (also contra Cook [2005]).

Whether this leads to a form of folk-relativism or a form of pluralism depends on what the correct account of vagueness is. Of course, this is not the place to adjudicate that (see Shapiro [2006]). Instead, we’ll briefly note how the present questions concerning pluralism and relativism play out on the major contenders.

First, the epistemicist holds that each vague predicate has a sharp extension, but we do not and, indeed, cannot know whether its borderline cases are in it or not (e.g., Williamson [1994], Sorensen [2001]). So if Karl is borderline bald, then either he is bald or he isn’t, but we cannot know which. In the present case, then, the epistemicist would hold that there is a determinate fact of the matter as to whether excluded middle is a logical truth and whether ex falso quodlibet is a valid form. But if those are borderline cases, as assumed here, then we cannot know whether excluded middle is a logical truth, nor can we know whether ex falso quodlibet is valid.

So, for the epistemicist about vagueness, there is no pluralism and no relativism (in this direction). At most one of classical logic, intuitionistic logic, and the various relevance logics is correct. In a spirit of tolerance, our epistemicist logician may encourage the development of all of the systems since, for all we know (and all we can know), one of them may be correct, but this is neither pluralism nor relativism. The combination of views also has the unpleasant consequence that we cannot know which system of logic is correct, and so logic is not the most certain of the sciences. But, for the epistemicist, such is vagueness.

A second account of vagueness is a degree theory, sometimes called a many-valued approach. The idea is that statements of borderline cases get intermediate truth-values, usually real numbers between 0 and 1 (Edgington [1997], Machina [1976]). If Karl is borderline bald, but close to being bald, then the sentence “Karl is bald” might be true to degree. 8. If Seymour is borderline bald, but somewhat less bald than Karl, the sentence “Seymour is bald” may be true to degree. 3.


So suppose that the sentence “excluded middle is a logical truth” is true to degree. 5. More generally, suppose that classical logic is correct (for the notion of consequence in question) to degree. 5, since it sanctions something (namely excluded middle) that is not quite fully valid. And suppose that intuitionistic logic is also correct to degree. 5, since it rejects something (namely excluded middle) which is not quite fully invalid. And suppose that no other system of logic can get a truth-degree higher than that. This combination of views—that logical consequence is vague, that a degree theory is correct for vagueness, and the specific degrees suggested—would be a nuanced pluralism concerning logic. There would be at least two rival systems that are equally correct, neither better than the other, and none better than those two.
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Supervaluationist accounts of vagueness make use of precisifications, or sharpenings, of a vague language. These are interpretations consistent with the clear cases of vague predicates, and also with penumbral connections between them. For example, in a precisification of ordinary language, properly regimented, every clearly bald man is in the extension of “bald,” and every clearly non-bald man is in the anti-extension of “bald.” And if one borderline bald man is more bald than another, and if the first is in the extension of “bald” in the precisification, then so is the second.

A sentence is said to be super-true if it is true in every acceptable precisification of the language; a sentence is super-false if it is false in every acceptable precisification of the language; and a sentence is indeterminate otherwise. So, for example, if Karl is borderline bald, then “Karl is bald” is indeterminate, while “it is not the case that Karl is bald and Karl is not bald” is super-true. The mantra of supervaluationism is that truth is super-truth (Fine [1975], Keefe [2000]).

So, continuing our assumptions concerning logic, and the specific borderline cases, the supervaluationist would hold that “excluded middle is a logical truth” is indeterminate, as is “ex falso quodlibet is a valid argument form.” Presumably, it is super-true that &-elimination is valid, and it is super-true that the fallacy of affirming the consequent is invalid. From the supervaluationist perspective, then, there is no pluralism, nor is there any folk-relativism, at least not on the score of vagueness. Instead, the supervaluationist holds that the single notion of logical consequence in question has some indeterminacy here and there. But, for all the supervaluationist holds, it is a single notion of logical consequence.

It is generally agreed that vague predicates are context-sensitive, due to things like comparison class, paradigm cases, and contrasting cases. A person can be short with respect to professional basketball players, and not short, or even tall, with respect to advertisers. Advocates of a fourth range of views propose a further context-sensitivity, holding that the extensions of vague predicates shift from context to context, even when things like comparison class, paradigm cases, and contrasting cases are held fixed. If Karl is borderline bald, then the sentence “Karl is bald” is true in some conversational contexts and false in others (Shapiro [2006], Soames [1999, Chapter 7], Raffman [1994], [1996], Graff [2000], [2001]).

On these extension-shifting views, all vague predicates exhibit a sort of folk-relativism, at least for their borderline cases. There is no such thing as simply being tall (or even tall-for-an-advertiser). If Karl is borderline tall, then, in order to get a truth-value for a statement that Karl is tall, one must explicitly or implicitly indicate something else, usually something from the context of utterance. Of course, the particular things one must indicate are different on the different extension-shifting accounts of vagueness. For some, the extension of a vague predicate, in context, is determined by the psychological state of the speaker (Raffman [1994], [1996]); for others it is determined by the interests of the speaker (Graff [2000], [2001]), and for yet others it is determined by what is on the conversational score (Shapiro [2006]). This does not exhaust the possibilities.

For logic, and continuing the foregoing assumptions, an advocate of one of the present, extension-shifting views would hold that excluded middle is a logical truth in some conversational contexts and not in others, and that ex falso quodlibet is valid in some conversational contexts and not in others. Generally, classical logic is correct in some contexts, incorrect in others. The same might go for intuitionistic logic and various relevance logics.

The upshot, then, is that on the extension-shifting views of vagueness, there is a sort of folk-relativism concerning logic. On this combination of views, the extension of “logical consequence” is relative to contextual factors present or absent in each of the relevant kind of conversational context. Some argument forms are valid on all contexts, and some are invalid in all contexts. Those are the clear cases. But some argument forms are valid in some and not in others. It is, of course, up for grabs what counts as a conversational context here, but mathematical theories and deductions might count. We will have more to say about such things in subsequent chapters, as they bear on questions of folk-relativism. This perspective will prove helpful later, in articulating various themes. This is especially so concerning matters of meaning in Chapters 4 and 5.

To summarize, on some of the extension-shifting views, vague terms are like indexicals (in some ways), in that their content varies in the different contexts of use (Soames [1999]). Other extension-shifting views have it that the content is always the same, at least provided that the comparison class, paradigm cases, and contrasting cases are held fixed. This would yield what MacFarlane [2009], [2014] calls non-indexical contextualism or assessment-sensitive relativism.

Similar issues concerning the content of expressions like “logical consequence” and “valid” will occupy us later. Such questions are, of course, independent of the issues concerning vagueness, and the question of whether logical consequence and validity are vague. Prima facie, questions concerning the content of “logical consequence” and “valid” are bound up with questions concerning the content of the basic logical terms themselves, expressions like “or,” “and,” and “for all,” perhaps restricting attention to deductive arguments in mathematics and science.

This short tour does not exhaust the views on vagueness, but I think it is enough to show that whether vagueness produces a relativism or pluralism concerning logic cannot be decided without first settling what the correct account of vagueness is. If there is some sort of relativism or pluralism on that question, we will get a sort of meta-relativism or meta-pluralism concerning logical consequence.


Our next order of business is to present and argue for a more general sort of folk-relativism. The idea is that logical consequence is relative to structure. There are classical structures, intuitionistic structures, and perhaps others. If we think of a structure, or a theory that studies a structure, as a context, then this sort of folk-relativism is of a piece with the one broached just above, concerning extension-shifting accounts of vagueness, such as my own (see Shapiro [2006]).






1

 Validity and logical consequence are closely related: an argument is valid just in case its conclusion is a logical consequence of its premises. Some of this chapter is based on, and extends, Shapiro [2011].




2

 Thanks to an anonymous referee for raising this matter, and that of the other preliminary, concerning arity. Gillian Russell [2008] points out that if we focus on sentences that contain indexicals, we get a notion of consequence different from that treated in typical logic texts. Her view is a kind of folk-relativism: logical consequence is relative to a choice of truth-bearers.




3

 According to Alberto Coffa [1991], a main item on philosophy’s agenda through the nineteenth century was to account for the necessity and a priority of logic and mathematics without invoking Kantian intuition. Coffa argues that the most successful line on this is what he calls the “semantic tradition,” that culminated in the Vienna Circle. The key idea is that the necessities in question lie in the meanings of the terms used in mathematics and logic.
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 Thanks to John Corcoran here.
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 In the next section, we consider (and, to a large extent, endorse) Beall and Restall’s [2006] thesis that there is pluralism even concerning model-theoretic consequence. That is because there is more than one sort of model that can be used in developing a model theory.
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 The sketch indicates that the “relevance” logic endorsed by Beall and Restall is First Degree Entailment.
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 Restall [2014] articulates a different, but closely related pluralism that turns on proof-theoretic considerations. However, the only logics sanctioned in the proof-theoretic pluralism are classical, intuitionistic, and one called “dual intuitionistic” (obtained via sequent calculus by restricting sequents to those with at most one premise). Restall only considers formal languages. Presumably, natural languages are included to the extent that the semantics of the logical terminology is given via a sequent calculus.
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 Beth semantics can also fit the Beall and Restall Generalized Tarski Thesis, but I do not know if that instance is “admissible.” The following considerations against Kripke structures apply to Beth semantics.
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 Of course, the more usual route is to have function symbol for successor. I use a relation symbol here instead, so that we can make the existence assumptions explicit.
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 This is developed, in some detail, starting in the next chapter of this book. Beall and Restall presumably have the option of “weakly endorsing” intuitionistic theories, in roughly the same sense that they have a dialetheist or an anti-realist weakly endorsing classical logic.
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 In fact, typical dialetheists agree that contradictions are impossible. They just add that, in addition, some contradictions are also possible and, indeed, true.




12

 Field’s technical result does not apply to some sub-structural logics (that don’t have weakening or contraction) and it does not apply to some logics in which the consequence relation is not transitive. Field does acknowledge the value of model-theoretic semantics. In particular, model theory can provide a useful mathematical model of validity (in line with the perspective in the next section). I presume that a similar attitude toward model theory is available to Bueno and Shalkowski. In both cases, we’d need some account of why it is that the model theory is a good approximation to validity, at least in a broad range of cases. What is it that the indicated model theory is getting right (if not the necessary preservation of truth)? Field, at least, attempts to provide answers to these questions.
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 See also Cook [2002], [2005], [2010]. The last of these connects the logic-as-model approach to pluralism about logic, along foregoing lines.
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 See, for example, Smith [2012], for some misgivings. The logic-as-model perspective can also be used as a sort of cop-out, to avoid answering difficult questions. Suppose, for example, that somebody points out an apparent difference between the inferential behavior of the material conditional and the conditionals in natural language. A logician might just shrug her shoulders, noting that the material conditional is a sort of idealization; noting that it can’t be expected to get everything right. In some contexts, this seems fair, but a reference to a more accurate theory would be better. Thanks to Edwin Mares here.
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 MacFarlane [2005a] is an excellent presentation of the issues.
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 Tarski [1986] later proposed that logical terms are those whose extensions are invariant under all permutations of the domain. That, it seems, would eliminate, or at least severely restrict the foregoing folk-relativism concerning logical consequence. Even in [1986], however, Tarski noted that one can think of the symbol for membership as a non-logical primitive in set theory, which would make it non-logical, or else one can interpret it in terms of type theory, in which case it passes the test for being logical.
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 As with an analogous matter that came up in §3, this conclusion makes just about every classical logician a folk-relativist. This does not trivialize the present claims, however. The more important matters are the more controversial cases, those that involve non-classical logics, higher-order logic, etc.
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 Achille Varzi [2002] develops a pluralism/relativism along the lines of this section. It is supported with a detailed account of the semantics of formal languages, generalizing the ordinary model-theoretic account that occurs in logic texts.




19

 There are uncountably many logics that lie strictly between classical, first-order logic and intuitionistic, first-order logic. After making some admittedly controversial assumptions, Roy Cook [2005, §8] constructs a sorites series of logical systems that go from intuitionistic logic (which, Cook holds, sanctions only valid argument forms) to a logic that sanctions what he takes to be a clearly invalid form (excluded middle). Maybe we can think of the differences between nearby items in the series as sufficiently small, however one would measure those things. For that to be a sorites series, however, we’d have to agree that one end of the series is a clear case of logic and the other end is a clear case of non-logic. That, of course, would beg all of the interesting questions.
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 One might think that if logical consequence is indeed vague, and if degree-theory is the correct account of vagueness, then any correct consequence relation will itself have a degree-theoretic semantics. Nevertheless, a theorist might be interested in the proper logic for discourses which are not vague, such as those of mathematics. On the present view, vagueness would show up in the meta-theory, where we try to give an account of logical consequence. Something analogous would hold for super-valuationist accounts. Thanks to Alexander Paseau.
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 Structure


An Eclectic Perspective





Let us quickly review some of the terminological matters, from Chapter 1. The first and, for now, central notion is what Crispin Wright [2008, 158] calls folk-relativism. The slogan behind folk-relativism for a given predicate Φ is “There is no such thing as simply being Φ.” Suppose, for example, that Φ is (apparently) monadic. Then, in order to get a truth-value for a statement in the form “a is Φ,” one must explicitly or implicitly indicate a value for something else, sometimes called a parameter. For example, according to special and general relativity, expressions like “simultaneity,” “before,” and “the same length as” are all relative in this folk sense. To get a truth-value for a statement in the form “a occurred before b,” for given events a and b, one needs to indicate a frame of reference.

A claim of folk-relativism will typically come via an instance of what Chris Swoyer [2003] calls the “general relativistic schema”:


(GRS) Y is relative to X.


In other words, to develop a relativistic thesis, one first specifies what one is talking about, the “dependent variable” Y, and one then specifies what that is alleged to be relative to, the “independent variable,” or parameter X.

Folk-relativism, by itself, does not have any specific conclusions concerning the semantics of the terms or the metaphysics of the concepts or properties involved. Once a folk-relativism about a given term, or batch of terms, is established (or adopted), one can go on to develop various semantic theses concerning the terms in question. Options include varieties of (indexical) contextualism, non-indexical contextualism, assessment-sensitivity relativism, expressivism, and error theories. And one can develop a metaphysics to suit this semantics, or, if one prefers, one can settle on the metaphysics first and then develop a semantics to suit that. We will not broach such issues in this chapter. Our focus is on a simple, perhaps crude, folk-relativism for logic, at least as a first approximation. I argue here that, in mathematics at least, validity and logical consequence are relative to structure.

Eventually issues concerning the meaning of terms like “consequence” and “valid” and, indeed, the meaning of the logical terminology itself—words like “or,” “and” (when used to connect sentences), “if…then” (in some uses), “for all,” and “there is”—will come to the fore. The same goes for the metaphysical nature of the relation of validity (if there is such a thing). Such matters determine the sort of relativism or contextualism that is appropriate, and, indeed, they determine whether there is, in the end, any contextualism or relativism at all, in some stricter sense of relativism. For now, however, issues of meaning and metaphysics are a distraction and threaten to move the focus away from what I take to be the central issue.

As shall emerge, there are different and seemingly incompatible ways to express the thesis of this chapter, depending on how the underlying questions of meaning (and metaphysics) are resolved. So, for the present, I must ask the reader’s indulgence.


Pluralism about a given subject is the view that different accounts of the subject are equally correct, equally good, equally legitimate, or perhaps even equally true. Typically, folk-relativism can give rise to pluralism. All it takes is that at least some instances of the “independent variable,” the parameter, correspond to legitimate “accounts” of the dependent variable. For example, folk-relativism about etiquette can be construed as a pluralism about etiquette, provided that one thinks of good manners in, say, various regions, as equally good “accounts” of etiquette. The prevailing folk-relativism concerning simultaneity would also yield a kind of pluralism, if we somehow think of different reference frames as providing different “accounts” of simultaneity, temporal duration, and length. I do not take much to turn on this.

Finally, a monist about a given subject is someone who rejects both relativism and pluralism for that subject. So a monist about logic holds that there is only one correct account of logical consequence and validity. She insists that there is but One True Logic, with a single extension, that holds in all rational discourses whatsoever. Perhaps the most neutral way to articulate the general thesis of this chapter is as a rejection of monism concerning logic. However, as will be seen in the next chapter, even that cannot be maintained independent of substantial theses concerning the meaning of the logical terms. Enough preliminary hedging.




1 An Algebraic Perspective


Since at least the last decades of the nineteenth century, there has been a trend in mathematics that, roughly, any consistent axiomatization characterizes a structure, something at least potentially worthy of mathematical study. With characteristic wit, Alberto Coffa [1986, 8] noted that the emergence of a wealth of non-Euclidean geometries posed a problem for some traditional views about mathematics:


During the second half of the nineteenth century, through a process still awaiting explanation, the community of geometers reached the conclusion that all geometries were here to stay…[T]his had all the appearance of being the first time that a community of scientists had agreed to accept in a not-merely-provisory way all the members of a set of mutually inconsistent theories about a certain domain…It was now up to philosophers…to make epistemological sense of the mathematicians’ attitude toward geometry…The challenge was a difficult test for philosophers, a test which (sad to say) they all failed…



In broad terms, the mathematical pursuit of geometry was being divorced from matters of spatial intuition and, indeed, from a concern with (physical or perceived) space at all. Geometry was becoming the science of certain structures (see Shapiro [1997, Chapter 5]).

The culmination of the trend was David Hilbert’s celebrated Grundlagen der Geometrie [1899]. That book provides what we may call implicit definitions of geometric structures, in the sense that each structure is defined solely in terms of certain relations that the primitive terms have to each other. The early pages contain phrases like “the axioms of this group define the idea expressed by the word ‘between’…” and “the axioms of this group define the notion of congruence or motion.” The idea is summed up as follows:


We think of…points, straight lines, and planes as having certain mutual relations, which we indicate by means of such words as “are situated”, “between”, “parallel”, “congruent”, “continuous”, etc. The complete and exact description of these relations follows as a consequence of the axioms of geometry.



Hilbert also says that the axioms express “certain related fundamental facts of our intuition,” but in the book, all that remains of this intuitive content is the use of words like “point,” “line,” etc., and the diagrams that accompany some of the theorems.

In a retrospective article, Hilbert’s protégé Paul Bernays [1967, 497] summed up the aims of the new geometry:


A main feature of Hilbert’s axiomatization of geometry is that the axiomatic method is presented and practiced in the spirit of the abstract conception of mathematics that arose at the end of the nineteenth century and which has generally been adopted in modern mathematics. It consists in abstracting from the intuitive meaning of the terms…and in understanding the assertions (theorems) of the axiomatized theory in a hypothetical sense, that is, as holding true for any interpretation…for which the axioms are satisfied. Thus, an axiom system is regarded not as a system of statements about a subject matter but as a system of conditions for what might be called a relational structure…[On] this conception of axiomatics,…it is insisted that in reasoning we should rely only on those properties of a figure that either are explicitly assumed or follow logically from the assumptions and axioms.



To summarize, on the emerging conception, the axioms of a theory are not to be understood as self-evident truths about an intuitive or pre-theoretic subject matter, but instead as implicit definitions that characterize a structure. Note the explicit role of logic in Bernays’s characterization. We study the logical consequences of axioms that characterize the structure.

As part of this program, Hilbert [1899] provided (relative) consistency proofs for his axiomatization, as well as a number of independence proofs, showing that various combinations of propositions are consistent. In a much-studied correspondence, Gottlob Frege claimed that there is never a serious need to worry about the consistency of the axioms of geometry, since the axioms are all true (presumably of space).
1
 Hilbert replied:


…As long as I have been thinking, writing and lecturing on these things, I have been saying the exact reverse: if the arbitrarily given axioms do not contradict each other with all their consequences, then they are true and the things defined by them exist. This is for me the criterion of truth and existence.



The slogan, then, is that consistency implies existence. The exegetical trick is to articulate senses of “consistency” and “existence” in such a way that this slogan makes sense. I won’t attempt that here.
2




It seems clear, at least by now, that, however it is to be understood, the Hilbertian approach applies to large swatches of mathematics, if not the bulk of it or even all of it.
3
 Consistency, or some mathematical explication thereof, like satisfiability in set theory, is the only formal criterion for legitimacy—for existence if you will. One might dismiss a proposed area of mathematical study as uninteresting, or inelegant, or unfruitful, but if it is consistent, or satisfiable, then there is no further metaphysical hoop the proposed theory must jump through before being legitimate mathematics.

But what of consistency? Is that a univocal notion? For present purposes, the crucial, if trite, observation is that consistency is a matter of logic. In a sense, consistency is relative to logic: a given theory may be consistent with respect to one logic, and inconsistent with respect to another. In general, the weaker the logic, the more theories that are consistent, and thus legitimate from the Hilbertian perspective. So a relativism or pluralism concerning logic would result in a relativism or pluralism concerning mathematics itself. That is the present agenda. This relativism/pluralism may extend beyond mathematics to science and everyday life, if some of the structures in question find application.




2 Intuitionistic Structures


There are a number of interesting and, I think, fruitful theories that invoke intuitionistic logic, and are rendered inconsistent if excluded middle is added. For one of these, begin with ordinary, first-order Peano arithmetic, but with intuitionistic logic as the background. This theory, called HA (for “Heyting arithmetic”), is just a sub-theory of classical first-order arithmetic, sometimes called Peano arithmetic. But now we can consistently add an intuitionistic version of Church’s thesis to the theory.

On the common, so-called Brouwer-Heyting-Kolmogorov (BHK) reading of the intuitionistic quantifiers, traced to Heyting [1930], an arithmetic formula in the form


[image: image]



is interpreted as: “Given any natural number m, one can find a unique natural number n such that Φ(m,n).”
4
 This is naturally read as a statement that given any m, one can effectively compute a unique n such that Φ(m,n). Given this reading, Church’s thesis entails that if (∀x)(∃!y)Φ(x,y), then there is a recursive function that computes the output y from the input x. This last can be expressed, in the object language (of first-order arithmetic), in the usual way. Let T(m,n,p) say that p is the code of a complete computation of the Turing machine with code m when it starts with input n; and if p is the code of a complete Turing machine computation, then let U(p) be its output.
5
 Both T and U are primitive recursive, and so are expressible in the language of arithmetic.

Intuitionistic Church’s thesis is the scheme:


[image: image]


one instance for each formula Φ that does not contain e free.

For the intuitionist, a function just is a computable correspondence between numbers, where each argument has exactly one value under the computation. In a sense, then, the intuitionist holds that all number-theoretic functions are computable. In this context, Church’s thesis intuitively says that all (total) functions on natural numbers are (total) recursive. Of course, in the first-order setting, we do not have variables ranging over functions. We simulate talk of functions with a scheme; (CT) is the result.

Let (HA+CT) be Heyting arithmetic augmented with each instance of (CT). It is well-known that (HA+CT) is consistent, as shown by standard realizability techniques (beginning with Kleene [1945]). Moreover, (CT) is inconsistent with ordinary classical Peano arithmetic (PA). Consider the following formula:


[image: image]



In words, α(x,y) says that either y=1 and the Turing machine with code x halts when given x as input, or else y=0 and the Turing machine with code x fails to halt when given x as input. With excluded middle, it follows that for each x either (∃z)T(x,x,z) or ¬(∃z)T(x,x,z)—either that Turing machine, with that input, halts or it doesn’t. So, PA⊢(∀x)(∃!y)α(x,y). So with the relevant instance of (CT), we would have that there is a recursive function whose value is 1 on input n if and only if the Turing machine coded by n halts on n. But it is also a theorem of (HA), and thus (PA), that there is no such recursive function: the self-halting problem is not recursive. So (CT) is inconsistent with (PA).

Notice, incidentally, that it follows from (HA+CT) that ¬(∀x)(∃!y)α(x,y). So (HA+CT) has a consequence that is classically false. Indeed, (HA+CT) has a consequence that is classically logically false: ¬(∀x)[(∃z)T(x,x,z) ∨ ¬(∃z)T(x,x,z)], which is an instance of ¬(∀x)(Φ(x)∨¬Φ(x)). Of course, this is to be expected, since (PA) plus (CT) is inconsistent.
6



Although my own impressions carry little philosophical weight, it does seem to me that (HA+CT) is a perfectly good mathematical theory. More substantially, (HA+CT) has been well-studied by mathematicians, of all logical persuasions, and I presume that they would recognize their subject when they see it. Of course, some of those mathematicians adopt a more hypothetical spirit, exploring the consequences of the theory, rather than adopting it directly. Strictly speaking, however, one cannot even do that if one is serious about classical logic being the One True Logic. For this monist, every sentence is a consequence of this theory.

I might add that there may be interesting applications of (HA+CT) to psychology, cognitive science, and perhaps also in computer science (see, for example, McCarty [1987]). It thus seems dogmatic to dismiss the theory as incoherent because of loyalty to monism and classical logic.

Of course, one can accept the legitimacy of (HA+CT) and still be a logical monist, if one holds that intuitionistic logic, or something weaker, is the One True Logic. We return to that option, more than once (see §4, and the next chapter).

Our second example is intuitionistic analysis (as opposed to Errett Bishop’s [1967] constructive analysis, see note 6). The intuitionist can follow her classical counterpart, and think of a real number as a Cauchy sequence of rational numbers (or, better, an analog of an equivalence class of Cauchy sequences of rational numbers). However, she parts company with the classicist by insisting that such sequences are potential infinities, not actual infinities. For the intuitionist, a sequence is a process for generating its elements. One can extend a given sequence as far as one wishes—indefinitely—but one never has the entire output of the sequence at once, so to speak. So no theorem about the sequence (and thus the corresponding real number) can depend on this entire output. More precisely, for the intuitionist, anything we can say about a given real number has to be based on a finite amount of information about it.

Let s be a sequence, and, for each natural number n, let sn
 be the nth element of s. Recall that a sequence s of rational numbers is Cauchy if, for every rational number ε>0, there is a natural number N, such that for all n,m>N, sn
 and sm
 are within ε of each other: ∣sn
−sm
∣<ε. The intuitionist, of course, insists on a constructive reading of this definition. In particular, the sequence is Cauchy just in case for each rational number ε>0, one can compute a natural number N such that, after N, all members of the sequence are within ε of each other.

The conception of the real numbers, as flowing from potentially infinite Cauchy sequences, construed constructively, has consequences that are inconsistent with classical real analysis. One prime example is Brouwer’s theorem, that all real-valued functions (defined on a closed interval) are (uniformly) continuous.
7




Let f be a function on real numbers and let a be any real number. Then, as noted, both a and fa are potentially infinite Cauchy sequences. Think about the relationship between a and fa, from the perspective of an intuitionist. Let ε>0 be a rational number, and suppose that we wish to enumerate the sequence corresponding to fa sufficiently far so that all subsequent values are within ε of each other. That is, we wish to find the value N for fa, for this ε. Since we never have the entire range—the entire sequence—of the argument a, so to speak, our task has to be concluded on the basis of a finite amount of information I about a. So we would have to give the same answer to our question when given any real number for which this same information I holds. That is, if the given finite information I holds of any real number aʹ, then in enumerating faʹ to within ε, we would give the same response as we do for fa.

To speak (very) roughly, in the worst cases, a finite amount of information about a Cauchy sequence can only “estimate” the real number to within a certain bound δ>0. So we have that if our real numbers a and aʹ are within δ of each other, then fa and faʹ will be within ε of each other. In other words, f is continuous.

To be sure, this argument oversimplifies. More accurately, it puts a lot of weight on the “worst cases” clause in the first sentence of the previous paragraph. We might be given a rule for the enumeration of the members of the input sequence a. The rule itself might be formulated with only finite resources, and, at least in some cases, we can see from the rule what all of the values of the entire sequence are. Consider, for example, the rule stating that for each n, sn
=0. Clearly, we do know, based on the given information, that this sequence converges to 0. But we do not have similar information for every such Cauchy sequence.

The foregoing argument does work, as stated, for free-choice sequences, which Brouwer introduced later in his career, in part to shore up the argument against excluded middle. Any finite amount of information about a given free choice sequence s only determines the values of s to within some bound.
8
 So, if a is a choice sequence and I is any finite amount of information about a, then there is a rational number δ such that if aʹ is any choice sequence such that ∣a-aʹ∣<δ, then I also holds of aʹ.

If the law of excluded middle is added to intuitionistic analysis, then it is straightforward to define discontinuous functions. For example, it follows from excluded middle that for each real number a, either a converges to a positive number or a does not converge to a positive number. So let fa=1 if a converges to a positive number, and let fa=0 if not.

So, like (HA+CT), intuitionistic analysis is inconsistent with excluded middle, and so would be dismissed as incoherent by a monist who accepts classical logic as the One True Logic. But, as with (HA+CT), intuitionistic analysis seems like a decent mathematical theory, well in line with the Hilbertian perspective. Work on intuitionistic analysis appears in the best mathematical journals.
9
 And, like (HA+CT), this theory also has the potential for application. Intuitionistic analysis is a good place to look to explicate the traditional notion of potential infinity. That may prove helpful in explicating processes, such as that of linguistic competence, that have no bound, but yet are presumably not actually infinite. If those notions are not to be ruled out as incoherent, then we have another reason to sanction this theory, beyond that provided by the Hilbertian perspective alone.

Our third example is Kock-Lawvere’s smooth infinitesimal analysis, and its richer cousin, synthetic differential geometry (see, for example, John Bell [1998]). These are lovely theories of infinitesimals, but very different from the more usual Robinson-style non-standard analysis (which makes heavy use of classical logic). They are also very different from intuitionistic analysis.

Begin with the axioms for a field, and let Δ be the collection of “nilsquares,” numbers r such that r
2=0. In any field, we have that if 
r≠0 then r
2≠0, and so if r≠0 then r is not a nilsquare. So, with classical logic, we have that if r
2=0 then r=0. In other words, in any classical field (i.e., any field where the underlying logic is classical), 0 is the only nilsquare. I might add that in intuitionistic analysis, as sketched just above, it is easy to show that if the squares of the members of a sequence s converge to zero, then so does s itself. This is a routine exercise, and does not invoke excluded middle. So, in intuitionistic analysis, we also have that if r
2=0 then r=0. So 0 is the only nilsquare in intuitionistic analysis as well.

But 0 is not the only nilsquare in smooth infinitesimal analysis. Among the new axioms to be added, the most interesting is the principle of micro-affineness. One consequence of this axiom is that every function is linear on the nilsquares:

Let f be a function and x a number, then there is a unique number d such that for any nilsquare α, f(x+α)=fx+dα.

This d is the derivative of f at x. As Bell [1998] puts it, the nilsquares Δ form an infinitesimal region that is long enough to have an orientation (or slope), but too short to be bent.
10



It follows from the principle of micro-affineness that 0 is not the only nilsquare:


[image: image]


Otherwise, the value d would not be unique, for any function. But it also follows that there are no nilsquares other than 0, or, in other words, it follows that no nilsquare is distinct from 0:


[image: image]


One way to see this is to note that a nilsquare cannot have a multiplicative inverse. Indeed, suppose that αα-1=1. Then α(αα-1)=α. So α2α-1=α and so 0=α. But then we’d have 0α-1=1, or 0=1. Recall that in a field, every element distinct from zero has a multiplicative inverse. Since no nilsquare can have such an inverse, no nilsquare is distinct from zero.


Of course, we would be led to contradiction if we also had ∀x(x=0∨x≠0), that every number is either identical to zero or distinct from it. So smooth infinitesimal analysis is inconsistent with classical logic. In intuitionistic logic, however, it does not follow from the fact that no nilsquare is distinct from zero that all nilsquares are identical to zero. To put it starkly, we have that 0 is not the only nilsquare, but we also have that there aren’t any nilsquares other than 0. Part of getting comfortable with intuitionistic logic is the ability to see such pronouncements as consistent with each other (in the operative sense of “consistent”).

Smooth infinitesimal analysis is an elegant theory of infinitesimals, showing that at least some of the prejudice (if that is the right word) against infinitesimals can be traced to the use of classical logic—Robinson-style-non-standard analysis notwithstanding. Bell shows how smooth infinitesimal analysis captures a number of intuitions about continuity, many of which are violated in the classical theory of the reals (and in non-standard analysis). Some of these intuitions have been articulated, and maintained, throughout the history of philosophy and science, going back at least to Aristotle. To take one simple example, a number of mathematicians and philosophers held that a continuous substance is somehow unified, or viscous. A continuum is indecomposable, in that it cannot be divided into two parts with nothing left over. This holds in smooth infinitesimal analysis (and also in intuitionistic analysis), but not, of course, in classical analysis.
11



However, the classical theory of the real numbers does recapitulate at least one intuitive feature of continuity that neither intuitionistic analysis nor smooth infinitesimal analysis does, namely the intermediate value theorem (although both intuitionistic theories can establish the theorem for functions definable by Euclidean constructions). The theorem is that if a continuous function f goes from below the x-axis to above the x-axis, then it must cross the x-axis: there is a real number r such that fr=0. Perhaps the proper conclusion is that the notions of continuity and the continuum are cluster-concepts or family-resemblance concepts that can be sharpened in various ways.
12
 What is interesting for present purposes is that some of these sharpenings are inconsistent with others, and that some require a non-classical logic.

In any case, I submit that here, too, we have an interesting field with the look and feel of mathematics. It has attracted the attention of mainstream mathematicians, and it seems to be useful in articulating and developing at least some conceptions of the continuum. So one would think smooth infinitesimal analysis should count as mathematics, despite its reliance on intuitionistic logic (see also Hellman [2006]).




3 Logic Translation?


There is a well-known “translation” from any language governed by intuitionistic logic to a corresponding classical language augmented with a modal operator. The propositional fragment of the translation originated with Kurt Gödel [1933], and was developed by J. C. C. McKinsey and Alfred Tarski [1948]. It readily extends to the full, quantificational languages. This may allow a classical monist to interpret the intuitionistic theories, and thus accept them, in some sense of “accept.”
13
 Let us see how plausible that is in the present cases.

For each formula Φ of a base, intuitionistic language, let Φ* be its translation. We proceed by recursion, as follows:

If Φ is an atomic formula, then Φ* is □Φ


[image: image]


The modal logic in the target language is S4. It has a sort of natural deduction formulation. The rules are:



□E: from □Φ, infer Φ

□I: from Φ, infer □Φ, provided that all undischarged premises are of the form □Ψ






(See Corcoran and Weaver [1974]).

It has been suggested that S4 is the logic of knowability, or of some related sort of epistemic modality. One informal reading of a formula in the form □Φ is something like “Φ is knowable” or, perhaps, “Φ is provable.”
14
 The notion of “provability” here is informal, and is not tied to any particular deductive system; a “proof” is something like a rationally compelling deductive argument, one that establishes its conclusion.

Intuitionistic logic is sometimes called the logic of knowability. Indeed, some (monistic) intuitionists insist on an epistemic reading of truth itself (e.g., Dummett [1973], Tennant [1997]). The anti-realist slogan is that all truths are knowable. So the marriage of intuitionism with the modal logic S4 is natural, at least at the level of heuristics, at least from the perspective of the classical mathematician looking to recapture the enterprise.

With at least some formal theories, the connection between the intuitionistic theory and its modal counterpart is indeed most natural. Let Φ be any sentence in the language of arithmetic. Then Φ is a theorem of Heyting arithmetic (HA) if and only if its translation Φ* is a theorem of ordinary, classical Peano arithmetic (PA), augmented with the modal logic S4. Something similar holds for set theory (see Shapiro [1985] and Goodman [1985]).

So, to return to the present theme, the modal translation, or perhaps some variant thereof, might give some aid and comfort to someone who insists that the One True Logic is classical. Such a logician need not automatically dismiss an intuitionistic theory as incoherent just because it conflicts with excluded middle. Our monistic classicist just refuses to take the intuitionistic connectives and quantifiers at face value, as having the same meaning as their classical counterparts. Instead, he translates the intuitionistic theory into the modal language. Moreover, in at least some cases, our monistic classicist need not recognize any new objects, when taking the intuitionistic theories on board. The intuitionistic theories are “really” about his familiar mathematical objects—natural numbers, real numbers, sets, etc. The intuitionistic theories just make epistemic-cum-modal assertions about these things. As a bonus, the intuitionistic theories and their classical counterparts can be presented in the same framework, and so relations between them can be studied.

