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    Preface

    The purpose of this book is to provide college and university students of mathematics with an accessible yet nontrivial introduction to those concepts which are basic to abstract algebra or the analysis of abstract algebraic systems. These systems, which consist of sets of elements, operations on and relations among the elements, and descriptive axioms, are abstractions and generalizations of various models which evolved from efforts to explain or discuss physical phenomena and as such occupy a prominent position in modern mathematics and science.

    After a discussion of the essential ingredients of a mathematical system in the first chapter, we proceed with a development and investigation of the familiar number systems in the next four chapters. This number theoretic approach to modern algebra is particularly advantageous since it enables us to demonstrate the axiomatic development of a system and to illustrate important methods, constructions, proofs, and ideas while dealing with one of the beautiful and fascinating portions of classical mathematics. (In Chapters 9 and 10 additional topics in number theory are treated.) The resulting theory provides us with examples and guidelines which are used in the analysis of such important systems as groups, rings, fields, integral domains, polynomial rings, vector spaces, rings of linear transformations, and matric rings, and this enables us to point out and emphasize the role of analogy in the extension and development of mathematics.

    Moreover, from number theoretic considerations comes one of the basic unifying concepts of abstract algebra, namely, the idea of factorization and decomposition. From the study of the factorization and decomposition of the ordinary integers we progress, via the notion of congruence, to the study of the decomposition of a system relative to a subsystem or collection of subsystems. Thus the concept of factorization and decomposition provides the central, unifying theme for our investigations of algebraic systems in this book. The resulting accentuation of the uses of subsystems and quotient systems (or homomorphic images) in the analysis of mathematical systems is very important to the development of the student’s appreciation of present-day research in pure and applied mathematics.

    The program adopted here of dealing initially with familiar systems in a careful, although somewhat sophisticated, fashion allows the student to assimilate the basic language and ideas of abstract algebra while maintaining contact with his previous mathematical experience. As more complex and abstract systems and concepts are presented for study and as the analysis becomes more difficult, numerous examples and heuristic discussions are included to assist the student to an understanding of the material. Problems follow each section in considerable quantity and provide additional material for classroom discussion as well as a challenge to the student (who is not expected to do all of the problems, which range from routine to difficult). Also, a list of several short articles and books that should prove helpful to the student in his studies and to the instructor is given at the end of each chapter. All in all, this book represents an effort to make accessible to the interested student a considerable body of significant results, methods, ideas, and questions from abstract algebra.

    The inclusion of many examples and exercises and the treatment of a number of interrelated and important topics have naturally resulted in a book of some size. Therefore it is inevitable that a person or class using this book will have to omit certain sections or chapters. For this reason a diagram is included (opposite page) to indicate the interdependence of the chapters. For example, the solid line leading down from Chapter 3 to Chapter 4 in the diagram means that a thorough study of the material in Chapter 3 is recommended before any work is started on Chapter 4. The broken line leading down from Chapter 2 to Chapter 3 means that a student should be able to understand the material in Chapter 3 even though he has only skimmed through Chapter 2. And, of course, Chapters 4 and 5 are quite independent of each other since there is no line leading down from Chapter 4 to Chapter 5 in the diagram. (The remainder of the diagram should be easily interpreted from this.) In addition to this schematic aid, I have marked with an asterisk in the Table of Contents those chapters and sections treating of material which is not particularly utilized in subsequent chapters.

    Experience in teaching senior students at Michigan State University from a preliminary version of this work indicates that there is enough material here for a one-year course, plus special assignments for superior and interested students. Certainly Chapters 3, 5, 6 (selected topics), 7, 8, 11, 12, and 13 present to the student the basic features of the theory of numbers, the theory of rings, and the theory of vectors and matrices. Chapters 1 and 2 serve to ease the uninitiated into the stream of modern axiomatic mathematics, and Chapters 4, 6, 9, and 10 provide enrichment and interesting diversions and supplements.

    I should like to express here my gratitude to the many students who worked through the barely legible preliminary version of this book and offered interesting and helpful criticisms, suggestions, and encouragements; to my excellent typist, Frau Jetter of Tübingen, Germany; to my friend and colleague Professor J. Adney, for his many helpful discussions and suggestions; and to Professor James H. Bennett of The University of Michigan for his critical reading of the first two chapters.

W. E. Deskins

    East Lansing, Michigan.
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            1

A Common Language


    OUR AIM IN this book is basically a very simple one: to show how the familiar methods and ideas used in the analysis of the system of “whole numbers” have been and are being extended and generalized to enable more diverse mathematical systems to be analyzed. In particular the concept of factorization or decomposition into “simpler” pieces underlies essentially all of our efforts. However, before we can proceed with this program of study we must try to establish a common starting point and path of approach. Even before doing this we must agree upon some basic assumptions, terms, and notations, and these are set down in this chapter.

    Since the student will have encountered most of this material previously in one form or another he should strive to maintain contact between the various formulations by constructing examples, doing problems, asking questions of his instructors and fellow students, and reading other accounts of the material. (A collection of problems is included in each section, and a suggested reading list is included at the end of each chapter.)

    Apart from the assumptions and agreements which are discussed in the following sections, we shall assume that there is a general understanding of the logical reasoning involved in proceeding from hypotheses to conclusions. Although we shall at times discuss the various forms in which a theorem can be stated and will always try to set forth the important features of each proof, neither a formal treatment of logic nor the use of formal logic appears in this book.



    1.1 Sets

    Any discussion must involve words and ideas which either have been agreed upon as undefined and undefinable or have been defined by using such primitives. These undefined terms, which can be somewhat arbitrarily selected, take on meaning from the assumptions or axioms which describe the undefined objects by stating relations between them. The axioms naturally are used to prove conclusions or theorems concerning the undefined terms and the objects which have been defined by using the undefined terms. In this manner a theory is developed.

    We begin with the undefined notions of set and of set membership. Various words such as class, family, collection, and aggregate, are used interchangeably with the word set, and the members of a set are generally referred to as the elements of the set.

    Intuitively a set is a collection of objects called the elements of the set. This sentence does not define the concepts, however; they are undefined terms in the common language we assume throughout this book.

    Whenever feasible a set is denoted by a capital letter and an element of a set by a small letter. Since a set can consist of a collection of other sets it is apparent that this convention cannot always be observed. The notation

a ∈ A

indicates that the element a is a member of the set A and is sometimes read as “a belongs to A.” The notation

a [image: image] A

indicates that the element a is not a member of the set A.

    Particular sets are usually specified in one of two ways. Either the elements of the set are listed within a set of braces, or a property is stated which the elements of the set and only the elements of the set satisfy. The only word of explanation needed for the first method is that the order in which the elements are listed is of no importance. This independence from order of listing is due to a very basic assumption.

    Axiom of Extent. The set A equals the set B, written A = B, if every element of A is an element of B and every element of B is an element of A.

    Thus a set is completely known if its elements are known, and the two methods of specifying a set are merely statements that the elements of a set are known if they can be listed or if a characterizing property can be found. The notation for listing the elements (i.e., braces) has already been mentioned. A slightly more elaborate notation is frequently used for the second, namely,

    {x: (condition or conditions which x must satisfy)},

which is read “the set of all elements x which satisfy the condition or conditions.”

    Note. An element x and the set {x}consisting of the element x should not be confused with one another.

    Example 1. Let A be the set A = {a, b, c, d, e}. Then the set B = {a, e} can also be described using the second method; viz.,

B = {x: x ∈ A and x is a vowel}.

Thus, “B is the set of all elements from A which are also vowels.”

    Now let C be the set {b, c, d}. What is meant by

D = {x: x ∈ C and x is a vowel}?

Clearly in adopting this notation we implicitly accept the axiom that for each collection of conditions there is a set whose elements are just the objects meeting those conditions. So we are led to accept the existence of a set containing no elements, the empty or void set. We use the symbol ∅ to denote this convenient set. Then the above statement means that D = ∅.

    In Example 1 the elements of the set B are also elements of the set A, suggesting that the set B is “contained in” A. We formalize this as a definition.

DEFINITION 1.1.	A set T is a subset of a set S if and only if every element of T is also an element of S. A set T is a proper subset of a set S if and only if T is a subset of S but S is not a subset of T.

    If T is a subset of S we write

[image: image]

and if T is a proper subset of S we write

[image: image]

This is completely analogous to the familiar notation for inequality.

    Suppose we list the subsets of the set A = {x, y}. They are {x}, {y}, {x, y}, and ∅, and if the student is surprised that A and ∅ are subsets of A, he need only check the definition to see that this is indeed the case. Certainly every element of A and every element of ∅ (which contains no elements) are in A.

    An important use of the concept of subset stems from the following elementary theorem. In our subsequent work we shall often want to prove that two sets are equal, and we will generally use a two-pronged attack based on this result.

    THEOREM 1.1. The set S equals the set T if and only if S is a subset of T and T is a subset of S.

    First we remark that there are actually two theorems here, or there would be if the results were written in the conventional “If..., then ...” form. Recasting the material in this form yields

[image: image]

    The first statement is the one frequently used, and the proof is quite easy. We are given that S [image: image] T and T [image: image] s, statements which were defined to mean, respectively, that every element of S is an	element	of T and	every element of T is an element of S (undefined terms). Then from the Axiom of Extent we conclude that S = T.

    The second statement is proved similarly.

    The notion of a subset provides us with a means of comparing sets, or ranking sets. There are also various ways of combining sets to form other sets, and by defining these in terms of our undefined concepts and studying them we build our (intuitive) theory of sets.


[image: image]

Figure 1.1



    DEFINITION 1.2

[image: image]

    In other words, the set S [image: image] T (read “S union T”) is the collection of those elements which belong to either or both S and T; the set S ∩ T (read “S intersection T”) consists of just those elements which lie in both S and T; and the set S – T (read “S minus T”) is the collection of elements of S which are not in T. We can illustrate these with the diagrams in Fig. 1.1, in which it is understood that the set S consists of the points inside the square and the set T the points inside the triangle.

    Such diagrams, often called Venn diagrams, are useful visual aids to understanding relations between sets. Although they cannot be used to prove statements, the appropriate diagram can sometimes help one discern just what must be or has been proved. The diagrams sometimes suggest theorems, too. The diagrams in Fig. 1.1 make plausible the following theorems:

[image: image]

    In proving, or in attempting to prove, the validity of such statements we can use the axioms which have been assumed, the definitions which have been made, and the theorems which have already been proved. (At the moment this collection is a small one.) As an example we shall prove Theorem 1.2.

THEOREM 1.2. If S and T are sets, then

[image: image]

    In proving this we first use the definitions of intersection, union, and difference to establish the two conclusions

[image: image]

Then the conclusion of Theorem 1.2 follows from Theorem 1.1. For conclusion (1.1) we need only note that the sets S ∩ T and S – T are both subsets of S. To establish conclusion (1.2) we observe that an element s of S is either an element of T or it is not an element of T. If s ∈ T, then

s ∈ S ∩ T;

if s [image: image] T, then

s ∈ S – T.

In any case s ∈ S implies

s ∈ S ∩ T or s ∈ S – T,

and we conclude that

[image: image]

Then by Theorem 1.1 we conclude from (1) and (2) that

[image: image]

    There are many other theorems about sets which involve only the ideas which we have already discussed. Some of these are quite trivial to prove, e.g.,

[image: image]

but others require careful thought. We now consider a theorem which illustrates another type of statement and its method of proof.

THEOREM 1.7.	If S and T are sets, then S – T and T – S differ in general.

    The meaning of this statement is that the two sets S – T and T – S are not always equal. In other words there are some sets S and T such that S – T and T – S are not equal. Certainly, then, one way to verify the statement is to find particular sets S and T for which S – T ≠ T – S, and for this purpose we select S = ∅ and T = {∅}. That is, we take as S the empty set and as T the set whose element is the empty set. Since

[image: image]

we have proved the Theorem.

    Many other choices for S and T serve equally well; certainly any two nonempty sets which are disjoint (i.e., have an empty intersection) can be used in the proof.

    We close our brief development of the elementary theory of sets with diagrams and a theorem concerning three sets.

THEOREM 1.8 (DE MORGAN’S THEOREM).	If C, S, and T are sets, then

[image: image]

    In the diagrams in Fig. 1.2 we take C, S, and T as the points inside the circle, square, and triangle, respectively.

    We prove first that

[image: image]

    Let x lie in C – (S [image: image] T). Then

x ∈ C and x [image: image] (S [image: image] T),

and x [image: image] (S [image: image] T) implies that

x [image: image] S	and	x [image: image] T.

Therefore

x ∈ (C – S)     and     x ∈ (C – T),

so that

[image: image]

implying that conclusion (1.3) is valid.

    Now we take an element y in (C – S) ∩ (C – T). By definition of intersection,


[image: image]

Figure 1.2



Therefore y belongs to C but to neither S nor T. Thus

[image: image]

and we conclude that

[image: image]

    The desired conclusion follows from Theorem 1.1.

    Exercise 1.1

    1. Can there be unequal empty sets? Explain your answer.

    2. Use the Axiom of Extent to prove that

{a, b, c} = {b, a, c, b}.

How are {a, b, c} and {b, a, b, a, b, a, b, a, b, a} related?

    3. Prove that, if A, B, and C are sets such that

[image: image]

then A = C. (Hint: Show from the first two given relations that A [image: image] C.)

    4. List all the subsets of each of the following sets:

[image: image]

How many subsets do you think the set {a, b, c, d, e} has? Justification?

    5. Extend the definitions of union and intersection to an arbitrary collection of sets.

    6. Prove that

[image: image]

Draw illustrative diagrams.

    7.  Prove that, for sets S and T, S – T = T – S if and only if S = T.

    8. Draw illustrative diagrams and write formal proofs for the following statements, where R, S, and Tare sets:

[image: image]

    9. Prove that, for sets S and T, S [image: image] T if and only if S [image: image] T = S and if and only if S ∩ T = T.

    10. Let

[image: image]

and rewrite the following not-to-be-debated statements in symbolic form:

    (a)	Ruritanian socialists always drink tea (T [image: image] R ∩ S).

    (b)	An argumentative Ruritanian is never a monarchist.

    (c)	Some monarchists in Ruritania who do not drink whisky do not smoke a pipe or drink tea.

    (d)	No cattle are raised in Ruritania.

    (e)	All cattle raisers who do not smoke a pipe drink either whisky or tea.

    (f)	Those people in Ruritania who are neither socialist nor monarchist are very argumentative.

    11.	Draw diagrams for the statements in Problem 10.

    12.	Show that, if a, b, c, and d are arbitrary elements, then the set equations

[image: image]

imply, respectively, that b = c and that a = c and b = d.

    13.	Write out proofs for Theorem 1.3, 1.4, 1.5, and 1.6.

    1.2 Ordered Pairs, Products, and Relations

    A more elaborate but more rewarding concept for constructing new sets is that of ordered pair. Intuitively an ordered pair (a, b) is a set with an orientation or order, i.e., not a set but more than a set. Consequently we shall take ordered pair as an undefined concept and, necessarily, extend the Axiom of Extent to cover this extended idea of set.

    Axiom of Pair Equality. The ordered pair (a, b) equals the ordered pair (c, d), written (a, b) = (c, d) if and only if a = c and b = d.

    Perhaps a word is in order concerning the symbol =. This is commonly used to denote logical identity, and with our Axiom of Extent and Axiom of Pair Equality, we are, by assumption, extending this concept.

    Although we could take ordered triple as an undefined term, this is quite unnecessary since such a notion can be defined in terms of ordered pairs in a manner which agrees with our intuitive concept.

    DEFINITION 1.3. The ordered triple (a, b, c) of elements a, b, and c is the ordered pair (a, (b, c)).

    Nor is it necessary to assume an axiom of triple equality. Instead we prove the following result.

THEOREM 1.9.	(a, b, c) = (d, e, f) if and only if a = d, b = e, and c = f.