It seems to me that this program works well for elementary arithmetic (see Shapiro [1985]). When one translates the logical terminology into the modal language, and then gives the modal operator the epistemic gloss, the result is at least in the ballpark of the aforementioned (BHK) reading of the connectives and quantifiers (see §2). Consider, for example, the antecedent of the (CT) scheme:


[image: image]


The modal translation of this is (or, to be precise, is equivalent to):


[image: image]


The gloss on this is “it is knowable that for every natural number m, there is a unique natural number n, such that it is knowable that Φ(m,n).” Depending on how one understands matters of de re knowledge concerning natural numbers, this seems to be of-a-piece with the aforementioned (BHK) reading of the antecedent: “given any natural number m, one can find a unique natural number n such that Φ(m,n).”

Church’s thesis would then sanction the step from “one can find,” to “there is a Turing machine that computes.” All told, we have (the necessitation of)


[image: image]


one instance for each formula Φ of the modal language that does not contain e free. A gloss on (□CT) is something like: “if it is knowable that for every natural number m, there is a unique natural number n, such that it is knowable that Φ(m,n), then it is knowable that there is a Turing machine that is known to compute an n from a given m.” This strikes me as close enough to the intuitionistic instance of (CT). Moreover, (□CT) is consistent with the modalized, classical PA. So we get what is needed without any conflict with excluded middle. So far, so good, for the classical monist.

It is conceivable that something similar might work with intuitionistic analysis, assuming one can make sense of de re knowledge of individual real numbers (or Cauchy sequences). However, there are many steps yet to be filled in. Using the modal language, say that a sequence of rational numbers s is knowably-Cauchy if


[image: image]



where ε ranges over rational numbers and N,m,n range over natural numbers. In words, s is knowably-Cauchy if it is knowable that for each rational number ε>0, one knows how to find a natural number N, such that (one can know that) after N, the elements of s are within ε of each other. This seems to capture at least some of the constructive content to the Cauchy condition, as interpreted by the intuitionist—up to having de re knowledge about the number-sequence s.

So the modal translation seems to capture something in the neighborhood of Bishop’s [1967] constructive analysis, which, again, is a sub-theory of classical analysis (and thus is consistent with excluded middle, see note 6). A nice feature of the current proposal is that it takes place in a classical background, and concerns the same real numbers that the classicist envisions. So the two theories can be compared in the common framework.

Nevertheless, to get beyond constructive analysis, to something like Brouwerian intuitionistic analysis, we would need to formulate the notion of Cauchy sequences being (merely) potentially infinite. Again, the crucial idea is that any information about such a sequence has to be based on a finite amount of information about it. The trick would be to formulate a version of potential infinity, in the modal setting, or some extension thereof, and then show that any function (or any function of a certain sort) that goes from potentially infinite knowably-Cauchy sequences to potentially infinite knowably-Cauchy sequences is continuous. Perhaps an analog to Brouwer’s notion of a free choice sequence could also be formulated. I’ll leave details to those interested.
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To make a bad pun, the situation with smooth infinitesimal analysis (and synthetic differential geometry) and a classical counterpart is not so smooth. Of course, there is nothing to prevent someone from formulating the theory of smooth infinitesimal analysis in the classical, modal language, by inserting boxes (and diamonds) into each formula at appropriate places. The resulting theory would be consistent, despite being formulated in a classical background language. So, formally at least, our classicist monist could formulate a related theory, and get analogs of all of the theorems.

The problem is that unlike the modalized version of Heyting arithmetic and perhaps intuitionistic analysis, the language of a modalized smooth infinitesimal analysis does not have a natural reading. Here, it seems, we have little more than a formal rendering of an intuitionistic theory, and we only have that when smooth infinitesimal analysis is fully formalized in an intuitionistic language.

One symptom of the problem may be that the connectives and quantifiers of smooth infinitesimal analysis are not naturally understood via the (BHK) interpretation. I submit that smooth infinitesimal analysis is not a modalized enterprise, epistemic or otherwise, at least not prima facie.

First, unlike the case with arithmetic and, possibly, real analysis, it is clear that we cannot interpret smooth infinitesimal analysis as a modalized theory about ordinary real numbers. Indeed, the theory is clearly not about the very same real numbers that the classicist knows and loves (nor is it about the real numbers that the intuitionistic analyst knows and loves). Recall that a nilsquare is a number α such that α2=0. Since the formula ‘α2=0’ is atomic, we do not have many options for interpreting it in the modal language. It is just □α2=0. What would a nilsquare be, among the classical (or intuitionistic) real numbers? It would have to be a real number α such that it is knowable (de re) that α2=0. We are asked to imagine that, in some cases, we can know (de re) that α2=0, and not know that α=0! For classical (or intuitionistic) real numbers, that is not an intelligible possibility. Even in intuitionistic analysis, if we know that α2=0, then we know that α=0. With the real numbers, as conceived in both classical and intuitionistic analysis, there just is no epistemic space between α2=0 and α=0. In both theories, α2=0 entails α=0.

So it seems that our classicist must understand smooth infinitesimal analysis in the Hilbertian spirit, sketched in §1. The axioms are an implicit definition of its subject matter. It is just that, in this case, the axioms are given in a modal language.

Recall that we are to start with the axioms for a field. The classical monist cannot do that. As noted earlier, it follows (via classical logic) from the field axioms that if α2=0 then α=0. So, in any classical field, there can be only one nilsquare. So the domain of smooth infinitesimal analysis, as interpreted this way, is decidedly not a field.


Instead, our classicist must start with the modalized axioms for a field. That already is a heuristic disadvantage, since the field axioms are natural (even in the intuitionistic setting). One such axiom is that every non-zero element has a multiplicative inverse:
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The modal analog of this is:


[image: image]


Simplifying a bit, this amounts to: “for every element x, if it is knowable (de re) that x is distinct from 0, then (it is knowable that) x has a multiplicative inverse.”

So, to ask again, what would a nilsquare be? It would be an element α, such that it is knowable that α2=0. It does not follow from the axioms that for any given nilsquare α, it is knowable that α=0. So far, so good.

Recall that the crucial item in the development of smooth infinitesimal analysis is the principle of micro-affineness, that every function is linear on the nilsquares. It was formulated earlier thus:


Let f be a function and x a number, then there is a unique number d such that for any nilsquare α, f(x+α)=fx+dα.


The corresponding modalized axiom is that every function is linear on the known-nilsquares:


Given any function f and any element x, there is a unique element d such that, for every element α such that □(α2=0), we have f(x+α)=f(x)+dα.


It is hard to see what might motivate that.

Recall that in smooth infinitesimal analysis, it follows that 0 is not the only nilsquare:


[image: image]


Otherwise, the value d would not be unique, for any function. The translation of this, in the classical modal context, is that there is at least one element α such that it is knowable that α2=0, but α≠0. That is, there are non-zero elements whose square is (knowable to be) 0.

In smooth infinitesimal analysis, we also have that there are no nilsquares other than 0, or, in other words, it follows that no nilsquare is distinct from 0: (∀α)(α2=0 → ¬(α≠0)). Here, we thus have that if □(α2=0) then it cannot be known that α≠0 (i.e., ¬□(α≠0)). So, in the classical modalized theory, there is a class of elements α such that


it is knowable (de re) that α2=0,


and both

α≠0 and it cannot be known that α≠0.


This last sounds awfully close to Moore’s paradox. It is those somewhat paradoxical elements that constitute a region that is long enough to have an orientation, but too short to be bent.
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To be sure, I am not claiming that this is a knock-down argument against the modal translation, a translation that might be used to make the world safe for classical monism. When it comes to intuitionistic theories, at least, the classical, modal perspective is consistent, and so is probably not subject to knock-down refutation. But the modal reading of smooth infinitesimal analysis (and synthetic differential geometry) is, I think, strained and unmotivated. The result seems most ad hoc. Speaking autobiographically, I suggest that it is much more natural for those trained in classical mathematics to “go native,” as Quine might put it, and to read the axioms and theorems of this theory at face value, learning the ins and outs of intuitionistic logic along the way. I submit that the theory, in its original form, is intuitive and well-motivated.

Of course, I know better than to hang too much philosophical weight on what works and what does not work for me (and what I can and cannot get my head around). The present, folk-relativism (if that is what it proves to be) will be judged ultimately on its overall merits, the extent to which it makes sense of the practice of pursuing and applying mathematics. One criterion is how well it smoothly (bad pun again) makes sense of various branches of mathematics. The modal translations of at least some of the intuitionistic theories are strained.

In any case, classical logic and intuitionistic logic are not the only ones available. We now briefly turn to other candidate logics.





4 Other Logics; Paraconsistency


In holding that (HA+CT), intuitionistic analysis, and smooth infinitesimal analysis (and synthetic differential geometry), understood at face value, are legitimate branches of mathematics, I am thus conceding that the law of excluded middle, and thus classical logic, is not universally valid. That is, classical logic is not correct in all discourses, about all subject matters, etc. The intuitionist is right about that much.

To broach a key matter that is officially postponed until the next chapter, this concession presupposes that the logical terminology has the same meaning in the classical theories as it does in the intuitionistic ones. Otherwise, the “logics” are not really rivals. For now, I continue to ask the gentle reader to go along with the presupposition about meaning, only for the sake of discussion here. Note, however, that even if the meanings of the connectives and quantifiers are different in the different theories, the present perspective has it that classical logic is not valid in all discourses about all subject matters (assuming we put the modal translation, discussed in the previous section, aside).

One reaction to my concession would be to maintain monism, but to insist that intuitionistic logic, or something weaker, is the One True Logic. Classical theories can be accommodated by adding excluded middle as a non-logical axiom when it is needed.

The viability of this maneuver would depend on there being no interesting, viable mathematical theories that invoke a logic different from those two. Admittedly, I know of no examples that are as compelling (at least to me) as the ones that invoke intuitionistic logic. For example, I do not know of any interesting mathematical theories that are consistent with a quantum logic but which become inconsistent if the distributive principle is added. Presumably, there would have been such theories if the original hopes for quantum logic were realized. Such would be the models of quantum phenomena captured by the new logic. But, so far as I know, this program never panned out, at least not in the detail envisioned. Nevertheless, it does not seem wise to rule quantum logic out of court on some sort of a priori, philosophical grounds. That would be to legislate for future generations, telling them what logic they must use. What sort of argument could establish that only such and such logics can give rise to legitimate structures, worthy of mathematical study?


I also do not know of any theories that are consistent with a relevant logic but become inconsistent if disjunctive syllogism or ex falso quodlibet are added. In fact, with many relevance logics, there can be no such theories. In many cases, including the most typical relevance logics, if a sentence Φ follows from set Γ of sentences in classical logic then, in the logic in question, there is a disjunction of contradictions C such that Φ∨C follows from Γ in the logic in question.
17
 So if Γ is classically inconsistent, then in the logic in question, it entails a disjunction of contradictions. So if a theory is inconsistent with classical logic, then, in a sense, it is also inconsistent with standard relevant logics.

When it comes to contradictions, classical and intuitionistic logic are each conservative over the relevant logics favored by Neil Tennant (e.g. [1997], [2012]). That is, if a contradiction is derivable in a classical (resp. intuitionistic) theory, then a contradiction can be derived in Tennant’s classical relevant logic CR (resp. intuitionistic relevant logic IR, now called “core logic”) from the same theory or from a proper sub-theory of it.

However, logics like these suggest a variation on the Hilbertian theme, presented in §1. Recall the ill-named inference of ex falso quodlibet: from Φ and ¬Φ, infer Ψ. That is valid in intuitionistic and thus in classical logic. So if a set Γ of sentences entails a contradiction in one of those systems, then for every sentence Ψ, Γ entails Ψ. In other words, in classical and intuitionistic logic, any inconsistent theory is trivial—it entails everything. A logic is called paraconsistent if it does not sanction ex falso quodlibet. Typical relevance logics are paraconsistent, but there are paraconsistent logics that fail the strictures of relevance. The main observation here is that with paraconsistent logics, there are inconsistent, but non-trivial theories.

Recall the slogan of the algebraic, Hilbertian perspective: consistency implies existence. More precisely, there are no formal or metaphysical criteria for legitimacy beyond consistency. If we are to countenance paraconsistent logics, then perhaps the slogan should be changed to “non-triviality implies existence.” From this more liberal perspective, non-triviality is the only formal criterion for mathematical legitimacy. One might dismiss a proposed area of mathematical study as uninteresting, or unfruitful, or inelegant, but if it is non-trivial, then there is no further formal or metaphysical hoop the proposed theory must jump through.
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To carry this a small step further, a trivial theory can be dismissed on the ground that it is uninteresting and unfruitful (and, indeed, trivial). So a liberal Hilbertian, who countenances paraconsistent logics, should hold that there are no formal criteria for mathematical legitimacy. There is no metaphysical hoop that a proposed theory must jump through. In line with Carnapian tolerance [1950], mathematical theories have only pragmatic criteria for legitimacy (see §3 of Chapter 1). They have to be useful, or just plain interesting—as subjective as that is.

So are there any interesting and/or fruitful inconsistent mathematical theories, invoking paraconsistent logics of course? There is indeed an industry of developing and studying such theories.
19
 It is claimed that such theories may even have applications, perhaps in computer science and psychology. I will not comment here on the viability of this project, nor on how interesting and fruitful the systems may be, nor on their supposed applications. I do wonder, however, what sort of argument one might give to dismiss them out of hand, in advance of seeing what sort of fruit they may bear.

Some of the philosophical/technical work on truth and other prima facie paradoxical notions, like set and ordinal, and some of the work on vagueness (e.g., Hartry Field [2008], Alan Weir [1998], Graham Priest [2006], [2006a], Beall [2009]) may provide grist for the present mill—although not in accordance with the intentions and arguments of those who propose such theories. In the cases of truth and set theory, it is a sort of optimization project.
20
 One starts with principles, such as the unrestricted T-scheme or naive comprehension, that are inconsistent (and thus trivial) in ordinary classical and intuitionistic logic. Rather than propose restrictions of the central principles (as other philosophers and mathematicians do), the authors in question maintain the principles, in their full generality, and weaken the logic. In particular, they try to come up with the strongest logic possible that renders the target principles consistent, or at least non-trivial. The goal is to develop a system that makes the notions of truth, ordinal, and/or set sufficiently rich and useful, and perhaps true to ordinary practice, or as true to ordinary practice as is possible.

For each such theory, a given reader can, of course, disagree with the philosophical claims in each case—most readers do. One can hold that the work in question fails to capture its target notion (truth, ordinal, set), fails to be a conceptual analysis, fails to be a reasonable sharpening, is subject to a revenge paradox, or does not meet some other philosophical goal that the enterprise is supposed to satisfy. All that the present pluralism/folk-relativism would urge is that the work in question is not to be dismissed as incoherent out of hand just because it invokes a non-classical logic and becomes inconsistent and thus trivial if classical (or intuitionistic) logic is imposed in the system.

To take one example, most of the discussion of Field [2008] in the philosophical and logical literature is critical. However, the book is almost universally praised as a substantial intellectual achievement, a valuable contribution to the literature, an advancement of our understanding, etc. As far as I know, no one dismisses the work as incoherent just because it is inconsistent with classical logic (excluded middle, in particular). Of course, this could reflect more of an attitude of tolerance than one of relativism or pluralism concerning logic on the part of the reviewers and critics (see Chapter 1).
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I might add that at least some of the systems seem to have a mathematical interest in their own right, as witnessed by some work on them by neutral but mathematically sophisticated observers. Of course, if pressed, I’ll refuse to say exactly what it takes to have mathematical interest, nor will I claim to know it when I see it.

To be sure, none of this is to suggest that the authors in question are themselves folk-relativists or pluralists concerning logic. In the case of truth, at least, most of the authors are not. To speak roughly, most authors take one of two attitudes.
22
 First, a typical author could be attempting to give us news concerning what the One True Logic is. This is usually accompanied with an explanation of why we mistakenly thought that classical (or intuitionistic) logic is the One True Logic, say because we did not try to apply it widely enough. Second, an author might be making a revisionist proposal, arguing that the presented logic should be adopted as the One True Logic.

For present purposes, however, the attitudes of the creators of the various logical systems are not relevant, just as the revisionist elements underlying much of the writings by intuitionists are not relevant. The thesis here is only that some of the work on paradoxical notions might provide support for a pluralism or folk-relativism concerning logic, if the systems prove to be interesting and fruitful in their own right. I’ll leave it open whether any of the systems in question do prove to be interesting and fruitful in their own right. That is a matter for the future to decide.

Note, finally, that logicians have developed model-theoretic semantics (broadly conceived) for many of the logics invoked in this section. The work is legion. Much, but not all of it, takes place in a classical meta-theory, usually ordinary set theory. This is understandable, since most mathematical logicians favor classical logic or at least prefer to work in it. And, of course, they are familiar with classical set theory. The model theories in question allow the (classical) mathematician-cum-logician to study the relationships between the various logics, a topic that we will return to later (Chapters 6–7).

One foreseeable but perhaps unintended consequence of this “semantic” work is that, in some cases, a classicist can recapture variants of some of the theories that invoke a rival logic without countenancing the logic itself. That is, the classicist need not endorse the rival logics or endow them with any legitimacy. Instead of working within a theory with a rival logic, the classical logician ascends to a classical meta-theory, and considers the classes of its models in the indicated semantics.

As with the modal translation of intuitionistic theories, discussed in the previous section, this “rejection” of the theories at the level of the object language, strikes me as an ad hoc maneuver, or, perhaps better, as special pleading, a move whose only benefit is to make the world safe for the thesis that classical logic is the One True Logic. If the paraconsistent (and quantum or relevant) mathematical theories are indeed viable, they are better pursued at face value, learning to use and work with the logic in question. Of course, this is not to deny the value of the model-theoretic semantics.




5 Conclusion so Far; Looking Ahead


We now have enough exemplars, or possible exemplars, on the table to support at least a prima facie pluralism or folk-relativism concerning logic. Call the result an eclectic approach to logic (or at least to the logic of mathematics). Whether this is a more full blooded relativism, or a more substantial pluralism, depends on matters of meaning, issues that have been postponed until now. We turn to those in the next chapter.

The present eclectic orientation is not a “Can’t we all just get along?” plea. No matter how it is formulated, the present orientation does not eliminate all disputes between advocates of intuitionism, classical logic, paraconsistent logic, etc.—although it may eliminate some of them. There remain substantial questions concerning the proper logic for the theories of particular mathematical and non-mathematical concepts, especially those formulated and deployed informally, independent of any formal logic. How, for example, should one formulate a theory of the continuum, say for application to physics? What are the norms implicit in the deployment of vague terminology? For truth? There are also global issues concerning the best logic to use in particular general fields, such as linguistics, say when trying to give a semantics for natural languages. And there are philosophical issues concerning what correct reasoning is. But perhaps the consideration of the issues underlying folk-relativism and pluralism can help shape the proper framework for such disputes and can help us see which positions are at cross-purposes with each other.






1

 The correspondence is published in Frege [1976] and translated in Frege [1980]. The passage to follow is in a letter from Hilbert to Frege, dated December 29, 1899.




2

 If the underlying logic is higher-order, with standard semantics, the Hilbert principle should be modified to take into account axiomatizations that are consistent but not satisfiable. Intuitively, those are not legitimate. This detail is not relevant here.




3

 The extent of the Hilbertian approach is treated a bit in Chapter 6.




4

 I do not mean to suggest that the (BHK) readings give the meanings of the intuitionistic logical terms. The framework is invoked here only for purposes of heuristic motivation for a formal theory, a theory that will stand or fall on its own merits. Matters of meaning are broached in the next two chapters.




5

 Since it is effectively decidable whether a given number is the code of a complete computation or not, we can make U a total function by letting U(p)=0 if p is not the code of a complete computation. This is legitimate in the intuitionistic context.




6

 In §3 of the previous chapter, I noted that since Beall and Restall [2006] maintain that classical logical truths are, in some strong sense, necessary truths, they must reject intuitionistic theories that are in conflict with classical logic, the very exemplars that motivate the present project. In discussing mathematical theories like those presented here, Beall and Restall write: “The first line of defence…is deference to an important tradition in constructive mathematics. The constructivism of Errett Bishop [1967], Douglas Bridges [1979], Fred Richman [1996], and others can best be described as mathematics pursued in the context of intuitionistic logic. This brand of constructive mathematics is explicitly consistent with classical mathematics. Bishop-style constructivists reject any inference in conflict with classical reasoning. That is the approach we too must take” (pp. 117–18). And so Beall and Restall reject (HA+CT), as logically incoherent. Their approach to pluralism is thus the exact opposite of the perspective of this book. The Bishop tradition is, of course, important, but it is not all there is to intuitionistic mathematics.




7

 The so-called Russian constructivists view real numbers as recursive Cauchy sequences, and functions between real numbers as, in effect, recursive functions on codes of Turing machines. They, too, establish that all functions, from all real numbers to real numbers, are continuous. See, for example, Bridges and Richman [1987, Chapter 3] or Beeson [1985, Chapters 3–4]. See Rogers [1967, 371] for a corresponding theorem in classical recursive analysis.




8

 The argument for the continuity of all real-valued functions also turns on the requirement that functions are extensional: if a and b converge to the same real number, then fa=fb. It follows that the axiom of choice is inconsistent with intuitionistic analysis. It is easy to show, for example, that for every real number a there is a natural number n such that a<n. Indeed, to find such a natural number n, just get an estimate for a to within .5, and pick any natural number much larger than the estimate. It would follow from the axiom of choice that there is a function f such that for each real number a, fa is a natural number and a<fa. But, clearly, there can be no such continuous function. Hence, for the intuitionist, there can be no such function at all. Thanks to David McCarty.




9

 As with (HA+CT), much or even most of this work may be more in a hypothetical spirit, where the mathematician is just exploring how things look to the intuitionist, perhaps in the spirit of writers of fiction who explore incoherent circumstances, or at least pretend to, or perhaps in the spirit of someone exploring the mind-set of a political opponent, even an opponent that one regards as insane. Thanks to Alexander Paseau for this point.




10

 It is perhaps misleading to call the nilsquares an “interval,” as they have no length (not even a length of zero).




11

 See Bell [2001], [2009] for more detail on the various indecomposability properties for the various theories.




12

 Geoffrey Hellman and I plan on pursuing this in future joint work.




13

 This is a common reaction to the present project from philosophers who advocate classical logic as the One True Logic.




14

 With this reading, S4 sanctions the sometimes controversial KK principle, namely that if a proposition Φ is knowable, then it is knowable that Φ is knowable.




15

 There is a rendering of something like free-choice sequences in my treatment of vagueness (Shapiro [2006, Chapter 4, §9]). The background there is a framework much like classical S4. I do not know, however, if that can be incorporated into a modal translation of intuitionistic analysis to give results like those envisioned here.
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 Giordano [2010] presents an interesting theory, whose underlying logic is classical, that admits of nilsquare infinitesimals. Of course, its domain is not a field.
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 Thanks to Graham Priest here.
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 Just as the original Hilbertian would not regard every consistent theory as equally useful and equally worthy of study, no one should think that every non-trivial theory is equally worthy of study.
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 See, for example, da Costa [1974], Mortensen [1995], [2010], Priest [2006a], Brady [2006], Berto [2007], and the papers in Batens et al. [2000]. Weber [2009] is an especially lucid overview of the enterprise.
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 Thanks to Kevin Scharp for putting the point this way.
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 For better or worse (and I’d say for worse) the reception of Priest [2006a] (which was first published in 1987) by the profession has been a different story altogether. At least until recently, it has been all too common to dismiss the work more or less out of hand, even to ridicule it as incoherent.
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 This theme is developed in my [2012].










4





 We Mean What We Say



But What Do We Mean?






1 Issues


Without further argument, we hereby adopt a Hilbertian perspective concerning mathematics, or at least large chunks of mathematics. That will remain in effect for the rest of the book. It does not matter, for now, whether we opt for the more conservative version of the view, where consistency is the only formal requirement on legitimate theories, or we go for the liberal orientation, where there are no formal requirements on legitimacy at all, countenancing at least some inconsistent (but non-trivial) theories and structures via a paraconsistent logic. And we assume that at least some non-classical theories are legitimate, without specifying which ones those are. The prime exemplars will be the intuitionistic theories—Heyting arithmetic with Church’s thesis, intuitionistic analysis, and smooth infinitesimal analysis—but nothing much turns on those choices. The main feature is that the different theories operate with different logics, and some are rendered inconsistent, and indeed trivial, if classical logic is imposed. In the previous chapter, this is called an “eclectic approach” to logic.

Recall that the slogan of what we are calling “folk-relativism” for a given predicate Φ: there is no such thing as simply being Φ. If Φ is folk-relative, then, in order to get a truth-value for a sentence in the form “a is Φ,” one has to somehow indicate something else, a value for a certain parameter.

One main item on the present agenda is to figure out where we are on the matter of folk-relativism for validity and logical consequence. Is folk-relativism the fallout of the present, eclectic orientation toward logic? And, if there is some sort of folk-relativism here, how should it be articulated? Is there a variety of contextualism in the offing? If so, is it indexical or non-indexical? Or should we be full-blown assessment-sensitive relativists?
1



These are the main issues of the present chapter. We first need to say what the relevant “contexts” are. When it comes to matters of logical consequence and validity, what are the contexts of use and, if we need them, what are the contexts of assessment? This particular (and so far hypothetical) matter can be dispensed with quickly with an act of fiat. I propose that each “context” includes a specific mathematical theory or structure. It would be the mathematical theory being advanced at any given time by a mathematician or a group of mathematicians. In line with the foregoing eclectic orientation, each such context has a specific logic: classical logic for the classical theories, intuitionistic logic for the intuitionistic ones, etc. Sometimes we will just think of a logic alone as a context, if the ambient mathematical theory is not in focus or does not matter.

Contexts of assessment, if we need them, are formal or informal meta-theories. These are mathematical theories in which various other theories are studied, compared, and, indeed, assessed. As is the case with any theory, meta-theories have their own logic. The logic of the context of assessment is the logic of the theory invoked to study the object-language theory, the logic used in that context. From the perspective of the meta-theory, the logic of the context of use is the logic of the object-language theory. It is the logic that is mentioned. Of course, those two logics need not be the same.

Recall, from Chapter 2, that there are annoying questions concerning what the relata of logical consequence, validity, and the like, are. Do those relations concern sentences, sentence forms, propositions, or what? I suggested there that, for convenience, we take the relata to be sentences from natural languages, sentences that are unambiguous and lack the usual indexicals. Here we will focus on the languages of mathematics, and perhaps, science, suitably regimented.

Another batch of annoying questions concerns the arity of logical consequence. Again for the most part, we follow the common, but not universal, thought that consequence is a relation between a set of sentences and a single sentence. Consideration of multiple conclusions and sub-structural logics, and thinking of premises as multi-sets, or as sequences, or as bound by intensional fusions, or the like, might provide more grist for the present, eclectic mill. But we have enough to deal with as it is.

Those preliminaries settled, there are two batches of questions concerning our main issues concerning contextualism and assessment-sensitivity. First, there is the matter of words and phrases like “valid,” “logically entails,” and “logical consequence.” Do those expressions have the same meaning (or the same content) in all contexts? In particular, does “validity” mean the same thing in classical, intuitionistic, quantum, and relevant theories? If the meaning is the same, then what of the extension? Is the extension of “validity” the same in classical, quantum, and relevant theories?

The second batch of issues concerns the meaning of the so-called logical terminology itself, words and phrases like “and,” “or,” “if…then,” and “not,” at least when they connect whole formulas (or propositional functions), and the quantifiers “for all,” and “there is.” It is a twist on the old question of whether there is a substantial disagreement between, say, classicists and intuitionists, or whether they are merely talking past each other, as they attach different meanings to the crucial logical terminology. In other words, is the dispute merely verbal?
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 Questions in this neighborhood become pressing once we adopt our eclectic view that both camps are legitimate.

Susan Haack [1978, 223] highlights our two issues:


…while the monist takes it that the classical and the deviant logician disagree about the validity/logical truth in the same sense, of one and the same argument/statement, the global pluralist denies either that the classical and deviant logician are really using ‘valid’/‘logically true’ in the same sense, or else that they are really disagreeing about one and the same argument/statement…Roughly, the thought in the second version of global pluralism is this: typographically identical wffs/arguments in classical and deviant logics don’t have the same meaning, and hence can’t both represent the very same informal statements/arguments.




Clearly, these two batches of questions, one for phrases like “logical consequence” and the other for the logical terminology itself, are intimately related. One can almost say that we can’t settle either batch of questions until we have settled the other. Still, we have to proceed somehow. We will go back and forth between the issues, putting one of the batches of questions on hold to try to say something about the other.

I argue later that most of the questions in our first batch—those concerning words like “valid” and “logical consequence”—are merely terminological. In effect, we are wondering how to understand certain notions that are, primarily, terms of art. To be sure, words like “valid” and “consequence” are part of ordinary English, but we are focusing here on highly articulated versions of such words, developed for specific theoretical purposes in logical study (as per the opening paragraph of Tarski [1935]; see §2 of the present Chapter 2).
3
 The short version of my conclusion is that the “artist” who introduces such terms of art gets to stipulate their meaning, hoping that the introduced terms help shed light on whatever is in focus, and hoping that the stipulated notions line up, in part, with ordinary usage, at least sometimes. The issues behind the present eclectic orientation to logic remain substantial no matter how these terminological matters are settled—no matter how terms like “validity” and “logical consequence” are articulated. However, the eclectic orientation has to be formulated differently, depending on the terminological decisions.

We end up rejecting at least some longstanding views on logical consequence and/or some longstanding views about logical terminology. But which longstanding views must be jettisoned depend on the terminological decisions.


On our second batch of questions, in the reconstructions of mathematics in formal logical languages—what we find in logic books—an author just stipulates the meanings of the logical terms as she constructs the system. The author gives satisfaction conditions and/or derivation conditions for each formula constructed from the given lexicon. He or she can call either of those the “meaning” of the terms. Our present batch of questions focus on the relationship between the developed formal languages and the ordinary mathematics it reconstructs. What are we to say about the meanings of logical terms as they appear in the wild, in the pursuit of various classical and non-classical theories?

For largely Quinean reasons, I am skeptical that we can assign unique, sharp meanings to each sentence, let alone each word, even in the relatively pristine case of live mathematics. Of course, we regularly speak of “meaning,” and even “the meaning” of an expression in a natural language, or a natural language of mathematics, and we invoke related notions like “translation,” either between natural languages or from natural languages into formal languages and vice versa. I do not mean to suggest that such talk is incoherent, or flawed, nor am I out to ban it. Nor, of course, am I out to disparage the enterprise of semantics as it is pursued in linguistics and philosophy of language.

My tentative conclusion, to be developed in the next chapter, is that the talk of whether the meaning of the logical terminology is the same or different in different contexts/theories is itself context-sensitive and, moreover, interest-relative—in part because such talk is vague. So I am skeptical of the very question of whether the classicist and intuitionist, for example, talk past each other—if we insist that this is a sharp and objective matter, to be determined once and for all. For now, we’ll deal with our two batches of questions, as best we can. We’ll broach matters of contextualism and relativism for the various options concerning the logical terminology along the way.

To keep sight of the goals, the key questions in the vicinity concern what is up for grabs in our foundational theorizing, and how best to conduct the studies and debates—especially if I am right in adopting an eclectic orientation to logic. Let us start with the first batch of issues, those concerning words like “logical consequence” and “valid.”





2 Logic or Logics?


Recall the slogan that logic is universal, applying to all legitimate discourses. If an argument form is valid, then, according to the slogan, any argument with the same form is valid, and thus truth-preserving, no matter what. The slogan, of course, has a venerable pedigree, going back to the beginning of logical study. It underlies the main technique of showing that a given argument is invalid. To do so, one gives another argument, with the same form, that has true premises and an untrue conclusion. The second argument is clearly invalid and, assuming that validity is a matter of form, we conclude that the original argument is invalid as well, just because it has the same form.

Some have taken universal applicability to be constitutive of logic: if the correctness of a given argument-form is restricted to only some domains or subjects, then that form is not logically valid, strictly speaking. Hartry Field [2009] speaks of what he calls “all purpose logic,” meaning logic that applies universally, to any and all subject matters. Part of the present question is whether there is such a thing, and, if there is, how interesting and important it is.

Some have argued that if a given subject matter is universally applicable, then it is part of logic. Consider, for example, one of the stock arguments in favor of Fregean logicism (e.g., Frege [1884]): Arithmetic is universally applicable, in the sense that if one has objects at all, then one can count them. The principles of counting thus apply universally. So arithmetic is logic. Or so the argument for logicism goes (or went), at least in a cartoon sketch.

If one maintains the slogan of universal applicability, then there does not seem to be much room for folk-relativism or pluralism concerning logic. No argument form can be logically valid in some contexts and not in others, by the very slogan that underlies logical validity. Or, to use Field’s term, nothing can be an all purpose logic in some contexts and not in others. Thus we have a quick argument for monism (setting aside vagueness, indeterminacy, the logical/non-logical boundary, and most of the other matters treated in Chapter 2).

For a logical monist like this, the One True Logic would be the logic that holds in all legitimate discourses, the all purpose logic. An argument form would be logically valid only if it holds in all legitimate theories, concerning any legitimate structure.
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 From that perspective, the foregoing Hilbertian eclectic orientation toward logic plays itself out in a perhaps unexpected way. From that combination of views—the Hilbertian perspective, an eclectic approach to non-classical theories, and monism based on the slogan of universal applicability—how could we tell just what the One True Logic is? If smooth infinitesimal analysis or intuitionistic analysis (or…) is a legitimate subject, as urged here, then excluded middle is not part of Logic; it is not universally valid. So the One True Logic is, at most, intuitionistic. But can we be sure that, say, the distributive principles are part of the One True Logic? Do we know, in advance, that there are no viable theories that rely on a quantum logic and become inconsistent if the distributive principle is added (whether or not such theories are useful in interpreting physics)? Do we know, in advance, that disjunctive syllogism is part of every legitimate mathematical theory? This is not to mention the possibility of inconsistent theories, with paraconsistent logics.

From the eclectic, Hilbertian perspective, and continuing to assume monism, the determination of the extension of the correct logic—which inference patterns are valid and which invalid—would be a sort of quasi-a posteriori affair, at least in part. It is not as if we have to engage in particular sensory perception, run some sort of laboratory experiment, or do field research in order to figure out what the correct Logic is (or so I assume). However, to know whether to include a given principle or argument form in a textbook for the One True Logic, one would have to determine whether the principle or argument form holds good in all legitimate mathematical structures, and it is hard to see how we can make much progress on that without knowing what the limits of the interesting and the fruitful are.


In the intellectual world, new mathematical theories crop up all of the time, and legislating for the future, from a philosophical armchair, is risky. Recall that, often, mathematical theories develop in response to pressures within science. As anomalies in established theories, or working hypotheses, become more and more salient, the scientific community comes to adopt new explanatory goals, with varying degrees of urgency. Occasionally the result includes the development of new and sometimes controversial mathematical theories. So, unless we can know, in advance, what sorts of mathematical-cum-logical systems might prove interesting or fruitful for whatever explanatory goals may arise, we cannot delimit the details of Logic, knowing what sorts of arguments forms are universally valid.

One could, of course, formulate a tentative, working hypothesis as to the nature of the One True Logic, and write a textbook accordingly, but the success of the project would be hostage to fortune. Logic would not be the most certain of all enterprises, with its boundaries articulated with apodictic clarity—not until we have determined the exact boundaries of the legitimate and the useful with that same apodictic clarity.

Slogans can get entrenched but they are not inviolable. I suggest that once one adopts the Hilbertian perspective and is eclectic concerning at least some non-classical theories, then the matter of relativism and pluralism concerning logic is merely terminological. It depends on how one defines certain words and phrases whose usage varies considerably anyway (again, following the opening paragraph in Tarski [1935], see note 3). The words and phrases are, in fact, terms of art. Of course, to keep the discussion focused, we have to settle on our key terms and what they mean. I have no objection to anyone who reserves honorific titles like “logic,” “logical consequence,” and “validity” for universally correct propositions, forms, and arguments—those that hold in all structures whatsoever, concerning any and all subject matters. This would make Logic “all purpose,” in Field’s sense. We would maintain monism concerning logic, and, of course, we would endorse the longstanding slogan concerning the universal applicability of logic. Indeed, the slogan becomes true by definition.

If we were to go on this terminological route, then we would need other terms for what we used to call “classical logic,” “intuitionistic logic,” etc., so that we can describe and negotiate the various theories, such as smooth infinitesimal analysis, intuitionistic analysis, inconsistent mathematics, and the like. One option for this terminological perspective would be to keep on talking as before, but instruct readers and listeners to insert scare quotes around the crucial terms (or, when speaking, to curl two fingers on each hand) when they are not used in the full, honorific manner. So, for example, “classical logic” would be read as “classical ‘logic’.”

A rival terminological decision—the one I favor and adopt here—would be to embrace a form of folk-relativism concerning logic, insisting that logical consequence and validity are relative to a mathematical theory or structure (or a type of structure). This would be to reject the aforementioned slogan that logic is universally valid, holding in all legitimate discourses. One who adopts this policy can then coin a new term, such as “super-valid,” for those propositions and argument forms that do hold in all legitimate (mathematical) discourses and structures. So, for example, Priest [2006, Chapter 12] opposes Beall and Restall’s pluralism by insisting that validity just is super-validity (see note 4).

The decision as to which of these terminological options to follow may come down to how interesting and important the notion of super-validity is, and whether there is a need to pay much attention to it, develop a theory of it, and the like.
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I think the terminological matter is, well, merely terminological, and so I do not intend to defend my preference. I invite the reader to insert scare quotes into the text that follows in the appropriate places, if she so desires. The interesting and substantive issues surrounding the present eclectic orientation to logic do not lie in policies concerning the use of terms like “valid” and “logical consequence.”




3 What do Logical Terms Mean?


Now we turn to our second batch of questions, those that concern the logical terms themselves, words like “or,” “not,” and “for all,” at least as those are used in mathematics to connect entire formulas. Despite my aforementioned Quinean leanings, questions about meaning cannot be simply ignored. Indeed, it is hard to put our question in any other way. The issues concern how we are to individuate the various connectives and quantifiers (and, indeed, full theorems), as they occur in different deductive and model-theoretic contexts. For example, is the classical “or” the same as, or different from, its intuitionistic counterpart? Is the fundamental theorem of calculus the same in classical and in smooth infinitesimal analysis? In the next chapter I argue, tentatively, that the re-identification of logical terms is itself a context-sensitive, interest-relative matter. There simply is no hard and fast answer to be had, independent of conversational goals, as to whether the connectives and quantifiers are the same. But first let us see what the issues and options are, and how this matter bears on the matter of relativism and pluralism.

Let’s take a stab at what I call “super-validity” just above, and what our monist simply calls “validity,” written without scare quotes. The term is meant to apply to argument forms that are valid in any and all contexts, via “all purpose logic,” if there is such a thing. One might think that some version of the principles of &-introduction and &-elimination qualify for super-validity. Rules like those figure in almost all logical systems to date. So perhaps at least those two argument forms are super-valid, or are part of the One True Logic, if such there be.

To be sure, there could be a deductive system, or a model-theoretic semantics, that has a binary connective shaped like the ampersand (or spelled “and”), but does not satisfy the &-introduction or &-elimination rules. In such a case, it would be natural to say that this connective is not the conjunction we all know and love, and thus that the existence of such a system does not undermine the (super-)validity of &-introduction and &-elimination. Surely, orthographic shape does not determine meaning—whatever meaning should turn out to be.

On the other hand, Stephen Read [1988], among others, has developed a binary connective, called “fusion,” which is an “intensional conjunction.” The usual conjunction-introduction and conjunction-elimination rules do not hold for it, in full generality (see also Mares [2004, 166–71]). To avoid ambiguity, Read’s fusion connective is not shaped like an ampersand (or a caret), but he does argue that this connective is the right way to interpret (or regiment) some uses of the word “and” in ordinary English, and perhaps also in some of the languages of mathematics. He claims that there is an ambiguity in the natural language term “and.” I just said that it is “natural” to hold that if a connective does not obey the indicated introduction and elimination rules, then it is not conjunction. It seems that this is not held by every logician. As Bob Dylan once put it (in a different context), not much is really sacred.

So what does determine the meaning of a logical connective or quantifier when it occurs in natural language, or at least a natural language of mathematics? Presumably, the use of the item does, say its use in demonstrations.
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 But, as Wittgenstein once put it, what counts as the use? Surely we do not hold our logical theories hostage to each and every utterance of the linguistic item in question, even if we restrict ourselves to utterances produced by competent speakers of the language, or even to utterances produced by competent mathematicians in the course of demonstrations. We don’t count slips of the tongue or pen as “use”—as data. That’s why we call them slips. Matters of competence versus performance, semantics versus pragmatics, inference versus implicature, suppressed premises, hidden presuppositions, and a host of other delicate matters all have to be sorted out before we can come to any conclusions concerning what goes into the meaning of a particle and how this meaning is manifest in use. This much is, I think, uncontroversial, and is more or less independent of the Quinean thesis that it is not possible to separate matters of meaning from firmly held background beliefs. Natural language is messy. The same goes for the natural languages of mathematics, even if they should turn out to be a little less messy than natural languages generally.

Nevertheless, let us push on for a bit. Read [1988] and others notwithstanding, I noted earlier a “natural” and widely held assumption that some version of the usual introduction and elimination rules are somehow essential to conjunction, at least as that term appears in mathematics when it is connecting formulas. So if a connective does not obey the &-introduction and &-elimination rules—or the usual truth-table that goes with them—then it is not conjunction.

One might say the same thing about the other connectives and quantifiers. Accordingly, if ex falso quodlibet is not valid for a given one-place connective, then that connective is not the negation we all know, and some of us love. And if excluded middle is not valid, then either we do not have disjunction or we do not have negation—at least not the disjunction/negation we are (supposedly) familiar with.

Of course, this is a standard line to take. It is often claimed that the intuitionist and the classicist, for example, talk past each other—that the dispute between them is merely verbal, since they give different meanings to the crucial logical terminology. The common, albeit not universal, view is that excluded middle is valid for the classical connectives, invalid for their intuitionistic counterparts, and that is that.

Michael Dummett [1991, 17] puts the matter in these terms, but argues that there is a substantial issue nonetheless:


The intuitionists held, and continue to hold, that certain methods of reasoning actually employed by classical mathematicians in proving theorems are invalid: the premisses do not justify the conclusion. The immediate effect of a challenge to fundamental accustomed modes of reasoning is perplexity: on what basis can we argue the matter, if we are not in agreement about what constitutes a valid argument? In any case how can such a basic principle of rational thought be rationally put in doubt?

The affront to which the challenge gives rise is quickly allayed by a resolve to take no notice. The challenger must mean something different by the logical constants; so he is not really challenging the laws that we have always accepted and may therefore continue to accept. This attempt to brush the challenge aside works no better when the issue concerns logic than in any other case. Perhaps a polytheist cannot mean the same by ‘God’ as a monotheist; but there is disagreement between them all the same. Each denies that the other has got hold of a coherent meaning; and that is just the charge made by the intuitionist against the classical mathematician. He acknowledges that he attaches meanings to mathematical terms different from those the classical mathematician ascribes to them; but he maintains that the classical meanings are incoherent and arise out of a misconception on the part of the classical mathematician about how mathematical language functions.



I am not sure Dummett is right about his example concerning religion, and it will help to develop that case a little.
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 As a sort of quasi-Quinean, I don’t feel a big need to decide if a typical monotheist and a typical polytheist (who both speak English) mean the same thing by “God” and “god,” respectively, nor whether they accuse each other of conceptual incoherence (putting aside the fact that “God” seems to be a proper name and “god” a common noun). I submit that it is hard to make sense of that question independent of conversational context. Some monotheists do hold that unity is essential to divine beings, say following Maimonides (e.g., Guide for the perplexed, Part I, Chapter 51). For them, it follows from the nature of the concept of “God” that there cannot be more than one of them (and possibly also that there cannot be less than one of them). Accordingly, the polytheist is conceptually confused. Literally, he does not know what he is talking about. From this perspective, the proposition that there is more than one god is like the proposition that there is a square circle, a triangle with four angles, or a married bachelor. As Dummett puts it, this monotheist denies that the polytheist “has got hold of a coherent meaning.”

Other monotheists, however, do not hold that unity is essential to divinity. For those thinkers, the dispute with the polytheist is substantial, not verbal. They both have the same concept of “god,” and disagree over how many of them there are, each holding a conceptually coherent view (even if one is somehow depraved).

Notice that, when the issue is put this way, it looks like our first monotheists (those who take unity to be essential to divinity) and our second monotheists (those who don’t) would also be talking past each other if they got together to compare notes. In particular, our first monotheist would accuse the second of not having a coherent meaning, and the second might accuse the first of conceptual confusion as well (thinking that something follows from a concept that, in fact, does not). Presumably, this would not prevent our two monotheists from having a mutually satisfiable discussion of internal theological matters, say over the depravity of polytheists or the divine right of kings. We could wonder whether they are nevertheless talking past each other, a sort of verbal agreement.

Back to logic. Of course, Dummett is neither a folk-relativist nor a pluralist, in the present sense. In general, Dummettians do not adopt the foregoing Hilbertian outlook on mathematics, with or without the present thesis concerning the acceptance of non-classical theories. They seem to fall on Frege’s side of the Frege-Hilbert clash. Their claim is that intuitionistic logic is the One True Logic—or at least that there is but One True Logic and it isn’t classical. The classicist is accused of conceptual confusion; the Dummettian claims that there just is no coherent meaning for the classicist to have.

Dummett is not alone in arguing that there is some sort of conceptual incoherence in the classical connectives and quantifiers. The most common target is the classical, so-called Boolean negation. From vastly different perspectives, Priest [1990] and Field [2008] both claim that there simply is no coherent connective that satisfies both the law of excluded middle and the inference of ex falso quodlibet. The reason, in short, is that such a connective conflicts with a naive truth-predicate. Neither Priest nor Field seem to be making an empirical claim concerning ordinary English, or even the ordinary English of mathematics. It is more a consequence of their way to deploy a naive truth predicate coherently. From the relevantist camp, Anderson, Belnap, and Dunn [1992, 490] display typical wit:
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There are some things one sometimes wishes had never been invented or discovered: e.g., nuclear energy, irrational numbers, plastic, cigarettes, mouthwash, and Boolean negation. The reader may not yet have heard of this last-named threat, and it is our present purpose to inform and caution him regarding it.



Of course, the foregoing Hilbertian eclectic orientation takes it that classical and intuitionistic mathematics are both legitimate, probably along with various relevant and paraconsistent logics, especially those that find interesting application. This presupposes that at least the classical and intuitionistic theories, and thus their underlying languages and logics, are conceptually coherent—without specifically addressing Dummett’s arguments against classical logic (which turn on what an account of meaning should be).
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 For the eclectic Hilbertian, whatever does determine the meanings of logical particles, in live mathematics, it is not the possibility of introducing such terminology afresh, using harmonious introduction and elimination rules. Legitimacy is determined by fruitfulness, and coherence follows in the wake of that.


From the camp of monistic classical logicians, W. V. O. Quine also understands the matter of alternate logics in terms of the meanings of the logical terminology. He agrees with Dummett that the classicist and the non-classicist talk past each other, since they give different meanings to the logical connectives. But Quine does not have one of them accusing the other of simply having no coherent meaning. For Quine, the meanings they assign to the logical terms are just different. Concerning the debate over paraconsistent logics, he wrote:


My view of this dialogue is that neither party knows what he is talking about. They think they are talking about negation, ‘–’, ‘not’; but surely the notation ceased to be recognizable as negation when they took to regarding some conjunctions in the form ‘p.–p’ as true, and stopped regarding such sentences as implying all others. Here, evidently, is the deviant logician’s predicament: when he tries to deny the doctrine he only changes the subject. (Quine [1986, 81])



Notice that Quine does not object (at least not here) to the deviant logician changing the subject. She just has to acknowledge that that is what she is doing—changing the subject. Quine admits that, at least in principle, there may be reasons to change the logic—to change the subject.

This passage is, I think, confusing. It has different readings, but as far as I can see, none advance the dialectic substantially. One reading, suggested by the mention of the word “not,” is that Quine is making a claim about the established meaning of an English word, perhaps what is sometimes called the term’s “conventional meaning.” On this reading, Quine is saying that when the word “not” is used to operate on sentences, it, in fact, obeys the classical inference rule of ex falso quodlibet.

If this is the intended reading of the passage, then Quine simply begs the question against at least some advocates of paraconsistent systems. They argue that the inference of ex falso quodlibet is not valid for the negation of natural language (nor the natural language of mathematics). Priest [1990] claims that if the negation of natural language—the word “not” in some uses—is coherent, then it is not classical (since, as noted, Priest holds that there simply is no coherent Boolean negation).

If Quine is, in fact, making a claim here about the meaning of an English word, it would seem that we should invoke the techniques of empirical linguists or lexicographers to adjudicate the matter. It is not all that clear, a priori, that the word “not” has a single use. Most linguists think it does not.
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 Our focus here, of course, is on the languages of mathematics. If the word “not” does have a single use there (at least when used to connect formulas), it is not clear, at least to me, how we should go about figuring out just what this use is.

In any case, this first reading of the passage makes for a strange point for Quine, of all philosophers, to be making (see also Arnold and Shapiro [2007]). Quine is (in)famous for insisting that there is no difference in kind between matters of meaning and matters of fact. Suppose, for the sake of argument, that Quine is correct that the utterances of competent English speakers, or competent English speaking mathematicians, do conform to the principles of non-contradiction and ex falso quodlibet. Let us also suppose that this use includes their practices of correcting themselves and each other, so that we can maintain some semblance of (or some surrogate for) normativity. Even so, what business does Quine have for saying that this pattern of use and correction is due to the meaning of the word “not” and not due to, say, some widely shared beliefs among the speakers, given his views about meaning and belief? Maybe the reasoners in question all hold that, say, ex falso quodlibet is materially valid, that its instances happen to be truth-preserving? Why is Quine here entitled to insist on a distinction between changing one’s beliefs about a given subject and changing the very subject, which is, in this case, to change the meaning of the logical words we use?

In the program for linguistics described in Chapter 2 of Word and Object [1960], Quine seems to be saying that, in effect, signs for truth-functional connectives are exempt from the indeterminacy of translation. We must translate others as accepting our logic. Quine finds it incoherent to think that there might be a “pre-logical” people who do not agree with us about the rules of logic:


To take the extreme case, let us suppose that certain natives are said to accept as true certain sentences translatable in the form ‘p and not p’. Now this claim is absurd under our semantic criteria. And, not to be dogmatic about them, what criteria might one prefer? Wanton translation can make natives sound as queer as one pleases. Better translation imposes our logic upon them, and would beg the question of prelogicality, if there were a question to beg. (Quine [1960, 58])




As a sort of test case, take the “natives” to be living in Australia and have some of them assert contradictions in the course of developing inconsistent mathematics: Mortensen [1995], [2010], Priest [2006a], Brady [2006], Weber [2009] (see §4 of Chapter 3).
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 To take a less “extreme case,” suppose that other natives (in The Netherlands or in London, Ontario) are pursuing intuitionistic analysis or smooth infinitesimal analysis, and so they refuse to accept every instance of excluded middle. In some cases like those, perhaps, it may be possible to “impose our logic upon them” when translating, say by invoking a modal interpretation. However, as argued in §3 of Chapter 3, that would miss or at least distort much of what they are trying to say or do.

We should, of course, all agree that if other things are equal, it is better to impose our logic on foreign interlocutors. But here, if anywhere, other things are not equal.

A second reading of the preceding passage from Quine [1986, 81], suggested by the mention of the connective “–,” is that he is making a claim about mainstream logical systems. If so, his claim is surely correct, but not very interesting or informative—nor relevant to the matter at hand (not to mention the dialectic of the passage). Most logical systems are classical, and were so then as well. When one writes a textbook for classical logic, one simply stipulates that the negation sign is to obey such and such rules, and/or that it contributes to the satisfaction conditions of a formula in such and such a way, usually via a truth-table. Someone who writes a textbook for intuitionistic logic would stipulate different rules for a connective that, as it happens, has the same shape as the classical negation sign. And so on for other logics.

On this second reading of the passage, it is hard to see what the big deal is and why Quine would bother stating something so obvious. There are, of course, legitimate mathematical theories whose underlying logic is correctly described—well-modeled—by the classical texts. Tons of them. From the present, eclectic perspective, there are also legitimate mathematical theories whose underlying logic is correctly described by the intuitionistic texts and not by the classical texts. Our real question is whether the various logical particles across these various theories share a meaning. Do the words “not” and “or” when used in, say, classical analysis have the same meaning as the same words when used in intuitionistic analysis and smooth infinitesimal analysis? We have not moved very far in the direction of a resolution of that question.

It will prove instructive to broach a third interpretation of the preceding passage from Quine [1986, 81], although this reading does not quite sanction the accusation made against advocates of other logical systems.
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 We might understand the passage as articulating what Quine means (or intends to mean) by the word “not” and by the negation sign, “–.” He is saying that, as he intends to use those terms, they conform to the truth-table of classical, logical systems. His negation is Boolean. This, of course, is a stipulation, and so is not subject to refutation (assuming that the proposed usage is coherent). A substantial claim behind the stipulation is that classical logic is appropriate for certain theoretical purposes, possibly having to do with regimentation, mutual translation, or the like. If those theoretical purposes would be frustrated by abandoning the law of non-contradiction or the rule of ex falso quodlibet, then, given that Quine has those theoretical purposes, he is right to insist on those principles—and to reject the deviant logician’s proposal out of hand. On this reading of the passage, the deviant logician cannot actually be charged with changing the subject—changing the meaning of those terms—since it has not been established what that meaning is (or was). Nevertheless, the deviant logician is charged with operating with terms whose meaning is foreign to those being stipulated.

John P. Burgess [2004] formulates a notion of analyticity, supposedly available to Quineans and other skeptics about meaning. Burgess suggests that a principle should be regarded as “basic” or as “part of the meaning or concept attached to a term,” when, “in case of disagreement over the [principle], it would be helpful for the minority or perhaps even both sides to stop using the term, or at least to attach some distinguishing modifier to it” (p. 54). Burgess has disputes over the law of excluded middle explicitly in mind. The idea seems to be that it makes sense, even for a Quinean, to call a sentence “analytic,” if to deny the sentence (or its validity) would call so much into question that we cannot pursue ordinary communication—thus the suggestion that new terms be coined in such a case (see also Chalmers [2011], [2011a]). Our third reading of this passage is that Quine is claiming that non-contradiction and ex falso quodlibet are “analytic” (for him), in that sense. Given his theoretical purposes, to challenge those principles would be to call too much into question and to frustrate ordinary communication. So other terms, with different meanings, should be used instead for whatever theoretical purposes the deviant logician may have. The deviant logician should “change the subject,” by using a different set of connectives.

An analogy might help. Suppose that I take a 7-iron and modify it by heating up the shaft and bending it into a hook. Then it can better perform some useful functions, say retrieving small things that have rolled under a couch. But a golfer would be justified in claiming that the new device is no longer a 7-iron since, after all, it cannot be used to make a golf ball travel very far. I have “changed the subject,” if the subject was hitting golf balls. For other purposes, say that of cataloguing the manufacturers of the artifacts I own, perhaps I have not “changed the subject”—it makes sense to classify my 7-iron with the other golf clubs. The upshot, I suggest, is that what we call things depends on our background purposes and aims. For Quine’s purposes—whatever those may be—it (supposedly) does not make sense to call the deviant logician’s connective “not” or “–.”

For this reading of the Quine passage to be sustained, we’d need a better account of what Quine’s purposes are, and why they would be so frustrated if a paraconsistent logic were adopted that it would be best to think of it as a new subject. Such exegetical matters would obviously take us too far afield. Notice, however, that the reading in question does raise the possibility that matters of meaning and, in particular, matters of when two particles have the same meaning, might depend on one’s underlying theoretical purposes. The same goes for Burgess’s notion of analyticity. In different conversational contexts, the various words (and tools) need not look so different, and, in those contexts, it would be clearly unhelpful to insist that we call them by different names, and insist that we are onto a different “subject.” Meaning-individuation just might be an interest-relative affair. That thesis will occupy us in the next chapter (and we will briefly return to Burgess’s notion of analyticity).

Another version of the view that meaning shifts between the theories is found in Rudolf Carnap’s principle of tolerance. The following passage from The Logical Syntax of Language is often cited:




In logic, there are no morals. Everyone is at liberty to build his own logic, i.e. his own form of language, as he wishes. All that is required of him is that, if he wishes to discuss it, he must state his methods clearly, and give syntactical rules instead of philosophical arguments. (Carnap [1934, §17]).



See also Carnap [1950]. For Carnap, different logics show up in different “linguistic frameworks” which, for present purposes, are sufficiently similar to formal or regimented languages. Since, for Carnap, each logic is tied to a specific language (broadly construed) or a specific group of languages, it seems safe to conclude that the logical terms in different languages may have different meanings. Indeed, for Carnap, the meaning of a given term, in a given linguistic framework, is given by explicit syntactic rules particular to the framework. Different languages, associated with different logics, can give different syntactic rules to the connectives and quantifiers. Hence, the meanings of said connectives and quantifiers differ.

Restall [2002, 430] puts the Carnapian perspective well:


The important constraint, if it is indeed a constraint, is that the language builder explain what principles are being used, in a clear, syntactic manner, as befits the choice of a language. If you wish to build a language containing a symbol, written ‘¬’, that satisfies the rules of the classical account of negation, that is your prerogative. If, instead, you wish to build a language containing a symbol, also written ‘¬’, that satisfies the rules of a relevant account of negation, that is fine, too. For Carnap, the choice of which language is to be preferred is pragmatic, to be answered by asking: What is the language for? Is your aim to give a comprehensive theory, able to prove as much as you can in a simple way? Classical negation might be for you. Is your aim to avoid contradiction and limit it if it arises? Then relevant negation might be for you.



To port this idea to the present framework, if one is out to capture the basics of classical real analysis, then classical negation (etc.) is appropriate. If, instead, the aim is to capture the basics of smooth infinitesimal analysis, then intuitionistic negation (etc.) is needed. The crucial Carnapian conclusion is that these are different negations.

This perspective is at odds with the pluralism of Beall and Restall [2006]. They take it that there are different logics, equally correct, for one and the same language. As Restall [2002, 432] put it:


If accepting different logics commits one to accepting different languages for those logics, then my pluralism is primarily one of languages (which come with their logics in tow) instead of logics. To put it graphically, as a pluralist, I wish to say that




[image: image]




A and ¬A together, classically entail B, but A and ¬A together do not relevantly entail B. On the other hand, Carnap wishes to say that




[image: image]




A together with its classical negation entails B, but A together with its relevant negation need not entail B.



As Restall notes, this last assumes that the sentences A and B have the same content in both systems, but we can set that aside for now. It will loom large in the next chapter.

To even ask the question about meaning-shift here, we need some sort of analytic-synthetic distinction—this despite the fact that Quine himself is one of the principals to this debate. We need some idea of what goes into the meaning of a logical term. Restall [2002] gives several reasons why one might adopt the Dummett-Quine-Carnap perspective and he argues that none of these “leads to insurmountable problems” for his opposing perspective that there are different logics for one and the same language, with a single batch of logical terms, each with a single meaning.

Note that Restall does not claim to have a compelling argument for his opposing view, only that his opponents—advocates of the Dummett-Quine-Carnap perspective—have not put up “insurmountable problems” for him. The weakness of Restall’s conclusion here is, I suggest, support for (or is at least consistent with) the view developed in the next chapter, that the question of meaning-shift is itself context-sensitive. There just is no fact of the matter, independent of conversational goals, whether the meaning is the same or different, in the different languages/theories. For now, a brief sketch of the battleground will prove instructive.

Clearly, the issue here turns on what, exactly, meaning is and, in particular, on when it is that two particles have the same meaning. As noted earlier, several times, when it comes to formal languages, there are two main models for meaning. Some argue that meaning is given by inferential role, typically in the form of introduction and elimination rules. Others propose that meaning is given by truth-conditions.

We’ll begin with truth-conditions. As noted, Priest [2006, Chapter 12] argues against the pluralism of Beall and Restall [2006], insisting that since the different logics attribute different truth-conditions to the various connectives and quantifiers, they also attribute different meanings, thus siding with Dummett, Quine, and Carnap. Priest also argues that the different logics, with their differing truth-conditions, be understood as competing theories of the meaning of the corresponding ordinary language connectives and quantifiers. At most one such theory is correct, given that the terms in ordinary (mathematical) language have a single meaning.

Against this perspective, Restall [1999], [2002] proposes that we can develop minimal truth-conditions for each connective (see also Beall and Restall [2006, 50, 78–9]), truth-conditions that do not settle the logic. His proposed clause for negation is the one given in the semantics for some relevance logics, involving a primitive compatibility relation among interpretations. The details do not matter here. Restall’s point is that we can get either classical logic or a relevance logic, using the same clauses for the connectives and quantifiers, by varying the collection of interpretations. In particular, we get classical logic with Tarskian models and relevance logic with situations (together with a compatibility relation). The idea is that in both cases, the meaning of the negation sign is the same—given by the clause. What varies is something else, namely the background class of interpretations. Of course, this all depends on what it is that goes into meaning, a matter that is fraught with controversy.

We are not told how to get intuitionistic logic into Restall’s framework, although one can speculate as to how it would go. We might think of stages in Kripke structures as interpretations and formulate a compatibility relation, among stages, in such a way that the clause for negation is, word for word, the same as the clause in the relevant framework. Then one might argue that the result just is the right interpretation of negation in intuitionism. Instead, one might formulate a different compatibility relation on stages in Kripke structures. So the clause is the same and the compatibility relation varies. In any case, it is not clear how plausible the package is as an interpretation of intuitionism.
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 The devil would lie in the details.

Restall [2014] turns to proof-theoretic accounts of meaning. There, he proposes that the appropriate framework is a sequent calculus. There, too, we can formulate a single clause for each connective—the usual sequent rules. The point is that we get different logics by varying structural rules. Classical logic results if we allow multiple premises and multiple conclusions, and intuitionistic logic results if we allow multiple premises but only single conclusions. As a sort of bonus, we get a new contender, called “dual intuitionistic logic,” by allowing only single premises, but multiple conclusions. It is not so clear how to beat a relevant or otherwise paraconsistent logic into this form, but that may be just a lack of imagination on my part.

Ole Hjortland [2013] also provides ways to think of different logics as applying to the same formal language (or batch of languages), or, as he puts it, we get pluralism within a single “theory” of logic. For a sort of toy example, begin with the so-called strong Kleene 3-valued logic, sometimes called K3. It has three truth-values, T, F, and I, given by standard truth-tables. Only the first truth-value T is designated; the third value I stands for indeterminacy, neither true nor false. If we use the very same truth-tables but take both T and I as designated, then we get Graham Priest’s [2006a] logic of paradox LP. In that case, we think of I as both true and false. So we have one set of truth-tables and two logics. The idea is that we think of meaning as given by the common truth-tables, and we can define validity, uniformly, as the necessary preservation of designated truth-value. We get different logics by specifying different sets of designated values. And, as a bonus, we get classical logic by restricting ourselves to interpretations that eschew the middle value I. Intuitionistic logic is, apparently, out of bounds, or at least out of these bounds, since it cannot be formulated with truth-tables.

Hjortland [2013] goes on to develop a more sophisticated sort of pluralism from a proof-theoretic perspective. It is a generalization of the sequent calculus, where we allow more than just premises and conclusions in sequents. The details are not crucial here. The idea is that we can formulate different logics all operating within a single formal language and a single proof-theoretic framework. The upshot is similar to that in the Restall articles. We vary the logic, within a single semantical/logical framework, by varying something that is, supposedly, unrelated to meaning, the class of interpretations, the designated values, the structural rules, etc.

Notice that all of these proposals focus exclusively on formal languages. Each proposal takes some aspect of a formal system—sequent rules, truth-tables, truth-conditions—and uses that to formulate the “meaning” of the logical terminology. As noted in §1, when it comes to formal languages, matters of meaning are given by stipulation. The author of the formal system gives rules of inference and/or model-theoretic semantics. It does not matter much which elements in the package are designated as “meaning” or “meaning constitutive.” The interest of the system lies elsewhere.

In contrast, present concern is with natural languages or, better, the natural languages of mathematics. Part of the issue, then, is to figure out how the meaning of natural language terms, even when restricted to use in mathematical deductions, relates to the central items of various formal logical systems. Is this an empirical question, to be settled by the techniques of contemporary linguistics?

There is nothing but controversy concerning what counts as the meaning of even the logical terminology as it occurs in live mathematics. One might look for some analog of, say, sequent calculus introduction and elimination rules in the pursuit of ordinary mathematical reasoning, and designate that as “meaning.” Or with some analog of truth-conditions, say in a sort of Montague-style framework. But, surely, there is no consensus to be found, and matters will not be nearly as clean as they are when we just focus on formal languages.

Notice also that, even with the focus on formal languages, none of the aforementioned proposals by Restall and Hjortland capture all of the logics of present interest. Restall [2014] recovers classical, intuitionistic, and dual intuitionistic logic, but none of the paraconsistent or quantum species; Restall [1999], [2002] gets classical logic, one of the relevant logics, and, just maybe, intuitionistic logic; Hjortland captures several logics, but never all of the usual ones. This might suggest that the underlying accounts of meaning are incorrect. Of course, it is an option for a pluralist to adopt one of these frameworks, and just rule out any logic that it does not capture. Those are not logics! From the present, eclectic perspective, there is, or at least might be, more to the pluralism and folk-relativism than the few samples captured in this or that framework.




4 Relativism/Pluralism


For the rest of this chapter, I propose to leave it open whether the logical particles have the same meaning when they occur in the various theories. We will explore both options. The plan is to see where we are concerning relativism and pluralism, concerning both logical terms and words and phrases like “valid” and “logical consequence.” We can get beyond the loose strictures of folk-relativism, but only by making some substantial semantic assumptions.

Let me briefly review the taxonomy of relativism and contextualism sketched in Chapter 1, due to John MacFarlane [2005], [2009], [2014]. Indexical contextualism about a given term is the view that the content expressed by the term is different in different contexts of use. The clearest instances of context-sensitive terms are, of course, the so-called “indexicals,” words like “I,” “you,” “here,” and “now.” Indexical contextualism, as defined here, also seems to hold for words like “enemy,” “left,” “right,” “ready,” and “local,” even though these terms do not share all of the semantic features of the usual indexical expressions. Intuitively, if someone at a table says that the salt is on the right, and someone sitting opposite her says that the salt is not on the right, the two do not contradict each other—the content of “right” is different in the two utterances.


Non-indexical contextualism about a given term is the view that its content does not vary from one context of use to another, but its extension can so vary. The context of utterance provides the relevant parameter for fixing this extension. Suppose that someone sincerely says that watching old episodes of Mork and Mindy is fun, and someone else replies “No, watching that stupid show is not fun at all.” According to a non-indexical contextualism about “fun,” each of them expresses a proposition that is the contradictory of that expressed by the other. Yet, assuming both are accurately reporting their own tastes, each has uttered a truth. For the first speaker, watching old episodes of Mork and Mindy is fun, since it is fun-for-the-first-speaker. In that context, watching-old-episodes-of-Mork-and-Mindy is in the extension of “fun.” For the second speaker, that activity is not in the extension of “fun.” Each is correct—each of them managed to utter a truth in his or her own context.


Assessment-sensitive relativism about a term agrees with non-indexical contextualism that the content of the term does not vary from one context of use to another, and so, in the indicated scenario, the relativist holds that the two speakers do contradict each other over the funness of watching old episodes of Mork and Mindy. However, for the assessment-sensitive relativist, the extension of the term is determined from a context of assessment, which can differ from the context of utterance. Suppose, for example, that a third person hears the conversation and that, for her, watching old episodes of Mork and Mindy is not fun. Then, from that context of assessment, the first speaker utters a falsehood and the second utters a truth.

According to MacFarlane, the difference between non-indexical contextualism and assessment-sensitive relativism is made manifest by the phenomenon of retraction. Suppose our first speaker later came to detest old episodes of Mork and Mindy. What would he then make of his earlier utterance that watching those blasted things is fun? According to assessment-sensitive relativism, he should retract his earlier utterance. The reason is that when his early utterance is assessed from his later context, the early utterance—the proposition expressed in the early context of use—is false, even in that context of use. On the other hand, with both forms of contextualism, there should be no retraction of the earlier utterance, as it remains true in its context of use.

As stated at the outset of this chapter, here we take a context or, if you like, a context of use, to include at least a structure, or, perhaps better, a mathematical theory—the theory being advanced at any given time. Classical set theory is one context; smooth infinitesimal analysis another. A mathematician can make assertions in each of these various theories, and we might think of the development of one of these theories as something like an extended conversation taking place in journals, seminar rooms, and Internet groups around the world, and over time. Looked at this way, the proof of a new theorem in a given theory adds something to the “conversation,” at least once it is published or otherwise made available, and accepted by the relevant community of mathematicians.

To take an example that we will revisit in the next chapter, a statement of the fundamental theorem of calculus in smooth infinitesimal analysis would take place in the context of that theory. Similarly for a statement of the corresponding theorem in classical analysis. One of our questions is whether the content of those two theorems is the same. That is, do those theorems, one in smooth infinitesimal analysis and one in classical analysis, say the same thing?

As noted at the start of this chapter, a context of assessment is a meta-theory, a theoretical perspective from which theories are discussed and compared. A meta-theory will, of course, have its own logic. We turn directly to such matters in the final two chapters of this book.





5 Option 1: Constant Meaning of Logical Terms


Recall that for the time being, we are leaving it open whether the logical particles have the same meaning when used in the different theories. So we will operate under various assumptions. Suppose, first, that—pace Dummett, pace Quine, and pace Carnap—logical particles do have the same meaning in different theories, even if the logics are different. So, in particular, we assume that this meaning is not given by truth-tables, inference rules, or the like. We will maintain that supposition throughout this section, and then turn to its negation in the next.

Earlier in this chapter (§2), I suggested that words like “valid” and “logical consequence” are terms-of-art. Their use, even by philosophical logicians, is not sufficiently uniform. In writing a logic textbook, an author will typically just stipulate (perhaps implicitly) what these words mean. So we are after something more like a proposed sharpening, rather than an analysis of a word or concept in use.

In that same section, I coined a term, “super-valid,” which is intended to be non-context-sensitive. An argument form is super-valid just in case it is valid in all legitimate structures and theories. Notice that a similar stipulation can be made for most context-sensitive terms, no matter how the context-sensitivity is articulated—contextualist, assessment-sensitive, whatever. A food is “super-tasty” if it is tasty to everyone; an object is “super-left” if is on the left according to every vantage point; a person is “super-ready” if she is ready for anything; a person is a super-enemy just in case he is an enemy of everyone; a pub is super-local if it is local to everywhere. In many cases, of course, the coined term will be completely useless. A super-local pub would be quite handy, but, alas, there aren’t any.