    To prove these statements we use the above Definition of triple and the Axiom of Pair Equality. If

(a, b, c) = (d, e, f),

    then

(a,(b, c)) = (d,(e, f))

    so that

a = d     and     (b, c) = (e, f)

by the Axiom of Pair Equality, which also implies that b = e and c = f.

    If a = d, b = e, and c = f, then this argument can be reversed, yielding the other half of the theorem.

    Although the concepts of ordered pair, ordered triples, and ordered sets in general are not of modern origin (the student knows of course that the idea of ordered pair is basic in analytic geometry), their usefulness for describing and constructing mathematical systems has been widely recognized only in recent years. Modern abstract algebra began with this recognition. We shall use these and related concepts continually throughout this book.

    In reality it is not the ordered pairs themselves which are so useful but rather various sets of ordered pairs. We start with the largest such set associated with two sets R and S.

    DEFINITION 1.4. The Cartesian product of two sets R and S is the set

R x S = {(r, s): r ∈ R, s ∈ S}.

For example, if R = {a, b, c} and S = {x, y}, then

[image: image]

(This example shows that R × S and S × R are in general unequal sets.) The coordinate systems familiar to the student from analytic geometry provide additional examples.

    Of considerable importance in the development of our language for abstract mathematics are various subsets of Cartesian products. We note that the Cartesian product S × S of a set S with itself consists of all possible pairings of elements, so that a subset of S × S describes a way of pairing off or relating certain elements of S.

    DEFINITION 1.5.	A subset R of S × S is a binary relation on	S, and if (a, b) is in R we write aRb (read “a is related to b by R”). R is an equivalence relation on S if and only if it is:

[image: image]

    The concept of binary relation, since the set S × S has so many subsets, is too general for us to work with, but the idea of equivalence relation or generalized equality is basic to the classification systems of all sciences, as well as mathematics. There are, however, very important binary relations which are not equivalence relations, although these generally have some of the properties of equivalence relations. The following examples illustrate what is meant by this statement.

    Example 1. Let T be a set of triangles in a plane, and define R as the set

[image: image]

Then aRb if and only if a and b are congruent triangles from T, or, using the usual notation employed in plane geometry, a [image: image] b. This is clearly an equivalence relation on T, and much of the material in plane geometry deals with this generalized equality.

    Example 2. Let L be a set of lines in a plane and define R as the set

[image: image]

This binary relation on L is not an equivalence relation since it is neither reflexive (a line is not perpendicular to itself) nor transitive (if a is perpendicular to b and b is perpendicular to c, then a and c are parallel or coincident) but it is symmetric.

    Example 3. Let P be a set of people, and define R as the set

[image: image]

This is a binary relation on P which is also an equivalence relation.

    Example 4. Let P(S) be the set of all subsets of S (P(S) is called the power set of S), and define R as the set

[image: image]

The binary relation R, or, as we usually say, the relation [image: image], is reflexive (since a set is a subset of itself) and transitive but it is not symmetric.

    The word classification was mentioned above in the discussion of equivalence relation, but the connection was not explained. The classifying of objects is the separating of the set of objects into subsets according to some criterion. The classification of people by sex is the separation of the set of people into two subsets, the set of males and the set of females, which are disjoint. Since hierarchical classifications are also quite common we exclude these by formalizing the concept we wish to discuss here.

DEFINITION 1.6. A partition C of a set S is a collection of nonempty subsets of S which has the properties:

    (a)	All distinct pairs of elements of C are disjoint.

    (b)	Each element of S belongs to some element of C.

    We see, therefore, that the set of men in P and the set of women in P provide a partition of P, a set of people. A deck of playing cards used in bridge is partitioned through the notion of suit, a concept important to the game. Such partitions are very common.

    The connection between equivalence relations and partitions is a key to the understanding of the ideas. Let E be an equivalence relation on a set S, and for each element a in S define

[image: image]

the equivalence class of a. Then the set E' of all such sets Sa is a partition of S. To prove this we must show that E' has the required two properties.

    First, let Sa and Sb be two elements of E' and suppose that they have the element c in common. By definition of the sets Sa and Sb this means that aEc and bEc. Since E is an equivalence relation, from aEc and bEc we conclude that

[image: image]

    Conclusion (1.5) implies that Sa [image: image] Sb, and conclusion (1.7) implies that Sa [image: image] Sb. Therefore

[image: image]

which means that distinct (i.e., unequal) elements of E' are disjoint. Thus E' has property (a) of Definition 1.6.

    Now let x be an arbitrary element of S. By definition E' contains Sx, and x is an element of Sx since xEx by the reflexivity of E. Therefore E' has property (b) of Definition 1.6, and we have proved Theorem 1.10.

    THEOREM 1.10. If E is an equivalence relation on the set S, then E', the collection of all equivalence classes Sa, is a partition of S.

    The converse of this result is also true. That is, if C is a partition of the set S, then the set

[image: image]

is an equivalence relation on S. First we see that (a, a) is in C" for every a in S, since every a of S lies in some element of C. Then, if a and b belong to the same element of C (so that (a, b) ∈ C"), certainly b and a belong to the same element of C. Finally, if a and b belong to the element Ca of C and if b and c belong to the element Cc of C, then Ca = Cc since distinct elements of C are disjoint. Therefore a and c belong to the same element of C.

    Since this last part of the proof (the transitivity) is a bit involved we will rewrite it in a different form.

    Given: (a, b) and (b, c) are in C".

    To prove: (a, c) is in C".

[image: image]

    Such an outline form for a proof should be utilized by the student whenever he has difficulty with a proof.

    The partition E' defined above for the equivalence relation E is said to be the partition induced on S by E. Similarly the equivalence relation C" is said to be induced on S by the partition C. We summarize the connections between the two as follows.

    THEOREM 1.11. An equivalence relation E on a set S induces a partition E' on S, and a partition C of S induces an equivalence relation C" on S. Furthermore

[image: image]

    Example 5. Let T be the set of all people in Texas, and define

[image: image]

Then the twelve subsets of T so described form a partition of T. Equivalently we say that × and y of T are birth-month-related if their birthdays fall in the same month. The variations between these sets Tm as measured in total numbers, average size, average intelligence, etc., can be of considerable interest to sociologists, scientists, and merchants in their study of the whole set T.

    We conclude this section by introducing two abstractions of the familiar concept of order. These again involve the three properties used in defining an equivalence relation, so a brief discussion of these seems in order here.


[image: image]

Figure 1.3



DEFINITION 1.7. Let R be a binary relation on the set S.

    (a) R is a linear order on S if and only if (1) either aRb or bRa for any two distinct elements a and b of S, (2) aRa for no a ∈ S (i.e., (a, a) never lies in R), and (3) aRc when aRb and bRc.

    (b) R is a partial order on S if and only if (1) aRa for every a ∈ S, (2) both aRb and bRa cannot hold when a nnnn b, and (3) aRc when aRb and bRc.

    The most familiar mathematical examples of these are provided by inequality of integers (linear order) and set inclusion (partial order). The student should recognize that the main distinction between a linear order and a partial order on S lies in the comparableness of the elements of S. Under a linear ordering any two distinct elements of S are comparable; this is generally not true of a partial ordering.

    Nodal diagrams are sometimes used to indicate the ordering in a finite set.

    Example 6. Let S = {a, b, c, d, e}. Then the nodes of the following diagram represent the elements of S, and two elements are comparable if one lies above the other and if they are connected, as shown in Fig. 1.3, by line segments that descend only. Formally Fig. 1.3 illustrates the relation R where
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and when the five pairs (a, a), (b, b), (c, c), (d, d), and (e, e) are included the result is easily verified to be a partial order on S.

    Example 7. Let S be the set of all subsets of the set A = {a, b}, and let set inclusion be the order relation on S. Denoting the subsets as

[image: image]

    we can represent the set and the relation by the diagram in Fig. 1.4.


[image: image]

Figure 1.4



    Exercise 1.2

    1. List three different relations on the set S = {a, b, c}, and decide whether they are reflexive, symmetric, and f or transitive.

    2. How many relations has the set S = {a, b, c, d) ?

    3. Define ternary relation on a set S, using ordered triples. Give a geometric example of a ternary relation	with some properties analogous to	symmetry or transitivity.

    4. Prove that set equality is an equivalence relation	on	the	collection of subsets of a set S.

    5.	Find examples of sets	and relations on the sets which are

    (a)	Reflexive but not	symmetric or transitive.

    (b)	Symmetric but not reflexive or transitive.

    (c)	Transitive but not reflexive or symmetric.

    (d) Reflexive and symmetric but not transitive.

    (e) Reflexive and transitive but not symmetric.

    (f) Symmetric and transitive but not reflexive.

    6.	With reference to Problem 5(f) what do you think of the following argument? “The reflexive property for a relation R is a consequence of the symmetric and transitive properties of R. For the statements ‘aRb implies bRa’ and ‘aRb and bRc imply aRc’ together yield ‘aRa’ by merely replacing c by a”

    7. What are the properties of the relations defined on the set A of living Americans by the following:

    (a)	Is married to.

    (b)	Has been married to.

    (c)	Is a (blood) relative of.

    (d)	Lives within a mile of.

    (e)	Born in the same town as.

    (f) Is an acquaintance of an acquaintance of an ....

    8.	List several partitions of the set A of living Americans.

    9.	Is it possible to have a relation on a set of relations ? Illustrate by considering the subsets of S × S under set inclusion.

    10. Let S be the set of all subsets of the set A = {a, b, c}, and let set inclusion be a relation on S. Draw a nodal diagram for the set and its relation.

    11. Draw a nodal diagram illustrating a finite set with a linear order. What conclusions can you reach concerning the word linear?

    12. Using Problem 12 of Exercise 1.1, define ordered pair and prove that two ordered pairs are equal if and only if corresponding components are equal.

    13. Let R, S, and T be sets. Are the two sets R × (S × T) and (R × S) × T equal ? Explain your answer.

    1.3	Functions and Mappings

    In his previous mathematics courses the student has certainly devoted much of his time and effort to the study of “functions.” This work has undoubtedly convinced the student of the importance of the concept of function (perhaps because of its usefulness in applying mathematics to obtain solutions of physical problems) but has probably left him somewhat uncertain of the meaning of the term. In order to establish this notion firmly in our common language we shall now give a formal definition of function.

    Intuitively a function describes some sort of correspondence between the elements of two (not necessarily different) sets whereby to each element of one set is assigned some element from the other set. Thus a function seems to be a type of pairing not unlike that involved in a relation on a set.	Consequently it is quite natural that we can use the previously discussed concepts of Cartesian product and ordered pairs to define a function.

    DEFINITION 1.8. A function F of a set S to a set T is a subset of S × T with the properties:

    (a)	For each s ∈ S there is a t ∈ T such that (s, t) ∈ F.

    (b)	If (s, t) and (s, r) are in F, then t = r.

    Informally stated, properties (a) and (b) require that each element of S appear exactly once as a first element in a pair of F.

    This definition is a formal and precise way of stating that a function F of the set S to the set T associates with each element of S some element of T, where we understand that t is associated with s if and only if
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We frequently indicate that F associates t with s, i.e., that

[image: image]

by writing

t = F(s),

which should be read as “ t is the image of s under F” The set S is the domain of F and the set F(S), defined as

[image: image]

is the range of F or the image of S under F. Note that F(S) can be a proper subset of T.

    Since the idea of function has been so widely studied various other terminology is often employed. Functions are frequently called mappings or maps, and the statement “/’is a mapping of the set S to the set T” lends itself admirably to geometric representations of abstract functions (see Fig. 1.5).


[image: image]

Figure 1.5



    The notation sF is often used instead of F(s) to indicate the image of s under F, so that we sometimes write

t = sF

instead of

t = F(s).

    The notation

[image: image]

is also used to indicate that the function F maps the elements s onto the image sF.

    A basic difficulty that many students have in assimilating the abstract concept of function stems from confusing a formula describing a function with the function itself. This is probably due to the fact that the functions studied in elementary courses are usually described by formulas. The formula

F(×) = ×2 + × + 2,      x an integer,

is not a function, but it does describe a function F from the integers to the integers. We recall that there are two methods of describing a set: (1) itemizing the set, and (2) characterizing the set by a collection of properties. But the characterizing properties are not to be confused with the set itself.

    Now for some illustrative examples.

    Example 1. Let S and T be the sets {a, b, c} and {x, y}, respectively. Then the set

{(a, x), (b, ×), (c, ×)}

is a function F from S to T which can be represented geometrically as in Fig. 1.6.
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Figure 1.6



The arrows indicate that F maps a onto ×, b onto x, and c onto x. In this case F(S) is the set {×} since y is the image of no element under F.

    Example 2. Let S be the set {a, b, c}. Then the sets

[image: image]

both fail to satisfy the necessary requirements to be functions from S to S. In the first case the element a appears twice as a first element, and in the second case the element c fails to appear as a first element.

    Example 3. Let S be the set of all Europeans who have living mothers, and let T be the set of all women in the world; Then the set

[image: image]

    is a function from S to T. This function can also be described by the formula

[image: image]

    Example 4. Let S = {a, b, c} and T = {x, y, z}. Then the two sets

[image: image]

and

[image: image]

are both functions, F from S to T and F* from T to S, as can be seen in Fig. 1.7.
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Figure 1.7



In this figure the solid arrows indicate the mapping F and the dashed arrows indicate F*. Clearly the domain of F equals the range of F* and the domain of F* equals the range of F. Furthermore we observe that

[image: image]

    DEFINITION 1.9. (a) A function JF from S to F(S) is a one-to-one mapping if the set

[image: image]

is a function from F(S) to S. If F* is a function it is called the inverse mapping of F.

    (b)	A function F from S to T is a mapping of S into T if T = F(S) and onto T if T = F(S).

    (c)	Two sets S and T are equivalent sets if there is a one-to-one mapping from S onto T.

    Clearly, then, in Example 4, F is a one-to-one mapping, F is a mapping of S onto T, and S and T are equivalent sets.

    Since functions are sets, being subsets of a Cartesian product, the equality of functions has already been defined. A useful criterion for the equality of functions is provided by Theorem 1.12.

THEOREM 1.12. If F and G are functions, if
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and if sF = sG for every s ∈ S, then F = G.

    Let (s, t) ∈ F. Then s ∈ S and so lies in the domain of G. This means that there is an element r in the range of G such that

[image: image]

Furthermore r = t since we are given that sF = sG, and this means that (s, r) = (s, t) by the Axiom of Pair Equality. Consequently

[image: image]

and we conclude that F [image: image] G. The same argument with F and G interchanged shows that G [image: image] F, and so, by Theorem 1.1a, F = G.

    This result explains why it is permissible in many cases to work with the formula for the image, sF or F(s), when such a formula exists, rather than work with the function itself. It is, however, no excuse for confusing the two.

    We conclude with the discussion of a familiar example from analytic geometry, using intuitive concepts the student has encountered before.

    Example 5. Let F be the function from the real numbers to the real numbers defined by F(×) = ×2. This function can be written

[image: image]

    The graph of this function, shown in Fig. 1.8, provides a geometrical presentation of the elements of F, viz., the ordered pairs (x, y), as points in the plane.


[image: image]

Figure 1.8



    This function is not one-to-one and therefore has no inverse function. However, if the domain of F is restricted to positive numbers, then F is a one-to- one mapping.

    Exercise 1.3

    1. Let S and T be the sets {a, b, c} and {×, y}, respectively. How many functions are there from S to T ? How many one-to-one functions ? How many functions of S onto T ?

    2. Describe some functions familiar to you from your science studies.

    3. What can you say about the following sets ?

[image: image]

    4. Let F be a function from S to T and G be a	function from R to M. Show that, if R contains the range of F, then the set

[image: image]

    is a function from S to M. K is the composite of F and G, and we write

[image: image]

This is the “function of a function” concept which the student has encountered in his calculus course.

    5.	How many one-to-one mappings has S = {a, b, c} onto itself? (Such mappings are called permutations of S.) Show that the composite (Problem 4) of two of these permutations is again a permutation.

    6.	Make a mapping diagram illustrating the idea of composite function.

    7. What is the inverse function of the one-to-one mapping described in the discussion of Example 5 ? Draw a graph of this function.

    8. Draw a graph of the function F of Example 4 by representing the elements of S as points on a horizontal axis and the elements of T as points on a vertical axis. (Are you familiar with bar graphs ?)

    9. Prove that the converse of Theorem 1.12 is true. (Note: the converse of a theorem is obtained by interchanging the hypothesis and the conclusion. Needless to say, the converse of a theorem is not always a true statement.)

    10. The mapping I = {(x, y): × ∈ S, and × = y) of the set S to the set S is called the identity map. Prove that F is a one-to-one mapping of S onto S.

    11. Let F and G be mappings of S to T and T to S, respectively. Prove that F is a one-to-one mapping of S into T if the composite function
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equals the identity mapping f.

    12. Let the mapping F of S to T have an inverse mapping F*. Prove that

(a) F* is the unique inverse mapping of F.

(b) F is the inverse mapping of F* (i.e., (F*)* = F).

    13. (a) When is the union of two functions a function? (b) When is the intersection of two functions a function?

    14.	Give an example of a set which is equivalent to a proper subset of itself.

    15.	What is meant by the statement “A function is determined uniquely by the images of the elements in its domain”?

    1.4	Binary Operations

    In the preceding sections we studied pairings within a set (relations) and pairings of elements in one set with elements in another set (functions). These pairings produced other elements, the ordered pairs which made up the relations and functions. Now we shall consider a more fertile type of pairing of elements of a set, a type of pairing which will “produce” an element of the same set. This concept of combining elements of a set S to obtain other elements of S is an abstraction of the familiar ideas of addition and multiplication.

DEFINITION 1.10. A binary operation on the set S is a function O from the set S × S to the set S.

    Using the notation of the previous section we would write
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    when the element ((a, b), c) lies in O. However we usually write

c = aOb

when ((a, b), c) lies in O, or, since we are dealing with a generalization of addition and multiplication, we use some variation of the ordinary symbolism for these operations. Thus ((a, b), c) ∈ O is sometimes written as

[image: image]

    Since an operation is a function we know that an operation O on the set S is uniquely determined by the images of the elements of S × S. Thus, if a formula or rule describes one and only one image for each (a, b) ∈ S × S, then a binary operation on S is determined. In this sense the formula and the operation are equivalent ideas, but they should not be confused.

    Several examples of binary operations were introduced earlier in this chapter without being so designated.

    Example 1. Let S be the set of all subsets of a set U. Then the rule,
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for each × and each y in S, describes an operation O on S since it assigns one and only one element of S to each pair (x, y) of S × S.

    Example 2. Let S be the set of all subsets of a set U. Then the rule,
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for each × and each y in S, describes an operation Q on S since it assigns one and only one element of S to each pair (x, y) of S × S.

    These examples illustrate that the same set can have many different binary operations, for it is evident that O and Q are in general different. Set difference can be used to define another binary operation on this set S, and there are still others.

    What properties does a particular operation O have? We attempt to deal with this question by analogy. That is, we list the properties of the well- known operations of well-known sets and then try to determine whether or not O possesses these properties. (So a person must have a certain amount of knowledge before he can obtain more!) Some of the simpler properties of ordinary addition and multiplication have been singled out and abstracted for this purpose.

DEFINITION 1.11. An operation O on the set S is

    (a)	Commutative if aOb = bOa for each a and each b in S.

    (b)	Associative if (aOb)Oc = aO(bOc) for each a, each b, and each c in S.

    From Problems 8(c) and 8(d) of Section 1.1 we know that the operations of Examples 1 and 2 possess both of these properties.

    Example 3. Let F be the set of all functions of a set S to itself. Then the concept of composite function describes an operation O on F:
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for each G and each H in F (cf. Problem 4, Exercise 1.3). This rule assigns a particular function to each pair (G, H) of F × F.

    This operation on the set F of functions is a useful one, as the student will remember from his study of calculus, but it does not in general possess both of the properties listed above, as we will now show.

    Example 4. Let S be the set {a, b). Then the set F of all functions of S to S is the set

    F = {{(a, a), (b, b)}, {(a, b), (b, b)}, {(a, a), (b, b)}, {(a, b), (b, a)}}.

Label these four functions as G, H, I, and K, from left to right respectively. Then we see that, for the composite operation O, the elements of O are described by
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Clearly O is not a commutative operation since
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    Frequently when an operation is written down it is displayed as a multi-plication (or operation) table, which is basically a variation on the idea of a graph.

    The multiplication table for the operation O of Example 4 is written in the following way.

[image: image]

    To find what GOH is, locate the row labeled G on the left and the column headed by H. They intersect in the letter H, so we conclude from the table that

GOH = H.

The table states that HOG = G since the letter G lies at the intersection of row Hwith column G.

    Exercise 1.4

    1.	Write out the operation tables for all of the binary operations on the set S = {×, y}, and determine which are commutative and which are associative.

    2.	How many binary operations has the set S = {a, b, c, d} Explain.

    3.	What sort of symmetry (if any) does the operation table of a commutative binary operation possess?

    4.	Define ternary operation on a set S. Give an example of a ternary operation on the points of a plane.

    5.	Prove that the operation of Example 3 is associative.

    6.	Let O and Q be two operations on a set S. O is said to be distributive over Q from the left if
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Determine whether the operations of Examples 1 and 2 possess any such property.

    7.	Extend the concept of a binary operation on a set S to the case where the “product” lies in a set T. Illustrate.

    8.	Is the Cartesian product of S with itself a binary operation on S? Explain.

    9.	Let S be a set with an operation O. An element e of S is called a left identity element if eOs = s for every s in S, and a right identity element if sOe = s for every s in S. Find the left and right identity elements (if any) of the examples of this section. Find the identities for Problem 1 above.

    10.	Let S be a set with an operation O. An element z of S is called a left zero if zOs = z for every s in S, and a right zero if sOz = z for every s in S. Find the zeros of Examples 1–4 of this section.

    11.	An operation O on a set S is said to have the left cancellation property if, for arbitrary elements a, b, and c of S, the equation

aOb = aOc

implies that b = c. Determine whether the operations in Examples 1–4 of this section have this property.

    12.	Let S be a set with an operation O. An element s of S is called idempotent if sOs = s. Determine the idempotent elements in Examples 1, 2, and 4 of this section.

    13. Prove that, if a set S with operation O has a left identity element e and a right identity element f then e = f (Hint: Consider eOf.)

    14. An operation O on a set s is said to be invertible if for any two elements a and b of S there exist elements r and s in S such that aOr = sOa = b. Find an invertible operation O on the set

S = {a, b, c, d)}.

What special property does the operation table of an invertible operation have?

    1.5 Abstract Systems

    Thus far in this chapter we have assembled a sizable collection of concepts (undefined and defined), terms, and notations, and we have illustrated these with examples which were sometimes intuitive, sometimes elementary (even trivial), and often rather sophisticated. Our stated objective was to develop a common language, a dictionary, we might say. Now we shall indicate our purpose in doing this by describing in a very general way the remaining contents of the book.

    Not very many years ago algebra was considered to be merely symbolic arithmetic (a view which is still not uncommon). In arithmetic calculations specific numbers were used while letters representing numbers were used in algebraic calculations. Eventually mathematicians became aware that some of the symbolic statements from this generalized arithmetic, which were true when the symbols were replaced by numbers (such as the integers or fractions), were also true when the symbols were replaced by various other “objects.” Thus algebra evolved into the study of mathematical systems which have many of the properties of the “ordinary” number system.

    What is a mathematical system? Using the terms from our dictionary (and relying heavily upon our intuition) we define the term as it is used in this book.

DEFINITION 1.12. A mathematical system S is a set S = {E, O, A} where E is a nonempty set of elements, O is a set of relations and operations on E, and A is a set of axioms concerning the elements of E and O. The elements of E are called the elements of the system.

    Inasmuch as certain concepts have been assumed or defined for the sets E and O, they are also taken to be part of S. We shall take equality of elements in E as the basic equivalence relation of every mathematical system.

    A mathematical system is analyzed by introducing definitions, new relations, new operations, etc., into the system (if possible and if needed) and proving theorems concerning the various elements of components of the system. The resulting body is usually designated the theory of the system.

    A system S = {E, 0, A} is classified as abstract if the elements of the sets E and O are undefined except as their properties, which are set forth by A define them. Otherwise it is thought of as a concrete system, a special case of an abstract system.

    Finally we note that systems which possess many of the properties of the systems of integers (frequently because they were created by abstracting from certain properties of the integers) are called algebraic systems. (There are also geometrical systems, topological systems, etc.)

    Thus a brief description of the remaining chapters of this book is given by the phrase, “A study of the elementary properties of certain concrete and abstract algebraic systems.” The table of contents provides information on

which elementary properties and what concrete and abstract algebraic systems, but further amplification is due.

    In the next chapter we will initiate a careful study of the system of integers (the ordinary whole numbers) which is designed to mesh the student’s knowledge of arithmetic with the material of this first chapter. In other words we plan to develop a portion of the Theory of Numbers in such a way that the student will reinforce and clarify his understanding of the material in this chapter and also add to his knowledge of the integers.

    Then we shall study some abstract algebraic systems, which, being algebraic, have some features in common with the system of integers. These common features enable us, sometimes, to extend or generalize concepts of the number system to the abstract systems. The success, and sometimes the failure, of these efforts to generalize, by analogy, numerical properties to an abstract algebraic system S leads to increased understanding of S. Knowledge of S of course applies also to any mathematical system, concrete or abstract, which satisfies the axiom set of S. This accounts for the power of the abstract approach.

    Other concrete algebraic systems are also studied, but there is no need to mention them here except to say that they involve physical and mathematical concepts which are generally known to some extent by college and university students as well as many high school students. These concrete systems serve as spawning and testing grounds for conjectures about the abstract systems, provide illustrations of abstract results, and in general prevent the study of abstract algebra from being just a game with words.

    Now we shall illustrate the terms introduced in this section. Let E be a set of elements denoted by a, b, c, ... , let O and Q be two binary	operations on E, and let A consist of the following axioms:

    Axiom 1. The operations O and Q are commutative.

    Axiom 2. There exist unequal elements e and	z in E	such	that,	for each × ∈ E,
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    Axiom 3. Each operation is distributive over the other:
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    Axiom 4. For each a ∈ E there is an element a' ∈ E such that
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    The set S = {E, O, A}, where O = {O, Q}, is an abstract algebraic system called a Boolean ring.

    Several questions can and should be considered. Are there examples of such a system (i.e., do concrete systems whose components can be interpreted in the above manner exist)? How is the abstract system to be analyzed (i.e., how does one formulate propositions which are apt to be true in this system)? Why should we attempt to analyze this system ?

    To answer the first question, let R be an arbitrary nonempty set and let E be the set of all subsets of R. Then the set

S' = {E, O, A},

where O is the empty set	and A	is the set of axioms for sets	discussed in Section 1.1 (i.e., the assumption	of the understanding of the meaning of  membership and the Axiom of Extent), is a concrete system. In this system we defined two binary operations by defining two rules of combination, union and intersection, and we proved (with the student’s help) that these two operations are commutative and that each is distributive over the other. Also we know that the subsets R and ∅, which are elements of E, are elements such that, for each x ∈ E,
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and R ∅  since R is nonempty. Finally we can prove easily that, if x ∈ E, then R – x is an element of E and has the property that

[image: image]

Therefore, since a theorem	proved	in a system has all the validity of an axiom of the system, we conclude that this concrete system is a Boolean ring (i.e., an example of the abstract concept of a Boolean ring).

    The second question is, in a sense, unanswerable since it is unlikely that any system can be “completely” known. However, conjectures which result in theorems are usually the result of reasoning by analogy, abstracting from examples, and/or manipulation of a formal symbolism. Considerable ingenuity is often required and displayed in the formulating of conjectures as well as in proving theorems.

    If we consider the operations O and Q of an abstract Boolean ring as abstract addition and abstract multiplication, respectively, and adopt the usual symbolism of + and •, then the equations of Axiom 2 can be written as
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This formulation suggests that z is rather like the number zero and that e resembles the number one. These numbers are known to have some remarkable properties. They are, for example, the only two integers which are idempotent relative to multiplication. So we conjecture that e and z are idempotent relative to Q, the abstract multiplication of a Boolean ring, and that they are the only elements of E with this property. Testing this conjecture on our concrete example of a Boolean ring we decide that all elements of E must be idempotent relative to each of the two operations. This is indeed the case.

THEOREM 1.13. If × is an element of E, then

[image: image]

    Proof.

[image: image]

and

x = × · x  by transitivity.

    Instead of proving directly that × + × = × we note that a curious duality exists in	the	axioms of a Boolean ring. If the symbols O and	Q (or +	and ·) and e and z are interchanged, O with Q and	e with	z, there is no resulting change in the statements. This formal manipulation suggests and essentially proves a very basic theorem in Boolean rings.

THEOREM 1.14. A theorem in a Boolean ring remains valid if the operations O and Q and the identity elements e and z are interchanged throughout the statement.

    This is the Principle of	Duality	of Boolean rings. Thus the other part of Theorem 1.13	follows from the proved part by duality.

    Another well-known property of the number zero suggests the next result.

THEOREM 1.15. For any element a of E, a · z = z.

    Proof

and

a · z =  z  by transitivity.

    The dual of this result shows that analogies often are imperfect.

    THEOREM 1.15b. For any element a of E, a + e = e.

    We suggested above that e in Boolean rings resembled the number one. Clearly this analogy is not exact.

    Abstracting from the properties of set union and intersection we conclude that the operations O and Q should be associative, and we can prove this as follows.

    THEOREM 1.16. If a, b, and c are elements of E, then

[image: image]

    Before proving this we prove a result which is needed several times in the proof of the theorem.

    Lemma 1.1. If a and b are elements of E, then

[image: image]

    Proof of Lemma.

[image: image]

and

a + (a + b) = a by transitivity.

The other statement follows by duality.

    Proof of Theorem. Denote the elements a + (b + c) and (a + b) + c as × and y, respectively. Then

[image: image]

and

a · x = a  by transitivity.

Similarly

a · x = a,

so that we have

a · x = a · y.

Now we show that a' · × = a' · y.

[image: image]

and

[image: image]

    so that

[image: image]

    Now an operation is a function, and a function we know maps equal elements onto equal elements. Therefore

[image: image]

Distributivity reduces this equation to the simpler equation

[image: image]

and	since a + a' = e we conclude that × = y. Therefore

a + (b + c) = (a + b) + c.

The other half of the theorem follows from the Principle of Duality.

    We recall that the subsets of a set are partially ordered	by	set inclusion, so we ask if it	is possible to define a partial order in a Boolean ring. One of our set theoretic theorems stated that, for two subsets A and B of a set W,

[image: image]

Abstracting from this we define a relation R in a Boolean ring with the rule

[image: image]

Whether R is a partial order on E is left for the student to determine.

    Many other theorems on Boolean rings are easily discovered and proved although the subject is by no means a trivial one. We shall not, however, develop the subject any further since we introduced the concept only to illustrate our general discussion of systems.

    Finally, why should we attempt to analyze this (or any other) abstract system? This is a very subjective question which each person must answer for himself. Some people claim to study abstract algebra for its “beauty” and “purity”; other people find their curiosity aroused. Then, too, many systems, such as Boolean rings, have their useful applications. We note that Boolean ring theory has considerable importance in the analysis and design of electrical networks. (See the article by F. Hohn mentioned in the suggested reading list at the end of the chapter.)

    Exercise 1.5

    1. Prove the following theorems about Boolean rings:

    (a) To each element a ∈ E there corresponds exactly one element a' such that

[image: image]

    (b) The relation R, defined by aRb if and only if a · b = b, is a partial order in a Boolean ring.

    (c)	For any a ∈ E, eRa and aRz.

    2. If O is a binary operation on a set S, if a, b, c are elements, and if a = b, then

aOc = bOc.