Present focus is on phrases like “valid” and “logical consequence,” when they are not used in this context-independent way, but rather within the context of a particular mathematical structure or theory.
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 That is, we are not concerned with super-validity.


Under our present supposition that logical terms have the same meaning in all of the contexts, we have at least a folk-relativism concerning “valid” and “logical consequence” and a corresponding pluralism. For example, let Φ be a statement of the intermediate value theorem and consider the instance of excluded middle Φ∨¬Φ. On the assumption in question, that sentence has the same meaning in classical analysis and in intuitionistic analysis. It expresses the same proposition in both contexts, if you will. Yet Φ∨¬Φ is a logical consequence of the empty set in the former and not a logical consequence of the empty set in the latter. In other words, the very same argument is valid in one context and invalid in the other. So, in the slogan of folk-relativism, there is no such thing as “simply being valid.” Rather there is validity-in-classical-theories, validity-in-intuitionistic-theories, etc. Swoyer’s General Relativistic Schema is directly à propos: the dependent variable is for validity and the independent variable is for a theory or structure.

So how should this folk-relativism be articulated? Is a variety of indexical contextualism, non-indexical contextualism or is assessment-sensitivity the best option?

Jason Stanley (e.g., [2000]; see [2007]) has developed an argument against a certain kind of contextualist treatment for some terms, one that postulates so-called unarticulated constituents. The argument turns on the possibility of a kind of quantifier. Consider the following sentence:


(1) Everywhere that Joe goes, it rains.


Stanley argues that the presence of the quantifier in (1) suggests that, at the level of “logical form,” the predicate “rains” has a variable for location. This variable can get its value from context, or an explicit statement, but, as in this example, it can also be bound with a quantifier. The intended reading of (1) is that wherever Joe goes, it is raining there.

For another example, it is generally agreed that vague terms, such as gradable adjectives, are context-sensitive—somehow. The extension of a word like “tall” varies with the comparison class, paradigm cases, and the like. What is tall for a 5-year-old child is not tall for a tree. The very same person can be tall with respect to American business advertising employees and downright short with respect to professional basketball players. Now consider a family. The father is 6 feet, 3 inches tall, clearly tall for a grown man. The mother is 5 feet, 10 inches, tall for a grown woman, but not particularly tall for a man. They have a 10-year-old son who is quite tall for his age, a 5-year-old daughter who is also tall for her age, and an infant in the 95th percentile for height. The following seems both felicitous and true:


(2) Everyone in that family is tall.


The intended reading of (2) is that each member of the family is tall relative to an appropriate comparison class for that member. Crucially, it is a different comparison class for each family member. For example, the infant is not tall by the standards of grown men. One natural conclusion here is that, at the level of logical form, “tall” has a covert variable for a comparison class.

Stanley’s “binding arguments” are quite controversial, and there is no consensus as to what they show (see, for example, Recanati [2002], [2007]). Some critics argue that if the binding arguments establish the presence of variables in the logical forms of natural-language expressions, then the logical forms of many expressions would have a ton of variables, far more than would be plausible.

The dialectic of Stanley’s argument falls entirely within what we are calling indexical contextualism here. As I understand it, unarticulated constituents and covert variables are different ways to develop a contextualist semantics for a given kind of term. Stanley argues against one of these in favor of the other. Of course, consideration of this matter is beyond the scope of this book (and anything I have any hope of contributing to). But it does seem to me that cases that display the binding phenomenon are not easily susceptible to an assessment-sensitive treatment, at least for the contextual variation in question. The example (1) does at least suggest that the relevant location for a phrase like “it is raining” is not determined from a context of assessment. The location is determined by the circumstances of evaluation. What matters is where Joe is, not where the assessor is. Of course, no one is tempted by an assessment-sensitive account of weather reports.

Slightly less trivially, from our example (2), we see that the relevant comparison class for “tall” is not picked up from a context of assessment. Of course, this is not to say that vague terms cannot be assessment-sensitive in other ways. It is generally (but not universally) agreed that vagueness remains after the comparison class is fixed, and this further vagueness might be resolved in an assessment-sensitive manner (see Richard [2008], Shapiro [2006]).


We are dealing with terms that are subject to folk-relativism. The same sentences get different truth-values in different contexts. For what it is worth, it seems to me that if such a term is also subject to a binding phenomenon, like that of (1) and (2), then we are in for some variety of indexical contextualism. Or at least this is the most straightforward place to look. Indexical contextualists can take the “binding” as what it seems to be, the binding of a variable, at some level.

The idea is that the content of “tall” is something like “tall-for-C,” where C ranges over comparison classes. Suppose somebody says “Joe is tall.” What they say, then and there, is that Joe is tall-for-c
1, where c
1 is determined from the context. Suppose that, in a different context, somebody else says “Joe is not tall,” meaning that Joe is not tall-for-c
2. If c
1≠c
2, then the second statement, “Joe is not tall” does not express the contradictory of the first, “Joe is tall.” And, crucially, the variable C can be bound.

However, this conclusion is a bit tentative here. As with most issues in linguistics and the philosophy of language, there are a host of potential complications, most of which go beyond the scope of this project. Moreover, those who advocate assessment-sensitive relativist accounts of the various examples are aware of binding phenomena, and have attempted to accommodate it (see, for example, Lasersohn [2005, 681], Lasersohn [2008, 323–32], MacFarlane [2014]).
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I submit that, under the current assumption that the logical terms have the same meaning in all contexts, phrases like “valid” and “logical consequence” are subject to a binding phenomenon. Suppose that Susan is given the task of evaluating a book manuscript that concerns arguments from different mathematical systems. The first paper is about classical analysis, and Susan notices that the author makes a logical blunder, say he affirms the consequent. The second chapter is on intuitionistic analysis, and Susan notices that, in that chapter, the author inadvertently invokes a classical reductio (which, in that context, is equivalent to excluded middle). The third chapter is on a mathematical theory with one of the paraconsistent logics. There, the author slips and invokes disjunctive syllogism. In other words, it is a bad book. Susan then tells the editor:


Reject this manuscript; it is far too sloppy. It concerns several different mathematical theories, each with a different logic. For every such theory, the author commits a fallacy, putting forward an invalid argument as if it were valid.



The intended reading of the last sentence—one on which it is true—is that for each of the systems treated in the manuscript, the author blunders and presents an argument that is invalid in that system, i.e., in that context:


For every theory T presented in the manuscript, there is an argument A such that A is invalid-in-T.



Of course, the fallacy in the first paper, affirming the consequent, is invalid everywhere (or at least in all three of these contexts), but the fallacy in the second one (classical reductio) is valid in classical and in some paraconsistent logics, and the fallacy in the third (disjunctive syllogism) is valid classically and intuitionistically. And, on the present assumption, the logical terminology has the same meaning in all of these contexts.

So, it seems, we do have a binding phenomenon. Given the folk-relativism, we seem to be in for some sort of indexical contextualism for “valid” and “logical consequence,” possibly with a covert variable for a logic, structure, or theory. The classical logician says that classical reductio is valid; the intuitionist says that classical reductio is invalid. By the assumption of this section, they are talking about one and the same argument form. By the perspective of this study, both are correct. That is, both utterances are true, in their respective contexts. In line with the contextualism, they do not really disagree, since “valid” has a different content in their respective utterances. For the classicist, it is “classically-valid”; for the intuitionist, it is “intuitionistically-valid.”

To be sure, many classical and non-classical logicians act as if they disagree, and sometimes even say they do. But the relevance of “disagreement data” like this is controversial in the other, more standard cases, say involving predicates of personal taste. There is no consensus on whether people do really disagree on such matters or, as the saying goes, there is no disputing taste.
16
 In any case, the present conclusion concerns whether these logicians are right to think of themselves as disagreeing.

What of the logical terms themselves? By the supposition in play throughout this section, those have the same meaning in every theory in which they are used. So, assuming that “content” is the same as “meaning” here, we do not have a form of indexical contextualism. Indeed, the present supposition just is the rejection of indexical contextualism for the logical terms. From the eclectic perspective of this project, the “extensions” of the logical terms presumably do vary in the different contexts-cum-theories, at least to the extent that it makes sense to speak of the extension of a logical term. In any case, an instance of, say, excluded middle is correctly deemed valid in classical contexts and correctly deemed invalid (although not outright false) in intuitionistic contexts—whatever this says about the “extensions” of the terms “or” and “not.”

I submit that once we adopt the present eclectic orientation towards logic, assessment-sensitive relativism concerning the logical terminology does not make much sense, at least not in its full, unrestricted form. Suppose, for example, that a mathematician is working in classical analysis. She proves an interesting new theorem, and submits it for publication. Suppose that the proof explicitly invokes an instance of excluded middle. Suppose also that, a week later, she finds herself working in intuitionistic analysis. She ponders her use of excluded middle the week before. The later, intuitionistic context is thus a sort of context of assessment for the earlier, classical one. I would think that she would not judge her earlier utterance of excluded middle, from the previous week, as invalid in the original context of use. So she would not retract her earlier utterance—which would amount to retracting her previous theorem (and, presumably, withdrawing her article from the journal it was submitted to). Indeed, as an eclectic mathematician, she would recognize that the use of excluded middle in classical analysis is indeed valid in that context of use, and that her previous “proof” is good—even though her logical “tastes” have changed in the meantime.
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So, continuing our assumption that the logical terminology has the same meaning in all of the theories, no matter what the logic, the proper conclusion concerning the logical terms is non-indexical contextualism. That orientation does seem to fit things rather well: the terms have the same content but get evaluated differently in the different theories/contexts. But, of course, the assumptions in play are themselves controversial. As noted, in the present framework, contexts of assessment are something like meta-theories, where certain mathematical theories are themselves studied, related, and, indeed, assessed. The issues are subtle and interesting. They will be treated more fully in the final two chapters of this study.




6 Option 2: Variable Meaning of Logical Terms


Now let us switch gears, and assume instead that the various connectives and quantifiers have different meanings when they appear in the different logical systems and structures. So the various logicians do talk past each other, as Dummett, Quine, Carnap, and a host of others (but not Beall and Restall) contend. On this supposition, there is no real disagreement between the various logicians—unless it be over the coherence of the interlocutor’s connectives or over the applicability of a given system for a given purpose.

One interpretive option is that the logical terms are ambiguous (or homonymous). There are, for example, at least three different words, all spelled “o-r.” One of these appears in intuitionistic theories, one in classical theories, and a third in relevant and/or paraconsistent theories. This option strikes me as most implausible, for the simple reason that the various uses of “or” are too close to each other. They seem more like variations on a theme than three more or less independent words that share a spelling. There are some more-or-less controversial tests for ambiguity. Perhaps the simplest is that if the terms were ambiguous, then we would expect to find (natural) languages other than English that have different words corresponding to the different meanings. I doubt that there are such languages (unless, say, classical analysis and smooth infinitesimal analysis are thought of as conducted in different languages). Another possibility is that the terms are polysemous. If we do have a case of ambiguity or polysemy here, then most of the foregoing considerations will still apply.

There may be some reason to try to articulate what, in Kaplanian terms, we might call the “character” of the logical terms—perhaps their (uniform) conventional meaning. I do not know how to do this, at least not in any illuminating way. For each logical particle, it would, of course, be straightforward, and indeed trivial, to define an appropriate function from contexts of use (i.e., mathematical structures/theories) to contents. In these terms, the “character” of disjunction, for example, would be a function whose arguments are mathematical structures and theories. For classical structures, the value of the function is the familiar truth-table (or satisfaction condition); for intuitionistic theories, the value is the familiar inference rules; in certain relevant theories, the value is…However, it does not seem especially illuminating to put things that way. We are just rephrasing the thesis of this section, namely that the content of the logical terms is different in the different contexts. If there is variation, there is a function. For there to be something interesting here, we should be able to say, in a more specific way, what it is that all instances of “or” have in common, at least when those are used as sentential connectives in mathematical theories. An articulation of the “character” of, say, “or” might help determine just which connectives get to count as disjunctions in the various contexts. However, I will not attempt that here.
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We thus have a sort of contextualism concerning the logical terms. In this case, it would be an indexical contextualism. As noted, the hypothesis of this section is that the content of the logical terms is different in the different contexts of use. MacFarlane’s indexical contextualism is, I think, what most authors mean by “contextualism” simpliciter (understanding, again, that the view extends well beyond the ordinary indexical expressions).

As noted in the previous section, there are different ways to articulate an indexical contextualism. In this case, one option is to think of logical terms as like ordinary indexicals in some ways. Then, at least in a Kaplanian framework, one would say something about how the terms behave some of the ways that indexicals do. Or one could postulate an unarticulated constituent, here for a background structure or theory. Or one could say that, at the level of syntax, or what linguists call “logical form,” the logical terms themselves have a slot or variable to stand for the background structure or theory. So “or” would be “T-or,” and examples of T would be “classical,” “intuitionistic,” “LP,” “R,” etc.

I do not wish to get tangled up in a discussion of the various ways that the present contextualism might be articulated further. Recall that, in this section, we are just exploring one theoretical option, namely that the logical terms have different meanings in their different contexts of use. This should be independent of the details of how that difference in meaning is spelled out.

Notice that our foregoing assumption—that the logical terms have different meanings in the different theories—reinstates a kind of toothless logical monism concerning logic itself, and, indeed, a toothless monism concerning words and phrases like “valid” and “logical consequence.” We would also maintain a toothless version of the slogan that logic is universally applicable. The classical law of excluded middle, for example, would be (super-)valid. Apparent counter-examples, such as what we find in the intuitionistic systems, are not instances of that law of excluded middle. In general, classical logic is universally valid, holding in all structures—that is to say, all structures whose theory is expressed using the classical connectives and quantifiers. But intuitionistic logic is also universally valid, holding in all structures—that is, all structures whose theory is expressed using its connectives and quantifiers (see Hellman [1989]).

Recall the venerable slogan that validity and logical truth hold good in “all legitimate discourses.” We are introducing a kind of context-sensitivity in the quantifier, “all legitimate discourses”: classical logic is universally applicable in all legitimate classical discourses, intuitionistic logic is universally applicable in all legitimate intuitionistic discourses, etc. There is indeed an ongoing theme of arguing that all quantifiers (including this one) are restricted (see, for example, Stanley and Szabó [2000]). But, surely, waxing contextualist or relativist at the level of “all legitimate discourses” robs the slogan of universal validity of its interest.

Indeed, from the assumptions in play here, the slogan is not really saying anything. It is the truism that each logical principle and inference is universally valid, without exception, wherever it applies. Duh.

In any case, the suppositions in play—that the logical terms have different meanings in the different theories and the toothless logical monism—do not substantially change the present eclectic attitude, coming from extending the Hilbertian perspective to logic. If we hold that meaning shifts in the non-classical theories, as we are in this section, then the eclectic view would have to be articulated in a different way, namely that the logical terms have different contents in different legitimate theories.

Moreover, from this perspective, a different venerable slogan has to be given up, the idea that each logical term is itself universally applicable. The slogan to be rejected is that one can use a logical term in any situation whatsoever, no matter what one is talking about. On the present assumption concerning meaning-shift and, of course, the eclectic orientation, this is just plain false.

Consider, once again, smooth infinitesimal analysis. Recall, that this theory invokes intuitionistic logic, and is rendered inconsistent if the relevant version of excluded middle is added to it as another axiom. For essentially the same reason, it is not possible to add a classical, Boolean negation to the language, assuming that this connective exhibits all of the logical behavior of classical negation. Let “¬” be the negation sign in the intuitionistic language, and let “~” be the Boolean negation we are trying to add. Using standard techniques, one can show that the two negations are equivalent: for any sentence Φ, we’d have ¬Φ ≡ ~Φ. So the intuitionistic version of excluded middle, Φ∨¬Φ, would follow from the classical version, Φ∨~Φ. This would render the theory inconsistent, and thus trivial.
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In sum, it is simply not possible to coherently add a classical negation to the language of smooth infinitesimal analysis. Doing so would render the theory inconsistent, and thus trivial. To use Priest’s colorful language, if we inserted a classical negation into the language, the theory would explode.

So what we have, under the current suppositions, is a limitation concerning the applicability or the range of logical terminology. It is simply not true that one can take any coherent structure and add any logical connective to its language and still have a coherent theory, let alone a conservative extension of the original theory. Excluded middle, the distributive principles, ex falso quodlibet, etc. are all universally and unrestrictedly valid where they apply, but that is not a particularly interesting thesis. Again, the controversial part is that the logical principles do not apply everywhere.

The contrary thesis, that logical terminology can be applied anywhere, is, of course, longstanding. The thesis is that a logical term is what we may call “universally expressible.” There are no restrictions on where it can be used. Some authors seem to take this as a hallmark of the logical, and a natural consequence of the thesis of the universal applicability of logic itself. Indeed, as noted earlier, one can think of universal expressibility as a theme in Frege’s argument for logicism. In a nutshell, numerals are logical terms because one can count anything. That is, arithmetic terminology is appropriate everywhere, it is universally expressible.

Natural or not, on the present suppositions—mainly the proposition that the logical terms have different meanings in the different theories—the thesis of the universal expressibility of logical terminology is to be given up. The substantive thesis is that the principles and inferences in question do not apply everywhere, and cannot be imposed everywhere, which is just what the other formulations of logic relativism or pluralism say, in different words.

To summarize the conclusions of the last two sections, if the logical terms have the same meaning in the various mathematical theories, then words and phrases like “valid” and “logical consequence” are up for an indexical contextualism. They have different contents when used in the different theories. Moreover, for the logical terms themselves, we are to be non-indexical contextualists. If, on the other hand, the logical terms have different meanings in the different theories, then, it seems, we are in for an indexical contextualism for those terms. And, on this option, we need not adopt even a folk-relativism for “valid” and “logical consequence.” Those terms have only one primary meaning and extension. The variation lies in the relata, the argument forms that are themselves valid or not. This monism is, as I have suggested, toothless. We now turn directly to the meanings of the logical terms themselves.






1

 The various kinds of contextualism and relativism were sketched in Chapter 1. We will review them when they come up in §4.




2

 In Chapter 1, we briefly encountered views that reject the very distinction between logical and non-logical terms. The present issues concern the words and phrases mentioned, e.g., “or” and “for all.” Nothing here depends on whether they have some sort of special status. The final section of the next chapter takes up the matter of verbal disputes, using logic as a test case.




3

 The passage reads: “The concept of logical consequence is one of those whose introduction into the field of strict formal investigation was not a matter of arbitrary decision on the part of this or that investigator; in defining this concept, efforts were made to adhere to the common usage of the language of everyday life. But these efforts have been confronted with the difficulties which usually present themselves in such cases. With respect to the clarity of its content the common concept of consequence is in no way superior to other concepts of everyday language. Its extension is not sharply bounded and its usage fluctuates. Any attempt to bring into harmony all possible vague, sometimes contradictory, tendencies which are connected with the use of this concept, is certainly doomed to failure. We must reconcile ourselves from the start to the fact that every precise definition of this concept will show arbitrary features to a greater or less degree.”




4

 As noted in Chapter 2, Beall and Restall [2006] propose a kind of model-theoretic pluralism. The idea is that validity is, first and foremost, truth-preservation in all cases. The pluralism comes in when we note that there are different kinds of cases. Models support classical logic; nodes in Kripke structures support intuitionistic logic; and situations support a relevance logic. Graham Priest [2006, Chapter 12] argues against this pluralism, proposing that if validity just is preservation of truth in all cases, it should be the preservation of truth in all cases. So an argument is valid, simpliciter, only if it is valid in every legitimate model-theoretic framework. If stages in Kripke structures, Tarskian models, and situations are all legitimate cases, then an argument is valid only if it preserves truth through Kripke-structure stages, models, and situations. Priest’s argument is of-a-piece with the sort of monism envisioned here.




5

 Achille Varzi [2002] provides a model-theoretic framework in a very general setting. He argues that the syntax of formal languages is so unconstrained that there is no non-trivial “minimal” logical theory that holds come what may. In present terms, Varzi argues that almost no arguments, in formalized languages, are super-valid.




6

 This is meant as a platitude, not an endorsement of an inferentialist account of meaning. Even if meaning is given by, say, truth-conditions, there is still a question as to how a given word or phrase gets its meaning. In other words, there is a question of how we go about determining which truth-conditions go with which words and phrases. Surely, how the words and phrases are employed by language users has something to do with that.




7

 Thanks to Michael Miller for suggesting the following line of thought.




8

 See also Restall [1999, §5]. Restall’s charge is made in the context of an account of negation in a model-theoretic semantics for relevant logics, formulated in formalized languages.




9

 As noted in Chapter 3, it is not at all clear how to incorporate smooth infinitesimal analysis (and synthetic differential geometry) into a Dummettian, or traditional intuitionistic perspective. The logic is intuitionist, but the connectives and quantifiers of smooth infinitesimal analysis do not seem to follow the Brouwer-Heyting-Kolmogorov interpretations.




10

 See Horn [1989]. There is at least a distinction to be made between what is sometimes called “meta-linguistic” negation and ordinary “object” negation.




11

 Well, we can hardly call any of those good folks “pre-logical.”




12

 Thanks to Michael Miller here, especially for the analogy with ordinary objects. Thanks also to Robert Kraut.




13

 Alexander Paseau [2007] argues that it is implausible that Beall and Restall’s “stage semantics” is all that there is to the meaning of a term.




14

 Recall that I suggested that a monist might put the word “valid” in scare quotes when it is used in this context-sensitive way. So, from that perspective, the present focus is on “valid.”




15

 MacFarlane [2014] has a rather intriguing proposal. He suggests that there is indeed a covert variable7 in “logical form.” And this variable can be bound. It can also be filled in explicitly, with a phrase like “tall for a jockey,” or “rich for an American.” MacFarlane’s proposal is that, for some such words, when there is no binding and no explicit value for the variable, then its value is picked up from a context of assessment, not the context of use.
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 It should be emphasized that the “disagreement data” among rival logicians is nowhere near as extensive as it is for predicates of personal taste. I might add that I do not want to say that there are never any substantial disputes concerning validity. For example, two classical mathematicians can disagree about the validity of an inference pattern. In effect, they are both using the same value for the contextual parameter, perhaps the covert variable. One is right and the other wrong.




17

 Preview of a coming attraction: Sometimes the logic of the context of “assessment”—a meta-theory—does matter in how one evaluates given claims of what-follows-from-what-in-a-given-logic. But not in the present case, as described. See the final chapter.




18

 As noted in §3, some authors claim that the common meaning of logical terms—what we might call their “character”—is given by inference rules, and that the differences in the different logical theories are traced to “structural rules,” usually in a sequent-calculus (Restall [2014], Hjortland [2013]). I do not know if this program extends to every use of the terms, in every logical system. I take this to be more of a stipulation (or an explication) of “same meaning,” rather than a substantive linguistic thesis.




19

 There are well-known techniques for combining logics into a single system. Linear logic provides one interesting framework for this (see, for example, Girard [1987, Chapter 2]). Joshua Schechter [2011] develops an interesting new recipe for combining logics. So, in a sense, we can have classical and intuitionistic connectives and quantifiers living together. However, the logical relations of the connectives must be restricted appropriately. In natural deduction, for example, the introduction and elimination rules for these connectives must be restricted to the proper kinds of formulas. I take it here that, for a given connective to be the classical, Boolean negation (for example), there should be no restrictions on the natural deduction rules for it. But, of course, that is just a stipulation.
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 Meaning and Context




The previous chapter showed how matters of contextualism and relativism play out, depending on whether or not the logical terms have the same meaning in different contexts/theories. Here we turn our attention directly to the matter of meaning-shift, to whether the word “not,” for example, has the same meaning for a classicist as for an intuitionist and a relevantist. To repeat an apt message from Greg Restall [2002, 432]:


If accepting different logics commits one to accepting different languages for those logics, then my pluralism is primarily one of languages (which come with their logics in tow) instead of logics. To put it graphically, as a pluralist, I wish to say that
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A and ¬A together, classically entail B, but A and ¬A together do not relevantly entail B. On the other hand, Carnap wishes to say that
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A together with its classical negation entails B, but A together with its relevant negation need not entail B.



As we saw, the proper formulation of the present, eclectic perspective toward logic depends on how this issue is resolved. So, for that matter, does the entire enterprise of formal semantics, if it is to extend to languages with different logics.

There is, of course, a longstanding thesis that logical validity flows somehow from meaning, although there is not much of a consensus as to what the connection between meaning and validity is. Therein lies much of our problem. As I have been emphasizing, our present issues concern the natural languages of mathematics, not the formal, artificial languages defined in treatments of formal logic. For the latter, one more or less stipulates the meaning. An author just says that “¬” obeys such and such a truth-table, or is governed by such and such rules, or both.


There is no consensus concerning how logical terms, when used in the wild, get the meanings they have (if, indeed, they have determinate meanings). Indeed, there is no consensus on what meaning is, even when attention is focused on so-called logical terminology. Some say that the meanings of (at least) logical terms are given by inference rules, namely the central inference patterns for formulas that have the term in question as main connective (e.g., Dummett [1973], [1991], Prawitz [1977], Peregrin [2009]). A more common view is that meaning is given by truth-conditions, by showing how each term contributes to the truth-conditions of formulas that contain it. This underlies the program of providing Montague-style semantics for natural languages generally.

So in order to determine, definitively, whether the various logical particles share their meaning when used in different theories, we’d need to determine, definitively, just what meaning is. Indeed, we should have a fully worked-out account of what meaning is, so that we could say exactly what it is that does or does not shift in the different theoretical contexts. Such an enterprise would go beyond the scope of this work and my own competence. It would be a massive undertaking. So the conclusions drawn here are speculative.




1 Context-sensitive Resolution to the Matter of Context-sensitivity


The purpose of this chapter is to float and examine a thesis that the matter of meaning-shift is itself context-sensitive, and, moreover, interest-relative. Whether we say that the logical terms have the same meaning, or different meanings, in the different structures or theories, depends on what is salient in a conversation comparing the structures or theories. For some purposes—in some conversational situations—it makes sense to say that the classical connectives and quantifiers have different meanings than their counterparts in intuitionistic, paraconsistent, quantum, etc. systems. In other situations, it makes sense to say that the meaning of the logical terminology is the same in the different systems.

To get started, I claim first that there are conversational situations in which it is at least natural to speak of the logical terminology as having different meanings in the different mathematical theories, when the logics are different. But I also claim that there are conversational situations in which it is more natural to speak of the logical terminology as having the same meaning, for the very same pair of theories. Of course, even if I am right about these things, it remains to be seen whether these prima facie “natural” thoughts can be sustained in a full-blown account of meaning—a task that is, again, beyond the scope of this work. The rest of the chapter is devoted to developing the idea and locating the thesis in some wider philosophical perspectives.

We start with the first claim. It seems to me natural to speak of meaning-shift when basic logical differences between the systems are explicitly in focus. Consider a student, Dudley, who has a normal training in classical mathematics. Suppose he is shown the basics of smooth infinitesimal analysis.
1
 He is told that, in that theory, zero is not the only nilsquare or, in other words, he is told that it is not the case that every nilsquare is identical to zero:


[image: image]


Dudley mutters, “Ah, so there is another nilsquare, one that is different from zero.” Dudley’s guide corrects him on this. She says, “I’m afraid you are mistaken there. In fact, no nilsquare is distinct from zero:
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perhaps reminding Dudley that since the elements of smooth infinitesimal analysis satisfy the field axioms, every non-zero element has a multiplicative inverse. Since nilsquares cannot have multiplicative inverses, they cannot be distinct from zero.

Dudley’s first reaction might be that he is confronting a new form of madness, that his guide is bonkers, along with everyone else who works on this so-called branch of mathematics. On reflection, however, Dudley may adopt a more charitable orientation, based on the solid reputation of his guide in the mathematical community, her substantial publications in ordinary, classical mathematics, and the fact that she seems quite adept in all non-mathematical linguistic matters. So, Dudley charitably concludes that the guide must not mean the same as he does with words like “only,” “not,” and perhaps “identical to,” at least when working in this theory. As he understands these terms, it simply follows from “zero is not the only nilsquare” that “there is a nilsquare different from zero.” Dudley maintains that anyone who thinks otherwise must not know what they are talking about—to paraphrase Quine—or, in more charitable mode, Dudley thinks they must be using the logical words differently from how he uses them.

Dudley may be inspired here by a passage from Quine’s Word and Object, invoked in the previous chapter:


…let us suppose that certain natives are said to accept as true certain sentences translatable in the form ‘p and not p’. Now this claim is absurd under our semantic criteria. And, not to be dogmatic about them, what criteria might one prefer? Wanton translation can make natives sound as queer as one pleases. Better translation imposes our logic upon them…(Quine [1960, 58])



The “natives” here, those who pursue smooth infinitesimal analysis, do not assert (what look like) contradictions, but they do violate other equally dear tenants of classical logic. To Dudley, the “homophonic” translation, where, say, “not-for all” means “not-for all,” makes them sound weird to him, almost as weird as Quine’s imagined natives sound to Quine.

If Dudley is sufficiently interested, he might work to understand what meaning his guide seems to attach to what sound like logical particles, so that he can digest the theory properly. It would be an open question whether this can be done by translating the guide’s language into his own—say by following guidelines for radical translation or radical interpretation, or, more formally, via a modal interpretation (see Chapter 3, §3). Alternatively, the two languages/theories may somehow be incommensurable, and Dudley may have to “go native” in order to get the hang of the interesting new language/theory.

To be sure, this conclusion concerning meaning-shift can be resisted, even without reinstating the hypothesis that devotees of smooth infinitesimal analysis are bonkers. For example, a monistic intuitionist (like Heyting or Dummett) might claim that Dudley is simply mistaken in holding that the principle of excluded middle (or something equivalent) is constitutive of the meaning of “not” and “or.” For such an intuitionist, excluded middle is, at most, a deeply held belief, perhaps based on some metaphysical or epistemological view that Dudley, along with just about every classical mathematician, tacitly holds, even unbeknownst to themselves (see Tennant [1996]). My only claim here, so far, is that in contexts like this one, where crucial differences in rather basic inference patterns are salient, it is natural to speak in terms of a change in meaning between the various mathematical theories. That would just be to take some straightforward remarks at face value.

That is our first scenario. In other conversational contexts, I submit, it is more natural to take the logical terminology in the different theories to have the same meaning. That happens if one is discussing what the theories (appear to) have in common, or if one is highlighting some less basic, and more directly mathematical, differences between the theories—differences that show up logically downstream, so to speak. For example, when sketching smooth infinitesimal analysis in Chapter 3, §2, I said “Begin with the axioms for a field.” Presumably, readers familiar with the basics of abstract algebra knew what I meant, and followed the instructions accordingly. Otherwise, I did not manage to communicate anything in describing the theory, and neither did Bell [1998]. Notice that the axioms for a field contain logical terminology—the very terms whose meaning is called into question. One of the axioms, for example, is that every number has an additive inverse. Readers have to understand what is meant by “every” in order to get the hang of the theory I was discussing. So, it seems, “understanding what was meant,” which, I presume, at least some readers of Bell [1998] did, need not include interpreting the logical terms classically. To say the least, it would be weird to protest later: “Hey. You said to start with the axioms for a field. But in your theory, those axioms do not hold, as the words you use do not have the same meaning in your theory as they do in the axioms of (classical) field theory.”

The Fundamental Theorem of calculus is that if A(x) is a function giving the area under the curve given by a continuous function f, between 0 and x, then the derivative of A is f. Bell [1998, 30] remarks that the Fundamental Theorem holds in smooth infinitesimal analysis. In fact, it has a lovely proof, turning on the axiom of micro-affineness. This seems like the correct thing to say, as the corresponding theorems—one in classical analysis and one in smooth infinitesimal analysis—at least appear to have the same content, at least for these communicative purposes. Both theorems say what seems to be the same thing about the areas under continuous curves. It at least seems correct to say that the Fundamental Theorem—the very same proposition—is provable in both classical analysis and in smooth infinitesimal analysis, and, moreover it—this proposition—has a lovely proof in the latter.

Along similar lines, Bell [1998, 105] provides an insightful and illuminating treatment of the intermediate value theorem in the context of smooth infinitesimal analysis. Although it—the intermediate value theorem—holds for quadratic functions, it fails in general. Bell provides a nice explanation for this involving projection functions. For this talk to be understood at face value we have to assume that it is coherent to speak of the classical intermediate value theorem and its smooth counterpart as having the same content, so we can state where it holds and where it does not.

Restall [2002, 432 n. 14] makes a similar point, focusing on how we typically compare classical and intuitionistic theories:


Instead of taking the intuitionistic language to differ from a classical language, we can identify them. The difference between Heyting arithmetic…and classical Peano arithmetic is then what it appears to be on the surface. Some theorems of Peano arithmetic are not theorems of Heyting arithmetic, but all theorems of Heyting arithmetic are also theorems of Peano arithmetic. If we were to take Carnap’s doctrine [that meaning shifts between the theories] literally, this could not be the case. For Carnap, all theorems of Heyting arithmetic featuring “intuitionistic negation” would not be expressible in the language of classical arithmetic, which features no such connective…It is common in metamathematical practice to consider the relative strengths of theories couched in different logics.



To compare the relative strengths of two theories, at least in the most straightforward way, they need to share some content, or at least one should be easily translatable into the other.

As with the first claim of this section, the present conclusion concerning shared content, in the indicated contexts, can be resisted, and, of course, the conclusion would be resisted by someone who agrees with Dummett, Quine, or Carnap, that the meanings of the logical terms differ in the different theories. For example, one might protest that the Fundamental Theorem does not hold in smooth infinitesimal analysis, since the statement of the Fundamental Theorem that we all know and love contains logical terminology—as does just about any non-trivial statement in any theory—and this logical terminology does not mean the same thing in the two theories. Indeed, if the logical terms have different meanings in the two theories, then the classical theorem cannot even be stated in the language of smooth infinitesimal analysis (or intuitionistic analysis). It is something like a category mistake, or a presupposition failure, to even ask if the classical theorem holds or fails in the intuitionistic context.

Along similar lines, such a theorist would insist that the elements of smooth infinitesimal analysis do not constitute a field, and that, strictly speaking, it is not correct to speak of the same theorem in the two contexts. In conversation, some folks have objected to calling the domain of smooth infinitesimal analysis a field. They sometimes use a phrase like “intuitionistic field.”
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Our resisting thinker will concede that there are some striking analogies between certain propositions from the different theories. Both fundamental theorems, for example, say something about the areas under continuous functions. Well, even this assumes that “area” and “continuous function” have the same meaning in the two theories. Unless those terms are primitive, their definitions will contain logical terms, which, according to the resistor, have different meanings in the two theories. A more careful statement, from the one who insists on meaning-shift, would be that the respective theorems make analogous claims about structurally analogous things, classical-areas and smooth-areas, classical-continuous-functions and smooth-functions, and the like. Restall [2002] claims, perhaps for this reason, that this interpretive move is “strained.” Sometimes it is. However, considering cases like that of our first scenario, sometimes it isn’t.

Notice that we might say that two cars cost “the same” even if their price differs by a few dollars, and we might say that two people have the “same height,” even if they are a few millimeters apart. This loose talk is felicitous in a conversation if the differences between the items do not matter in that context, say when we are talking about what someone with a given income can purchase or whether someone is a better candidate for playing center on a given basketball team. But, strictly speaking, we all know that the two cars do not cost the same and the two people are not of the same height. Someone sympathetic to the Dummett-Quine-Carnap perspective might similarly allow a loose use of the locution “same meaning” in certain conversational contexts. Just as we do not need to take loose talk of “same price” and “same height” seriously, we also might not take the loose talk of “same meaning” seriously—or so someone might argue.
3
 Alternatively, one might claim that expressions like “same meaning” are ambiguous (or polysemous), sometimes used strictly and sometimes used loosely, with both uses legitimate. Then, one might add, the “strict” reading is the primary one for semantics.