This is sometimes referred to as “true by substitution,” but, using the definition of operation, state the real justification.

    3.	Give an example of an abstract geometric system.

    4. Prove in Boolean rings that, if

[image: image]

    then b = c.

    5. Show that the set E = {e, z} and the binary operations defined by the following operation tables constitute an example of a Boolean ring:

[image: image]

    Compare this with the Boolean ring of all subsets of the set W = {w}.

    6.	Write out the operation tables for the Boolean ring of all subsets of the set

T = {s, t}.

(The operations are given by set union and intersection.)

    7.	Abstracting from known properties of set difference, define difference of two elements in a Boolean ring. {Hint: Consider a – b = (a' + b)'.)

    8.	Let E be a nonempty set of whole numbers, and let two binary operations on E be defined by the rules:

[image: image]

(or either if a = b),

[image: image]

    (or either if a = b).

    When is the resulting mathematical system a Boolean ring ? Compare with Problem 5 when E = {0, 1}.

    1.6	Suggested Reading
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            2

The Basic Number Systems


    IN THIS CHAPTER the system of natural numbers, the system of integers, and the rational number system are introduced in a fashion consistent with the discussion in the preceding chapter. The natural number system is treated axiomatically, the system of integers is developed as a particular system based on the natural number system (and thereby requiring no additional axioms), and the rational numbers are obtained from the integers in the same manner. This development does not reveal any new “facts” about the numbers discussed, but it does establish a reasonably clearly defined basis from which to proceed in our study of algebraic systems.

    Certainly every educated person is familiar (to some degree) with the axiomatic development of plane geometry by Euclid. However, not so many people know that numbers can be introduced in a similar fashion since this treatment is of modern origin, stemming from the work of such late nineteenth-century mathematicians as R. Dedekind and G. Peano. Thus the ideas and methods of this chapter can properly be called both classical and modern.



    2.1	The Natural Number System

    There are many different sets of axioms which can be used in discussing the natural numbers, or any other system, since any theorem which can be proved in a system can also be incorporated into the axiom set of the system. (Such a process naturally requires knowledge of at least one set of axioms.) A small set of axioms can be useful in deciding the question of consistency (i.e., the existence or nonexistence of contradictions in the system) but since this thorny problem is dodged in this book such a criterion is of no consequence. A large set of axioms, on the other hand, is often selected by authors or teachers in order to avoid certain difficulties of presentation. A compromise approach is attempted here.



 DEFINITION 2.1. The system of natural numbers consists of a set N, two binary operations on N which are called addition and multiplication and are symbolized by + and ·, and the following axioms:

    Axiom A. N contains exactly one element, denoted by 1, with the property that

a · 1 = 1 · a = a

for each a ∈ N.

    Axiom B. For each a and each b of N,

a · (b + 1) = (a · b) + a.

    Axiom C. For each a and each b of N,

a + (b + 1) = (a + b) + 1.

    Axiom D. For each a ≠ 1 in N there is a unique element b of N such that a = b + 1.

    Axiom E. For given elements a and b of N exactly one of the three equations,

a = b,         a + x=b,          a = b + y,

where x and y are in N, is valid.

    Axiom F. If M is a subset of N with the properties

(i)                                                 	1 ∈ M,

and

(ii)	         k + 1 is in M whenever the element k (of N) is in M, then M = N.

    The elements of N are referred to as the natural numbers, and the system of natural numbers is denoted by

{N, +, ·}

or, more usually, by the letter N. The familiar symbolism for the elements of N is used.

    A little thought should convince almost anyone that these axioms indeed embody properties that natural numbers should intuitively be expected to have. But how about all of the other properties we believe the natural number to possess ? Certainly the most familiar of these must be proved in order to justify our labeling of the mathematical system above the natural number system.

    In carrying out this program we will not only show what can be developed from this rather limited set of axioms but also demonstrate a type of proof, called mathematical induction, which is basic to all of mathematics. This method of proof is a consequence of Axiom F which is sometimes called the Axiom of Induction. (Do not confuse “mathematical induction” with “inductive reasoning”!)

THEOREM 2.1 (PRINCIPLE OF MATHEMATICAL INDUCTION). Let P(n) be a proposition defined for each natural number n. Then P(n) is true for every natural number n if (a) P(l) is true, and (b) P(k + I) is true whenever P(k) is true.

    A proposition P(n) is understood here to be a statement involving the natural number n which is either true or false for each particular value of n.

    To prove the theorem we take M to be the set of exactly those natural numbers for which the proposition is true. By part (a) of the hypothesis 1 ∈  M and by part (b) of the hypothesis k + 1 belongs to M whenever the natural number k belongs to M. Therefore from Axiom F we conclude that M = N, which means that P(n) is true for every natural number.

    The student should observe that since there are two parts to the hypothesis of this theorem a proof based on the Principle of Mathematical Induction should be given in two parts, the first being a verification of the validity of P(1).

THEOREM 2.2 (ASSOCIATIVITY OF ADDITION). The proposition 

 P(n) : a + (b + n) = (a + b) + n 

for any natural numbers a and b, is true for every natural number n.

    P(1) is certainly true in our system since it is precisely Axiom C. So now we try to show that, when P(k) is true, then P(k + 1) is true also. If this can be done, then the theorem is itself a true statement by the Principle of Mathematical Induction (and we say the theorem has been proved by mathematical induction).

    We wish to prove that, if P(k) is true, where k is an arbitrary but fixed natural number, then P(k + 1) is true. This means that the truth of P(k) is our hypothesis, usually referred to as the induction hypothesis, and we must conclude from it, and the axioms, definitions, and theorems valid in the system, that P(k + 1) is true.

    In this particular case we must prove that

a  + (b + (k + 1)) = (a + b) + (k + 1) 

for each a and each b in N if

a + (b + k) = (a + b) + k

for each a and each b in N. Now

b + (k + 1) = (b + k) + 1

 by Axiom C, so that, by the definition of binary operation,

a + (b + (k + 1)) = a + ((b + k) + 1).

Since (b + k) is an element of N we conclude from Axiom C that

a + ((b + k) + l) = (a + (b + k)) + 1.

Now we use the induction hypothesis and conclude that

(a + (b + k)) + 1 = ((a + b) + k) + 1.

Again since (a + b) is an element of N we see from Axiom C	that

((a + b) + k) + 1 = (a + b) + (k + 1).

Then by	the	transitivity of equality we have from these equations the desired result,

a + (b + (k + 1)) = (a+ b) + (k + 1)

for each a and each b in N. This completes the proof of Theorem 2.2 by mathematical induction.

    Theorem 2.2, referred to as the Associative Law for Addition of natural numbers, establishes a key property of the binary operation of addition. (Operations which are not associative seem quite difficult to study; see the article by T. Evans listed in Suggested Reading.) Another fundamental property of addition in N is the Commutative Law.

THEOREM 2.3 (COMMUTATIVITY OF ADDITION). The proposition

P(n): a + n = n + a

for each a in N, is true for every natural number n.

    First we must show that a  + l = l + a for each a in N, and this is done by using mathematical induction to prove the proposition

P1(n): n + 1= 1+ n.

To prove this proposition we note first that, by the reflexive property of equality,

1 + 1 = 1 + 1 

so that P1(l) is true. Then we ask whether

(k + 1)  + 1 = 1 + (k + 1)

whenever

k + 1 = 1 + k.

Consider the quantity 1 +  (k + 1); by Axiom C we can write 

1 + (k + 1) = (1 + k) + 1, 

and this combined with the induction hypothesis

k + 1 = 1 + k

yields the desired result

1	+ (k + 1) = (1 + k) + 1 = (k + 1) + 1.

 

 Hence the proposition P1(n) is true for all n ∈ N by Theorem 2.1, and we know that a + 1 = 1 + a for each a in N.

    Now suppose a + k = k + a for any a ∈ N and some k ∈ N (the induction hypothesis). Consider the element a + (k + 1); by Theorem 2.2,

a + (k + 1) = (a + k) + 1,

and since a + k = k +a by hypothesis, we have

(a + k) + 1 = (k + a) + 1.

Associativity implies that

(k + a) + 1 = k + (a + 1),

and since

a + 1 = 1 + a,

this means that

k + (a + 1) = k + (1 + a).

Applying the associative law again yields

k + (1 + a) = (k + 1) + a.

Thus we see that

a + (k + 1) = (k + 1) + a     for any a ∈ N,

and the proof by mathematical induction is complete.

    What about the Associative and Commutative Laws for Multiplication? How are they proved from the axioms? First we “tie” multiplication to addition by proving a distributive law; by doing this we arrange matters so that our results on addition can be used to study multiplication.

THEOREM 2.4. If a, b, and c are any elements of N, then

a · (b + c) = (a · b) + (a · c).

Although this theorem is not stated in the propositional form of the previous theorems it can be recast in that form. With an eye on Axiom B, we select the form,

a · (b + n) = (a · b) + (a ·n)

for each a and each b in N, for P(n). Then P(l) is true by Axioms B and A.

    Now our induction hypothesis states that, for any a and b and for some k in N,

a · (b + k) = (a · b) + (a · k).

 

Considering the element a · (b + (k + 1)), we conclude

    a	·	(b +	(k + 1))	=	a	· ((b + k) + l)	by Axiom C,

    a	·	((b + k) + l)	=	(a	·	(b + k)) + a	by Axiom B,

    (a · (b + k)) + a = ((a · b) + (a · k)) + a by induction hypothesis,

     ((a · b)	+ (a	·	k)) + a	=	(a	·	b) +	((a · k) +	a) by Theorem 2.2,

    (a ·	b)	+ ((a	· k ) + a)	=	(a	·	b)	+	(a · (k +	1)) by Axiom	B,

so that

    a · (b + (k + 1)) = (a · b) + (a · (k + 1)).

    This completes the proof by mathematical induction of the Left Distributive Law for Multiplication relative to addition.

    There is a Right Distributive Law for Multiplication also, and we shall state it without proof since the proof is not very different from the above.

THEOREM 2.5. If a, b, and c are any natural numbers then 

(a +	b) · c =	(a · c) +	(b · c).

    Theorems 2.4 and 2.5 are referred to as the Distributive Laws for Multiplication in N.

    Now we can prove the Commutative Law for Multiplication.

THEOREM 2.6 (COMMUTATIVITY OF MULTIPLICATION). For any natural numbers a and b, a · b = b · a.

    We proceed by induction on b, i.e., we use mathematical induction to establish the proposition

P(n): a · n = n · a

for each a in N. P(l) is true by an axiom. Our induction hypothesis states that a · k = k · a for each a and some k in N, and we examine the elements

a · (k + 1) and (k + 1) · a.

Using the Distributive Law for Multiplication we see that

a · (k + 1) = (a · k) + (a · 1) and (k + 1) · a = (k · a) + (1 · a).

Since a · 1 = 1· a = a by Axiom A and since the induction hypothesis has a · k = k · a, we conclude that

a · (k + 1) = (k + 1) · a.

    The Associative Law for Multiplication is stated but not proved since the proof contributes nothing new.

 

THEOREM 2.7 (ASSOCIATIVITY OF MULTIPLICATION). If a, b, and c are natural numbers then

a · (b · c) = (a · b) · c.

    The student should observe that in the proof of each theorem use is made of the previously proved theorem. Thus the order of presentation of the theorems is quite important.

    The common symbols 1, 2, 3, 4, · · · are used hereafter for the elements of N with the understanding that these just constitute a convenient way to denote the objects

1,	1 + 1, (1 + 1) + 1, ((1 + 1) + l) + 1, etc.

    Exercise 2.1

    1. Restate Theorem 2.5 in propositional forms. Which form seems more promising?

    2. How does one conclude from the definition of binary operation that b = c implies a · b = a · c ?

    3. Prove Theorem 2.5.

    4. Prove that addition is not distributive over multiplication. (When does a + (b · c) = (a + b) · (a + c) ?)

    5. In discussing mathematical induction it was emphasized that the proof falls into two parts. Show that it is sometimes possible to complete one part of the argument even though the proposition is not true, by considering the following:

    (a) P(1) is true for the proposition P(n): n = 1.

    (b) Prove that, for the proposition P(n): n = n + 1, the truth of P(k) implies the truth of P(k + 1).

    6. Prove the proposition

    P(n): 3 · ((1 · 2) + (2 · 3) + ··· + (n·(n + 1))) = n · (n + 1) · (n + 2).

    7. Prove the proposition P(n): n ≠ n + 1 by mathematical induction. (Hint: Use Axiom E.)

    8. Prove that a + b ≠ a for any natural numbers a and b. (Hint: Use mathematical induction on a, and apply Axiom E.)

    9. Prove the following geometrical theorem by mathematical induction: The sum of the interior angles of an (n + 2) sided plane polygon is n(180°).

    10. Find the error in the follow “proof” of the proposition P(n): any n objects are equal to one another.

    (a)	P(l) is certainly true.

    (b)	Suppose P(k) is true and consider the k + 1 objects

a1, a2,..., ak, ak+1

By the induction hypothesis the k objects

a1, a2,..., ak, ak

are equal to each other as are the k objects

 a2,..., ak, ak+1


So a1= a2= · · · = ak and a2 = · · · = ak= ak + 1. Then, by transitivity,

a1 = a2 = · · · = ak = ak+1

Thus P(n) is true for all natural numbers n.

    11. Use the Associative Law to prove that, for a, b, c, and d in N,

(a + b) + (c + d) = a + ((b + c) + d).

How would you generalize this ?

    12. If L is a proper subset of JV, then in view of the Axiom of Induction what must be true of L ?

    2.2	Order and Cancellation

    Now we introduce a binary relation on N, the familar “greater than” relation, and prove that it is a linear order on N. This relation is one of the principal examples of a linear order.

DEFINITION 2.2. R = {(a, b): a and b ∈ N and a = b + c for some natural number c}. If aRb, then we write a > b ox b < a (read “a is larger than b” and is smaller than a”, respectively).

    Thus 2 > 1 since 2=1 + 1 and 3 < 5 since 5 = 3 + 2.

THEOREM 2.8 (TRICHOTOMY). If a and b are natural numbers, then exactly one of the following is true:

(i)	                                                             a	=	b,

(ii)                                                            	a	>	b,

(iii)                                                            	a	<	b.

    This is of course just a restatement of Axiom E in the terminology introduced above.

THEOREM 2.9. The relation on n symbolized by > is transitive.

    To prove this we must show that, if a > b and b > c, then a > c. By definition a > b means that there is a natural number x such that

a = b + x,

and b > c means that

b = c + y    for some y ∈ N.

Therefore

a = (c + y) + x

by the definition of binary operation, so that from associativity we conclude

a = c + (y + x).

Since y + x is a natural number this equation means

a > c.

Thus the binary relation > is transitive.

 

    We recall Definition 1.7 which states that a linear order on a set is a relation R which has the properties (1) aRb or bRa if a ≠ b, (2) aRa, and (3) R is transitive.

THEOREM 2.10. The binary relation > is a linear order on the natural numbers.

    This is an immediate consequence of Theorems 2.8 and 2.9.

    There is a geometric interpretation of this linear order which is basic to analytic geometry. If two distinct points and a direction, called “right”, along a line are selected arbitrarily, then the natural numbers can be represented by equispaced points as indicated in Fig. 2.1. Then a > b means that the point corresponding to a lies to the right of the point corresponding to b.


[image: image]

Figure 2.1



    Since the relation “greater than” is defined by using the operation of addition we should expect it to have further associations with the binary operations of N.

THEOREM 2.11. If a and b are natural numbers such that a > b, then, for each n ∈ N,

(i)                                                    	a + n > b + n,

(ii)                                                        a · n > b · n.

    The statement a > b means that a = b + c for some natural number c. Then

    a + n = (b + c) + n = b + (c + n) = b + (n + c) = (b + n) + c,

so that

a + n > b + n

for each n ∈ N.

Similarly, equations

a · n = (b + c) · n = (b · n) + (c · n)

mean that

a · n > b · n.

    This theorem and the Trichotomy Law for the natural numbers enable us to prove the “Cancellation Laws” for Addition and Multiplication. (These the student will recognize as versions of the intuitive concepts of “subtraction” and “division.”)

 

THEOREM 2.12 (CANCELLATION LAW FOR ADDITION). If a, b, and c are natural numbers such that a + c = b + c then a = b.

    Consider the natural numbers a and b. By the Trichotomy Law exactly one of the following is valid:

a = b,           a > b,             b > a.

If we can show that the hypothesis excludes the two possibilities a > b and b > a (or a < b), then we have proved the theorem. So suppose a > b; then by Theorem 2.11,

a + c > b + c.

But this is impossible since we are given that

a + c = b + c.

Therefore the possibility a > b leads to a contradiction of the hypothesis. Similarly b > a is ruled out by the hypothesis since

b + c > a + c

is incompatible with the given equation b + c = a + c.

    Thus the theorem is proved.

    In the same manner the Cancellation Law for Multiplication of natural numbers is proved.

THEOREM 2.13 (CANCELLATION LAW FOR MULTIPLICATION). If a, b, and c are natural numbers such that

a · c = b · c,

then a = b.

    This method of proof is called proof by contradiction. In this type of proof we assume that the desired conclusion is indeed false and deduce from this assumption a statement which contradicts a statement known or given to be true. In the above proof we assume that a is not equal to b and conclude from that assumption, using trichotomy and Theorem 2.11, that either

a + c > b + c or b + c > a + c,

a statement which contradicts the given condition, a + c = b + c.

    The Cancellation Laws can also be extended to cover inequalities.

THEOREM 2.14. Let a, b, and c be natural numbers.

    (i)	If (a + c) > (b + c), then a > b.

    (ii)	If  a · c > b · c, then a > b.



    This is the converse of Theorem 2.11 and is proved by using Theorem 2.11 and the Trichotomy Law.

    A basic property of the natural numbers is illustrated by the “equi- spacing” of the	geometric representation mentioned	above.

THEOREM 2.15.	If a is a natural number, then there	is no	natural	number n such that a < n	< a + 1.

    Suppose there is such an n. Then by definition	of <	there	are natural numbers x and y such that

a + x = n         and          n + y = a + 1.

Therefore

(a + x) + y = a + 1,

 a + (x + y) = a + 1,

and

                         x + y = 1                     by cancellation.

Now by Axiom D either y = 1 or y = t + 1 for some natural number t. 

Then either

x + 1 = 1, when y = 1,

or

x + (t + 1) = (x + 0 + 1 = 1, when y = t + 1.

Since both of these conclusions violate Axiom E (see Problem 7 of Exercise 2.1), our assumption that such an n exists in N leads to a contradiction, and the theorem is proved.

    Exercise 2.2

    1. Let a, b, and c be natural numbers such that a = b and b > c. Prove that a > c. {Hint: Use Axiom of Pair Equality.)

    2. Define the relation symbolized by ≤. Is it a linear order on N ? Explain.

    3. Prove Theorem 2.13.

    4. Prove Theorem 2.14.

    5. Prove that, if	a,	b,	c, and	d are natural numbers such	that

a > b            	and           c > d,

then

a ·	c	>	b · d             	and            a + c > b + d.

    6. Prove that, if a, b,	and c	are natural numbers such that

a = b · c             and             c > 1,

then a > b. {Hint: Use Axiom D.)

    7. Prove the proposition P(n): 1  ≤ n for all natural numbers n.

    8.	Replace Axiom E by Axiom E': There is no natural number c such that 1	= c + 1. Now prove Axiom E as a theorem by mathematical induction.

    9. Prove that, if a and b are natural numbers such that a < b + 1, then a < b.

    10. The symbols < and > can stand for two different dual relations where (1, 2) belongs to one but not the other. Examine the definition of relation and explain.

    2.3 Well-Ordering

    The geometric representation of the linear order on N which was mentioned in the previous section is based on the intuitive idea of ordering points on a line through the use of the concept of direction. Thus the set of points on a line serves as a model of a linearly ordered set. Yet this example does not have one of the basic order properties possessed by the natural numbers. This is one reason only some of the points are used in the geometric representation.

DEFINITION 2.3. A set S is said to be well-ordered by a linear order R if each nonempty subset T of S contains an element m with the property that if

[image: image]

then tRm. The element m is called a smallest element of T.

    It is a simple matter to show that a nonempty subset T of a set with a linear order R can have at most one smallest element. For aRb and bRa cannot both hold in a linearly ordered set. Thus we may speak of the smallest element in discussing well-ordering.

THEOREM 2.16 (WELL-ORDERING THEOREM). The natural numbers are well ordered by >.

    To prove this we must show that a nonempty set of natural numbers possesses a smallest element. Let S be such a set. Certainly if 1 ∈ S, then 1 is the smallest element of S since by Axiom D 1 is smaller than any natural number a ≠ 1. So we need only consider the case where 1 [image: image] S. In this case we deal with the set S' consisting of those natural numbers which are smaller than every element of S. By the above remark about 1 we see that 1 ∈ S'. What else can we say about S'? In particular S' ≠ N since S' is a subset of N – S which must be a proper subset of N due to the condition, S ≠ ø..

    Now we regard the Axiom of Induction, Axiom F. This says that a set M of natural numbers with the two properties.

(i)                                                                       1	∈ M,

(ii)                                                     k + 1 is in M whenever k is in M,

is in fact the set N. Since

1	∈ S'        but          S' ≠ N

we conclude that S' cannot have property (ii). This means that there is at least one natural number k in S' for which k + 1 is not in S'.

    Let k be such a natural number (i.e., k ∈ S', k + 1 [image: image] S'). Then we claim that k + 1 is a smallest (and by the above discussion, the smallest) element of S. Since k + 1 is not in S' it must, by trichotomy, be greater than or equal to some element of S. But if k + 1 is greater than some element s of S, then we have a natural number s such that

k < s < k + 1.

Since this is impossible by Theorem 2.15, we conclude that k + 1 is an element of S which is not greater than any other element of S. Thus S has a smallest element in all cases.

    (Loosely speaking, we have “counted through” the elements of S' to get to the first, or smallest, number in S.)

    This result is such a basic one that it is frequently taken as an axiom instead of Axiom F. We can show that this is a reasonable approach to the natural numbers by proving Axiom F as a theorem when the Well-Ordering Theorem is assumed as an axiom in its place.

THEOREM 2.17. If Theorem 2.16 is taken as an axiom, Axiom F*, then Axiom F can be proved true.

    Let M be a set of natural numbers such that

(i)                                                                    1 ∈ M

(ii)                                                  k + 1 is M whenever k is in M.

Using Axiom F* we wish to prove that M = N. We do this by proving that N – M = [image: image]. For if N – M, which we denote by S, is not empty it contains a smallest element s by Axiom F*. Since 1 ∈ M, 1 [image: image] S and so s ≠ 1. Then by Axiom D there is a natural number t such that s = t + 1. Since s is the smallest element of S and since t < s we conclude that t ∈ M. But we are given that k + 1 is in M whenever k is, so t ∈ M implies t + 1 = s is in M. Since M ∩ S = [image: image], an element cannot belong to both M and S, and so the assumption S ≠ [image: image] has led to a contradiction, thereby proving that M = N.

    Since mathematical induction is based on Axiom F we could also base it on Theorem 2.17. We can also use the Well-Ordering Theorem to obtain a slightly different method of proof which is very helpful.

THEOREM 2.18 (SECOND PRINCIPLE OF INDUCTION). If a proposition P(n) is true for n = k + 1 whenever it is true for all values of n ≤ k, and if P(1) is true, then P(n) is true for all natural numbers n.



    Consider the set S of natural numbers for which P(n) is not true. If S is not empty, then it contains a smallest element s. As s ≠ 1 there is a natural k such that k + 1 = s. This means that P(n) is true for all natural numbers less than k + 1 since no such natural number can be in S. But our hypothesis says that P(k + 1) is true whenever P(n) is true for all n ≤ k. This contradiction (i.e., that P(k + 1) is both true and not true) proves the theorem.

    We recognize that the Second Principle of Induction provides us with more working material than the previously used Principle of Mathematical Induction since the induction hypothesis in the second method is the assumption that P(n) is true for all n ≤ k.

    Exercise 2.3

    1. Give three examples of linearly ordered sets which are not well-ordered.

    2. Let S be the set S = {a, b, c, d} and T be the set

T = {S, {a, b, c}, {a, b}, {b, c, d}, {b, c}, {c, d}}.

Show that T, relative to the partial ordering of set inclusion, has several “ minimal ” elements. Illustrate with a nodal diagram.

    3. Write out a proof of the statement that each nonempty	subset	of a	well-ordered set has a unique minimal or smallest element.

    4. A subset T ≠ [image: image] of a set S with a linear order R which is read as “less than” is said to have an upper bound if there is an element s in S such that tRs for each t ≠ s, t ∈ T. Prove that, if a set of natural numbers has an upper bound (which is not necessarily in the set), then it contains a largest element. (Hint: Consider the set of all upper bounds.)

    5. Prove the Third Principle of Induction: If P(n) is true for all n ≤ d, where d is a fixed natural number, and if, for each natural number m, P(m + d) is true whenever P(k) is true for all natural numbers k such that m ≤ k < m + d, then P(n) is true for all natural numbers n.

    6. Show that the Principle of Mathematical Induction is a special case of the Third Principle of Induction.

    7. Use the Well-Ordering Theorem to prove that the statements

[image: image]

where a is a natural number, define an for every natural number n. (Hint: Let S be the set of all n for which an is not defined and prove S empty.)

    2.4	Counting and Finite Sets

    Undoubtedly the concept of natural number was developed because of man’s desire to compare and/or measure sets of various objects. A basket contains 10 apples; a farmer owns 10 bulls; a man has $10 in his pocket; etc. In each of these the natural number 10 is used to measure the set of objects involved, and if one asks how the number 10 is arrived at in each case, he should expect to receive the answer, “By counting.”

    How can these intuitive and familiar concepts be formulated in the system we’ve defined ? A look at an example may indicate a way. Let S be the set {a, b, c}. Any child in the first grade can tell us that this set contains three elements, and he can explain why by pointing his finger at the letters and intoning the words “one, two, three.” In our language, a one-to-one mapping from the set S onto the set {1, 2, 3} is established, and since 3 (or three) is the unique maximal element of this set of natural numbers, the mapping identifies this natural number with S.

DEFINITION 2.4. A nonempty set S of distinct objects has the count n, n a natural number, if and only if there exists a one-to-one mapping F of the set S onto the set Mn of the natural numbers m ≤ n. Such a mapping F is a counting of the set S.

    This certainly agrees with the example above. For

F={(a, 1), (b, 2), (c, 3)}

is a one-to-one mapping of {a, b, c} onto {1, 2, 3}, and so {a, b, c} has the count 3. (We usually say that a set having count n contains n elements or has the cardinal n.)

    There are in fact several other countings of the set S = {a, b, c}. Each of the following functions is a counting of S:

G = {(a,	2),	(b,	1),	(c, 3)},

H = {(a,	1),	(b, 3),	(c,	2)},

K = {(a, 3),	(b, 2),	(c,	1)}.

This abundance of countings raises a	very critical question: Since a set can have several countings, can it also have more than one count? If a set is counted in different ways will the count always be the same (theoretically, anyway) ? The answer is provided by the next theorem.

THEOREM 2.19. The proposition P(n): Mn, the set of natural numbers m ≤ n, is equivalent to no proper subset of itself, is true for every natural number n.

    We use the Second Principle of Induction. First we recall that set A is equivalent to set B if and only if there is a one-to-one mapping of A onto B. Then we note that P(l) is certainly true since the only proper subset of {1} is [image: image]  and there is no mapping, one-to-one or otherwise, of {1} onto [image: image].

    Now suppose P(n) is true for all n ≤ k; we wish to prove from this assumption that P(k + 1) is true. If P(k + 1) is not true then there exists a one-to-one mapping F of the set

{1, 2, · · ·, k, k + 1 } = S

onto a proper subset T ⊂ S. We wish to deduce from the existence of F a contradiction to the induction hypothesis, and we consider two cases.

    Case 1. T [image: image] Mk, the set of m ∈ N with m ≤ k. Then the composite function F * F defined by

[image: image]

is a one-to-one mapping of S onto a proper subset U of T. That F * F is one-to-one was proved in the first chapter. We now show that U, the image of S under F * F, is a proper subset of T.


    If

F(F(m)) = F(t),        m and t in S, 

then, since F is one-to-one,

F(m) = t.

So select x as an element in S – T (which is not empty since T ≠ S). Then F(x), an element of T, is not in U. For

F(x) ∈ U

implies that there is an m ∈ S such that

F(F(m)) = F(x), 

an equation which implies that

x = F(m)

and so lies in T. Since T ∩ (S – T) = [image: image] this is impossible so we conclude that F * F is a mapping of S onto a proper subset U of T.

    Now by means of F * F we define a one-to-one mapping G of the set Mk on to a proper subset of itself (and thereby obtain a contradictory situation). G is defined by the rules:

[image: image]

To show that G is one-to-one we must prove that

G(a) = G(b)

implies a = b. Either G(a) = G(b) is an element of Mk – T, in which case

G(a) = a= G(b) = b,

or G(a) = G(b) is an element of T, so that

G(a) = F(a) = G(b) = (b),

which means that a = b since F is one-to-one.

    Finally G(Mk) = Mk – (T – U), so that G is a one-to-one mapping of Mk onto a proper subset of itself. This contradicts the induction hypothesis.

    Case 2. T [image: image] Mk. This means that the natural number k + 1 is in T. We reduce this case to the one already considered by altering the function F. Now there is a natural number

x ∈ S = {set of all natural numbers m ≤ k + 1}

such that F(x) = k + 1, since this is what is meant by the statement F is a mapping of S onto T. Further, there is a natural number y in S – T since T ≠ S. We define the function F' by the rules

[image: image]

Clearly F' is a one-to-one mapping from S onto T’ which is the set

[image: image]

Now we proceed as in Case 1 to obtain a contradiction of the induction hypothesis.

    So by the method of contradiction we prove that the truth of all P(n) for n ≤ k implies the truth of P(k +1). Proving this completes the proof of the theorem by the Second Principle of Induction.

    The above proof is not easy, so we shall make two attempts to clarify the proceedings (at the risk of causing more confusion). First the geometric diagrams in Fig. 2.2 may help keep the mappings in mind. In this diagramed


[image: image]

Figure 2.2



situation the composite function F * F maps 1 onto 3, 2 onto 5, 3 onto 4, etc. ; 1	[image: image] T; and 1 and 2 are not in U. For this situation the function G would have the diagram shown in Fig. 2.3. This indicates that the image set is a proper subset of Mk.

    The difficulty one has in following the proof of Theorem 2.19 probably stems from the fact that we are in effect constructing and dealing with functions that do not exist. Let us look at an example of the above constructions where the functions do exist.


[image: image]

Figure 2.3



    Example 1. Let N denote the set of natural numbers and F the function

F = {(x, y): x ∈ N and y = x + 1}.

This function is called the successor mapping. The set T of images of N under F is the set

N –  {1}.

Then F * F is the function

{(x, y): x ∈ N and y = x + 2}, 

and U, the set of images of N under F * F, is the set

N – {1, 2}.

And the construction for G yields the following one–to–one mapping G of the sett

T = N – {1}

into itself:

[image: image]

    Now how does Theorem 2.19 prove that a set has at most one count? Well, suppose a set S' has two counts m and n. This means there is a one–to– one correspondence between the elements of S and the first m natural numbers, and also a one–to–one correspondence between the elements of S and the first n natural numbers. These two mappings combine to furnish a one–to– one correspondence between the first m and the first n natural numbers. By Theorem 2.19 such a correspondence implies that n = m.

    Corollary 2.19.1. The count of a set is unique.

DEFINITION 2.5. A finite set is a set with a count. An infinite set is a set ≠ [image: image] without a count.