I would think, however, that it is a bit hard to put a metric on meaning. What is it to say that the meanings of two words, or two phrases, are “close” to each other—close enough that the differences can be ignored in this or that context? How close is that? By what measure? David Lewis [1979] provides an influential account of the pragmatics of loose talk. However, his account presupposes that there is a “standard” that can be varied in the course of a conversation. A standard is a lot like a metric. It is hard to see what would count as a “standard” when it comes to meaning, let alone how one goes about “raising” or “lowering” such a standard. In the next section, I suggest ways in which we can take this “loose talk” more seriously (or at least more rigorously), without having to invoke anything like a metric.

For now, the point is that in some contexts, it is natural to speak of the logical terminology as meaning the same in the two languages and, in fact, it is common to speak that way sometimes. I’d like to take that talk at face value, just as I would in the other cases, where it is more natural to speak of a meaning-shift. I now proceed to (try to) make that more plausible.




2 Vagueness


To frame the theme of the present chapter from a larger perspective, I suggest that the relation of “same meaning as” is vague. In particular, I submit that the following relation is a vague one:


lexical item a, as used in language/theory T
1, means the same as, or is synonymous with, lexical item b, as used in language/theory T
2.




To be more specific, I suggest that if a is a logical particle in the language of a mathematical theory T
1, and b is its counterpart in a different theory T
2, with a different logic, then we have a borderline case of the indicated relation.

To be sure, it is only helpful to invoke vagueness here if one has a sufficiently comprehensive account of vagueness, and even then only if that account ends up supporting the present thesis concerning meaning-shift. Here, however, I can be helpful and do not have to plead that these matters are beyond the scope of this work and my own competence, or at least not beyond my own interests (Shapiro [2006]).

There is no consensus on what makes a given predicate or relation (or object) vague. It is common to tie vagueness to the presence of a sorites series. Perhaps someone could construct a series that goes from a clear case of a pair of synonymous logical particles and proceeds using small steps to a clear case of two particles whose meaning is different (whatever one might mean by “small”).
4
 In my opinion, however, it is better to not tie vagueness to sorites, even if it is sorites that gives rise to the interesting puzzles concerning logic. From my perspective, what makes for vagueness, in part, is the presence of borderline cases. But there is little point in arguing over a term like this. The present issue concerns how borderline-cases of a given predicate should be understood.

So let us just assume that the given phrase “has the same meaning” is vague, or at least that it has borderline cases. Some accounts of vagueness (or borderline cases) would not sanction the present conclusion concerning meaning-shift. The epistemicist (Williamson [1994], Sorensen [2001]) would hold that there is indeed a fact of the matter as to whether a given particle has the same or a different meaning in the different theories, adding, perhaps, that we sometimes cannot know whether the meaning is the same or different. Such a view does not license one to say that the question of meaning-shift is context-sensitive—unless it involves a sort of loose manner of speaking. Indeed, the view would insist that meaning-shift is not context-sensitive. I might add that epistemicism would be a strange view to hold here (if not everywhere), since it would have it that sometimes we simply cannot know whether the meaning of the logical particles is the same or different, in the different theories, nor can we know whether smooth infinitesimal analysis is contradictory.

Continuing to assume that we have a case of vagueness here, a fuzzy, or many-valued approach (Edgington [1997], Machina [1976], Smith [2009]), would have it that it is not fully true that the particles in question have the same meaning in the different theories, nor is it fully true that they have different meanings. This would be one way to make sense of the scenarios sketched in the previous section. We get different intuitive verdicts in the two scenarios because, in fact, the truth-value of the statement that the logical particles have the same meaning in the two theories is somewhere between full truth and full falsity. Both of the intuitive judgments suggested there are partially correct and partially incorrect. However, the many-valued approach to vagueness would not sanction a meaning shift. On that view, the proposition that the particles have the same meaning in the two theories has the same (intermediate) truth-value in all contexts.

Supervaluationists speak of acceptable sharpenings (or precisifications) of the language. Continuing our assumption that “same-meaning” is vague, there will be at least one acceptable sharpening of the language in which the logical particles have the same meaning in the different theories and there will be another acceptable sharpening in which the meaning is different. A sentence is super-true if it comes out true under all acceptable sharpenings. The mantra of at least the traditional supervaluationist accounts (Fine [1975], Keefe [2000]) is that truth is super-truth. So, from that perspective, it is indeterminate—neither (super-)true nor (super-)false—whether excluded middle is valid. The same would go for ex falso quodlibet and other contested arguments and propositions. Indeed, on the supervaluationist approach, a sentence in the form “argument Π is valid” would be (super-)true just in case Π comes out valid in all legitimate structures and theories. To recall the terminology invoked in §2 of the previous chapter, it is super-true that Π is valid if and only if Π is super-valid.

However, on the supervaluationist accounts—and continuing to hold that the foregoing relation is vague—there would be no context-sensitivity. For the crucial cases, in every context, the statement that meaning has shifted between the theories is indeterminate.

It is widely agreed that at least typical vague terms exhibit some sort of context-sensitivity, especially gradable adjectives. The truth-value of a statement in the form, “a is tall” or “b is rich,” will vary depending on the comparison class, paradigm cases, and the like. The same person can be filthy rich when compared with philosophy professors and downright poor when compared with college athletic coaches. The same person can be bald when compared to Tiny Tim and not bald when compared with Yul Brynner.

This much, I think, is uncontroversial, although there is an open question as to how to further articulate this context-sensitivity. It is also widely, but perhaps not universally, held that vagueness remains even after a comparison class, paradigm cases, and the like, are fixed. There are borderline cases of, say, rich philosophy professors, and those borderline cases are not resolved by articulating a further, more restrictive comparison class.

There is a range of views that postulate a different sort of variability in the proper use of vague terms, one that kicks in after things like comparison class and paradigm cases are fixed. Delia Graff [2000], for example, argues that the extensions of vague terms vary according to the interests of speakers at a given moment. As interests change from moment to moment so do the extensions of vague predicates, even if the comparison class remains the same. Scott Soames [1999] holds that vague terms are indexical expressions whose contents, and thus, extensions vary from context of utterance to context of utterance, again even when we hold comparison class and the like fixed.

Other accounts of vagueness have it that competent speakers of the language can go either way in the borderline regions of a predicate or relation, at least sometimes, without compromising their competence in the use of these words (Raffman [1994], [1996], Shapiro [2006]). To focus in on my own account, suppose that a certain man, Harry, is borderline bald. Then, as I see it, a speaker can usually call Harry “bald” and, if this is accepted in a conversation, then in that context, Harry is bald (and it is true, in that context, that Harry is bald). In other conversations, a different speaker—or even the same speaker—can call Harry not bald and, if that is accepted, then in those contexts, Harry is not bald. This is despite the fact that the comparison class is the same in both contexts, and nothing has changed regarding the number and arrangement of Harry’s hair.
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The views in question here—those of Shapiro, Raffman, Graff, and Soames—differ on whether it is the content of a vague term or just its extension that shifts from context to context. Those are the very issues that give rise to various forms of indexical contextualism, non-indexical contextualism, and assessment-sensitive relativism. We can put those differences aside here, as all four of us agree that extensions shift from context to context. That supports the speculative conclusion of this chapter.

Recall the present, tentative thesis that the following relation is vague:


lexical item a, as used in language/theory T
1, means the same as, or is synonymous with, lexical item b, as used in language/theory T
2.



This thesis, together with at least some of the broadly “contextualist” views on vagueness (especially that of Shapiro [2006]), and, of course, the eclectic orientation of this book would “predict” that there are conversational situations in which it is natural to speak of the logical particles as having the same meaning across the theories of interest, and such views would likewise “predict” that there are conversational situations in which it is natural to speak of a meaning-shift, following Dummett, Quine, and Carnap. As we saw in the previous section, such predictions are borne out. There are such situations.

The accounts of vagueness in question have it that what is said in the “natural” conversational moves presented in the previous section are in fact correct. There are conversational contexts in which the meaning of the logical particles is the same and there are contexts in which the meaning is different. It is not a loose manner of speaking, which is, strictly speaking, false. The “natural” pronouncements all come out true—each in its respective context. In particular, in the first scenario, involving Dudley and his guide, the corresponding logical terms have different meanings. In the second scenario, the meanings are the same.

To be sure, the views in question also allow that there is some aspect of the meaning of the logical particles that is the same in all of the conversational contexts. This would be what we called the “character” of the logical particles, in §6 of the previous chapter. Again, I do not know if it is worth the effort to try to elaborate what this “character” is in any detail.

I do not claim here that a broadly contextualist account of vagueness, along the lines of Shapiro [2006], is the only viable option—although it is the best account of vagueness available. The point here is that this account of vagueness dovetails nicely with the present thesis that the question of the meaning-shift of logical particles is itself context-sensitive. Indeed, given the vagueness of the aforementioned expression concerning sameness of meaning, the account of vagueness predicts the present context-sensitivity. However, the latter can stand (or fall) by itself, independent of any account of vagueness.

As a sort of bonus, an aspect of the treatment of vagueness in Shapiro [2006] can be adapted to give a coherent account of meanings, as well as an account of the use of an expression like the meaning of a given lexical item, such as a logical particle, even with the underlying vagueness and the context-sensitivity of meaning-shift. I’ll conclude this section with a quick overview of what that account looks like.

An abstraction principle is any proposition in the form:


[image: image]


where a and b are variables of a given type (typically individual objects or properties/sets of objects), Σ is a higher-order operator, denoting a function from items of the given type to objects, and E is a relation over items of the given type.

Gottlob Frege ([1884], [1893]) employed several abstraction principles. One of them, used for illustration, comes from geometry:


The direction of l
1 is identical to the direction of l
2 if and only if l
1 is parallel (or identical) to l
2.



Notice that it follows from (ABS) that the embedded relation E is an equivalence. Indeed, the reflexivity, symmetry, and transitivity of E follow from the reflexivity, symmetry, and transitivity of identity. So, in this case, we can presume that Frege did not mean to talk about the directions of drawn, physical lines.

In the philosophy of mathematics, there is some dispute concerning the status of those abstraction principles that are true (or true over a restricted range). The Scottish neo-logicist holds that some abstraction principles are implicit definitions (e.g., Hale and Wright [2001]), introducing abstract objects with an act of stipulation. Whatever their status, however, abstraction principles are common fare in mathematics. Much of abstract algebra revolves around them. If E is an equivalence, then the mathematician can usually identify the abstracts with the equivalence classes, or else a representative from each one.

The clarity of pure mathematics is lost when we try to invoke abstraction in everyday discourse. In particular, if the embedded relation E is not an equivalence then, it seems, there should be no abstraction principle, or at least no true abstraction principle. Nevertheless, in ordinary, non-mathematical discourse, concerning ordinary physical objects, we do sometimes invoke what look like abstraction principles, in the form (ABS), even when the embedded relation E is not an equivalence, in particular, when E is not transitive, due to its vagueness. For example, we speak of the weights of individuals, indicating whether those are the same or different. Harry has the same weight as Sarah, but not as Joe. This seems to involve the following:


The weight of person a is identical to the weight of person b if and only if a and b are equi-weighted.



Call this the “weight-principle.” We might define “equi-weighted” in terms of the operation of an idealized pan balance. It seems that weights, if such there be, are abstract objects, but they are abstracts of physical objects or people. I call such objects quasi-abstract. Is the practice of introducing quasi-abstract objects, via abstraction, coherent?

When we say that the weight of a is identical to the weight of b, we might mean that they are of exactly the same weight. In this sense, the identity is false if a is, say .0000002 grams lighter than b. But then it is plausible that no two people have the same weight, and so the predicate would be useless.
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 We are in for a massive error theory, with a locution like “has the same weight as.”

In any case, when speaking of weights, ordinary speakers of ordinary language are not so strict. When one says that the weight of a person a is the same as the weight of a person b, she means that they are roughly the same weight, depending on the standards that are in effect in the given conversation. Such is the case with most ordinary-language abstractions. Consider some other principles, all in the form (ABS):


The height of a is identical to the height of b if and only if they are roughly equi-heighted.

The income group of a is identical to the income group of b, if and only if a and b are roughly equi-incomed.

The color of a patch a is identical to the color of a patch b if and only if they cannot be distinguished by casual observation.



Presumably, being indistinguishable by casual observation, balancing a pan scale, and the like, are not transitive. So the relations on the right hand side of these statements are not equivalences. So the abstractions fail. Identity is transitive, if anything is. So it should not be coherent to speak of objects, on the left hand side of these principles.

Or so it seems. In everyday discourse, however, we do speak of heights, weights, income groups, and colors with ease, all the time, and we seem to know what we are doing, if not what we mean. Michael Dummett [1975] argues that such talk is incoherent, due to sorites. This is similar to Peter Unger’s [1975] conclusion that nothing, or at least nothing in this physical world, is flat. It seems to be better to avoid such conclusions, if possible.

As noted, Lewis [1979] explains loose talk like this with a notion of “true enough” that is tracked by a conversational scorecard. It is, or might be, “true enough” that two people have the same income, or that two walls are painted the same color, even if, literally speaking, they are not. It depends on what sorts of standards are salient or implicit in the conversation at the time.

It is a strength of the view of vagueness in Shapiro [2006] that it can handle this (supposed) loose sense of truth, at least with quasi-abstract objects, without a compromise in rigor and consistency (and without invoking things like standards). Identity statements between quasi-abstract objects are context-sensitive. For example, a sentence stating that a given person a has the same weight as person b is true in some conversational contexts and false in others, even if, in both, it is the same a and the same b (i.e., even if neither a nor b has gained or lost weight between the conversations). The truth-value of the identity statement depends on who a and b are being compared to, and other salient features.

There are some interesting metaphysical issues in the vicinity concerning the nature of quasi-abstract objects and whether there are genuinely indeterminate identities between them. Those need not engage us here. To get back to matters of present interest, consider the following principle, in the form of an abstraction (ABS):


The meaning of lexical item a, as used in language/theory T
1, is identical to the meaning of lexical item b. as used in language/theory T
2 if and only if a has the same meaning as b.



The thesis of this section is that the relation on the right hand side, “has the same meaning as,” is vague. So meanings emerge as quasi-abstract objects. At least according to the aforementioned theme from Shapiro [2006], it is not a mere matter of speaking loosely, with only loose strictures. There are such things as meanings, or at least a way of talking as if there are. And it is not a matter of Lewisian standards. Statements of identity between meanings are sometimes indeterminate, and context-sensitive, in the ways indicated earlier. The kinematics for discussing meanings can be made explicit, and rigorous, whether this be understood at the level of semantics or pragmatics (or something in between).

Thus ends this digression. Let us return to the main theme, the context-sensitivity of statements that logical items have the same meaning in the different theories.




3 Analyticity, Open-texture, and All That


As noted in the previous chapter, the very question of whether various terms have the same meaning or different meanings presupposes something like an analytic-synthetic distinction. This, of course, has come under attack lately, at least since Quine [1951]. I noted that John P. Burgess [2004] formulated a notion of analyticity that is supposedly available to Quineans and other skeptics about meaning. Here is one crucial passage that focuses on the law of excluded middle:


My proposal is that the law should be regarded as “basic”, as “part of the meaning or concept attached to the term”, when in case of disagreement over the law, it would be helpful for the minority or perhaps even both sides to stop using the term, or at least to attach some distinguishing modifier to it. Such basic statements would then count as analytic…This proposal makes the notion of analyticity vague, a matter of degree, and relative to interests and purposes: just as vague, just as much a matter of degree, and just as relative to interests and purposes, as “helpful”…[T]he notion, if vague, and a matter of degree, and relative, is also pragmatic…(Burgess [2004, 54])



The scenarios in §1 illustrate the context-sensitivity of Burgess’s notion. In the case of our student Dudley and his guide, it would indeed be “helpful” for the two of them “to stop using” terms like “not for all,” if that were possible. It would also be helpful for the two of them “to attach some distinguishing modifier to” terms like this. They would speak of “intuitionistic” and “classical” connectives and quantifiers. That would surely facilitate Dudley in following the developments in the new theory, and keep him from making erroneous logical moves—moves he has come to regard as automatic.

In the second scenario, however, we are comparing our two theories at a more advanced level, noting for example, that the Fundamental Theorem of the calculus holds in both and has an especially nice proof in smooth infinitesimal analysis, and also noting that the intermediate value theorem fails in the latter. In those cases, I suggest, it would be decidedly unhelpful to always attach distinguishing modifiers to the logical terminology. That would be a distraction, since it would get in the way of making the intended re-identifications. For each classical theorem, we want to be able to easily locate its smooth counterpart. Presumably, the interlocutors to the latter conversations have fully digested the basic logical differences, and are focusing their attention elsewhere.
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The speculative proposal of this chapter dovetails with Friedrich Waismann’s [1945] notion of open-texture. Let P be a predicate from natural language. According to Waismann, P exhibits open-texture if it is possible for there to be an object a such that nothing concerning the established use of P, nor the non-linguistic facts, determines that P holds of a, nor does anything determine that P fails to hold of a. In effect, the sentence, or proposition, Pa is left open by the use of the language and the non-linguistic facts. Nothing language users have said or done to date—whether by way of the ordinary use of the term in communication or in an attempt to stipulate its meaning—fixes how the terms should be applied to the new cases.

Waismann introduced the notion of open-texture as part of an attack on a crude phenomenalism, a view that all empirical concepts can be understood in terms of verification conditions. However, he notes that the interest and applicability of the notion of open-texture extends well beyond that. Here is a thought experiment he uses to illustrate the idea:


Suppose I have to verify a statement such as ‘There is a cat next door’; suppose I go over to the next room, open the door, look into it and actually see a cat. Is this enough to prove my statement?…What…should I say when that creature later on grew to a gigantic size? Or if it showed some queer behavior usually not to be found with cats, say, if, under certain conditions it could be revived from death whereas normal cats could not? Shall I, in such a case, say that a new species has come into being? Or that it was a cat with extraordinary properties?…The fact that in many cases there is no such thing as a conclusive verification is connected to the fact that most of our empirical concepts are not delimited in all possible directions. (Waismann [1945, 121–2])



The last observation in the passage is the key: our empirical concepts are not delimited in all possible directions.

I suspect that, at least nowadays, many philosophers would concede that many, perhaps most, everyday empirical terms are subject to open-texture. The exceptions, it will be argued, include the so-called natural-kind terms. Those supposedly pick out properties which are sharp, in the sense that they have fixed extensions in all metaphysically possible worlds. The progress of science (or metaphysics) tells us, or will tell us, whether various hitherto unconsidered cases fall under the kind in question, and this future study will correct any mistakes we now make with the terms (assuming that the future study gets it right). Waismann would reject views like this. In fact, he illustrates the thesis with what is usually taken to be a natural kind term:
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The notion of gold seems to be defined with absolute precision, say by the spectrum of gold with its characteristic lines. Now what would you say if a substance was discovered that looked like gold, satisfied all the chemical tests for gold, whilst it emitted a new sort of radiation? ‘But such things do not happen.’ Quite so; but they might happen, and that is enough to show that we can never exclude altogether the possibility of some unforeseen situation arising in which we shall have to modify our definition. Try as we may, no concept is limited in such a way that there is no room for any doubt. We introduce a concept and limit it in some directions; for instance we define gold in contrast to some other metals such as alloys. This suffices for our present needs, and we do not probe any farther. We tend to overlook the fact that there are always other directions in which the concept has not been defined.…we could easily imagine conditions which would necessitate new limitations. In short, it is not possible to define a concept like gold with absolute precision; i.e., in such a way that every nook and cranny is blocked against entry of doubt. That is what is meant by the open texture of a concept. (Waismann [1945, 122–3])



Waismann [1945] seems to limit the notion of open-texture to empirical predicates. Or at least all of his examples are empirical (as one might expect, since his target was phenomenalism). Shapiro [2006a] argues that the informal, but mathematical notion of a computable function is, or at least was, subject to open-texture. The notion of a recursive (or Turing computable) function served to sharpen it.

The present contention is that the notion of open-texture, or something closely related to it, applies to the logical terminology in question or, perhaps better, to the locution “has the same meaning.” As noted, this invokes one of the hottest topics in late twentieth-century philosophy, the notion of analyticity, or truth-in-virtue-of-meaning. The phrase “open-texture” does not appear in Waismann’s treatment of the analytic-synthetic distinction in a lengthy article published serially in Analysis ([1949], [1950], [1951], [1951a], [1952], [1953]), but the notion—or something clearly related to it—plays a central role there. The underlying theme is extended and developed there in interesting directions.

Waismann observes that language is an evolving phenomenon. As new situations are encountered, and as new scientific theories develop, the extensions of predicates change. As new, unexpected cases are encountered, the predicate in question is extended to cover them, one way or the other. When things like this happen, there is often no need to decide—and no point in deciding—whether the application of a given predicate, or its negation, to a novel case represents a change in its meaning or a discovery concerning the term’s old meaning. The contrary thesis is what Mark Wilson [2006] derides as the “classical picture,” the view that the concepts we deploy are precisely “delimited in all possible situations”—that there is one and only one correct way to go consistent with the meaning of any given term. For Waismann, as for Wilson, this “classical picture” badly misrepresents the nature of language:


Simply…to refer to “the” ordinary use [of a term] is naive…[The] whole picture is in a state of flux. One must indeed be blind not to see that there is something unsettled about language; that it is a living and growing thing, adapting itself to new sorts of situations, groping for new sorts of expression, forever changing. (Waismann [1951a, 122–3])



Toward the end of the series, Waismann writes: “What lies at the root of this is something of great significance, the fact, namely, that language is never complete for the expression of all ideas, on the contrary, that it has an essential openness” (Waismann [1953, 81–2]).

The dynamic nature of language goes well beyond the application of empirical predicates (or their negations) to hitherto unconsidered, and perhaps undreamt of, cases. In the analyticity series, Waismann notes that sometimes there are outright changes in the application of various words and expressions. Major advances in science sometimes—indeed usually—demand revisions in the accepted use of common terms: “breaking away from the norm is sometimes the only way of making oneself understood” ([1953, 84]).

Waismann [1952] illustrates the point in some detail with the evolution of the word “simultaneous,” one of the main examples motivating our loose sense of “folk-relativism” in the opening chapter of this book. Is there any semantic fallout of the theory of relativity? Are we to say that a brand new word, with a new meaning, was coined (even though it has the same spelling as an old word)? Or should we say instead that we have discovered some new and interesting features of an old word? Did Einstein discover a hidden and previously unnoticed context-sensitivity in the established meaning of the established word “simultaneous” (or its German equivalent), even though he showed no special interest in language as such? Or did Einstein introduce a brand new theoretical term to replace an old term whose use had scientifically false presuppositions?

According to Waismann, there is often no need, and no reason, to decide what counts as a change in meaning and what counts as the extension of an old meaning to new cases—going on as before, as Wittgenstein might put it. Waismann said, in an earlier installment in the series: “there are no precise rules governing the use of words like ‘time,’ ‘pain,’ etc., and that consequently to speak of the ‘meaning’ of a word, and to ask whether it has, or has not changed in meaning, is to operate with too blurred an expression” (Waismann [1951, 53]). The key term here, I think, is his word “precise,” in “precise rules.” The “too blurred an expression” we are trying to “operate with” is something like “means that same as,” the very relation under scrutiny in this chapter.

I’d like to extend what Waismann claims about “time” and “simultaneous” to the logical terminology in the various mathematical theories. To ask, independent of conversational context, or explicit theoretical definitions (or stipulations), whether words like “there exists,” “or,” and “not” have the same meaning in, say, classical analysis and in smooth infinitesimal analysis, is to operate with too blurred of an expression, namely “has the same meaning as.” The expression is “too blurred” for us to expect a sharp fact of the matter, one that is correct in all contexts. In sum, the view that Wilson dubs the “classical picture” of concepts is false even for logical terms.

Waismann himself comes to a related conclusion when he argues that the very notion of analyticity is subject to what he earlier had called “open-texture”:


I have defined ‘analytic’ in terms of ‘logical truth’, and further in terms of certain ‘operators’ used in transforming a given sentence into a truth of logic. The accuracy of this definition will thus essentially depend on the clarity and precision of the terms used in the definition. If these were precisely bounded concepts, the same would hold of ‘analytic’; if, on the other hand, they should turn out to be even ever so slightly ambiguous, blurred, or indeterminate, this would affect the concept of analytic with exactly the same degree of inaccuracy…

I shall try to show that both concepts [“operator” and “logical truth”] are more or less blurred, and that in consequence of this the conception of analytic, too, cannot be precisely defined…[I]t is significant that we do not only “find out” that a given statement is analytic; we more often precisify the use of language, chart the logical force of an expression, by declaring such-and-such a statement to be analytic…It is precisely because, in the case of ‘analytic’, the boundary is left open somewhat that, in a special instance, we may, or may not, recognize a statement as analytic. (Waismann [1950, 25])



The publication of Waismann’s series coincides with Quine’s (e.g., [1951]) celebrated attack on the notion of analyticity. There are some intriguing similarities and some intriguing differences, but it would take us too far afield to explore those in any detail here. Waismann agrees (or would agree) with Quine that the notion of analyticity cannot play the role assigned to it in logical positivism. In Waismann’s case, this is probably for the simple reason that analyticity is too blurred and context-dependent. Quine and Waismann also agree that analyticity is not a source of a priori, incorrigible knowledge. They also seem to agree, at least in broad terms, on the dynamic nature of language, on how words, and their meanings, evolve over time, sometimes in response to developments in empirical science.

Unlike Quine, however, Waismann allows that the notion of analyticity—of being true in virtue of meaning—does have an important role to play in how we understand linguistic activity and in how we interpret each other. Waismann is not out to disparage the general notion.

Of course, the literature on the notion of analyticity and related notions is extensive and there is no point in rehearsing it here. It will prove instructive, however, to consider key aspects of one of the more spirited defenses of the traditional notion of analyticity, that of H. P. Grice and P. F. Strawson [1956]. Some of the observations and insights they bring actually support the dynamic nature of language and, indeed, the vagueness, the open-texture, and even the context-sensitivity of relations like “means the same as” between linguistic entities.

Recall that Quine expresses “indecision” over whether the statement “Everything green is extended” should count as analytic, and claims that his hesitation is not due to “an incomplete grasp of the ‘meanings’ of ‘green’ and ‘extended’.” The problem, Quine says, is with the notion of analyticity itself (Quine [1951, §4]). Grice and Strawson concede the hesitation over this case, but give another diagnosis of it:


The indecision over “analytic”…arises…from a further indecision: viz., that which we feel when confronted with such questions as “Should we count a point of green light as extended or not?” As is frequent in such cases, the hesitation arises from the fact that the boundaries of words are not determined by usage in all possible directions. (Grice and Strawson [1956, 153])



Note that this last just is the main insight behind Waismann’s notion of open-texture, almost word for word. The boundaries of our words are not determined in all possible directions, just as Waismann pointed out. For present purposes, the task at hand is to determine the fallout of this for the dynamic nature of language generally, and for the notions of analyticity and meaning, and, ultimately, for the question of whether the logical terminology has the same meaning in various mathematical theories.

Famously, Grice and Strawson appeal “to the fact that those who use the terms ‘analytic’ and ‘synthetic’ do to a very considerable extent agree in the applications they make of them,” and conclude that those terms “have a more or less established philosophical use; and this seems to suggest that it is absurd, even senseless, to say that there is no such distinction” (p. 143). Waismann, if not Quine, agrees, but goes on to say something about how the notion actually functions in the dynamic evolution of language, and what role it plays in how speakers interpret each other.

Grice and Strawson invite us to consider a pair of English expressions, “means the same as” and “does not mean the same as,” the very locutions under scrutiny here:


Now since [Quine] cannot claim this time that the pair of expressions in question is the special property of philosophers, the strategy…of countering the presumption in favor of their marking a genuine distinction is not available here (or is at least enormously less plausible). Yet the denial that the distinction…really exists is extremely paradoxical. It involves saying, for example, that anyone who seriously remarks that “bachelor” means the same as “unmarried man” but that “creature with kidneys” does not mean the same as “creature with a heart”…either is not in fact drawing attention to any distinction at all between the relations between the members of each pair of expressions or is making a philosophical mistake about the nature of the distinction between them…[W]e frequently talk of the presence or absence of synonymy between kinds of expressions—e.g., conjunctions, particles of many kinds, whole sentences—where there does not appear to be any obvious substitute for the ordinary notion of synonymy…Is all such talk meaningless? (Grice and Strawson [1956, 145–6], emphasis in original).



Of course, neither Quine nor Waismann claim that the use of locutions like “has the same meaning,” both in ordinary discourse and in linguistics, is itself meaningless. Grice and Strawson argue that Quine falls into what they call a “philosopher’s paradox”: “Instead of examining the actual use that we make of the notion meaning the same, the philosopher measures it by some perhaps inappropriate standard (in this case some standard of clarifiability)” (p. 147). Waismann, for his part, does examine the actual use of phrases like “analytic,” “synonymous,” and, indeed, “means the same as.” He finds them to be vague, dynamic, and subject to open-texture. This, again, is what I wish to claim (speculatively and tentatively) about the logical particles in various mathematical theories.

Grice and Strawson provide a thought experiment involving two conversations. In one of them, a speaker (X) makes the following claim:


(1) My neighbor’s three-year-old child understands Russell’s theory of types.


In the second conversation, another speaker (Y) says


(1′) My neighbor’s three-year-old child is an adult.


Grice and Strawson point out, plausibly, that with X we would know what is being said, even if we find it extremely unlikely or perhaps psychologically impossible for it to be true. In contrast, “we shall be inclined to say that we just don’t understand what Y is saying.” Indeed, “whatever kind of creature is ultimately produced for our inspection, it will not lead us to say that what Y said was literally true.” If “like Pascal, we thought it prudent to prepare against long chances, we should in the first case know what to prepare for; in the second, we should have no idea.” Perhaps a more charitable conclusion, still in line with Grice and Strawson’s agenda, would be that Y must not be using the word “adult” the same way we do. Grice and Strawson conclude:


The distinction in which we ultimately come to rest is that between not believing something and not understanding something; or between incredulity yielding to conviction, and incomprehension yielding to comprehension. (p. 151)



Of course, the distinction Grice and Strawson point to is a real one. There is an important difference between not believing someone because what they claim is wildly implausible and not understanding them (or thinking that they are using words differently than we do). The present thesis, however, is that the distinction in question—between not believing and not understanding—depends heavily on background beliefs and also on what is salient in a given conversation. In short, the distinction is context-dependent. It is also more of a difference in degree rather than a difference in kind. If you will, the difference is a vague one.

Actually, it is not hard to produce a scenario in which it is plausible—given the right background beliefs—to say that we do understand what is meant by saying that a three-year-old child is, literally, an adult. Suppose the character (Y)’s neighbor’s child has an extreme case of progeria, a rare genetic disorder that results in rapid aging in children. Perhaps there are no cases that are quite that severe, but it does not stretch things too much to imagine them.
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Maybe the retort will be that, even in that case, the most unfortunate child is not really an adult. Perhaps. I won’t quibble over the meanings of ordinary English words. The point here is that, with a reasonable explanation, we would know what was meant. We very well might quibble over what it is to be “literally” correct.

Other cases, supporting Grice and Strawson’s claim, are easier to come by. I won’t try to produce a scenario in which we might say that we understand a claim that a three-year-old child is, literally, a ten-year-old child.
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Situations like this are, I submit, more the exception than the rule. To adapt one of Waismann’s examples, we can surely imagine someone rightfully expressing an inability to understand Einstein’s claim that the same two events can be simultaneous for one observer and not for another. It is my experience that some folks still have trouble understanding this. Didn’t Einstein know what “simultaneous” means? Galileo was condemned as insane for saying that the earth moves. Or consider a statement, made some time ago, that atoms have parts. From a certain perspective, one could be forgiven for thinking that whoever said that does not know what he is talking about. Doesn’t she know the meaning of the word “atom”?

For a politically loaded example, anyone sufficiently old can surely think of a time when a statement like “Jane and Jill, my two female cousins, are married to each other” would have produced a similar sort of incredulity as one would get from Grice and Strawson’s character Y saying that a neighbor’s three-year-old child is an adult. One would, literally, not know what to make of the statement—would not know what was being said. More charitably, one might think that the speaker was using words with a different meaning than he does.

An opponent, perhaps a defender of the classical picture of concepts, might retort that these are cases of a change in meaning. The staunchest defender of the traditional notion of analyticity never claimed that words never get new meanings. So, someone might argue, the words “simultaneous,” “moves,” “atom,” and “married” do not mean what they used to mean, thanks to Einstein, Galileo, et al. Under the old meanings, the statements in question were indeed of the sort to produce incredulity, and not because the claims are unlikely. They fall on the “incomprehensible” side of Grice and Strawson’s dichotomy. Under the new meanings, however, the statements are understandable and perhaps even true.
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As noted previously, in at least some cases, Waismann rejects this diagnosis: “there are no precise rules governing the use of words like ‘time’, ‘pain’, etc., and that consequently to speak of the ‘meaning’ of a word, and to ask whether it has, or has not changed in meaning, is to operate with too blurred an expression” (Waismann [1951, 53]). Again, the “too blurred” expression is “has the same meaning as.”

This is what I’d like to say about the matter of meaning-shift of the logical terminology between mathematical theories. Recall the thought experiment in §1, when our character Dudley expressed incredulity at some of the pronouncements of smooth infinitesimal analysis—because the basic rules concerning the logical connectives are different from what he is used to. When the guide said that “zero is not the only nilsquare” and “there is no nilsquare distinct from zero,” Dudley was in the same boat as Grice and Strawson toward their character Y saying that a three-year-old child is an adult. Dudley did not know what was being said. But we also saw other conversational contexts in which it is natural to say that the meaning of the logical particles is the same in the different theories, simply because other aspects of the theories are in focus, and the interlocutors are sufficiently familiar with the two theories.

In the foregoing cases, involving “simultaneous,” “moves,” “atom,” and “married,” I had the skeptics focusing on some rather fundamental differences between past and present usage—or at least differences that they took to be fundamental. So it is natural for them to insist that meaning has changed. But, when one takes a broader view and looks at the theoretical and practical role of these terms, it is more natural to say that they have not changed. We speak naturally of when our predecessors were wrong, and not when they used words with different meanings than we do today.

The present complaint, inspired by Waismann and Quine, is not that either reaction is somehow mistaken. The complaint is lodged against a non-context-sensitive account of “same meaning” that someone in the grip of the classical picture might insist on.
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Toward the end of their article, Grice and Strawson respond to Quine’s argument that adopting his brand of confirmational holism undermines at least some attempts to understand the disputed notions of analyticity and synonymy. Grice and Strawson concede, at least for the sake of argument, “that experience can confirm or disconfirm an individual statement, only given certain assumptions about the truth of other statements.” They respond that this


requires only a slight modification of the definition of statement-synonymy in terms of confirmation and disconfirmation. All we have to say now is that two statements are synonymous if and only if any experiences which on certain assumptions about the truth-values of other statements confirm or disconfirm one of the pair, also, on the same assumptions, confirm or disconfirm the other to the same degree. (p. 156)



It thus seems that Grice and Strawson are defining an absolute, context-independent relation between statements, by using a bound variable ranging over background assumptions. The idea is that two statements are synonymous simpliciter just in case, for any batch of background assumptions whatsoever, the same experiences will confirm or disconfirm each statement to the same degree, given those background assumptions (see also Chalmers [2011a]).

This proposal is of-a-piece with the earlier suggestion that one can sometimes eliminate contextual effects by using a bound variable. For example, in the previous chapter, we defined an argument to be “super-valid” just in case it is valid in all legitimate mathematical structures. Such a move is almost always possible. As also noted in the previous chapter, we can define someone to be “super-ready” if they are ready to do anything, and we can define an object to be “super-left” if it is to the left from every perspective. How useful these defined notions may be is another matter.