    Example 1 indicates that the set N of natural integers is an infinite set. For, if N were finite and had count n, then the mappings of the example would provide a mapping of

Mn = {set of all natural numbers m ≤ n}


onto a proper subset of itself in a one–to–one fashion. Since this violates Theorem 2.19, N is an infinite set.

    Note that according to Definition 2.5 the empty set ∅ is neither finite nor infinite.

    Exercise 2.4

    1. Prove that the set of all natural numbers m ≤ k, k a natural number, is a finite set with count k.

    2. Draw geometric diagrams for the mappings of Example 1.

    3. Prove that a set is infinite if it possesses a one–to–one mapping onto	a proper subset of itself.

    4. Prove that a subset ≠ [image: image] of a finite set S is itself finite. (Hint: Use induction on the count of S.)

    5. Prove that, if the set S has count n, then any subset T ≠ [image: image] of S has count m ≤ n. (See Problem 4.)

    6. Show that the sets of points on any two line segments of a plane are equivalent. What does this indicate about such sets ?

    7. Prove that sets with equal counts are equivalent sets.

    8. What can you say about a one–to–one mapping F of the set Mn;	of the first n natural numbers onto itself if F preserves the ordering of the numbers (i.e., a > b implies F(a) > F(b))?

    9. Counting a set is sometimes called “ordering” a set. What do you think this means?

    10. A set which is equivalent to the set N of all natural numbers is called a denumerable set. Give an example, other than N, of such a set.

    11. Prove that the composite function F * F is one–to–one when F is one–to– one.

    12. Use mathematical induction to prove that a finite set T of elements from a set S with a linear order R has a “largest” and a “smallest” element. (m is the largest element of T if mRa for every a in T not equal to m, and s is the smallest element if aRs for every a ∈ S, a ≠ s. Induction is on the number of elements in T.)

    2.5	The Integers Defined

    One of the problems which mathematicians must study is the preimage problem: If F is a function from the set S to the set T and if t ∈ T, what elements of S (if any) have t as an image under F ? This is usually stated in the form, “Solve the equation

F(x) = t

for x.” If the function F is a function defined by a certain type of rule, then we frequently attempt to obtain another rule or formula which will indicate the preimage x for each t ∈ T. Such efforts often lead to the invention of new operations and often to construction of an extension of the mathematical systems involved. This procedure is an important one, and we apply it frequently.

    A very simple function F from N to N is defined by the rule

[image: image]

where k is an arbitrary but fixed natural number. This type of function is based on addition, so to “solve” the equation,

x + k = t,

we need a rule for “undoing” addition. To establish this reversal of addition as a binary operation we must “extend” the system of natural numbers to a larger system. For in the system N such equations as

x + 1 = 1

do not possess “solutions,” i.e., there is no natural number x such that x + 1 = 1. The “extension” which we shall invent is the system of integers and the new operation that of subtraction.

    (The system of integers can be developed from a set of axioms exactly as the system N was developed. However, such an approach would tend to obscure the relations between the integers and the natural numbers.)

    The explanation given above to justify the introduction of a new system involves a pair of natural numbers. That is, for the two natural numbers k and t we have the problem of finding an x such that x + k = t. However, in the system of natural numbers the same x can work for many different k and t:

[image: image]

Thus different pairs correspond to the same x. This suggests that we should use a “condensed” version of N × N in defining our new system. This condensing is done by means of an equivalence relation.

DEFINITION 2.6. The relation symbolized by ~ is defined on the set N × N by

(a, b) ~ (c, d)

if and only if a + d = b + c.

    For example,

(3, 1) ~ (4, 2)

since

3 + 2 = 1 + 4,

and similarly

(3, 1) ~ (5, 3)         and           (4, 2)~(5, 3).

Clearly this is a formal device for stating that these pairs are related to the same x that we indicated above.


THEOREM 2.20. The relation ~ is an equivalence relation on N × N.

    (i)	(a, b) ~ (a, b) since a + b = b + a.

    (ii)	If (a, b) ~ (c, d), then (c, d) ~ (a, b). For the equation a + d = b + c can be rewritten as c + b = d+ a by using the properties of natural numbers.

    (iii)	 Suppose (a, b) ~ (c, d) and (c, d) ~ (e, f). Then by definition of the relation,

a + d = b + c          and            c +  f = d + e.

Therefore

(a + d) + (c + f) = (b + c) + (d + e),

which, using the Associative Law and Commutative Law, can be written

 (a +f) + (c + d) = (b + e) + (c + d).

By the Cancellation Law for addition in N this yields

a + f = b + e,

so that

(a, b) ~ (e ,  f).


[image: image]

Figure 2.4



    This equivalence relation on N × N can be illustrated geometrically as in the diagram in Fig. 2.4. In the diagram two pairs are equivalent if and only if their corresponding points lie on the same diagonal line.

    As we know, an equivalence relation partitions a set into nonoverlapping, nonempty subsets. The elements of this partition of N × N will be our integers, so we introduce some notation for them.

DEFINITION 2.7.	[a, b] = {(x, y): (x, y) ∈ N × N and (x, y) ~ (a, b)}.

The set of all [a, b] is denoted by J.

    Since the elements of J are precisely the elements of a partition they do not overlap. Relative to Fig. 2.4, [a, b] consists of all the ordered pairs (x, y) whose corresponding points lie on the diagonal through the point corresponding to (a, b).

THEOREM 2.21. [a, b] = [c, d] if and only if (a, b) ~ (c, d).

    This is a basic property of the elements of a partition.

    Now the set J is our set of integers, and we can think of [a, b] as a – b. This and our experience suggest the binary operations for the system.

THEOREM 2.22. The rules

[image: image]

and

[image: image]

define binary operations, referred to as addition and multiplication, respectively, on the set J.

    We must prove that addition and multiplication are well–defined by these rules. That is, we must show that the rule for combining [a, b] and [c, d] is independent of the particular representatives (a, b) and (c, d), respectively, of the sets [a, b] and [c, d]. In short we have to prove that, if

[image: image]

This is a simple task when reduced to a problem concerning the natural numbers such as we will now indicate. From the equations a + f = b + e and c + n = d + m we obtain the eight equations

[image: image]

When added, these yield

[image: image]

so that, by the Cancellation Laws,

[image: image]


and we see that multiplication is well–defined in J. The corresponding result for addition is proved in a similar fashion.

    The set J and the binary operations just defined make up the system of integers. The axioms of this system are those of set theory and the system of natural numbers. We denote the system by J.

    How does this system compare with N, the system of natural numbers ? More specifically, do the operations of J have the nice properties that the operations of N have ?

THEOREM 2.23. The operations of addition and multiplication in J have the following properties:

    (i)	They are commutative.

    (ii)	They are associative.

    (iii)	Multiplication is distributive over addition.

    The proofs of these are elementary exercises involving the properties of N, the definition of J, and Theorem 2.21. We illustrate by proving the Commutative Law of Addition. Consider elements [a, b] and [c, d] of J. Then 

[image: image]

by defination, and

[image: image]

Now

(c + a)+(b + d)=(d + b)+(a + c)

because of the properties of the naturals numbers. Therefore

[image: image]

so that, by Theorem 2.21,

[c + a, d + b]=[a + c, b + d].


Thus

[image: image]

Proofs of the remaining properties are left as exercises for the student.

    This system also has properties not possessed by N.

THEOREM 2.24. J contains an additive identity as well as a multiplicative identity.

    The element [a, a] is the additive identity element of J since 

[image: image]

But

(x, y) ~ (x + a, y + a)

since

x + (y + a) = y + (x + a)

in N. Therefore

[x + a, y + a] = [x, y]

and

[image: image]

Similarly the element [a + 1, a] is the multiplicative identity element of J. For 

[image: image] 

and since

(x + (x · a + y · a), y + (x · a + y · a)) ~ (x, y), 

we conclude that

[image: image] 

    Moreover, relative to the identity element [a, a] each element [x, y] ∈ J has an additive inverse.

THEOREM 2.25. For each [x, y] ∈ J there is an element [m, n] in J such that

[image: image] 

For

[image: image] 

demonstrating the existence of an additive inverse for [x, y].


    Corollary 2.25.1 (Cancellation for Addition). If [a, b], [c, d], and [e, f] are elements of J, then the equation

[image: image] 

implies that

[c, d] = [e, f].

For, using the Associative Law (Theorem 2.23) of Addition,

[image: image] 

yields

[image: image] 

so that

[c, d] = [e, f].

    The existence of additive inverses for every element in J enables us to introduce the binary operation of subtraction for J. This operation is useful in calculations involving integers.

THEOREM 2.26. The rule

[image: image] 

defines a binary operation on J called subtraction and symbolized by the minus sign –.

    As in the proof of Theorem 2.22 we must prove that this rule is well– defined. This follows simply from the fact that addition is a binary operation, for, if

[a, b] = [e, f]      and     [c, d] = [m, n],

then

[d, c] = [n, m]

and

[image: image] 

Thus

[image: image] 

    Now consider the function F from J to J defined for a fixed [m, n] in J by

[image: image] 

What integers are mapped onto [a, b] by this function? In other words, what are the solutions of the equation

[image: image] 

By subtracting [m, n] from both sides we conclude that

[x, y] = [a + n, b + m].


Furthermore, this is the only solution, for suppose [x', y'] and [x'', y"] are both mapped onto [a, b] by F. Then

[image: image] 

so that

[image: image] 

by the Cancellation Law.

    Exercise 2.5

    1.	Determine which of the following integers are equal: [7, 5], [3, 1], [1, 3], [1001, 999], [77, 79], [77, 99], [1, 1], [99, 99], [a, a], [b, b], [b, b + 2], [a + 2, a]. Justify.

    2. Prove Theorem 2.21 from Definitions 2.6 and 2.7.

    3. Determine whether the following rules for “products” are well–defined:

    (a)	Let P be a partition of a nonempty set S of people according to birth month. (Thus two people from S belong to the same element of P if they were both born in February but possibly in different years.) Define the “product” of the class to which person a belongs and the class to which b belongs as the class to which the younger belongs (or both belong). In symbols,

[a] * [b] = [c],

where c is the younger of a and b.

    (b)	Let [x, y], [u, v] ∈ J, and define their “product” by

[x, y] # [u, v] = [a, b], 

where a is the smaller of x and y whereas b is the smaller of u and v.

    (c)	Let [x, y], [u, v] ∈ J, and define their “product” by

[image: image] 

where a is the larger of x and u whereas b is the larger of y and v.

    4. Complete the proof of Theorem 2.22.

    5. Complete the proof of Theorem 2.23.

    6. Prove that	the identity elements of Theorem 2.24	are unique.

    7. Prove that	[a, a] [image: image] [c, d] = [a, a] in J.

    8. Is the operation of subtraction commutative ? Associative ? Distributive ? Explain.

    9. Show that the function F, defined from J to J for the fixed integer [m, n] by
[image: image] 

is a one–to–one mapping from J onto J.

    10. Prove that	the pair (a, a + n) lies in [x, y] if and	only if y	= x + n.

    11. Prove that	[x, y] = [a, a] if and only if x = y.

    2.6	Ordering the Integers

    In Fig. 2.4, the geometric diagram used in Section 2.5 to illustrate the partition of N × N, we effectively associated the elements of   J with certain diagonal lines. From that figure we see that [2, 1 ] is to the right of [1, 1 ], [4, 2] is to the right of [2, 1], etc., and this suggests the following relation on J.

DEFINITION 2.8. The relation on J symbolized by [image: image] (read “larger than”) is defined by the condition:

[a, b] [image: image] [c, d]

if and only if a + d > b + c.

    [a, b][image: image] [c, d] is sometimes written as [c, d] [image: image] [a, b] ([image: image] is read “smaller than”).

    We see that [2, 1] [image: image] [1, 1], since 2 + 1 > 1 + 1, and that [4, 2] [image: image] [2, 1], since 4 + 1 > 2 + 2. So the formal definition seems to fit with our observation from the diagram.

    Again we are faced with the problem of showing that the definition really defines a relation, that is, we must show that [image: image] is well–defined. Let

[a', b'] = [a, b]	       and	     [c' d'] = [c, d].

Then

a' + b = b' + a	and	c' + d = d' + c.

Now

a + d > b + c

and

b' + d' = b' + d'

together imply

(a + d) + (b' + d') > (b + c) + (b'+ d'),

so that replacing a + b' by a'+ b and c + b' by c' + b we obtain 

(a'+ d') + (b + d) > (b' + c') + (b + d).

Then, by Theorem 2.14,

a' + d' > (b' + c'),

so that

[a', b'] [image: image] [c', d'].

    To show that this relation is a linear order on J we must prove the Trichotomy Law and transitivity.

THEOREM 2.27 (TRICHOTOMY). If [a, b] and [c, d] lie in J, then exactly one of the following is true:

[image: image] 

    This is a simple consequence of the Trichotomy Law for natural numbers, which states that for the two natural numbers a + d and b + c exactly one of the following is true:

[image: image] 

    Rewriting these in the notation of J we have the theorem proved.

THEOREM 2.28 (TRANSITIVITY). If [a, b] [image: image] [c, d] and [c, d] [image: image] [e, f]then [a, b] [image: image] [e, f]

    Adding (in N) the inequalities

a + d > b + c        and c + f > d + e

yields

(a + f) + (c + d) > (b + e) + (c + d)'

so that, by Theorem 2.14,

a + f > b + e.

Thus [a, b] [image: image] [e, f].

    The arithmetic of inequalities in J is rather similar to that in N, with one very important difference centering around the integer [a, a].

[image: image] 

    (This reversal of the inequality in (iii) is the difference alluded to above.)
 
    We shall prove (iii) and leave the remainder of the theorem for the student to prove. If

[c, d] [image: image] [e, f]	      and	      [x, y] [image: image] [a, a]

then

x + a < y + a	     and     	c + f < d + e,


so that there are natural numbers n and m such that

[image: image] 

By adding the equations

[image: image] 

and

[image: image] 

and rearranging terms we obtain

[image: image] 


Since

[image: image] 

this equation becomes

[image: image] 

Therefore

[image: image] 

so that

[image: image] 

Conversely, suppose

[image: image] 

and

[x, y] [image: image][a, a],

and consider the two integers [c, d] and [e, f], By trichotomy either

 [c, d] = [e, f], [c, d] [image: image] [e, f]

or

[c, d] [image: image] [e, f].

The above argument, with the integers [c, d] and [e, f] interchanged, shows that the relation

[c, d] [image: image] [e, f],

written

[e, f] [image: image][c, d],


implies that

[image: image] 

contradicting the hypothesis. Surely

[c, d] = [e, f]

implies that

[image: image] 

which also contradicts the hypothesis. Thus the hypothesis 
[image: image] 

implies

[c, d] [image: image] [e f]

when

[x, y] [image: image] [a, a].

    The Cancellation Law for multiplication of integers is proved in this manner also; viz., by using the Trichotomy Law.

    By the Trichotomy Law the additive identity element [a, a] partitions the set J into three subsets of elements which are so distinctive that we give them special names.

DEFINITION 2.9. An integer [x, y] is

[image: image] 

    Since

[x, y] [image: image] [a, a]

if and only if x + a > y + a, and since this latter condition is equivalent to x > y, we conclude that the integer [x, y] is positive if and only if

x > y.

Similarly [x, y] is zero if and only if

x = y,

and [x, y] is negative if and only if

x < y.

    Now we can prove the familiar rule dealing with the products of positive and/or negative integers.


THEOREM 2.30. The product [a, b] [image: image] [c, d] is:

    (i)	Positive if the two integers are both positive

    (ii) Positive if the two integers are both negative.

    (iii) Negative if one integer is positive and the other is negative.

    Suppose [a, b] and [c, d] are both negative, i.e.,

[image: image] 

Then by Theorem 2.29, part (iii),

[image: image] 

so that, since

[image: image] 

we conclude that the product of two negative integers is greater than zero, and hence positive.

    The remainder of the theorem is left as an exercise.