Even setting aside the underlying verificationism, a Quinean or Waismannian might respond to Grice and Strawson by noting that there are precious few pairs of statements that meet their strict definition of statement-synonymy. Given the right background beliefs, almost any two distinct statements can be pulled apart—even stock examples like “Francis is a bachelor” and “Francis is an unmarried man.”

A better move for Grice and Strawson would be to define a (folk) relative notion of synonymy. That is, two statements are synonymous relative to certain statements S if and only if any experiences which on the assumption that every member of S is true, confirm or disconfirm one of the pair, also confirm or disconfirm the other to the same degree. If so, they would be moving in the direction of Waismann (and also Burgess [2004]), if not Quine.

At the very end of the article, Grice and Strawson make an interesting concession, possibly also only for the sake of argument:


The adherent of the analytic-synthetic distinction may go further and admit that there may be cases (particularly perhaps in the field of science) where it would be pointless to press the question of whether a change in the attributed truth-value of a statement represented a conceptual revision or not, and correspondingly pointless to press the analytic-synthetic distinction…[T]he existence, if they do exist, of statements about which it is pointless to press the question of whether they are analytic or synthetic, does not entail the nonexistence of statements which are clearly classifiable in one or the other of these ways. (p. 158)



The present contention, inspired by Waismann, is that paying attention to such cases “perhaps in the field of science,” or logic, will shed light on the dynamic nature of the analytic-synthetic distinction and the vagueness and open-texture of the relation “means the same as.”




4 Connecting the Dots


Recall that in the previous chapter, we left it open whether the logical terms have the same meaning when they occur in different theories, with different logics.


I argued (tentatively) that if the logical terms have the same meaning in the various mathematical theories, then phrases “valid” and “logical consequence” are up for what we are calling “indexical contextualism” (although, to repeat a reminder, this is not to say that those terms behave like indexicals in other ways). The word “valid” has a different content when used in the different theories, say in classical and in intuitionistic analysis. For the logical terms themselves, we are in for a non-indexical contextualism. By assumption, their meaning is the same. Excluded middle, for example, is a single logical form that has instances in both theories. It—that very form—is valid in one context, invalid in the other. What varies, it seems, is what we might call the extension of the logical terms.

If, on the other hand, the logical terms have different meanings in the different theories, then it seems we are in for an indexical contextualism for those terms. This just is the hypothesis under consideration. The classical principle of excluded middle is a different form—it has a different content from—intuitionistic excluded middle. So, on this option, we do not even have a folk-relativism for “valid” and “logical consequence.” Those terms have only one primary meaning and one primary extension. The variation lies in the relata, the argument forms that are themselves valid or invalid. But the resulting monism has no teeth. When we say that classical excluded middle is valid, full stop, we only mean that it is valid in all classical contexts, theories where the form applies.

So, to summarize, if each logical term has the same meaning in the different theories, then we have a non-indexical contextualism for the logical terms and an indexical contextualism for “valid” and “logical consequence”; and if each logical term has a different meanings in the different theories, then we have an indexical contextualism for the logical terms and a trivial, toothless monism for “valid” and “logical consequence.”

In the present chapter, I argued that the question of whether the logical terminology has the same meaning in the different theories is itself a context-sensitive matter. It depends on what is salient in a given conversation or theory comparing the theories. Putting our two conclusions together, I propose that the question of whether to adopt an indexical contextualism or a non-indexical contextualism for the logical terms, and the question of whether to adopt a monism or a contextualism for “valid” are themselves context-sensitive. What sort of semantic framework to develop, when interpreting theories and meta-theories, depends on what is salient in a given context, the context in which we are comparing the theories.

This suggests that if one has aspirations of providing a single semantic framework for all mathematical languages, all at once, then perhaps the present framework, involving kinds of indexical and non-indexical contextualism and assessment-sensitive relativism, is too crude. No one of those options captures everything that is relevant to our issues—to the intuitive meaning and use of the logical terminology and words like “valid” in all of their uses. The grand semantic theory, even restricted to mathematics, would have to provide some flexibility, some ways to assign more nuanced “contents” to the various terms. Fortunately, the aspirations behind this all-encompassing semantic theory are well beyond the scope of this work, or anything I have any hope of advancing in any detail.

Nevertheless, the issues raised here bear directly on how the various mathematical theories—with different logics—are to be discussed and compared. In this book, we have been talking about the various systems, albeit informally, in the same language—ordinary philosophical English. Within mathematics itself the various theories are fruitfully compared and contrasted with each other in a more rigorous setting. This much came up in the present chapter a few times. So, one way or another, formally or informally, we somehow do manage to talk about all of the systems, or at least many of them, at once. We need a language and theory for that. And that meta-theory will have to have a logic. This matter is not beyond the scope of the present work. Questions of meta-theory are pursued in the next two chapters. We are not quite finished with assessment-sensitive relativism. Before that, we have an interlude that bears on a theme that underlies some of the philosophical literature on present matters.




5 Addendum: Verbal Disputes


One way to formulate one of the main issues addressed in this chapter and the last is whether the “dispute” between advocates of different logics (when they are pursuing different mathematical theories) is merely verbal. If the logical particles have the different meanings in the different theories, then the dispute is verbal—the parties are talking past each other. As we saw in the previous chapter, that is what Dummett [1991, 17], Quine [1986, 81], and Carnap [1934, §17], [1950] contend (although the three of them do not seem to agree on much else). If, on the other hand, the meaning of the logical terms is the same, then perhaps the dispute over logic is substantial—the parties actually disagree about the validity of certain argument forms.
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Here, I’ll provide a brief account of two recent attempts to come to grips with the notion of a verbal dispute. The application of this work to our case involving the logical terminology will prove instructive, both for the present issue concerning the context-sensitivity of meaning-shift and as a test for these accounts of verbal disputes.

The main agenda of Eli Hirsch’s “Physical-object ontology, verbal disputes, and common sense” [2005] is to argue that many of the ontological disputes in contemporary metaphysics are merely verbal. One such dispute is over whether it is the case that, for any objects whatsoever, there is a mereological sum of those objects. For example, is it the case that there is an object that is the mereological sum of the White House and a given cow in Montana? Some metaphysicians say “yes”; others say “no.” Hirsch’s thesis is that this dispute is merely verbal.

To support this, he proposes a test for verbal disputes. An example, to motivate the test, is someone, A, who insists that standard drinking glasses are cups. The rest of us do not agree with A, of course. Intuitively, the dispute here is merely verbal. It comes down to the meaning of the word “cup.” Hirsch asks us to “imagine a linguistic community which is in all other ways as close as possible to our actual English-speaking community but in which everyone agrees with A.” Call this the A-community and call the language they speak A-English. Hirsch argues that the most plausible (or charitable) way to interpret A-English is to say that, in that language, the extension of the word “cup” includes standard drinking glasses.
14
 Let us assume, plausibly, that as the word is understood in ordinary English, the extension of “cup” does not include standard drinking glasses. Speakers of ordinary English and speakers of A-English would have no trouble understanding each other, once they realize that they speak (slightly) different languages. It would be routine to translate the languages to each other. The A-English word “cup” would be rendered “cup or drinking glass” in ordinary English, and the ordinary English word “cup” would be rendered “cup that is not a drinking glass” in A-English. We find no factual disagreements between members of the two linguistic communities. As Hirsch puts it, the dispute between A and the rest of us is merely verbal because we can fully understand what is going on this way.

He concludes:


The general characterization of a verbal dispute is one in which the controversial sentences are most plausibly interpreted as having different truth conditions in the different languages associated with the contending positions, so that each position is correct in its own language…The verbalness of a dispute may turn on the reference of a term such as “cup”, or it may turn on the meaning of logical constants—as in a verbal dispute as to whether “Either John or Mary is ill” is true when both John and Mary are ill—or any semantic or syntactic feature of language that affects the truth conditions of sentences. (Hirsch [2005, 72])



Of course, Hirsch’s logical example here is over whether the word “or” is inclusive or exclusive. That one is much easier to negotiate than the examples considered in this study.

Once we determine that a dispute is merely verbal, then, according to Hirsch, the only remaining question is which of the languages is the ordinary natural language actually being spoken by the disputing parties. In the illustrating example, we have been assuming that the A-language is not ordinary English, and so the character A loses the verbal dispute. In ontological disputes among metaphysicians, Hirsch concludes that the issues are merely verbal—by the foregoing test—and he argues that ordinary English does not support the sophisticated positions on record. Of course, the (meta-)metaphysical at matter is beyond present concern. Figuring out how ordinary language functions, at least concerning logical particles when those occur in mathematics, is not beyond present concern.

One lesson from §3 is that “ordinary English” is not always sufficiently static and determinate to resolve verbal disputes in a clean manner. But the test suggested by Hirsch does provide a useful focus for disputes it classifies as verbal.

So, to return to the cases of present interest, consider a mathematician C working in classical analysis, who says that excluded middle is valid and another mathematician I working in intuitionistic analysis, who maintains that excluded middle is not valid. Hirsch’s test seems to apply here, at least in broad terms. We can certainly imagine a linguistic/mathematical community that accepts everything C does. It is none other than the community of classical mathematicians, at least in English speaking environments. Call that the C-community and call their language C-English. And, of course, we can imagine a second linguistic/mathematical community that accepts everything I does, which we will dub the I-community that speaks I-English. It is the language used by intuitionists, at least when they translate their work into (what they take to be) English.

As we saw in §3 of the previous chapter, Dummett [1991] has the intuitionist accusing the classicist of not having a coherent meaning for the logical terms. The present, eclectic orientation rejects that, and insists that both theories, and so both languages, are coherent. We take it that the parties to the present “dispute” recognize this mutual coherence. This sets up the Hirsch test.

Later in the article, Hirsch [2005, 83] writes: “The simplest paradigm of a verbal dispute—the simplest way it can happen that each side of a dispute can find a charitable interpretation that makes the other side come out right—is where, for each disputed sentence D, there are two undisputed sentences U1 and U2, one true and one false, such that one side holds that D is (a priori, necessarily) equivalent to U1 and the other side holds that D is equivalent to U2.” This seems to presuppose a single language that the disputants can both use, and that they can each “translate” their own languages into it, at least to their own satisfaction. As noted in Chapter 3, §3, this seems unlikely in the present case, where the basic, logical terminology is itself up for grabs.
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 So we do not seem to have the “simplest paradigm” of a verbal dispute. Nevertheless, by hypothesis, we do have each party agreeing that the other does have a coherent meaning, is pursuing a worthwhile theory, and is proving truths.

If we do not in fact have a single language that can translate both, or if the two languages cannot be translated into each other, then it seems we cannot apply Hirsch’s tests. However, given the mutual recognition spawned by the eclectic orientation, it seems that the case meets the spirit of the tests. We can at least explore the hypothesis that the dispute is verbal.

To follow Hirsch’s lead, the dispute would come down to which of the disputants speaks the English spoken by mathematicians and common folk alike. Well, what is this single, common language? Following the theme of §3, it is a language that is loose, dynamic, and open-textured. Mathematicians do manage to talk about both kinds of structures at the same time, prove theorems connecting them, and the like. The problem is that, in some sense, both readings are available in the common language, but perhaps not at the same time. So it comes down to whether, in the loose, common language, the logical connectives and quantifiers have the same meaning when used in the different theories. And that is the matter we dealt with earlier, with the tentative suggestion that the locution “has the same meaning” is itself vague, open-textured, and, indeed, context-sensitive. So, perhaps, the question of whether the dispute is merely verbal is itself vague, open-textured, and context-sensitive.

David Chalmers’s [2011] more recent attempt to explicate the notion of a verbal dispute is aimed at helping to resolve more general issues in philosophy. Unfortunately, for the present batch of issues, the results are less conclusive than we would like. Chalmers suggests that “a broadly verbal dispute is one that can be resolved by attending to language and resolving metalinguistic differences over meaning” (p. 526). This sounds correct, but, of course, it is not always easy or straightforward to deal with language, nor is it always easy to figure out whether that is what we are doing.


Chalmers proposes a “heuristic for detecting and dealing with verbal disputes,” which he calls “the method of elimination.” The idea is that “one eliminates the key term, and one attempts to determine whether any substantive dispute remains.” In more detail:


To apply this method to a dispute over a sentence S that is potentially verbal with respect to a term T, one proceeds as follows. First: one bars the use of term T. Second: one tries to find a sentence Sʹ in the newly restricted vocabulary such that the parties disagree nonverbally over Sʹ and such that the disagreement over Sʹ is part of the dispute over S. Third: if there is such an Sʹ, the dispute over S is not wholly verbal, or at least there is a substantive dispute in the vicinity. If there is no such Sʹ, then the dispute over S is wholly verbal (except in the special case of vocabulary exhaustion…) (pp. 526–7)



Chalmers illustrates his technique with the question of whether Lee Harvey Oswald acted alone, with respect to the word “alone.” Once one bars the use of that term, it is likely, Chalmers suggests, that one can indeed find various sentences Sʹ which do not contain the word “alone” such that a non-verbal dispute over Sʹ is part of the original dispute.

Chalmers’s method of elimination is a non-starter in the cases of present interest. We’d start by barring the use of the disputed logical terminology and then see if we can find some other sentence the parties disagree over (non-verbally). But if we ban the logical terminology in dispute between classicists and intuitionists, we cannot really say anything of substance. If the mathematical theories in question are sufficiently similar—say classical real analysis and intuitionistic real analysis—then they will agree on all atomic sentences, such as 1<3 or 42=16. Conceivably, they may agree on conjunctions and disjunctions of atomic sentences. But that is the end of it. The other logical connectives and the quantifiers are all in dispute.

One might think, however, that we can get away with just banning the negation sign since that is the crux of most of the differences, or at least it is involved in most of them. However, we’d also have to ban the conditional, since, on all accounts, ¬Φ is equivalent to (Φ→⊥), where “⊥” is an absurd statement, such as “0=1.” We won’t get much of a difference with the rest of the vocabulary.

The present issues involving logic are thus straightforward instances of what Chalmers calls “vocabulary exhaustion”: “If a language has a limited vocabulary, then it might be that once one bars a key expression, one can no longer even formulate any issue that resolves the original one” (p. 530). Of course, the theories in question—say classical and intuitionistic analysis—do have limited vocabularies, but that is not the problem. No matter how much we enrich the languages of the theories, it won’t be helpful to ban logical terminology.

Chalmers argues that cases of vocabulary exhaustion are “rare,” writing that in “a language such as English, these exceptions will arise only for terms expressing especially primitive concepts.” Whatever “primitive concept” means here, I suppose that at least some of the logical terminology qualifies as primitive.

Chalmers goes on to propose a “special case” of the method of elimination, which he calls the subscript gambit:


Suppose that two parties are arguing over the answer to “What is X?” One says, “X is such-and-such”, while the other says, “X is so-and-so”. To apply the subscript gambit, we bar the term X and introduce two new terms X
1 and X
2 that are stipulated to be equivalent to the two right-hand-sides. We can then ask: do the parties have nonverbal disagreements involving X
1 and X
2, of a sort that resolving these disagreements will at least partly resolve the original dispute? If yes, then the original dispute is nonverbal, and the residual disagreement may serve as the focus of a clarified dispute. If no, then this suggests that the original dispute was verbal (unless we have reached the point of vocabulary exhaustion…) (p. 532)



So what we would do here would be to ban the use of logical terminology, such as “or,” “not,” and “for all,” and to replace them with subscripted terms with the meaning attached to them by the various parties. So “∨C” would be classical disjunction, “¬I” would be intuitionistic negation, and so on. The move is fair enough, and it might help prevent confusion, but it does not help resolve the issue. As noted in the previous chapter, it is well-known that if the various connectives and quantifiers are just thrown together into a single language, they will collapse into each other, at least if the natural deduction rules for all of the terms are applied in full generality.
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 So there is not much hope of finding “nonverbal disagreements involving X
1 and X
2, of a sort that resolving these disagreements will at least partly resolve the original dispute.” Perhaps this means that the dispute is verbal, but, if so, the result comes pretty quickly. We cannot even get started looking for disagreements involving the separated connectives and quantifiers.

Chalmers notes a limit to the methodology:


At a certain point, when the method of elimination is applied, a proponent may say “That’s bedrock.” Here, the thought is that we have reached a point where only cognate expressions can be used to state the issue and where there is no hope of finding a relevant disagreement at an “underlying level”. Further application of the method will just lead to wheel spinning and ultimately to vocabulary exhaustion. (pp. 544–5)



Bedrock disputes are, it seems, not merely verbal. It would be good to have more detail concerning when one, in fact, has a case of a bedrock dispute, other than the failure of the Chalmers tests.

In our case, of course, we hit “vocabulary exhaustion” right from the start. Barring logical terminology leaves little else to use, at least for present purposes, and subscripting it requires the languages to be kept distinct. Arguably, there is nothing “underlying” logical terminology, on which we can explain the difference among our “disputing” parties. I do not know if this entails that the disputes are ultimately verbal after all, which is what the Hirsch framework suggests, or if instead they are what Chalmers calls “bedrock disputes.” Once again, a variation on a main theme of this chapter is that the question whether the dispute is verbal or bedrock is itself a context-sensitive matter.






1

 The thought experiment that follows is based on reactions I have gotten when explaining smooth infinitesimal analysis to some audiences. The prototype for Dudley’s guide is, of course, John Bell. See Bell [1998].




2

 Kock [2006] insists that the structure is not a field, but, curiously, he calls it a ring. Of course, no one would hold that, from the classical perspective, the field axioms or the Fundamental Theorem is false in smooth infinitesimal analysis.
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 Thanks to Herman Cappelen for this suggestion.
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 As noted just above, I have no idea how to put a metric on meaning, so that we can see that the differences are “small.” After making some admittedly controversial assumptions, Roy Cook [2005, §8] constructs a series of logical systems that go from intuitionistic logic (which, Cook holds, sanctions only valid argument forms) to a logic that sanctions what he takes to be a clearly invalid form (excluded middle). Cook does not share the present views concerning meaning-shift, and, of course, the present perspective does not regard excluded middle as clearly invalid.
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 Raffman postulates a range of acceptable extensions for each vague predicate. Competent speakers can choose from among those. Shapiro [2006] develops the view in terms of Lewis’s [1979] notion of conversational score.
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 Indeed, it is plausible that one cannot speak of the weight of an individual person, due to vagueness as to what counts as part of the person’s body. This is not to mention quantum phenomena, which indicate that extremely small differences in weight do not make much sense.
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 Note that Burgess also says that his notion of analyticity is vague. This fits with the conclusions of the previous section.
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 Waismann adds “Vagueness should be distinguished from open texture. A word which is actually used in a fluctuating way (such as ‘heap’ or ‘pink’) is said to be vague; a term like ‘gold,’ though its actual use may not be vague, is non-exhaustive or of an open texture in that we can never fill up all the possible gaps though which a doubt may seep in. Open texture, then, is something like possibility of vagueness. Vagueness can be remedied by giving more accurate rules, open texture cannot.”




9

 Thanks to Kevin Scharp here.
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 Well, maybe with time travel?
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 In the case of “married,” of course, the question of whether the meaning is the same or different is politically and socially significant. Some conservatives argue that the word does and always did (and always will) stand for a relation between people of different genders, while some progressives claim that gender difference is not part of the meaning, and never was. There was surely a time in the past when some claimed that the relation of marriage can only hold between members of the same race. A Waismannian or Quinean would be skeptical of all of these claims. But, of course, this is not to belittle the importance of the struggle over what marriage or “marriage” is (or should be). Matters of meaning can be important for many purposes, even if there is no antecedent fact of the matter as to what that meaning is. To quote one of my heroes in philosophy of language, Lewis Carroll, “The question is, said Humpty Dumpty, which is to be master—that’s all.”
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 Thanks for Michael Miller for suggesting this way of putting the point.
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 The growing philosophical literature on disagreement is also relevant here, but it would take us too far afield.
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 Hirsch brings up a host of interesting subtleties that we must ignore here.
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 As noted in the previous chapter, linear logic provides one interesting framework for combining classical and intuitionistic logic (see, for example, Girard [1987, Chapter 2]). It works well in rendering the logical truths, at least. Suppose that D is a theorem of classical analysis, where the analog of D is not provable in the corresponding intuitionistic system. Let B be the conjunction of the axioms used in the proof of D, so that (B→D) is a classical logical truth. Now let U1 be the translation of (B→D) into a linear language. All parties will presumably agree that U1 is (logically) true. But, as far as I can tell, this is as far as the Hirsch procedure will go. First, U1 is not a translation of D in any sense. At best, it is a translation of (B→D). And there seems to be no analog of U2. Since the analog of D in the intuitionistic system is not a theorem, we won’t be able to concoct a logical truth to translate into the linear language. We can let X be the conjunction of some of the axioms of the intuitionistic theory (or all of them, if it is finitely axiomatized), and we can look at the translation of (X→D) into the linear language. All will agree that U2 is not a linear logical truth. But that does not make it false, nor a decent translation of D, by anyone’s lights. Thanks to Chris Barker for calling the possibility of invoking linear logic to my attention.
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 Chalmers’s method of elimination and the subscript gambit seem to be of-a-piece with how Burgess [2004] formulates a notion of analyticity, supposedly available to Quineans and other skeptics about meaning. See §3 of this chapter and §3 of the previous chapter. As noted in Chapter 3, Joshua Schechter [2011] develops an interesting new way to combine logics into a single system. I am not sure how helpful this can be here. Since, in Schechter’s framework, the various logical terms do not sufficiently interact, it is hard to apply Chalmers’s tests. The same goes for the translation into linear logic, which would be to adopt a third framework, rather than somehow combine the other two (see the previous footnote). We don’t get analogs of individual connectives and quantifiers. It is whole sentences that get translated.
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Philosophical and Foundational Studies





1 Global Matters


Once again, the slogan for what we call “folk-relativism” for a given predicate Φ is that there is no such thing as simply being Φ (Wright [2008, 158]). If Φ is folk-relative, then in order to get a truth-value for a statement in the form “a is Φ” one must explicitly or implicitly determine a value for something else, sometimes called a parameter. For example, to determine whether an object is to the left, one must indicate, somehow, a perspective; to determine whether two events are simultaneous, one must indicate a reference frame; and, arguably, to determine whether a food is yummy, one must indicate a judge or a standard. The value for the parameter can be stated explicitly, or it can be picked up from the context.

As we have seen, for any given folk-relative term, there are several options for its semantics, including various kinds of contextualism and assessment-sensitive relativism. For some folk-relative terms, such as epistemic modals and predicates of personal taste, debates between advocates of various semantic options rage on. As shown in the previous two chapters, it is not clear whether the present eclectic approach to logic is an instance of (indexical or non-indexical) contextualism, as those terms are used here (following MacFarlane [2005], [2009], [2014]). The main conclusion of the previous chapter is that some of these semantic distinctions are themselves context-sensitive, depending on what is salient in a given conversation concerning the term or the use of the term. For present purposes, however, we can return to the loose and (more or less) neutral level of folk-relativism.


Let’s use the phrase “global relativism” for the view that everything is folk-relative. Recall a standard argument against global relativism. It begins by asking what we are to make of the statement of global relativism itself. What is that relative to? The idea is that if every statement is only true or false relative to something—a culture, a form of life, a perspective, a context of assessment, whatever—then the statement of global relativism is itself only true relative to something or other. And, the argument goes, the global relativist is committed to the possibility (or the necessity) that there are contexts (cultures, forms of life,…) from which global relativism is false. Indeed, if there are no such contexts, then global relativism is itself not relative to anything, and so the view is self-refuting. And if there are contexts from which global relativism is false, then one can safely ignore the position by simply occupying a perspective from which global relativism is false. By the global relativist’s own lights, there are, or could be, or must be, such perspectives. Or consider the statement that global relativism is true relative to a given context. Is that only true relative to something or other? Can we even make sense of a statement like that?

Of course, this is familiar territory and has been dealt with in the literature—and in introductory philosophy classrooms and dorm rooms—at length, going back to the beginning of philosophy, or at least to Plato’s Protagoras. I will not rehearse details nor ponder nuances.

No matter how it is to be construed, the present, eclectic orientation toward logic is not subject to this particular problem. The eclectic perspective toward logic is not a global relativism, in any sense of the term. For one thing, it is not global. The eclectic orientation developed in this book is limited to mathematics, and possibly not even to all of mathematics; and the present study is not put forward as a piece of mathematics, and certainly not the sort of pure mathematics that is to be judged only by its consistency (or non-triviality).

Second, the present folk-relativism is limited to notions like validity and logical consequence. An articulation of the eclectic approach is not itself a statement of validity or logical consequence. I am not claiming that the thesis behind the eclectic approach, or the slogan itself, is itself logically true. That would be far-fetched. So the statement of the eclectic approach to logic is not itself in the purview of the eclectic approach.

The situation, so far, is analogous to that of a folk-relativism concerning matters of personal taste, words like “fun” and “tasty.” The statement of that particular relativism is not itself a matter of personal taste (presumably). Personal-taste-folk-relativism is a claim about language and its semantics, not a claim about how particular things feel or taste. The theorist who advocates such a relativism is free to hold that the statement of taste-relativism is absolute—not even folk-relative—or perhaps the statement of relativism is relative to something other than a standard of taste.

However, there are also reasons to not be so sanguine here. The present, eclectic approach to logic does have potential problems that are at least analogous to those of global relativism. The eclectic perspective toward logic threatens to leak out beyond mathematics as the various branches of mathematics—with their different logics—find application. For example, if it should turn out that some of the intuitionistic theories, with their play with potential infinity, have some use in, say, psychology, computer science, or linguistics, then, when applying those theories, we will have to reason with intuitionistic standards and be careful not to invoke excluded middle inappropriately. So different logics will be appropriate in different situations that involve reasoning about non-mathematical matters.

Moreover, logic is ubiquitous. As noted in previous chapters, several times, there is a longstanding view, with a stellar pedigree, that logical consequence is topic neutral; it applies everywhere. Even if that is challenged, as it is here under certain terminological decisions (see Chapter 4), it remains that every coherent perspective—every language, every form of life, every context—has a logic. So we can ask about the perspective from which the present, eclectic orientation is articulated, the perspective of this very book. What is the logic for that? Is there only one?

There is also a related question concerning how we go about using one logic in order to sanction or discuss another one. This is a general phenomenon concerning meta-theoretic studies, whether they be formal or informal, mathematical or philosophical. Mathematicians and logicians have done extensive studies of various mathematical theories, showing how they relate to each other, using some structures to shed light on others, and the like. Sometimes the object-level theories in question invoke different logics. What is the proper logic for this foundational study? Is there more than one such logic? Is there more than one such foundation?


These are the issues of the present chapter. We begin by noting the extent of the eclectic orientation toward logic, and then turn to both foundational, meta-theoretic studies.




2 Saying What We are Trying to Say; Arguing for What We are Trying to Argue for


Nothing like the foregoing Hilbertian, eclectic approach to mathematics and logic applies to all discourse—or even to all of science. Recall that Hilbert [1899] provided what we can think of as implicit definitions of the geometric primitives (see Chapter 3). We find locutions like “the axioms of this group define the idea expressed by the word ‘between’…” and “the axioms of this group define the notion of congruence or motion.” The idea is summed up as follows:


We think of…points, straight lines, and planes as having certain mutual relations, which we indicate by means of such words as “are situated,” “between,” “parallel,” “congruent,” “continuous,” etc. The complete and exact description of these relations follows as a consequence of the axioms of geometry.



The idea, again, is that the axioms of the theory are not to be understood as self-evident truths about an intuitive or pre-theoretic subject matter. In more contemporary terms, the axioms define (or attempt to define) the structure under study.

Recall also that in defending the program—the new orientation to geometry—Hilbert wrote to Frege:
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…if the arbitrarily given axioms do not contradict each other with all their consequences, then they are true and the things defined by them exist. This is for me the criterion of truth and existence.



The idea, again, is that consistency implies existence. A motivating theme for the eclectic approach of this book is that matters of logic have an impact on the Hilbertian approach. The same theory can be consistent relative to one logic and inconsistent relative to another. The weaker the logic, the more theories that are consistent (so to speak) and thus legitimate for the Hilbertian.


In a letter of January 6, 1900, Frege wrote back to Hilbert, mocking his perspective (even before logic is brought into the mix). Frege suggested that the Hilbertian approach trivializes what should be substantial problems of theology:


What would you say about the following:

Explanation. We imagine objects we call Gods.

Axiom 1. All Gods are omnipotent.

Axiom 2. All Gods are omnipresent.

Axiom 3. There is at least one God.



Frege did not elaborate, but the point is clear. The consistency of the God-axiomatization does not show that any Gods exist. Surely, Frege is right about that. Theology is not that easy to establish. Similarly, the consistency of an axiomatization of a caloric theory of heat does not entail that the theory is true. So why should geometry be any different?

As far as I know, Hilbert never replied to this argument, but presumably, the proper (and fairly obvious) response is that the Hilbertian orientation does not extend to theology, much less to science and everyday life. The Hilbertian orientation is only a thesis about truth in (at least some portions of) pure mathematics. It does not even extend to mathematical theories as they are applied for this or that purpose. Surely a given application of a mathematical theory depends on a lot more than the consistency of the theory. The fact that Euclidean geometry is consistent does not entail that physical space is Euclidean. Similarly, the freewheeling, Hilbertian, eclectic approach also does not extend to the informal philosophical language and framework used to describe that approach.

Frege’s realism demands that the same logical rules—the same semantics—apply to both mathematical and at least serious scientific discourse. He argued forcefully against some formalist accounts of mathematics on the ground that they provide no account of the applications of mathematics (see Shapiro [2000, Chapter 6]). In order to be useful, the theorems of mathematics must be true, in the traditional, intuitive sense of “true.” That is, to apply the theories, the theorems must be true of their intended subject matter. Frege seemed to insist that for geometry, that subject matter is space.

Frege’s critique of formalism can be directed at the Hilbertian approach to mathematics. Or at least it sets a challenge. The Hilbertian owes an account of how mathematics, as understood by that program, finds application. The present account, which extends the Hilbertian approach to logic, also owes an account of how mathematical theories, with different logics, can be applied in the scientific study of non-mathematical reality. And it should determine the proper logic for such applications. I won’t attempt anything like that in detail here, mostly because the subtleties of application would take us too far afield. In general, it would be a matter of keeping track of which inferences are valid for which subject matter, mathematical or otherwise. And, of course, the various applications might mix together, illuminating each other. We’d have to figure out which logic to use in these mixed contexts.

Suppose that one holds out hope for the existence of a single scientific theory that covers everything, from physics to economics to astronomy to linguistics, at least in principle. Such a theory will have a logic, presumably a unique logic (since it is a single theory, in a single language). If, say, classical analysis and Heyting arithmetic with Church’s thesis both find (correct) applications in the non-mathematical realm, then both theories will have to be translated, somehow, into the grand theory. I have no idea how this would work, in detail.

Let us turn to less grandiose matters, and ask about the perspective of this very book. To be sure, the present study, and the discussion of the eclectic orientation generally, does involve reasoning. I hope to have convinced at least some readers of something, and, surely, there are arguments involved in that. I do not think there is a serious issue here, or at least it does not present a problem for the eclectic view. The arguments in favor of the eclectic approach, such as they are, are not primarily deductive—perhaps not deductive at all. It is more like an inference to the best explanation. So we do not have to ask what structure or theory the eclectic approach is relative to.

In any case, I am not aware of any inference in the present treatment that depends essentially on any of the “disputed” inferences, such as excluded middle, disjunctive syllogism, ex falso quodlibet, or even the distributive principles. Hypothetically, I suppose there could be a critic who challenges the validity of a deductive move that I made somewhere on the grounds that it is not valid in the logic advocated by the critic. If I could not show that my conclusion could be obtained without the disputed argument form and I could not convince this critic that the form in question is indeed proper here, then such a critic would be left unconvinced, alas. I predict, however, that actual critics of the present, eclectic approach, will not focus on any deductive moves I have made along the way (other than any howlers that are invalid for just about everyone). The abductive aspects of the thesis, such as the viability of non-classical theories, are more plausible targets of criticism.

Suppose, however, that in order to articulate and defend the present eclectic orientation, I have to adopt and use a particular logic. One option would be to accept classical logic, without apology, for the philosophical enterprise at hand. An advocate of this approach might even provide an argument that this is the appropriate logic for this particular enterprise, although I cannot imagine what such an argument would look like and I would think that its premises might be just as controversial as the underlying eclectic thesis itself. Or else one might simply refrain from invoking excluded middle or disjunctive syllogism anywhere in the informal treatment, sticking to argument forms that are what I call “super-valid” in the two previous chapters. That might help convince readers who hold that only intuitionistic logic or some sort of standard relevant logic is appropriate in philosophical discourse like this—or at least it would block one route of criticism from such readers.

In any case, there is no danger of collapse or incoherence at this level. We insist on a distinction between the logic of a given mathematical theory and the underlying logic of the philosophical discourse used to discuss the theory. This is an informal analog of the familiar distinction between an object-language or theory, with its underlying logic, and a meta-language or meta-theory, with its underlying logic.
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 And that matter comes up within mathematics itself, in mathematical logic. So we now turn to that directly.




3 Whither Meta-theory?


It will prove instructive to focus, for the moment, on the role of set theory in meta-theoretic studies of classical theories. We will return to the eclectic orientation soon. As noted, the Hilbertian orientation towards mathematical theories like geometry continues to thrive today. At least within pure mathematics, consistency, or some analog of that, is the only mathematical criterion for existence. In practice, how do we satisfy ourselves that a given characterization of a mathematical theory is consistent (by the lights of its own logic), and thus characterizes a structure or a possible system or a legitimate object of mathematical study?

This is not merely a local matter for those philosophers interested in the foundations of mathematics. The practice of mathematics occasionally runs into serious questions concerning coherence, and, thus for the Hilbertian, the existence of certain structures (or, if you prefer, the “existence” of certain structures). In a passage I have quoted elsewhere, more than once, Mark Wilson [1993, §III] illustrates the historical development and acceptance of a space-time with an “affine” structure on the temporal slices:


…the acceptance of…non-traditional structures poses a delicate problem for philosophy of mathematics, viz., how can the novel structures be brought under the umbrella of safe mathematics? Certainly, we rightly feel, after sufficient doodles have been deposited on coffee shop napkins, that we understand the intended structure…But it is hard to find a fully satisfactory way that permits a smooth integration of non-standard structures into mathematics…We would hope that “any coherent structure we can dream up is worthy of mathematical study…” The rub comes when we try to determine whether a proposed structure is “coherent” or not. Raw “intuition” cannot always be trusted; even the great Riemann accepted structures as coherent that later turned out to be impossible. Existence principles beyond “it seems okay to me” are needed to decide whether a proposed novel structure is genuinely coherent…[L]ate nineteenth century mathematicians recognized that…existence principles…need to piggyback eventually upon some accepted range of more traditional mathematical structure, such as the ontological frames of arithmetic or Euclidean geometry. In…our century, set theory has become the canonical backdrop to which questions of structural existence are referred. (pp. 208–9)



Of course, the century then was the twentieth, but I do not think much has changed in this regard since 2001. Within the community of professional mathematicians, if not philosophers, a set-theoretic proof of satisfiability resolves any legitimate questions of existence, at least for theories based on classical logic.


So what of set theory itself? The Hilbertian would have it that there might very well be a number of different set theories, just as there are different geometries. And, so far as I know, no one finds fault with that. Some set theories have large cardinals, some don’t; some have all sets constructible, some don’t. However, just as the different geometries might not all find application in the physics of space, not all set theories will do for each and every purpose of that theory.