    Theorem 2.29 can also be used to prove that the sum of two positive integers is positive and that the sum of two negative integers is negative. For, if

[image: image] 

then by Theorem 2.29, part (i),

[image: image]

But

[image: image]

so that, by the transitivity of the linear order, 

[image: image] 

and the sum is positive.

    Exercise 2.6

    1. Arrange the following integers by order: [11, 30], [1000, 1001], [1001, 1000], [1, 1000], [22, 20], [a + 7, 7], [n, n + 18].

    2. Prove (i) of Theorem 2.29 by rewriting it as a problem concerning the natural numbers.

    3. Prove (ii) of Theorem 2.29.

    4. Prove that [x, y] is positive if and only if there exists a natural number n such that x = y + n.

    5. Use the result of Problem 4 to prove that the sum and the product of two positive integers are positive integers.

    6. Complete the proof of Theorem 2.30.

    7.	Describe the equivalence relation on J defined by the partition of J given by Definition 2.9.

    8. Prove the Cancellation Law for Multiplication in J: if

[x, y] ≠ [a, a],

then

[image: image] 

implies that

[c, d] = [e,  f].

Why is the condition [x, y] ≠ [a, a] essential ?

    9. Prove that the negative function F defined by F([x, y]) = [y, x] is a one– to–one mapping of J onto J.

    10. Prove that [a, b] [image: image] [c, d] if and only if there exists a positive integer [e, f] such that

[image: image] 

(Use the result of Problem 4 above.)

    11. Illustrate Theorems 2.29 and 2.30 with numerical examples.

    12. Describe Definition 2.9 in terms of the geometric illustration of the elements of /.

    2.7	Isomorphic Systems and Extensions

    From the results of the preceding section we see that the set P of positive integers and the binary operations of addition and multiplication form a mathematical system also. Technically speaking, the binary operations of this new system are induced on P by the operations of J. For addition in J, as a function from J x J to J, is a subset A of (J x J) x J, and so is multiplication a subset M of (J x J) x J. We proved in Section 2.6, then, that

[image: image]

and

[image: image] 

Therefore these intersections are binary operations on P, the	operations induced by those of J. The same symbolism will be used for these operations on P that is used in the system /, and {P, [image: image], [image: image]}, the system of positive integers, is referred to as a subsystem of {J, [image: image], [image: image]} for obvious reasons.

    Another important fact is known about the elements of P: With each positive integer is associated exactly one natural number.	In	other	words there is a one–to–one mapping F of P onto N given by

F: [x + n, x] → n,

for each [x + n, x] in P.

    This mapping is clearly suggested by our intuitive interpretation of the integer [x, y] as “x minus y” an interpretation which associates n with [x + n, x].


    The function so defined not only establishes a one–to–one relationship between the elements of P and the elements of N, but it does this in a way which is consistent with the nominal correspondence between the binary operations of the systems. That is,

[image: image] 

and

[image: image] 

In other words, the image of the sum (in P) is the sum (in N) of the images, and the image of the product (in P) is the product (in N) of the images. This observation is quite easy to verify, for

[image: image] 

and

[image: image] 

(The words addition and multiplication establish a correspondence between the relations symbolized by [image: image] and [image: image] and those by · and [image: image].)

DEFINITION 2.10. The system {S, 0} is isomorphic with the system {S', O'} if and only if there exist one–to–one mappings from S onto S' and from O onto O' which are compatible.

    These mappings, indicated by

[image: image] 

F of S onto S':

[image: image] 

 and G of O onto O':

[image: image] 

are compatible if

[image: image] 

In other symbols,

[image: image] 

     Since the mappings involved in establishing an isomorphism from one system onto another are one–to–one, onto mappings, we see easily that the concept of isomorphism is an equivalence relation on a collection of mathematical systems. It is in fact this type of equality which gives the abstract approach in mathematics its power, and once two systems have been identified as isomorphic systems it is customary even to adopt the same symbolism for both systems.

THEOREM 2.31. The system of positive integers is isomorphic with the system of natural numbers.

    The correspondence discussed above clearly establishes the isomorphism.

    Hereafter we will use the simpler notation of the natural number system for both the natural numbers and the positive integers. Thus the symbol 2 denotes both a natural number and the positive integer [n + 2, n]. And an equation such as

[image: image] 

is written

3	+ 2 = 5.

Since the negative function establishes a one–to–one correspondence between the positive integers and the negative integers,

[image: image] 

and since subtraction utilizes this idea, we denote the negative integer [x, x + n] by – n (read “minus n”)· And the symbol 0 is used to denote the zero integer, [a, a].

    Thus J consists of the positive integers 1, 2, 3, · · ·, the zero integer 0, and the negative integers – 1, –2, – 3, · · ·.

    So we have constructed a new system J from the system N of natural numbers which contains, in the sense of isomorphism, the original system N. This is emphasized by using the notation of N for part of J.

Definition 2.11. If a system is isomorphic with a subsystem of a second system, then the second system is said to be an extension of the first.

    So the system of integers is an extension of the system of natural numbers, and this extension is invented in order to make addition into an invertible operation.

    Exercise 2.7

    1.	Show that the mathematical system {N, +} is isomorphic with the system {E, +}, where E is the set of even natural numbers.

    2. Compare the order relation > in N with that of [image: image] in P. Should the same symbol be adopted for both? Why? (See Problem 10, Exercise 2.6.)

    3. The axioms of a system {S, O} relate and define the elements of S and O. If {S, O} and {S', O'} are isomorphic, what can be said about the axioms	of	the two systems ? Illustrate, using the systems P and N.

    4. Prove that isomorphism is an equivalence relation.

    5. Show that the rule

F([x + n, x]) = n 

defines a one–to–one mapping of P onto N.

    6. Is the negative function an isomorphism of the system J with itself? That is, does the mapping described by F(x) = – x, each x ∈ J, define an isomorphism of J with itself? (Hint: Consider F(x + y) and F(x · y).)

    7.	Discuss the preimage problem for the function described by

F(x) = x + 1

(a)	over the integers, (b) over the natural numbers.

 

    8. The absolute value function is defined on J by the rule,

[image: image] 

and

[image: image] 

Show that this function is neither one–to–one nor onto J.

    9. Prove that |x · y| = |x| · |y| for each x and y in J. Is

[image: image] 

    10. How does the concept of isomorphism justify the word “the” in the name, the natural number system?

    11. Is the system J well–ordered by [image: image] now designated < ?

    12. Show that the set of negative integers forms a subsystem of {J, +} which is isomorphic with {P, +}.

    13. Prove that the product of two integers is zero if and only if at least one of the integers is zero.

    14.  Can the system of integers be extended again by exactly the same method used to obtain the integers from the natural numbers ? Explain.


    2.8	Another Extension

    When we consider the preimage problem for such functions on J as those given by

x –> (3 · x) – 1

or

x –> (7 · x) +2,

we recognize that a further extension which would permit multiplication to be invertible would be very useful (if it existed).

    As before pairs of numbers are involved. This is due to the fact that we are attempting to invent a “solution” of an “equation” such as

2	· x = 3,

so that the “solution” is dependent on the pair (3, 2). But if 2 · x = 3, then

4	· x = 6,	6	·	x	=	9,	8	·	x	=	12,	·	·	·,

so that the “solution” is also associated with the pairs

(6, 4), (9, 6), (12, 8),. ..

So we will again deal with pairs in extending the system / in order to introduce division. However, not all of the elements of J × J are used, for since the zero integer has the property

0 · n = 0, all  n ∈ J,


it seems reasonable to expect zero to have the same property in the extended system (which will contain J in the sense of isomorphism). Since there is no reason to expect

0	· x = k,      k ≠ 0, 

to have a “solution” then, we restrict our attention to J × J*, where

J* =J – {0}.

    Now we introduce an equivalence relation on J × J* which will associate the pairs (3, 2), (6, 4), (9, 6), (12, 8) as was indicated to be desirable above.

DEFINITION 2.12. The relation on J × J* symbolized by ≈ is defined by the rule

[image: image] 

if and only if a · d = b · c.

Thus

[image: image] 

since 3 · 4 = 2 · 6, and

[image: image] 

since 9 · 8 = 6 · 12.

    This relation can be shown to have the required properties quite easily. Transitivity is demonstrated as follows: From

[image: image] 

we have the equations

[image: image] 

in J. Then

[image: image] 

and using the Cancellation Law of Multiplication in J (note that d ≠ 0) we conclude that

a · f = b · e.

Thus (a, b) ≈ (e, f). The other properties are proved similarly.

    The set R of equivalence classes in J x J* defined by this equivalence relation and denoted by

[image: image] 

is the set of rational numbers. So a rational number, or fraction, is an equivalence class a/b, an element of the partition of J x J* by the equivalence relation ≈ .


    How are the binary operations of addition and multiplication to be defined ? The following strictly formal manipulation of symbols suggests our definitions:

[image: image] 

Thus, if x is a “number” associated with the pair of integers {a, b) and y is associated with the pair (c, d), then the “sum” should be associated with the pair ((a · d) + (b · c),b · d). Similarly the “product” should be associated with the pair (a · c, b · d).

THEOREM 2.32. The rules

[image: image] 

and

[image: image] 

define binary operations on R called addition, symbolized by [image: image]. and multiplication, symbolized by [image: image].

    First we observe that, since b and d are nonzero integers, certainly b · d is different from zero. Thus the sum and the product are elements of R. Now suppose that (a', b') lies in a/b and (c', d') lies in c/d. To prove [image: image] well– defined we must show that (a' · c, b' · d') lies in a · c/b · d. From

[image: image] 

we know that

[image: image] 

Multiplying (in J, of course) we obtain

[image: image] 

so that

[image: image] 

This last equation proves that

[image: image] 

and so

[image: image] 

The proof that addition is well–defined is similar to this.

DEFINITION 2.13. The system {R, [image: image], [image: image]} is the rational number system.

    This mathematical system has all the properties of the system of integers and some additional ones. We now mention some of these.


THEOREM 2.33. The rational number system has the following properties:

    (i)	Addition and multiplication are commutative and associative operations.

    (ii)	R possesses an additive identity and a multiplicative identity, viz., 0/1 and 1/1, respectively.

    (iii)	Each element of R has an additive inverse element.

    (iv)	Each element of R except 0/1 has a multiplicative inverse element.

    (v)	Multiplication is distributive over addition.

    First, what is meant by an “inverse element” for an element relative to an operation ?

    Roughly stated, an inverse element y of the element x relative to the binary operation * is distinguished by the fact that x*y = y*x is the identity element for *. Thus, in J, –2 is the additive inverse of 2 since –2 + 2 = 0.

    The additive inverse of a/b is the rational number (–a)/b, which is usually called the negative of a/b. The multiplicative inverse of a/b ≠  0/1 is the rational number b/a, which is usually called the reciprocal of a/b. Clearly the restriction a/b ≠ 0/1 means that the integer a is not zero. Thus b/a lies in R. The equations

[image: image] 

and

[image: image] 

indicate that (iii) and (iv) are true since

[image: image] 

    Since the proofs of the other properties are so much like the proofs of the properties of the integers we shall sketch only one and leave the remainder for the student to supply. We prove here that multiplication is associative. Let a/b, c/d, and e/f be fractions; then

[image: image] 

But multiplication in J is associative, so that

[image: image] 


    Now we observe that, because of the idempotency of the integer 1, the operations of addition and multiplication for R induce binary operations on the set

[image: image] 

That is, the sum of two elements of W is in W9

[image: image] 

and the product of the two elements of W

[image: image] 

Thus the system {W, [image: image], [image: image]} is a subsystem of the rational number system. The elements of W are called rational integers since the system is isomorphic with {J, + , ·}.

THEOREM 2.34. The system of rational integers is isomorphic with the system of integers.

    To prove the theorem we must, of course, exhibit one–to–one correspondences between the components of the two systems. The name adopted for the operations and the two equations above concerning the elements of W suggest the following:

[image: image] 

Since

[image: image] 

and

[image: image] 


we see that the correspondences are compatible.

    As a result of this theorem we adopt the notation of J for the elements of W9 the rational integers, and for the operations of addition and multiplication in R. Thus we write

[image: image] 

instead of

[image: image] 

    The inverse elements relative to addition and multiplication can be used to define the inverse operations of subtraction and division.

THEOREM 2.35. The rules

[image: image] 


and

[image: image] 


whenever c ≠ 0, define the binary operations of subtraction and division, denoted by – and ÷, respectively.

    Strictly speaking the rule for ÷ defines a mapping from R × R* onto R since “division by zero” is excluded. However, this function is referred to as a binary operation.

    The notation of subtraction in J is used here since it can be shown that subtraction in R induces an operation in W which agrees with subtraction in J. That is,

[image: image] 



    The definition of division and the adoption of the notation of J for W enable us to write

[image: image] 

from

[image: image] 

In this sense a rational number can be thought of as the ratio of two integers.

    Exercise 2.8

    1.	Determine which of the following are related pairs of integers (by Definition 2.12): (7, 11), (1, 2), (3, 7), (9, 18), (–77, –121), (–88, –176), (–2, 4), (–6, –14).

    2. Show that a/b = c/d if and only if (a, b) ≈ (c, d). (Hint: Since a/b and c/d are sets, a/b = c/d if and only if a/b [image: image] c/d and a/b [image: image] c/d.)

    3. Prove that addition in R is well–defined.

    4. Prove Theorem 2.33.

    5. Prove that the additive and multiplicative identity elements are unique. (Hint: Suppose (a/b) + (c/d) = (a/b.)

    6. Why does 0 have no multiplicative inverse ? (Consider 0 · a/b – 1 and multiply by b/a.)

    7. Suppose (a/b)–(c/d) = 1 and (e/f)–(a/b) = 1. Apply the associative law to ((e/f) · (a/b)) · (c/d) and prove that c/d = e/f What does this say about the multiplicative inverse of a rational number ?

    8. For elements x and y of R illustrate and prove that :

    (i)	The negative of x + y is (negative of x) + (negative of y).

    (ii)	The negative of the negative of x is x.

    (iii)	The reciprocal of x · y is (reciprocal of x) · (reciprocal of y).

    (iv)	The reciprocal of the reciprocal of x, x ≠ 0, is x.

    9. Show that, for rational numbers r and s, r ≠ 0, there is one and only one rational number x such that r · x = s. How does this show that the precise method used to obtain R from J cannot yield a further extension of ii?

    10. Prove Theorem 2.35.

    11. Determine whether division is commutative, associative, and/or distributive.

    12. Draw a diagram similar to Fig. 2.4 in Section 2.5 to illustrate the integers. Show that points corresponding to equivalent pairs of integers lie on a ray emanating from the origin.

    2.9	Order and Density

    Since the integers are contained in the system of rational numbers (in the sense of isomorphism) we have an order relation defined on part of the rational number system. Can we define an order on the whole system which reduces to this one on the subsystem? Before attempting a definition we look at the order on the subsystem of integers. We know (Problem 10 of Exercise 2.6) that, for integers a and b,

a > b

if and only if there is a positive integer c such that

a = b + c.

(We adopt this particular formulation since it does not involve the use of pairs of natural numbers in the notation.) If we expect to extend this formulation of the relation to cover the whole of R we must first define the concept of positive rational number.

DEFINITION 2.14. A rational number a/b is:

[image: image] 

    This definition is consistent with the concepts and notations adopted for R from J. The rational number a/1 is denoted by a and clearly a/1 is positive, zero, or negative exactly as a is. Furthermore, since b ≠ 0 in any fraction a/b we see that a · b = 0 if and only if a = 0, so that 0/b = 0/1, designated now as 0, is the only zero element of R.

    Since the definition above is stated in terms of a particular pair (a, b) of the class a/b we must show that the concept is well–defined. Let (c, d) ∈ alb; then (c, d) ≈ (a, b), so that b · c = a · d. Therefore, if a · b > 0, the equation

(a · b) · (c · d) = (a · a) · (d · d),

obtained by multiplying by the product a · d, implies that

c · d > 0

since certainly a · a and  d · d are positive. And, if a · b = 0, then, since b ≠ 0, we have a = 0. Then the equation

b · c = a · d

shows that c must be zero, and so a · b = 0 implies c *	=	0.	Similarly a – b  0 implies c · d  0, and so the concept is well–defined. The so–called “law of signs” which was proved for J can also be proved in R.