Again, one of the purposes, or “applications,” of set theory is to study the relations between various classical mathematical theories, including the various set theories, and to provide a theoretical background for settling existence (or “existence”) questions. Not all set theories will do for that. Penelope Maddy [2007, 351–9] points out that as soon as different set theories are proposed, one of the first things that mathematicians want to do is to study the relations between those set theories. The comparative study takes place in—or seems to take place in—a unified mathematical theory, a theory about all classical structures, including the presumed universes of the various set theories.

In short, one of the original and continuing purposes—applications—of set theory is to codify the study of inter-relations between (classical) mathematical theories, and to settle existence questions. Presumably, we need—or at least it would be nice to have—a single set theory for this purpose. We at least want to be able to talk about all (classical) theories at the same time, and we need a single language and theory in which to do this talking. Maddy writes:


set theory hopes to provide a dependable and perspicuous mathematical theory that is ample enough to include (surrogates for) all the objects of classical mathematics and strong enough to imply all the classical theorems about them. In this way, set theory aims to provide a court of final appeal for claims of existence and proof in classical mathematics…Thus set theory aims to provide a single arena in which the objects of classical mathematics are all included, where they can be compared side-by-side. Given this foundational goal,…set theoretic practice must strive to settle on one official theory of sets, a single fundamental theory. This is not to say that alternative set theories could not or should not be studied, but their models would be viewed as residing in one true universe of sets, V. (Maddy [2007, 354])



Of course, one can agree that the foundational enterprise must “strive” for a unified theory without admitting that it can succeed in providing one. Set theory (or set theorists) might indeed hope to “provide a dependable and perspicuous mathematical theory that is ample enough to include (surrogates for) all the objects of classical mathematics,” but can this hope be fulfilled? Well, if we restrict attention to theories based on classical logic (as we are doing for the time being), and if we set aside nagging questions about the indefinite extensibility of the set-theoretic universe itself, and so-called proper-classes, ZFC does the job well, at least for some purposes. It does provide surrogates for the objects of classical mathematics.

Zermelo-Fraenkel set theory is touted as a foundation for classical mathematical theories—theories whose underlying logic is classical. So it is no surprise, and no big issue, that the underlying logic of this set theory is itself classical. Now we return to our main theme, and consider theories in which the logic is not classical.




4 The Logic of Meta-mathematics


The need, or at least the desire, for a foundation still applies if we waive Maddy’s qualifier “classical,” in “ample enough to include (surrogates for) all the objects of classical mathematics and strong enough to imply all the classical theorems about them” and in “to provide a court of final appeal for claims of existence and proof in classical mathematics.” To paraphrase Maddy, there is at least a desire for a single arena in which all the objects of mathematics, classical or otherwise, are included. We would like a mathematical venue in which mathematical theories can be compared side-by-side, no matter what their underlying logics may be. We’d like such a venue. But can we have one?

As mentioned earlier, Maddy points out that as soon as different set theories are proposed, mathematicians become interested in the relations between them. The same applies here. Mathematicians and logicians, qua mathematicians, have become interested in the relationships between classical theories and their non-classical counterparts. John Bell [1998], for example, provides a wealth of detail along these lines for smooth infinitesimal analysis with respect to classical analysis, intuitionistic analysis, Robinson-style non-standard analysis, and others. Some of this mathematics, or meta-mathematics, is done informally, and some within category theory (and some both).

It is clear that foundational studies, and meta-mathematics generally, have to have a logic. Indeed, everything (or at least every serious, deductive discipline) has to have a logic. We reason deductively within this meta-mathematical, meta-logical study, presumably correctly, at least most of the time, and we prove theorems within it. Meta-mathematics is mathematics, a primarily deductive enterprise.

This much is not problematic, or at least is not problematic for general, global reasons. As with informal, philosophical reasoning, we can distinguish between the logic used in the foundational study and the logic of the various systems studied. This is the familiar distinction between object language and meta-language, and between the theory studied and the meta-theory. It is the use-mention distinction. For example, there is no problem using a classical theory to shed light on one with an intuitionistic logic, or vice versa for that matter. There are many results along these lines.

So we are envisioning the possibility of a grand meta-theory, one that will accommodate all of mathematics, with all of the various logics employed throughout mathematics. What will this grand meta-theory be like? How extensive will it be? And, of course, what is its logic? We must get a bit speculative here.

Notice, first, that the grand foundational theory cannot be as simple and straightforward as set theory is in the classical case. In particular, we cannot have a “single arena in which the objects of…mathematics are all included, where they can be compared side-by-side,” at least not if this arena is construed as a single domain that includes “(surrogates for) all the objects of…mathematics,” as Maddy puts it. At least it cannot be a “single domain” in the most obvious or straightforward way.
3



Indeed, suppose that we did have a domain that includes, for example, (surrogates for) both the objects of classical, Peano arithmetic (PA) and the objects of Heyting arithmetic with Church’s thesis, the theory we called HA+CT in Chapter 3. Recall that the logic of HA+CT is intuitionistic, and is outright inconsistent with the law of excluded middle. Let 0C be the (surrogate for the) zero of the classical theory PA, and let s
C, +C, and ⋅C be the (surrogates for the) successor, addition, and multiplication function of that classical theory, respectively. Similarly, let 0I be the (surrogate for the) zero of the intuitionistic theory HA+CT, and let s
I, +I, and ⋅I be the (surrogates for the) successor, addition, and multiplication function of that theory, respectively. Let R be a variable ranging over binary relations in the alleged grand unified theory. Say that R is “closed” if R0C0I, and if, for every element x of classical PA and every element y of HA+CT, if Rxy then Rs
C
xs
I
y. Say that an object x, in the grand domain, is “correlated” with an object y in the grand domain just in case, for every closed binary relation R, Rxy. So the classical number zero is correlated with the intuitionistic zero, the classical number one is correlated with the intuitionistic one, etc.

Using uncontroversial inferences, it is straightforward to show that this correlation relation is a one-to-one function from (the surrogates for) the objects of PA onto (the surrogates for) the objects of HA+CT, and that it preserves addition and multiplication. That is, we show—using the language and underlying logic of the unified theory—that PA is isomorphic to HA+CT. It is also straightforward to show that isomorphic structures are equivalent: anything true of one is true of the other. Since excluded middle holds for the objects of PA, it thus holds for the objects of HA+CT. Indeed, let Φ be any sentence in the language of HA+CT, and let Φ′ be its counterpart in the language of PA, so that Φ′ is obtained from Φ by replacing 0I, s
I, +I, and ⋅I with 0C, s
C, +C, and ⋅C, respectively. We have that Φ′∨¬Φ′ holds in PA (since it is a classical theory). So, by the aforementioned isomorphism, Φ∨¬Φ holds in HA+CT (by the lights of the unified theory). Since Φ is arbitrary, we have that excluded middle holds in HA+CT. But, as we have seen, HA+CT is inconsistent with excluded middle. So, alas, our unified theory is inconsistent and, indeed, trivial. Every sentence in its language can be derived.

One way to resist this conclusion would be to have the grand meta-theory use a logic that will not allow the aforementioned, disastrous results. That is, we might reject some of the inferences needed to prove that there is a correspondence between the (surrogates of the) objects of PA and the (surrogates of the) objects of HA+CT, or that the correspondence is an isomorphism, or that isomorphic structures are equivalent. If this route is taken, however, the logic for the envisioned grand meta-theory will have to be quite weak. The results in question do not (or need not) invoke excluded middle nor any of the inferences questioned by standard relevant or paraconsistent logics. It is hard to be definitive without seeing a serious candidate, but it seems that if one tries to adopt a grand foundation of the type envisioned—one that postulates “(surrogates for) all the objects of…mathematics” in a single universe—it will have a logic that is so weak as to render it all but useless for deriving non-trivial meta-mathematical results, the sorts of results we would like to see coming from foundational studies.

A second way to resist the negative conclusion would be to have the grand meta-theory contain different sets of connectives and quantifiers, one for each logic (thus presupposing that each connective and quantifier has a different meaning than its counterparts, contra the previous chapter). So we would have intuitionistic-∨, classical-∨, various relevant-∨’s, etc. Our grand unified theory will have all of these connectives and quantifiers available in its language. As noted earlier, several times, it is not clear how to accomplish this without having the various connectives and quantifiers collapse into each other. The trick would be to develop a grand framework in which the various connectives and quantifiers can indeed be kept separate, but in which we can still establish the necessary connections between the domains of the theories. It seems likely that the logic of the grand, unified theory will be so gerrymandered and ad hoc as to be artificial and extremely hard to work with.
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The conclusion, so far, then is that we cannot think of our grand foundation as a theory about (surrogates for) all mathematical objects, construed as a single domain with a single language. Of course, this is not to say that even ordinary set theory, with its full, unapologetic classical logic, cannot serve at least some of the foundational goals. There is a wealth of results using (classical) set theory to model and study theories with non-classical logics. For intuitionistic theories, there are Kripke structures, Beth models, topological models, etc. And there are various model-theoretic (or quasi-model-theoretic) semantics for various relevant and paraconsistent logics, various proof-theoretic studies, and the like. But we do not have a single domain that contains surrogates for all mathematical objects. Within set theory, the objects, or, better, surrogates for the objects, of classical theories are individual sets. The natural numbers of PA, for example, are the finite von Neumann ordinals. In contrast, with, say, Kripke semantics, there are no sets that serve as surrogates for the “objects” of HA+CT. Instead, the entire theory is captured by a complex Kripke structure, one whose various nodes are, in effect, non-standard models of arithmetic.

Nevertheless, classical set theory has proven extremely useful in studying non-classical theories. It is not much of an exaggeration to note that set theory has become something of a canonical backdrop to develop and present semantical studies for just about every logic developed and studied, sometimes even by monists who argue that there is but One True Logic, and it is not classical.
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Often, category theory is put forward as an alternate, better foundation for mathematics. The underlying logic for category theory is, I think, classical, but, as with set theory, this does not prevent the category theorist from developing a fruitful study of non-classical theories and structures. One can define a particular category that has, as objects, various theories or structures with various logics. Morphisms between these objects would be defined in an appropriate way. Alternately, one can define various categories, each with a specific sort of logic, and then discuss functors between these categories.

Topos theory is an especially apt way to organize and study theories and structures whose underlying logic is classical, intuitionistic, or intermediate between those. Within a topos, the “internal logic” is (at least) intuitionistic, and there are techniques for capturing classical and intermediate logics, namely by looking at properties of the “truth-value object” (also known as a “sub-object classifier”) in different toposes. More formally, one considers functors between the different toposes.

One common technique is to start with a topos and define another topos by taking a sub-object of the truth-value object. For example, classical structures can be modeled in a topos whose truth-value object is (isomorphic to) the full powerset of the natural numbers. Intuitionistic theories will result from a similar topos whose truth-value object is the open sets from the original topos. Or we can start with a topos whose truth-value object yields something like intuitionistic logic, and look at the sub-object of that which has only the standard two “truth-values” as “elements,” or some other sub-object of the truth-value object that yields classical (or an intermediate) logic.
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I do not know of any extensive results bringing relevant and paraconsistent logics into the categorical fold, but that may only reflect ignorance on my part. The fodder is rich for such studies.




5 One Foundation or Many?


Our main conclusion, so far, is that foundational studies comparing different theories can be carried out, will full rigor, even though the object-language theories have different logics. And on the contemporary scene, we have at least two good candidates for this sort of study: set theory, with its variety of semantic frameworks, and category theory, topos theory in particular. The debate between advocates of these foundational studies rages on, but its details need not concern us here.
7
 It may be that there are different foundational roles served by the different theories, although the debate might then turn on what sorts of goals are legitimate, or important; and on what sort of foundational theory can best serve the various goals (see Shapiro [2004]). And, of course, we cannot preclude the emergence of another foundation, perhaps one whose underlying logic is different from that of set theory and category theory.

Will the real foundation please stand up?

To use the terminology from Chapter 1, we can and surely should tolerate more than one foundational study. That is just to keep an open mind. How can we know, in advance, just what sorts of foundational studies will bear interesting and important fruit? Most advocates of categorical foundations are careful to never claim that they are providing the one foundation that mathematics will ever need. The strongest among the typical claims is that category theory constitutes an excellent framework for studying foundational matters concerning the mathematics we have now.

As we saw in §3, Maddy argues, for the classical case, that there ought to be, or we have good reasons to want, only one foundation. This applies in the more general, non-classical context as well. But can we accept more than one foundation as correct, at the same time? An eclectic perspective at this level would amount to a sort of pluralism about foundational studies themselves. There would be different foundations, and perhaps no way to choose a clear winner.

However, as Maddy emphasizes, the drive for foundational studies does not stop. The point of the foundational enterprise is that nothing in mathematics is outside the purview of meta-mathematics. Meta-mathematics is itself mathematics, and so a foundational, meta-mathematical theory would itself be squarely within the purview of meta-mathematics.

Following Maddy’s lead, in the multi-foundations scenario I am envisioning here, mathematicians would become interested in the relationships between the various foundational theories themselves. One might think that we are off on a regress, something analogous to an Aristotelian Third Man argument against Platonism. But not necessarily so. As Maddy notes, Zerrmelo-Fraenkel set theory serves as the basis for the study of its own models and its own proof theory.
8
 That alone stops the regress. In practice, we know that Zermelo-Fraenkel set theory is a good venue for the study of the semantics and proof theory of Zermelo-Fraenkel set theory itself. We don’t need a second, super set theory to study the models of set theory. The same would go for the multi-foundational setting envisioned here.

In the more general setting, it might be that each of the foundational theories has an account of the relationships between itself and the other foundational theories. After all, the foundational theories are themselves mathematical theories, and thus within the purview of each other.

The situation is much like this in contemporary foundational studies, concerning set theory and category theory. Set theorists, it seems, claim to have a decent foundational account of what is going on in at least most of category theory—especially if the set theorist adopts the means to speak of proper classes, perhaps metaphorically, to accommodate so-called “large categories,” those in which the objects do not form a set. Examples include the category of groups, the category of topological spaces, and the like—just about any category used to study a wide class of mathematical theories or structures.

To be sure, some categories are not even “locally small,” in that the morphisms between two objects in such categories need not constitute a set. Standard set theory, including Zermelo-Fraenkel set theory, cannot easily accommodate such things, nor can Gödel-Bernays or Morse-Kelley set theory. The latter theories can accommodate proper classes, but the members of all classes are themselves sets. For this reason, some set theorists might dismiss large categories as incoherent, but that seems to beg an important question. Solomon Feferman’s “Foundations of unlimited category theory: what remains to be done” [2011] sketches an intriguing proposal to use a set theory with “universal set,” such as a variant of Quine’s “New foundations” (see Quine [1937], or Forster [1992]), to capture such grandiose things as the category of all categories.

To be sure, some advocates of category-theoretic foundations would claim that this set-theoretic foundation for category theory misses the point, but we need not detain ourselves over that. We’d have to articulate more clearly just what the “point” is. For their part, category theorists regard set theory as well within their purview—although they do not accord it the global foundational status that Maddy indicates. Indeed, category theorists take set theory to be a small chunk of their purview, one that is not even typical, let alone foundational. In motivating category theory, one of the typical examples is the category SET, whose objects are the sets and whose morphisms are functions between sets. SET is a topos.

As already noted, there is a rigorous and fruitful notion of the “internal logic” of a topos, which is always at least as strong as intuitionistic logic. So I do not know how well this foundation does with theories whose logic is different from intuitionistic logic. I take it that this is an open research problem, one to be tackled by theorists who know the details of category theory and are interested in non-classical and non-intuitionistic theories (such as inconsistent mathematics).


For theories whose logic is at least intuitionistic, the category of all categories has, in fact, been put forward as having foundational status, similar to that claimed on behalf of Zermelo-Fraenkel set theory (see, for example, McLarty [1996, Chapter 12], Awodey [2006, Chapter 7], or the classic Lawvere [1966]). And, of course, SET is one such category.

So, it seems, each of the competing foundational theories has a reasonable account of the other, or at least an account that is acceptable by the lights of one side or the other. Moreover, each has a reasonable account of itself, at least by its own lights. Where does the buck stop? Which one, if either, is the real foundation, the “single fundamental theory,” as Maddy [2007, 354] puts it. Which provides the “single arena” that is “ample enough” to recapture all, or at least almost all, of contemporary mathematics?

I would suggest—tentatively—that this buck does not have to stop. There is no overwhelming need to have what we seem to have in the (restricted) case of classical mathematics: a single foundation that encompasses it all (or perhaps all but the foundational bits). To be sure, one might want a single foundation, one that faithfully captures every mathematical theory humankind has ever and will ever discover and use, and one that will serve any and all meta-mathematical purposes. But do we, the community of mathematicians and philosophers of mathematics, need a single, all purpose foundation for all of actual and possible mathematics?

Maddy is, of course, correct that when different systems are proposed, mathematicians become keen to study the relationships between them, and, again, this applies just as much (if not more) when the systems in question have different underlying logics. And, it seems, this applies even when the systems themselves come with foundational claims, be they grandiose or more modest. The relationships between category theory and set theory have been well-studied, from just about every viewpoint. However, in practice, the desire to track, clarify, and expose relations between theories is typically met on a case-by-case basis.
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To put the matter in general terms, if we become interested in relations among particular theories or systems S
1, S
2,…Sn
, then we need some perspective—theory, structure—from which we can refer to 
S
1, S
2,…Sn
, at once, so to speak, and we need some account of relations between the theories or systems S
1, S
2,…Sn
. But we do not need a single foundational theory that accommodates every possible mathematical theory, with every possible logic, or even every extant mathematical theory that has generated some interest among us humans. Indeed, how would we know that we had such a theory, unless we had some reason to think we know what all of the possibilities are? As I have been emphasizing, to motivate the foregoing eclectic orientation toward logic, mathematics is too open-ended for us to ever be confident that we have captured it all.
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 December 29, 1899. See Frege [1976], [1980].




2

 A closely related theme concerns statements of validity themselves, such as a claim that a given argument form is intuitionistically valid. Statements like that are typically made from a particular meta-theoretic perspective, and the correctness of such statements may depend on the underlying logic of the meta-theory. That is the main issue addressed in the next chapter.
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 Thanks to David McCarty for pressing this point. See McCarty [2006], [2014].
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 As noted in previous chapters, Joshua Schechter [2011] contains an interesting recipe for combining logics, where they do not collapse into each other. It succeeds by, in effect, treating a formula whose main connective is from one logic as an atomic formula from the perspective of another logic. It is thus not clear whether the interesting interrelations among the logics can be explored in this framework. One cannot “get at” the logical relations among subformulas, from the perspective of a different logic. Another possibility would be to invoke the impoverished resources of linear logic. Details would take us too far afield.
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 See, for example, Mares [2004]. Of course, there are exceptions, especially by those theorists who wish to kick away the ladder of a classical foundation (e.g., Priest [2006a], Weir [1998]).
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 Thanks to David McCarty here. The suggestion here is a category-theoretic counterpart to a model theory in which the truth-values are subsets of a given set, such as the real numbers. If the sets form a Boolean algebra, the logic is classical. Recall that, historically, smooth infinitesimal analysis itself emerged from category theory. Awodey [2006] and McLarty [1996] are readable introductions to category-theoretic foundations.
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 For a rough and rather biased sample of the relevant literature, see Lawvere [1966], Feferman [2011], Hellman [2003], Awodey [2004], McLarty [1993], [2004], Landry and Marquis [2005], and Shapiro [2005].
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 Of course, no consistent set theory can prove that it has any models, since, using uncontroversial principles, the theory would then entail that it is consistent, contra Gödel’s second incompleteness theorem. But this does not prevent one from using a set theory to study what the models of the set theory are like, how they relate to each other, etc.—on the assumption that it has such models. I’ll set aside the possibility of an inconsistent meta-theory, using a paraconsistent logic.
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 Theory and Meta-theory; Logic and Meta-logic II


Meta-theoretic Perspective




Some philosophers insist on a slogan that there is no such thing as “the view from nowhere” (see, for example, Nagel [1986]). There simply is no neutral or unbiased perspective, no God’s eye view. To follow the metaphor, those philosophers insist that everyone is somewhere: they occupy some perspective, have adopted some form of life, speak some language, etc.; and this perspective (etc.) will infect everything they say. As emphasized in the previous chapter, something similar, but perhaps less controversial, applies to logic. There is no logic-free perspective. Every one who reasons deductively invokes a logic, or part of a logic, at least tacitly. And if one sticks to inference patterns accepted by everyone (or almost everyone), the logic will be much too weak (if there is such a logic at all). The theme of this chapter is “the view from elsewhere.” How is one to evaluate a given logic from the perspective of a different logic? Sometimes the meta-theory matters and sometimes it doesn’t.

To reiterate our terminological policy one final time, recall that “folk-relativism” concerning a given predicate Φ is the thesis that there is no such thing as simply being Φ. If Φ is folk-relative, then, in order to get a truth-value for a sentence in the form “a is Φ,” one must indicate a value for something else, sometimes called a parameter. The various varieties of contextualism and assessment-sensitive relativism are competing ways of further developing folk-relative predicates.

The previous chapter began with a sketch of a longstanding argument against what we call “global relativism,” a thesis that every statement is somehow folk-relative. What are we to make of the statement of global relativism itself? According to the global relativist, that statement is relative. To what?

As noted, the present eclectic orientation to logic is not subject to that particular worry, at least not directly. I am not arguing for a global relativism, or a global anything. The focus of this study is the range of mathematics, and maybe not even all of mathematics. Moreover, the eclectic orientation to logic is not a thesis within mathematics itself, nor is it a statement of validity.

Nevertheless, there are potential worries here that are similar to those of global relativism. Logic is ubiquitous: whenever there is deductive argumentation and criticism, there is logic. In the previous chapter, we encountered an analog of a matter concerning global relativism for foundational studies. Although any meta-theory must have a logic, there is no need for a given meta-theoretic framework to have the same logic as the mathematical theory or theories being studied. The logic used in the meta-theory need not be the same as the logic mentioned in the object-level theories studied with the meta-theory. This holds even if (or especially if) the meta-theory is intended as a sort of sweeping foundation, a theory that is to somehow recapitulate or simulate all, or at least many, mathematical theories. Here we focus on a different aspect of the meta-theory, namely the verdicts it delivers concerning an object-level logic.




1 Getting Truth-values


Let Φ be a folk-relative predicate. How are we to understand statements involving Φ that include an explicit value for the parameter to which Φ is relative? Assume, for now, that predicates of personal taste are folk-relative to a judge or standard, that predicates about location are folk-relative to a perspective, and that the word “ready” is folk-relative to a task. Present concern is with statements like “Fruit by the foot is tasty to Jack,” “The salt is to Stewart’s left,” and “Janet is ready for her upcoming MCAT examination.”
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Suppose that a predicate P is to be given an assessment-sensitive treatment (ala MacFarlane [2005], [2009], [2014]; see Chapter 1). Consider a statement in the form:


(A) Pa is true in context of assessment s.



Statements in form (A) are likely to appear in the proposed semantics for P. Is a statement in form (A) supposed to be true simpliciter, or is that statement only true or false relative to something or other, such as a further context of assessment?

Is the following possible?:


(B) The statement that Pa is true in context of assessment s is itself true in context of assessment sʹ, and the statement that Pa is true in context of assessment s is itself false in context of assessment sʺ.



If the entire language is to be given an assessment-sensitive semantics, then we seem to be off on a regress. And it looks vicious, because if everything, including the semantic theory, is assessment-sensitive, then we can’t ever seem to assign a truth value to anything in any context. On the envisioned global assessment-sensitivity, whenever we try to get a truth value for any sentence at all, including a statement in the semantics where the parameter is filled in explicitly, we need to invoke yet a further context of assessment. And when we explicitly note that further context, we will need yet a further context of assessment to get our truth-value. On it goes.

A natural response would be to nip this in the bud, if at all possible (or at all plausible). One could insist that statements in the form (A) are never assessment-sensitive, and perhaps not even folk-relative. Perhaps such statements are true or false (or indeterminate, etc.) simpliciter. For at least some predicates P, this insistence is natural. Assume, again for the sake of argument, that predicates of personal taste are assessment-sensitive, and consider a statement that broccoli is disgusting to George H. W. Bush. That statement does not seem to be assessment-sensitive, or at least not with respect to an agent or a standard of taste. It is an open question as to whether the issue can always be dealt with in this manner, by simply denying that the explicit statements are themselves assessment-sensitive.

It seems that regresses like this only threaten assessment-sensitive accounts of various words and phrases. Suppose, for example, that our predicate P is to be given a contextualist treatment. Then the content of a sentence in the form “a is P” is fixed from the context of use. Since there is no further context to be consulted, there is no potential regress.

However, even in the case of contextualist treatments, there is a related matter. Suppose that v is a value of the parameter to which P is folk-relative. For example, let P be “ready,” and v be “to go out for dinner.” Or let P be “left of” and let v be Stewart (at a particular time and place)—again assuming for the sake of argument that “left” and “ready” get contextualist treatments. What should we make of a statement in the form “a is P in v”? Examples are “Harry is ready to go out to dinner” and “The salt is to the left of Stewart.” Those occurrences of P seem to get their content from the explicit parameter, and not from the context of use. Can it sometimes happen that the context of use, for “a is P in v,” also contributes to the content of the embedded predicate P? To pursue the second example, can the perspective of the utterer affect the content (or at least the truth-value of) “the salt is to the left of Stewart”? Delicate matters of perspective may be involved here, and it would take us far afield to pursue them. We’ll stick to matters logical.

Our question here is whether there are similar issues with “valid” and “logical consequence.” Consider an analog of a statement in form (A):


(C) ϕ is a consequence of Γ in logic L.



Here the logic at hand, L, is given explicitly. At least some attempts to evaluate a statement in form (C), and give it a truth-value, are bound to involve deductive reasoning. What is the appropriate logic for reasoning about such statements? Is there more than one such logic? As we shall see, sometimes the logic of the meta-theory has some bearing on the truth-values of statements in form (C). Sometimes it doesn’t.




2 A Working Framework


Crispin Wright [2008, §7.6] suggests a framework for questions like ours. It is designed for (allegedly) assessment-sensitive predicates, but the framework can be adapted to at least some other kinds of folk-relativism, including some forms of indexical and non-indexical contextualism (but probably not with the so-called pure indexicals—see note 1). Begin with some class of sentences for which truth is (supposedly) relative to some parameter V. For sentences containing (indexical or non-indexical) contextualist terms, the value for V is usually determined from the context of use; for assessment-sensitive sentences, the value for V is usually obtained from a possibly different context of assessment.

For each sentence P, in the class of sentences under consideration, there usually is, to adapt Wright’s words, “a range of explicitly relational propositions (ERPs), each of the form: it is true that P, relative to value v of V.” An ERP thus makes a value of the parameter explicit. Typically, one states the truth-conditions for an utterance expressing a contextualist or relativistic proposition with an ERP. For example, one might say that a certain utterance of “Candy is dandy” is true just in case Candy is dandy for Joe.

Wright gives two examples of ERPs: “That rhubarb is delicious is true relative to Tim Williamson’s gustatory standards,” and “That there could be snipers over the rise is true relative to the information possessed by the platoon commander.” These concern two of the main battle-grounds (bad pun) in the literature on contextualism and relativism. Predicates of personal taste, such as typical uses of “tasty,” seem to provide one of the best cases for an assessment-sensitive treatment, and thus they are an inviting target for opponents of this kind of relativism. One scores a major victory by undermining one’s opponent’s strongest cases. Wright’s second example is an epistemic modal, which is one of the most contested cases concerning varieties of relativism and contextualism in the contemporary philosophical literature.

Present focus, of course, is on logic; more specifically on matters of validity and logical consequence. Here are some examples of (true) ERPs:


Excluded middle is valid in classical logic.

Excluded middle is valid in classical analysis.

Double negation elimination is invalid in smooth infinitesimal analysis.

The typical Gödel sentence for arithmetic is a standard logical consequence of the second-order Peano axioms.




Statements much like these figure in Wright’s [1986] earlier attack on Quine’s holism although they are not called ERPs there (and assessment-sensitive relativism was not on that agenda):


Schematically, Quine’s picture is somewhat as follows. Let θ be a theory and L its underlying logic. Suppose that from θ we can derive, via L, a conditional I→P…Experience…is recalcitrant for θ-with-L only if θ ⊢
L I→P. This statement—call it W—will have been established by constructing a derivation of I→P from θ using L…Clearly, however, the acceptability of W need in no way depend on the acceptability of L; ratifying the proof of W simply consists in checking that I→P does indeed follow from θ by a series of L-accredited steps—no endorsement of the principles of L need be involved in so working with the notion of an L-accredited step. (Wright [1986, 192–3])



The nuances of the argument against Quine need not detain us here. Wright calls attention to statements in a form that he calls W, namely


[image: image]


From the present perspective, each such statement expresses an ERP. The statement says that a given conditional follows from a given premise in a given logic; the logic in question is made explicit in the subscript of the turnstile. Wright is, of course, correct that one can usually assess a statement in this form without endorsing the logic L and, indeed, without even using the logic L. For example, an intuitionist and an advocate of a relevant logic will agree with the classicist that excluded middle is valid in classical analysis, although, if they are monists, they may insist on putting scare quotes around the word “valid,” or they may write something like “valid-in-classical-analysis” instead.

Surely, however, the assessment of an ERP like this does involve reasoning, presumably deductive reasoning. So we need a logic for that assessment, just as we need a logic for any non-trivial assessment of just about anything. The argument in Wright [1986] is that this logic—the meta-theoretic logic invoked, or used, to assess propositions in the form W—is not up-for-grabs in the Quinean web of belief.

Here, of course, we are not concerned with the proper exegesis and evaluation of these Quinean themes. Present focus is on the role of the background logic in assessing ERPs. As we shall see, depending on the ERP, the background logic invoked for assessment needn’t be trivial, nor inconsequential.


Wright’s framework suggests a number of interesting and potentially important questions. In the more recent paper, dealing with assessment-sensitive relativism, Wright [2008, 177] raises an issue concerning the perspective from which an ERP is evaluated:
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[M]ust any context in which it is possible competently to assess an ERP…itself supply a value, v, for each assessment parameter, V, …? In other words, if you are in a position to assess competently a claim of the form


P is true relative to value v of parameter V,

must your situation itself incorporate a value for V and so commit you to your own assessment of the truth-value of P?

A quick review of the types of discourse for which modern truth-relativists have proposed the view shows a mixed picture. There is, for example, no particular reason why a subject with no gustatory standards or predilections—perhaps someone born with no taste buds—should be hampered when it comes to assessing “Stewed rhubarb is delicious by Tim Williamson’s standards”; she can have exactly the same evidence—Tim’s sayings, actions, and reactions—as the rest of us…But suppose we take a relativistic view of…logic, holding that, notwithstanding a uniform understanding of its non-logical vocabulary, one and the same propositional schema, e.g., Peirce’s Law, is valid by classical standards but invalid by intuitionistic ones. Here the assessment of the relevant ERP itself demands propositional inference, and hence implicates a set of rules of inference.



In other words, Wright’s question is whether someone assessing an ERP must herself be committed to a value for the parameter V, perhaps a value different from the one explicitly given in the ERP. As he notes, it is plausible that one can assess an ERP concerning personal taste even if one has no particular taste at all. Even if the assessor does somehow have a value for the parameter (i.e., a standard of taste), it is possible that he or she will evaluate the embedded proposition—the tastiness of rhubarb in the case at hand—differently from the way it comes out according to the explicit subject of the ERP, Tim Williamson in this case.

Wright argues that when it comes to epistemic modals, knowledge attributions, and future contingents—three of the major cases in the literature on assessment-sensitive relativism—the perspective of the assessor always affects the assessment of the embedded proposition P (as opposed to that of the ERP, that P is true in v). In the case of epistemic modals, he points out that



to assess any…claim [in the form “it is true that it might be that P”, relative to some state of information I] you have of course to be in some kind of state of information; and that, whatever it is, will itself presumably mandate a verdict about the epistemic possibility of P. (Wright [2008, 178])



To pursue one of Wright’s examples, consider the ERP, mentioned earlier,


“That there could be snipers over the rise is true relative to the information possessed by the platoon commander.”



Call this (D). Suppose that someone, Karl, is trying to determine the truth-value of (D) in order to plan for an upcoming battle. Of course, Wright is correct that Karl himself must be in “some kind of state of information” concerning whether there are snipers over the (platoon commander’s) rise. If, say, Karl is a lieutenant on the opposing side, then presumably he knows whether there are such snipers. So Karl’s own perspective “mandate[s] a verdict about the epistemic possibility of” there being such snipers.

Wright claims that the cases of epistemic modals, knowledge claims, and future contingents are “fully committed” to a truth-value for the statement that is embedded within the ERP. This is because the assessor must be in “some kind of state of information,” in some kind of standards context (or stakes context), and located somewhere in time. According to Wright, however, logic is only “partially committed.” I am not sure what he means by this, since I would think that there is no serious perspective that does not invoke something like canons of validity, however tacit they may be. For example, anyone who is trying to assess whether Peirce’s Law is valid-in-classical-logic will herself be invoking a background logic, and this logic will itself have a verdict on the validity of Peirce’s law. Perhaps he calls the case of logic “partially committed” because in some cases, the logic of the assessor will agree with the cited logic on the truth-value of the embedded validity claim. Or perhaps in some cases, the background logic can be left indeterminate, since it does not matter that much. Stay tuned.

I suggest that a more important question, at least for present purposes, is not whether an assessor must herself have a value for the parameter V in order to determine a truth-value for an ERP, but rather whether having different values for the parameter can result in different assessments of the very same ERP (as opposed to the embedded folk-relative statement). Clearly, people with different tastes can agree on the truth-value of the ERP involving Tim Williamson’s gustatory preferences. An evaluator can agree that stewed rhubarb is delicious by Tim Williamson’s standards, even if she loves the stuff or hates the stuff. Prima facie, the value of this parameter—the particular tastes of the assessor—is simply irrelevant to the ERP. All that matters are Williamson’s tastes.
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With our example (D), the important question is not so much whether Karl is committed to a verdict concerning the epistemic possibility of the snipers—presumably he is. What is of interest is whether Karl’s own state of information—the parameter to which epistemic modals are presumably relative—affects his judgment of the ERP itself. That is, does Karl’s own state of information (concerning the snipers) affect the proper verdict he should have on whether, from the perspective of the platoon commander, there could be snipers over the rise?

I suspect that Wright is also primarily interested in instances of this sort of question. He seems to be concerned with whether the perspective of the assessor somehow affects the truth-value of the ERP itself. As I understand Wright’s dialectic, he argues that this is exactly what happens in the cases of epistemic modals, knowledge attributions, and future contingents: the assessor ends up with a different (and intuitively incorrect) judgment on the truth-value of the ERP, and not just on the embedded folk-relative claim, say as to whether there could be snipers over the rise, or whether there will be a sea battle tomorrow.

Once again, anyone who wants to adjudicate a claim like “inference R is valid in logic L” has to invoke a logic, at least tacitly. As I have been emphasizing, however, one can mention one logic while using another one. The interesting questions here concern whether, and under what circumstances, the logic of the meta-theory—the logic used in assessing the ERP—has some effect on verdicts concerning the logic of the object-language theory—the logic mentioned. As we shall see, sometimes it does and sometimes it doesn’t.





3 Trumping


We are dealing here with what may be called “second-order folk relativism.” We are figuring out how folk-relative predicates should be evaluated from a given perspective. Although their agenda is somewhat different from the present one, Sebastiano Moruzzi and Wright [2009] provide a semi-formal framework for matters of second-order assessment. They use that framework to criticize certain assessment-sensitive treatments, but it is straightforward, I think, to adapt the system to at least some cases of indexical and non-indexical contextualism. No particular criticisms of these positions ensue.

Let CA and, for each natural number k, CAk
 be constants denoting specific contexts from which one can determine a truth-value for some folk-relative sentence or utterance. Let ca and cak
 be variables, in the meta-theory, ranging over such contexts. The notation
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is to be read “U is true relative to CAk

.” This, of course, is an ERP. The present cases of interest are where U includes a statement of logical truth, validity, or logical consequence, and CAk
 is a logic or a mathematical theory. A second-order ERP would be
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which reads “the statement that U is true relative to context CA
1 is itself true relative to context CA
2.” One can also formulate third-order ERPs, fourth-order ERPs, etc. We may be off on the sort of regress noted at the start of this chapter. If so, it remains to be seen whether it is vicious. That depends, at least, on whether an (n+1)st-order ERP has to be adjudicated before the corresponding nth-order ERP can be.

Moruzzi and Wright define there to be



inward trumping with respect to an utterance U if whenever U is true relative to a context of assessment, ca
1, it is thereby true from that same context of assessment that U is true relative to any other context of assessment. That is,
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They also define there to be



outward trumping with respect to an utterance U if whenever it is true from a context of assessment ca
1 that U is true relative to some other assessment context, U is true relative to the context of assessment ca
1. That is,
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Of course, the very statements of (Inward trumping) and (Outward trumping) will themselves be made from some perspective or other, and adjudicating those formulas will involve a logic. That would be the logic of the meta-meta-theory. We may have another regress or another instance of the regress alluded to at the outset of this chapter. Ideally, this regress stops eventually—hopefully soon—and in some principled way. For example, there may be a privileged meta-meta-theory, one that we should use for all of these second-order ERPs. The logic for the meta-meta-meta-theory would, presumably, be the same as the logic for the meta-meta-theory. Ditto for the meta-meta-meta-meta-theory, etc., going into the transfinite if necessary. Or perhaps it may be that we somehow settle on a meta-meta-theory and assume that all later iterations of the “meta-” invoke the same logic. To keep things stable—or at least to keep whatever is left of our bearings—let’s just assume, for the time being, that the background meta-meta-theory invokes classical logic or intuitionistic logic. For the most part, that will not matter.

Whether there is any trumping in the case of logic depends in part on the range of the opening quantifier (∀ca
1,ca
2). Just what possible logics and mathematical theories are we considering? In other words, what are we counting as a logic for these purposes?

One option, I suppose, is to think of a logic as any relation between sentence forms and sets of sentence forms (or perhaps better, any relation between sentences and sets of sentences in a given formal language).
4
 So there is one “logic” according to which every argument is valid. That would be the “logic” of a super-extreme dialetheist who holds that ex falso quodlibet is valid and also holds that some contradictions are logically true. He would be a super-duper trivialist, holding that every statement about anything at all is logically true. Call that CA
4. Another “logic” would have it that no argument is valid. That would be the “logic” of a super-duper “cautious man” (Wright [1986]). Call that CA
5. If we allow things like CA
4 and CA
5 into the realm of logics—into the range of the quantifiers (∀ca
1,ca
2)—then there is no inward trumping and no outward trumping.

To see this, let CA
1 be classical logic and let V be the statement that the ordinary rule of →-elimination (modus ponens) is valid. Now, →-elimination is valid in classical logic, and the classical logician recognizes that →-elimination is invalid by the lights of the super-duper-cautious man. So it is not the case that the classical logician holds that →-elimination is valid for the super-duper cautious man. So T(V,CA
1) but ¬T(T(V,CA
5),CA
1). This refutes inward trumping.

Now let Vʹ be the statement that “affirming the consequent” is valid, i.e.,
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The classical logician recognizes that affirming the consequent is valid for the super-duper trivialist, but, of course, it is not the case that affirming the consequent is valid in classical logic. So T(T(Vʹ,CA
4),CA
1) and ¬T(Vʹ,CA
1). This refutes outward trumping.

This extremely liberal orientation, where we allow any old relation between sentence forms and sets of sentence forms to count as a logic, is not very interesting either. A better policy is to restrict the opening quantifier (∀ca
1,ca
2) to the usual suspects: classical first-order logic, classical higher-order logic (with standard or Henkin semantics), intuitionistic logic, the usual array of relevance and paraconsistent logics, and maybe some others. We can leave the range of that quantifier vague, or let it be determined from context.

Then there is some trumping. For example, let A be any argument form recognized as valid by all of the logics. For example, we might let A be an instance of conjunction introduction,
5
 or even the inference {p}⊢p. Let U be the statement that A is valid. And let’s assume that every logic we are considering recognizes that every logic we are considering sanctions A—as seems reasonable. Then there will be inward and outward trumping, for this U.


We can get a vacuous case of inward trumping by considering a statement U regarded as false by all of the usual suspects. A statement that affirming the consequent is valid will do. And we can get vacuous outward trumping similarly, by taking some second-order statement recognized to be false for all parties by all parties.

Of course, these are all trivial. I do not think there is trumping, in either direction, for the more interesting cases, those forms declared valid by some of the usual logics and invalid in others. For example, let U be a statement that every formal instance of excluded middle is valid; let CA
1 be any perspective that invokes classical logic; and let CA
2 be any perspective that invokes intuitionistic logic. We assume that the classicist and the intuitionist agree on both of these ERPs—that excluded middle is valid classically and invalid intuitionistically. So we have T(U,CA
1) and ¬T(T(U,CA
2),CA
1). In words, excluded middle is classically valid, and it is not the case that, from the classical perspective, excluded middle is intuitionistically valid. This refutes inward trumping. We also have T(T(U,CA
1),CA
2) and ¬T(U,CA
2). In other words, the intuitionist sees that excluded middle is classically-valid, and excluded middle is not intuitionistically-valid. This refutes outward trumping.




4 Sometimes the Meta-theory Does Matter


So, for present purposes at least, it seems that inward and outward trumping are too coarse to be of interest, even when we restrict the opening universal quantifiers to the usual range of logics. In brief, there are sufficient differences between those logics, and sufficient agreement over what at least some of those differences are, for there to be much in the way of non-trivial trumping.

A more important matter is the extent to which the outer or meta-theoretic context affects judgments whose content concerns a given, different logic. To put it in more traditional terms, to what extent do the classicist, the intuitionist, and the various relevantists agree on what is valid-in-a-given-logic L, where L is itself one of the usual suspects? In present terms, can there be different verdicts on one and the same ERP, depending on the “outer” context, the meta-theory?

To modify a definition suggested by Moruzzi and Wright [2009], and Wright [2008], say that a given sentence U is absolute if the context does not affect the truth-value of U. In the semi-formal framework, U is absolute if


[image: image]


This is a way of saying that U is not folk-relative. Say that a stretch of discourse is itself absolute if every sentence in it is absolute.

Suppose that a sentence U is folk-relative—however the folk-relativism gets spelled out in semantics. Say that U is second-order absolute, in a given context CA, if the “outer” context (the one “used” in the meta-theory) does not affect the truth-value of the ERP involving U and CA. That is, U is second-order absolute for CA just in case T(U,CA) is itself absolute:
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And a stretch of discourse is second-order absolute if every sentence in it is second-order absolute in all of the relevant contexts. That is, a stretch is second-order absolute if all of the ERPs formulated with sentences in that language are themselves absolute. If a folk-relative stretch of discourse is second-order absolute, then the potential regress mentioned at the start of this chapter is nipped in the bud. It does not get past the first iteration. Things are not quite that simple, however.

For present purposes, each of the various “contexts” includes a logic, and we assume that this logic is among the usual suspects: classical logic, intuitionistic logic, and the range of major relevant and paraconsistent logics. Some contexts also involve a mathematical theory, which itself involves a logic. So classical analysis, intuitionistic set theory, and smooth infinitesimal analysis are contexts.

I briefly present some cases in which there is second-order absoluteness—where the meta-theory does not matter (so long as its logic is among the usual suspects)—and a few cases where there is no absoluteness—where the meta-theory does matter. At the risk of confusing things, one of these cases involves second-order logic, with its standard, model-theoretic semantics.

Case (i): simple statements of deductive validity. Suppose, first, that CA is a logic, among the ususal suspects, that is given with a recursively enumerable deductive system, and let U be a statement that a specific argument <Γ,φ> in the formal language, given in canonical notation, is valid. To keep things simple, suppose that the set Γ is finite, and is presented with an explicit list. That is, we just list the premises and conclusion of the argument. So T(U,CA) says that there is a derivation in the given deductive system, whose conclusion is φ, in which all undischarged assumptions are members of Γ.

Notice that T(U,CA) is a Σ1-sentence in elementary arithmetic. Classical and intuitionistic arithmetic, at least, agree on Σ1-sentences. Indeed, suppose that T(U,CA) is true. Then there is a derivation D of φ from Γ in the given deductive system. The statement that a given sequence D is a derivation is itself decidable, and will thus hold in both classical and intuitionistic arithmetic (or any stronger theory). The same goes for the statement that the undischarged premises are in Γ and the statement that φ is the conclusion of the argument (assuming, again, that Γ and φ are given in canonical notation, the former with an explicit list).

I do not know if there is a logic among the usual suspects which disagrees with the classicist and intuitionist on decidable (i.e., Σ0) statements in arithmetic. If there is, then even simple statements like those under study here might fail to be second-order absolute. That is, there might be a meta-theory CA
6, whose logic is among the usual suspects, such that T(U,CA)—the ERP that the given argument is derivable in the given deductive system—holds for the classicist and intuitionist, but does not hold within CA
6. If so, then even this simple T(U,CA) is not absolute.

My own inclination would be to reject any logic that, combined with the usual axioms of arithmetic, does not at least accord with classical and intuitionistic arithmetic on decidable statements—at least for these meta-theoretic purposes of adjudicating simple ERPs. Such a logic would be far too weak to be of much interest (at least for present purposes). Of course, my own inclinations are not all that relevant in a sober philosophical discussion, and I have no intention of arguing for this one.

Case (ii): not so simple statements of validity. Absoluteness can fail for statements of validity if the argument in question is not given in the usual, canonical fashion. Suppose A and B are distinct sentence letters, and consider the following statement U:


Let Γ be a set whose only member is A if the Goldbach conjecture is true, and whose only member is B otherwise. Then the argument <Γ,(A∨B)> is valid.



Let CA be intuitionistic sentential logic. Then T(U,CA) is the statement that Γ entails (A∨B) in intuitionistic sentential logic. Now let CA
1 be a standard, classical meta-theory, say classical set theory, and let CA
2 be an intuitionistic meta-theory.

Reason in CA
1 (our classical meta-theory) as follows. If the Goldbach conjecture is true, then Γ is {A} and so, of course, Γ⊢(A∨B) in intuitionistic, sentential logic. It is just an instance of ∨-introduction. If, on the other hand, the Goldbach conjecture is false, then Γ is {B}, in which case Γ⊢(A∨B) in intuitionistic, sentential logic. So, either way, Γ⊢(A∨B) in intuitionistic sentential logic. QED. Of course, we have used excluded middle (or, rather, bivalence), in the meta-theory CA
1. We presuppose there that either the Goldbach conjecture is true or it is false. But that move is kosher since the meta-theory CA
1 is classical. We have not invoked excluded middle within the object-level logic in question, intuitionistic sentential logic. The only object-level inference invoked is ∨-introduction. So we have that
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However, the intuitionist will not agree that either A∈Γ or B∈Γ, for that amounts to an instance of excluded middle on the Goldbach conjecture. So the intuitionist will not agree that the set Γ implies the disjunction (A∨B). So we will not have
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Case (iii): inconsistent mathematics. Let CA
3 be one of the inconsistent arithmetics presented in Priest [2006a, Chapter 17] and, again, let CA
1 be its classical counterpart, ordinary classical arithmetic. In CA
3 there are true contradictions, even among decidable arithmetic statements—even among statements of identity. This has some interesting consequences for the present framework.

In particular, Priest holds that a standard Gödel sentence for his system—for CA
3—is both true and not true. To put this in present terms, let G be the Gödel sentence in question and take T(G,CA
3) to be the statement that G is derivable in Priest’s system. So G is equivalent to ¬T(G,CA
3). Note that Priest’s deductive system is itself a formal, mathematical object, and so it is capable of being studied in a classical (or intuitionistic, etc.) meta-theory. The equivalence, in Priest’s system, of G and ¬T(G,CA
3), is easily provable in a standard, classical meta-theory.

Notice also that T(G,CA
3) is straightforwardly equivalent to a Σ1-arithmetic sentence, and this equivalence is provable classically and also in Priest’s own meta-theoretic system. We are told that both G and ¬G are derivable in Priest’s arithmetic system. That is, T(G,CA
3) and T(¬G,CA
3).
6



Both Priest and the classical mathematician, occupying CA
3 and CA
1 respectively, agree on this much. That is, they agree that Priest’s deductive system, as a formal mathematical object, is inconsistent (see Shapiro [2002]). One need not be a dialetheist in order to verify derivations in an inconsistent but paraconsistent system. So we have
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However, Priest also holds that G is true (of the natural numbers), and thus he holds that G is not derivable in his system. That is, for Priest, G is both derivable and not derivable. Of course, no classicist (or intuitionist) follows him on that. We have
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and
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So the statement ¬T(G,CA
3), that a Gödel sentence for Priest’s system is not true, is itself not absolute. The classicist has it as false and the dialetheist has it as true (and false). So, in a sense, G is not second-order absolute.

Case (iv): a model-theoretic perspective. Here the “object-level” logic is classical, second-order logic, with standard semantics. Call that CA. Since its consequence relation is defined in model-theoretic terms, it invokes a substantial, mathematical set theory. Because of this, we can get some striking differences in the meta-theoretic perspectives.

To develop one example, let U
1 be the statement that the twin-prime hypothesis is a consequence of the second-order Peano axioms and let U
2 be the statement that the negation of the twin-prime conjecture is a consequence of the second-order Peano axioms. Consider T(U
1,CA) and T(U
2,CA). The first of these is the statement that the twin prime conjecture is true in all classical models of second-order Peano arithmetic and the second is the statement that the negation of the twin prime conjecture is true in all classical models of second-order Peano arithmetic.

The sentences T(U
1,CA) and T(U
2,CA) are, of course, in the language of set theory, and for this rich theory, the “outer logic” matters a lot more than in the cases considered previously. Those cases only involve deductions (and non-deductions) which are, usually, at most Σ1-statements (and Π1-statements). The present case invokes statements a lot more complex than this.

In the usual classical meta-theory, CA
1, we can show that the second-order Peano axioms are categorical—that all of its models are isomorphic to each other. It follows, again emphasizing the “classical” in “classical meta-theory,” that second-order Peano arithmetic is semantically complete. That is, for every sentence φ in the language, either φ is a consequence of the second-order Peano axioms or ¬φ is a consequence of the second-order Peano axioms. So either T(U
1,CA) or T(U
2,CA). Or, to be explicit,
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And, indeed,
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All this is from the perspective of a typical, classical meta-theory. An intuitionist, in CA
2, can formulate the notion of classical second-order logical consequence within intuitionistic set theory. Our intuitionistic meta-theoretician can show that second-order Peano arithmetic is categorical, but she cannot prove that the second-order Peano axioms are semantically complete.
7
 That is, the proof that categoricity implies semantic completeness depends on excluded middle in the meta-theory.

So we have neither T(T(U
1,CA),CA
2), nor T(T(U
2,CA),CA
2), nor T[(T(U
1,CA)∨T(U
2,CA)),CA
2]. Of course, this is not to say that the intuitionist will accept the negations of any of these. That is, we won’t have T(¬T(U
1,CA),CA
2), for example. But we do lose absoluteness.





5 Meta-theoretic Studies Generally


There is, of course, a large body of technical work on intuitionistic, relevant, and paraconsistent systems, developing various meta-theoretic properties thereof. Much, but not all, of this work uses a classical meta-theory (as does much, but not all, of the work in mathematical logic generally). In the case of intuitionistic logic, we have Kripke-structures, topological models, Beth semantics, and a host of others. Model-theoretic semantics for relevant logics are legion.

Sometimes, the classical mathematician proves a soundness and completeness theorem, showing that an argument Π can be deduced in, say, an intuitionistic deductive system if and only if Π has a certain set-theoretic property. This allows the classical logician to prove statements to the effect that a given conclusion does not follow from a given set of premises in intuitionistic logic. Let U be a statement that the argument in question is valid. The classical mathematician proves that ¬T(U,CA
2). So we have T(¬T(U,CA
2),CA
1). But, if the meta-theory is itself classical, the intuitionist herself may not be able to show that ¬T(U,CA
2). So we may not have T(¬T(U,CA
2),CA
2). Moreover, and here is where one must strive to keep one’s bearings, the classicist may be able to show that the intuitionist cannot show that the original argument is invalid. That is, the classicist may show ¬T(¬T(U,CA
2),CA
2). In other words,
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This is what we should call a third-order ERP. From the outermost level (here CA
1), we show how it looks to the next inner meta-perspective (here CA
2) concerning the innermost perspective, the logic mentioned (here also CA
2).

I’ll refrain from further iterations of an ERP. Three is enough. Sometimes the results are deep and difficult to prove. However, the general point, in line with the conclusions of previous sections and those of the previous chapter, is that in typical cases, none of this is conceptually problematic—assuming we manage to keep our bearings (which is sometimes not too difficult to do). There should not be any conceptual confusion so long as we keep track of the various object-level and meta-level perspectives, including, of course, the perspective one is occupying when proving the meta-theoretic results themselves. Typically, the object-level logic is one of the usual non-classical ones, and the meta-theory, as well as the meta-meta-theory, are all classical. But other combinations are possible.

The meta-theoretic results under discussion here do raise interesting issues concerning the meaning of the logical particles, especially in the outermost logic, the one used to state and obtain the results. This reinvokes matters from Chapters 4 and 5, concerning the meanings of the logical terms and the meanings of terms like “valid.”

Suppose, for example, that a given meta-theoretic result about a logic L
1, is established using classical logic. Suppose, for example, that a classicist shows that a given argument is valid in L
1. Suppose also that someone shows that we can get (what looks like) that same result using a weaker logic L
2. That is, our second theorist shows in L
2 that the given argument is valid in L
1. The second result seems to be an improvement, since it is obtained with weaker resources. But is it indeed the same result? That is, do the first and the second results alluded to here have the same conclusion? After all, the formulation of the meta-theorem in question surely has some logical terminology, and it cannot just be assumed that the meaning of these particles is the same in both contexts.

One can indeed get tangled up in attempts to interpret the various meta-theoretic results. That alone might be good pragmatic reason to insist that the meanings of the logical terminology is the same in all of the logics (at least among the usual suspects), at least for purposes of studying and evaluating the various logics, with respect to each other.

A case in point has been given the name “gamma.” Typical relevant logics reject the validity of disjunctive syllogism (Anderson and Belnap [1975]):
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Yet it can be shown that, in most of the relevant systems, disjunctive syllogism is an admissible rule: if, in the system, one can prove sentences in the form ¬φ and φ∨ψ, then one can prove ψ in the same system. In symbols,
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However, the usual proofs of this meta-theoretic result, about the relevant systems, themselves invoke disjunctive syllogism (or something equivalent). The meta-theory is usually classical.


Can the admissibility of disjunctive syllogism be proved using only arguments that the relevantist herself takes to be valid? Anderson, Belnap, and Dunn [1992] report that relevance logicians have discussed such things “among themselves for a number of years, without, let it be said, making much headway” (p. 498, emphasis in original).

In discussing the situation, Anderson, Belnap, and Dunn [1992, 498–502] claim that the question itself is “complicated.” The reason is that we have to settle what the various terms in the proposition mean. The “question” at hand is the admissibility of disjunctive syllogism, the statement (γ). This very statement has words like “implies,” “infer,” and, of course, terms like “and” and “if.” These are in the meta-language—the perspective used to state and prove the result. Anderson, Belnap, and Dunn provide no less than three different readings of the statement that disjunctive syllogism is admissible, and one of those is given as a “stand in for a host of options, since there are so many choices possible in giving readings to various parts of the argument.”

In addition to the three readings of the meta-theoretic proposition, Anderson, Belnap, and Dunn provide a “fourth option” of concluding “that the expressive power of the languages so far investigated by relevance logicians is not enough to handle their arguments in a relevant way, but that instead additional features must be added” (p. 501). I take it that the “fourth option” under consideration here is that the current relevant theories are not sufficiently developed to handle the semantic nuances of a meta-theoretic situation like this one, involving the admissibility of a rule. As they put it, the trick is to find “some logical apparatus that is both relevant and of use” (p. 502, emphasis in original). They concede that they “don’t have any firm candidates for this role” (although they do tentatively suggest that some forms of restricted quantification might prove useful).

Rather than re-open the vexed matter of the meaning of various logical terms, in any detail—as dealt with in Chapters 4 and 5—let’s try to be neutral. Anderson, Belnap, and Dunn are correct that one should sometimes think carefully about what one takes a certain informal statement—meta-theoretic or otherwise—to be saying. That might suggest the proper, or a proper, formal framework to use when trying to adjudicate the statement. Or, if their fourth option is to be pursued, it might get us to develop more frameworks to capture the various semantic-cum-logical distinctions at hand better than the current batch of usual suspects do. This much could feed the current, eclectic orientation toward logic should more than one such perspective prove fruitful.

Recall the conclusion from Chapter 5 that matters of meaning are themselves context-sensitive. So let us assume a context in which the various particles have the same meaning. Then the various meta-theoretic results are conceptually problematic for neither the present, eclectic perspective concerning logic nor that of a classical monist who is interested in the formal properties of non-classical systems (assuming, again, that the meta-theory is classical). In contrast, the matters at hand can be philosophically and conceptually substantial for a monist who adopts a non-classical logic, especially if he or she wishes to rely on one of the meta-theoretic results to support the program.

To take one final example, Neil Tennant has been a longstanding advocate of an intuitionistic relevant logic, now called “core logic” ([1987], [1997], [2012], see also [2005]). He shows that if a conclusion φ can be derived from a set Γ of premises in classical (resp., intuitionistic) logic, then a statement φʹ can be derived from a set Γʹ in his relevant classical (resp. core) logic, where Γʹ⊆Γ, and either φʹ is φ or φʹ is an explicit contradiction. So when it comes to deriving conclusions from premises, Tennant’s relevant logics are as good as, or better than, their irrelevant counterparts. So using Tennant’s system sometimes results in “epistemic gain.” Clearly, this is a pleasing result, no matter what perspective one occupies concerning the various logics.

John P. Burgess (e.g., [2005]) pointed out that at least the informal gloss of the proof of Tennant’s crucial meta-theoretic claim does not itself seem to conform to the strictures of Tennant’s favored core logic. That is, the sketch of the proof behind the claim of epistemic gain does not seem to be formalizable in the core logic. For his part, Tennant [2005] insists that the meta-theoretic results can feasibly be obtained in core logic.

It is crucial to Tennant’s philosophical agenda that he win this dispute. If, in fact, his meta-theoretic result is not kosher by his own, intuitionistic, relevantist lights, then he would not be entitled to use the result as part of his case that it is acceptable to reason classically (or intuitionistically). That is, if Burgess’s charge is correct, then Tennant is not entitled to claim that there is epistemic gain in using his system. The most he could claim would be that, from the (incorrect) perspective of the classical mathematician, we can see that core logic can do as well, or better, in deducing arguments. But, by his own lights, the perspective from which one can say this is itself flawed, invoking what Tennant takes to be invalid argument forms. So this ladder cannot be kicked away, at least not while we are on it and taking advantage of what we can see from up there.

From the present, eclectic perspective, on the other hand, there is no need to adjudicate the dispute between Tennant and Burgess. For the eclectic logician, any of the established logics can be used to prove meta-theoretic results about any of the established logics. Of course, we would be interested in whether a given result can be obtained using a weaker logic, but such meta-meta-theorems are not needed for our philosophical agenda.

A logician once suggested to me that, for those of us compelled to study logic, the categorical imperative is to “play”: develop and try out a whole host of different logical theories; see what they do and what they don’t do. As it happens, this logician is himself a monist about logic, and was not advocating any sort of pluralism or relativism. To use the terminology from Chapter 1, the dictum to play is in the spirit of tolerance. It is put forth as a methodological principle to help us discover what the One True Logic is. The present, eclectic orientation also embraces the dictum but, of course, it is for different reasons.

To conclude and to repeat, in order to do any deductive reasoning, especially in highly mathematized areas like logic, meta-logic, semantics, and meta-semantics, one must invoke a logic. In certain intellectual climates, it might be a good idea, or just plain courteous, to explicitly acknowledge which logic one is using. However, on the present, eclectic orientation to logic, nothing prevents a theorist committed to a substantial logic from studying a range of other logics and learning how they relate to each other and her own. Nor does it prevent another logician from taking on a similar study; using a different logic. Nor does it prevent a third logician from studying how the first two meta-theoretic projects relate to each other. The three of them may not be able to share all of their results with each other, in a straightforward homophonic manner, but that’s life.






1

 With so-called “pure indexicals,” like “I” and perhaps “now,” there do not seem to be such statements. For example, it is not felicitous to say “I for Jack am hungry” (meaning that Jack is hungry) or “Now for last Tuesday it is raining” (meaning that it was raining last Tuesday). With pure indexicals, it does not seem to be possible to bypass the conversational context and fill in a value for the parameter explicitly. It is also noted that pure indexicals maintain their normal referents even when the terms appear under the scope of intensional operators (except perhaps direct quotation). In the sentence, “Sue said that Joe believes that Karl fears that I am not being totally honest,” “I” picks out the speaker, and neither Sue, Joe, nor Karl (unless one of them happens to be the speaker).




2

 For information, “Peirce’s law” is the propositional form, (((p → q) → p) → p). It is valid (i.e., follows from the empty set) in classical logic, invalid in intuitionistic logic.




3

 I suppose that there could be an agent who finds stewed rhubarb so disgusting that they cannot imagine anybody liking it. Sometimes I feel that way about broccoli. Or perhaps there could be an agent who finds stewed rhubarb so delicious that they cannot imagine anybody not liking it. Such agents might not give the correct verdict to the ERP concerning Tim Williamson or, to be more neutral, they might not give the same verdict that most others will.




4

 As noted in previous chapters, we set aside multiple-conclusion logics, sub-structural logics, and the like. Although those would provide more grist for the present, eclectic mill, considering them would complicate the matter at hand here, since there would be no agreement on what it is that validity is a property of. Other than that, however, bringing such logics on board would not make a substantial difference.




5

 Set aside the intensional conjunction developed in Read [1988].




6

 So far as I am aware, the details of the formal, inconsistent arithmetic have not been articulated sufficiently to check that, in fact, G is a theorem of it. Field [2006] shows that, in systems like this, one cannot show that every theorem is true. Priest [2006a] argues, informally, that G is a theorem, and Shapiro [2002] assumes as much, as we do here.




7

 Using an intuitionistic meta-theory, David McCarty [1987] shows that under certain (controversial) assumptions, first-order intuitionistic arithmetic is categorical.










Recapitulation and Conclusion




There is a story of a child telling his parents what he learned in school that day, concerning how to write: “First, I says what I am going to say. Then I says it. Then I says what I said.” I have done the first two of these. I close, briefly, with the third.

Following an overview of the book—the first task—Chapter 1 goes over some basic, terminological matters, and presents a brief survey of some general issues in the philosophy of language, matters of how to understand various kinds of contextualism and assessment-sensitive relativism.

The purpose of the second chapter is to articulate a number of different ways in which one can be a folk-relativist or pluralist about logic. The primary, and most important one is an extended argument that there is no one, monolithic thing that goes by the name of “validity” or “logical consequence.” Those terms are polysemous or, perhaps better, they express cluster concepts. There are a number of distinct notions that go by those names, none of which can lay claim to being the notion of logical consequence. The various notions—elements of the cluster—invoke various matters of modality, meaning, justification, rationality, and form. So there is a kind of pluralism. There are several different articulations, all of which are equally good “accounts” of “the” intuitive notion of logical consequence. To illustrate, and strengthen, this claim, I show that it usefully explains away some of the ongoing debates in philosophical logic, namely those between inferentialists and advocates of a model-theoretic approach based on truth-conditions, and the dispute between advocates of higher-logic versus those who insist that logic is first-order. In each case, each of the warring parties is concentrating on a different item in the cluster.


A closely-related sort of pluralism arises from a perspective sometimes called “logic-as-model.” The idea there is that a logical system is a mathematical model of norms that underlie norms of consistency and deductive, inferential practice. With models generally, there are usually tradeoffs, depending on the underlying purpose of the model and what, exactly, is being modeled. It is rare for there to be a uniquely best model for anything, especially something as polysemous as the notion of logical consequence. So, again, a kind of pluralism emerges.

A third sort of pluralism, or, better, a folk-relativism arises within most of the different articulations of validity and logical consequence. Almost all of them—whether proof-theoretic or model-theoretic—invoke a distinction between logical and non-logical terminology. Is there only one such distinction, the correct demarcation of the logical? I argue, or at least suggest that there is not (following Tarski [1935] and Bolzano [1837] before him). So logical consequence and validity are relative to a choice of logical terms. An argument may be valid with respect to one collection of logical terms, invalid with respect to another. I argue that this also explains away some of the clash between advocates of higher-order logic and those that insist that logic is first-order. Each makes a different choice of logical terms.

Another sort of pluralism concerns that possibility that the notion of logical consequence, or one of its articulations, is vague. But this depends on what the proper account of vagueness is. On some accounts, vague expressions are relative to something, such as a sharpening or a conversational context. Such accounts seem to provide for a folk-relativism concerning logical consequence.

The rest of the book concerns a more extensive kind of relativism or pluralism concerning logic, one that is consonant with these themes. Chapter 3 begins with a thesis that emerged toward the end of the nineteenth century and continues to thrive today, at least concerning pure mathematics. The underlying idea is that consistency is all that matters for legitimacy. A given branch of mathematics may prove to be trivial, uninteresting, unfruitful, unsuitable for a given purpose or application, or the like. But if it is consistent (or non-trivial), then it is legitimate, as pure mathematics. There is no other metaphysical or mathematical criterion that a given theory has to pass.

The theme here is to bring logic into the mix. Matters of logic arise when it is noticed that there are a number of interesting and, I think, important mathematical theories that employ a non-classical logic. Some of these are rendered inconsistent and even trivial if classical logic is imposed. The main examples presented in Chapter 3 invoke intuitionistic logic. They are intuitionistic arithmetic with an object language version of Church’s thesis (saying, in effect, that all functions are recursive), intuitionistic analysis, and smooth infinitesimal analysis (and its richer counterpart, synthetic differential geometry). These theories are, I argue, mathematically viable and may even have applications, perhaps concerning the intuitive notion of potential infinity. But they are incompatible with classical logic.


Chapter 3 also considers the possibility of mathematical theories based on other non-classical logics, although, at present, those are not as fully developed as the intuitionistic theories. One intriguing instance is so-called “inconsistent mathematics,” which, of course, invokes a paraconsistent logic. Work on truth and other troublesome notions, that invoke non-classical logics, might prove to be further grist for the present, eclectic mill concerning logic, if some of that work proves to be mathematically interesting and fruitful.

The conclusions of Chapter 3 do not, by themselves, demand a pluralism or relativism concerning logic. It may be that there is but One True Logic, and It is weaker than classical, intuitionistic, and perhaps some paraconsistent logics. To settle this, and to further articulate the foregoing, eclectic approach to logic, we must broach substantial issues concerning meaning and semantic content. That is the focus of Chapters 4 and 5. Are we in for a kind of (indexical or non-indexical) contextualism, a kind of assessment-sensitive relativism, or something else entirely, perhaps a surprising kind of monism?

There are two, intricately related groups of questions and issues. One concerns words and phrases like “valid” and “logical consequence.” The extensions of those terms are, of course, not the same in classical, quantum, and relevant contexts (or so it seems). But do those expressions have the same meaning (or the same content) in all contexts? For example, does the word “valid” have the same meaning when used as “intuitionistically valid” as it does in “classically valid,” “relevantly valid,” quantum valid,” etc.

This matter is, I suggest, terminological, as is the general issue of monism. In line with the main theme of Chapter 1, words like “valid,” when used in works in logic, are terms of art. One just stipulates how it is to be used. For present purposes, I adopt the policy of taking “valid” and “logical consequence” as relative to a structure. This gives us a kind of folk-relativism concerning logic. I coin a new term, “super-valid” to apply to those argument forms that are valid in every context (if there are any such argument forms). But, I concede, other terminological policies are coherent, and will do just as well. It is perhaps interesting that the foregoing, eclectic orientation toward logic has to be articulated differently, depending on the terminological matters. And there are ramifications concerning contextualism and assessment sensitivity, at least as far as those terms are concerned.

The second, and more substantial, batch of questions concerns the meaning of the logical terminology itself, words and phrases like “and,” “or,” “if…then,” “not,” “for all,” and “there is,” at least when they occur in rigorous mathematical deduction, in live mathematics. We confront a more or less standard question concerning whether there is a substantial disagreement between, say, classicists and intuitionists, or whether they are merely talking past each other, as they give different meanings to the crucial logical terminology. I examine typical views and arguments on this issue, from all sides, and find them all unconvincing. This is perhaps unsurprising, given the polysemous (or cluster-concept) nature of logical consequence, from Chapter 1. Much of the debate is at cross-purposes. Different authors sharpen the various notions in different ways, and they thereby come to differing views on the meanings of logical terminology. I show how the various options concerning meaning-shift (of the logical terminology) result in various kinds of contextualism and assessment-sensitive relativism for words like “valid” and for the logical terminology themselves.


Chapter 5 articulates a (tentative) thesis that the foregoing matter of meaning-shift concerning the logical terminology is itself context-sensitive, and, indeed, interest-relative. Whether the logical terms have the same meaning, or different meanings, in the different structures or theories (with different logics) depends on what is salient in a conversation comparing the structures or theories. For some purposes, it makes sense—it is all but demanded—to insist that the classical connectives and quantifiers have different meanings than their counterparts in intuitionistic, paraconsistent, quantum, etc. systems. For other purposes, in other conversational contexts, it makes more sense to say that the meaning of the logical terminology is the same in the different systems.


This sort of meta-contextualist thesis raises deep and vexed questions concerning meaning, most of which are well beyond the scope of this book, not to mention my own interests. I do not have a full-blown theory of just what meaning is, and when two particles have the same or different meanings. I situate the thesis of this chapter within some general issues concerning language, such as vagueness, open-texture, and verbal disputes.

Logic, of course, is ubiquitous. Whenever there is deductive reasoning, there is logic. The final two chapters concern perspectives from which one discusses, presents, and, indeed, assesses matters of logic, either formally or informally. For example, this book is one such context (although, admittedly, it does not contain much in the way of non-trivial deduction).

There are general questions concerning how we go about using one logic in order to sanction or discuss another one. This is an instance of a general phenomenon concerning formal and informal meta-theoretic studies. The main focus of Chapter 6 is the logic for foundational studies. Mathematicians and logicians have done extensive studies of various mathematical theories, showing how they relate to each other, using some structures to shed light on others. What is the proper logic for this foundational study? I show that there are no problematic features of this. One can indeed use a theory formulated in a theory that invokes one logic in order to shed light on another theory that invokes a different logic. This is common in contemporary foundational studies.

The final chapter treats another, closely related meta-theoretic matter, namely judgments concerning what does and does not follow from what is a given, fixed logic. Examples include “disjunctive syllogism is invalid in most relevant logics.” As with foundational studies generally, statements like these are made from a meta-theoretic perspective, and sometimes the meta-theory has a logic different from that of the target, object language theory. I adapt a framework, due to Sebastiano Moruzzi and Crispin Wright [2009], for evaluating other allegedly relative notions. In many cases, including the most typical, the logic of the meta-theory does not matter concerning judgments about what is valid and invalid in a given object-language theory. But there are some common situations in which the logic of the meta-theory does matter. This has some interesting ramifications concerning the matter of meaning, treated in Chapters 4 and 5. Usually, it is not hard to keep one’s perspective.

And that is what I said.
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