THEOREM 2.36. The product of two rational numbers is:

    (a)	Positive if both numbers are positive or if both numbers are negative.

    (b)	Zero if either number is zero.

    (c)	Negative if one number is positive and one is negative.

    This result follows quite easily from the properties of J. If alb is positive and c/d is negative, then

a · b > 0    and    c · d  0.


Consider the product

[image: image] 

Since

[image: image] 

we conclude that

[image: image] 

and the product is negative. The rest of the theorem is proved similarly.

    Now we define the order relation.

Definition 2.15. The rational number a/b is greater than the rational number c/d if and only if there is a positive rational number e/f such that ajb = c/d +e/f The relation is symbolized as

[image: image] 

Alternatively we can define a/b > c/d if and only if the difference a/b – cjd is a positive rational number. For certainly

[image: image] 

and

[image: image] 

Since subtraction is a well–defined operation this means that the above relation is well–defined.

    To	establish	the transitivity of this relation we consider	the inequalities

[image: image] 

Then there are positive rationals g/h and m/n such that

[image: image] 

So

[image: image] 

and we need to show that the sum of two positive numbers is positive.

[image: image] 

and this number is positive if the integer q,

[image: image] 

is positive. Since

[image: image] 

and h ·	g and m	· n	are positive, we see that q is positive.	Thus we have proved the transitivity of “greater than” and the closure of the positive rationals under addition.


    There are many other important properties of the order relation in R, but we shall end this brief study of the rationals with the mention of a property of order in R which the corresponding order in J does not possess. This is the density property.

Theorem 2.37. If a/b and c/d are rational numbers such that a/b > c/d, then there is a rational number e/f such that

a/b > e/f > c/d.

    Certainly the rational number 1/2 · (a/b + c/d), which is suggested by geometric considerations (e.g., midpoint), serves to prove the theorem. This can be extended to show that “between” any two rational numbers there is an infinite set of rational numbers.

    Exercise 2.9

    1.	Classify and order the following rational numbers: 1/2, –1/–2, –10, –10/–3, –1/3, 0.

    2.  Prove that the product of two negative fractions is positive.

    3.  State the Trichotomy Law for R. Prove that it is a simple consequence of the corresponding law of I when the alternative form of Definition 2.15 is used.

    4. Show that the sum of two negative fractions is negative.

    5. Show that (1/2) · ((a/b) + (c/d)) lies between alb and c/d.

    6. Is there a smallest positive integer? Is there a smallest positive rational number? Explain.

    7. Describe a correspondence between the rational numbers and certain points on a line. Interpret order and density in this geometric representation.

    8. Extend the concept of absolute value of integers to the rationals.

    9. What can you say about the rational numbers x and y if

[image: image] 

    10. Show that, if alb	> c/d	and m/n > 0, then

(a/b) ·	(m/n)	> (c/d) · (m/n).

What about the converse ?

    11. Does the formula,

[image: image] 

if and	only if a · d	> b	· c, define a	relation on (Consider the case for alb = –1/2 = 1/–2	and	c/d =	1/3.)

    12. Adjust the formula of Problem 11 to yield the order relation on R. (Hint: Choose class representatives with second element in pair a positive integer.)

    2.10	The Real Number System

    The two extensions we have studied thus far were introduced as methods for inventing “solutions” to the preimage problem for certain types of


functions. In a later chapter we shall again use ordered sets (e.g., ordered pairs, ordered triples, etc.) to construct extensions of the rational number system, extensions which provide for “solutions” to the preimage problem for other functions. However, in this section we will discuss an extension of the rationals motivated by geometric considerations.

    Certainly the selection of two distinct points and the labeling of one 0 and the other 1 establishes in a well–known manner a geometric representation of the rational numbers by points on a line (see Fig. 2.5). But not all of the points on the line are used, in spite of the density of the rational numbers. This astonishing fact was discovered several thousands of years ago by Greek mathematicians, who could construct a line segment whose “length” was a “number” which, by the Pythagorean Theorem on right triangles, when multiplied by itself, produced the integer 2. But an ingenious argument (given in the next chapter) was developed which proved that no rational number had this property. (In other words the Greeks showed that Vl is not a rational number.) Thus to develop a number system for the Euclidean world one must “ fill up the holes ” in the rational number system, thereby producing the real number system.


[image: image] 

Figure 2.5



    Several methods for extending the rationals to the reals are known; here we shall mention the one which most resembles the methods already studied, a method due to the great nineteenth–century mathematician, R. Dedekind. Suppose the line in Fig. 2.5 is cut at a point P. This partitions the points of the line into three sets, the left set, the right set, and the set consisting of the point P. Corresponding to this geometric partition we have three subsets of R, and we reduce this collection to two by including the rational number, if any, which corresponds to the point P in both of the other sets. The result is an ordered pair (A, B) of subsets of R, where A consists of the rational numbers corresponding to P and to the points left of P, and B consists of the rational numbers corresponding to the point P and to the points right of P. This ordered pair is called a cut or a Dedekind cut, and this cut becomes the real number which corresponds to the point P. Abstracting from this essentially intuitive discussion produces the following formal definition.

DEFINITION 2.16. A Dedekind cut is an ordered pair (A, B) of two nonempty subsets A and B of R with the properties:

[image: image] 


    The set Re of all such pairs is	made	into	the real number system by introducing addition, multiplication,	and order.	Consider the following	rule:

    Addition. (A, B) [image: image] (C, D) is the cut (E, F), where F = {b + d: b ∈ B and d ∈ D) and E = {a + c: a ∈ A and c ∈ C}. It is simple to prove that (E, F) is a cut, and that the binary operation so defined is commutative and associative, possesses an identity, and is invertible.

    However, since neither the real number system nor the method of Dedekind cuts is essential to the remaining portion of this book we shall not continue this development. Instead we will assume that the student is familiar with the system of real numbers as a mathematical system {Re, +, ·, <} having these properties:

    1.	Addition (+), and multiplication (·) are commutative and associative binary operations.

    2. Multiplication is distributive over addition.

    3. Re contains elements 0 and	1 such	that	0 ≠ 1, a + 0 = 0 + a and a ·	1	= 1 · a = a for each a ∈ Re.

    4. For each a in Re there is an element – a in Re such that a + (–a) = 0.

    5. For each a ≠ 0 in Re there is an element b in Re such that a · b = 1.

    6. < is a linear order on Re with the properties of the linear order on the rationals.

    7. If a nonempty subset of Re has a lower bound in Re, then it has a greatest lower bound.

    These properties, and especially property (7), should be well known to the student since they are basic to the study of calculus. Property (7) is often called the continuity property.

    Exercise 2.10

    1.	 Show that the pair (A, B), where A = {a :a ∈ R, a ≤ 0} and B = {b: b ∈ R, b ≤ 0} is a Dedekind cut.

    2. Show that the pair (A, B), where B = {b: b ∈ R, b > 0, b · b > 2} and A = R – Bf is a cut.

    3. Show that the cut of Problem 1 is an additive identity in the set of cuts.

    4. Prove that addition of cuts is associative and commutative.

    5. If (A, B) is a cut such that A ∩ B ≠ [image: image], it is called a rational cut. Show that the sum of two rational cuts is a rational cut. Construct an example.

    6. Try to define multiplication of cuts so that the product of two rational cuts corresponds to the cut defined by the product in R of the rationals.

    7. Use set inclusion to define a linear order on– the set of cuts.

    8. Is property (iii) of Definition 2.16 essential to the definition?

    9. Let (A, B) be a Dedekind cut on Re and show that as a result of Property

(7)	the set A n B always consists of exactly one real number.


    2.11	Power of the Abstract Approach

    In this chapter we have encountered four different mathematical systems each of which has two binary operations which are associative. Other associative binary operations were discussed in Chapter 1. These operations all have a common property, and by proving that an “abstract” associative binary operation on a set has this property we can handle all of these operations and many others simultaneously.

    Let {S, *} be a mathematical system, where * denotes an associative binary operation on S. (Such a system is called a semigroup.) Since the binary operation is associative we have by definition,

a * (b * c) = (a * b) * c

for any a, b, and c in S. Repeated use of this associative law enables us to prove that, for any elements a, b9 c9 and d in S,

a* (b *(c* d)) = (a* b)* (c * d).

    In fact	we can show that any ordered set of four elements	from	S	has exactly one	“product” associated with it, viz., a* (b * (c * d))9 by using	the associative law for * to prove that all other associations of the four elements are equal to this one. Thus the elements

a* (b * (c * d)), a* ((b * c)* d), (a * (b * c)) * d,

((a * b) * c)* d, (a * b) * (c * d)

are all equal, and the associative law for * is extended to cover the case of four elements.

    Since the number of elements, rather than the selection of elements, is vital here we see that the extension of this property can be phrased as a proposition involving the natural numbers.

THEOREM 2.38 (GENERALIZED ASSOCIATIVE LAW). Let al, a2 · · ·, an be an ordered set of n not necessarily distinct elements of the semigroup {S, *}. Then each association of these elements relative to * yields the element

[image: image]

    (By an association of the elements al, a2 · · ·, an we mean pairings of elements, indicated by parentheses, in such a manner that * can be applied successively to yield a product.)

    This proposition is proved using the Second Principle of Induction. Now P(l) is true vacuously since a single element has no associations, and P(2) is true since a pair of elements has a single association. And P(3) is true since the two associations, a1 * (a2 * a3) and (a1 * a2) * a3, are equal by the associativity of *.


    Then the induction hypothesis states that all the associations of any ordered set of m elements of S 

[image: image]

where m is a natural number ≤ k, yield products equal to

[image: image]

Now consider an association of the ordered set of elements,

[image: image]

The kth and last step in an association of these k + 1 elements naturally involves just two elements of S since the association is a successive pairing. For example we might have

[image: image]

Then the induction hypothesis can be applied, if necessary, to each of these two parts since each part involves an ordered set of no more than k elements. Therefore the induction hypothesis reduces an association of the k +1 elements to the form

[image: image]

where r is a natural number less than k + 1. Then the regular Associative Law, applied to the product of the three elements

[image: image]

and

[image: image]

reduces this association to

[image: image]

and the induction hypothesis applied to the second factor reduces this to

[image: image]

completing the induction.

    To illustrate the procedure we take k + 1 = 6. Then one association of the six elements al a2, a3, a4, a5, a6 yields

[image: image]

Now

[image: image]

and

[image: image]

so that

[image: image]

Then

[image: image]

by the Associative Law, and since

[image: image]

by the induction hypothesis, we conclude that

[image: image]

    Note that an ordered set of n not necessarily distinct elements of S is a mapping of the set Nn of the first n natural numbers to the set S. Instead of writing the pairs of elements which comprise this mapping as (a, n) we have used the subscript notation an. Then a2 is the first element (i.e., it corresponds to 1) of the ordered set, a2 is the second, etc.

    From this theorem we conclude that the Generalized Associative Law is valid for all the binary operations of this chapter. Of course the term “product” is replaced by “addition” in the appropriate places. Since the parentheses do not lead to different “products” through different associations they are frequently omitted. Thus in the arthimetic of integers we write

3	+ 7 + (–l) + 5

instead of

(3 + (7 + ((–1) + 5))))

or

(3 + 7) + ((–1) + 5).

    Back in the abstract semigroup {S, *} as a consequence of the Generalized Associative Law we see that the rule

[image: image]


defines a	mapping F of the set S x N onto S. This function (sometimes called exponentiation or scalar multiplication) establishes a link between a nice, familiar system, N, and the abstract system S. We shall see in a later chapter how this bridge enables us to study the abstract system.

THEOREM 2.39. For a in S and n and m in N,

[image: image]

    This	is a corollary of the preceding theorem since the	ordered	set	of n + m a’s from the semigroup S has a product which is independent of the association.


    The usual notations for this function in the number systems of this chapter are, for multiplication, an, and, for addition, a · n (because of the Distributive Law). Thus

an · am = an + m

for any real number a and natural numbers n and m. Here the function is indicated by the symbol an, which stands for the image of the pair (a, n), and a result concerning the function is stated in terms of the images.

    Exercise 2.11

    1.	State the Generalized Associative Laws for the operations of the rational number system.

    2. State the Generalized Commutative Law for a binary operation. Prove that, if the binary operation of the semigroup {S, *} is commutative, then the Generalized Commutative Law holds.3.	What is the

     Generalized Distributive Law ?

    4. For the semigroup {S, *} prove the “law of exponents”:

F (F(a, m), n) = F(a, m · n) for a ∈ S and m, s n in N.

(Note: For multiplication in R this takes the more familiar form (am)n = am·n.)

    5. How many pairs of parentheses appear in an association of the ordered set {a1, a2 ·· ·an} for the binary operation *? Is this number the same for all associations ?

    6. How is exponentiation by the integers defined for the binary operations of R? Can this definition be extended to an abstract semigroup ?

    7. Show that the set S = {2n: n ∈ N} and ordinary multiplication form a semigroup isomorphic with the semigroups {N, +} and {{3n: n ∈ N}, ·}.

    8. Relative to Problem 6, show that the set S = {3n: n ∈ J} and multiplication form a semigroup isomorphic with the semigroup {J, +}.

    9. State a generalized “ trichotomy ” law for a linearly ordered set, and prove it, using the Second Principle of Induction.

    2.12	Remarks

    It was not our intention in this chapter to reveal new facts about the familiar number systems. Instead we attempted to develop these systems in a manner which would (1) demonstrate the axiomatic approach to the study of mathematics, (2) illustrate the concepts and terminology introduced in the previous chapter, and (3) introduce the concept of extending a system to obtain a new and more “flexible” system. Moreover, this development permitted the utilization in fairly simple situations of several very important methods of proof.

    Many similar developments exist in other books, and we urge the student to study some of these.
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            3

Decompositions of Integers


    IF a AND b are elements of J, the system of integers, then we know by the Trichotomy Law that exactly one of the statements

a = b, a > b, a < b,

is true. This means that each integer a splits the set of all integers into three nonoverlapping subsets. Such a partition provides a useful but rather rough classification of the integers.

    In this chapter we introduce a different classification of the integers relative to a nonzero integer. This classification is essentially based on the concept of division, but since we are investigating decompositions of integers little use is made here of the rational numbers.

    Note: In this and subsequent chapters the multiplication symbol · is generally omitted, and we write ab instead of a · b.



    3.1 Divisor Theorem

    In elementary school we learn a method for “dividing” one positive integer into another and obtaining a “quotient” and a “remainder.” This method is basically one of subtracting multiples of the first from the second until the difference is nonnegative but less than the “divisor.” This difference is called the “remainder” and the multiplier is called the “quotient.” The basis for this algorithm or method is the Divisor Theorem.

THEOREM 3.1. If a and b are integers and a ≠ 0, then there exist unique integers q and r such that

b = aq + r

and

0 ≤ r < |a|.

    The element q is the quotient and r is the remainder.

    First we prove the existence of elements q and r when a is a positive integer. Consider the set S = {b – am: m ∈ J, b – am ≥ 0}. S is not empty, for a ≥ 1 and |b| ≥ 0 imply that either b ∈ S or (b – ab) ∈ S. Therefore S has a smallest element r, and

r = b – aq

for some integer q. Furthermore, r is smaller than a since the relation r ≥ a implies that

0 ≤ r – a = b – a(q + 1) < r

which contradicts the minimality of r. Thus for the positive integer a and the integer b there exist integers q and r such that

b = aq + r

and

0 ≤ r < a.

    If a < 0, then –a > 0 so that by the above argument there are integers q' and r such that

b = (–a)q' + r

and

0 ≤ r  < (–a).

This means that there are integers q and r such that

b = aq + r

and

0 ≤ r < |a|.

    To prove the uniqueness of the quotient and remainder we employ a very standard argument for showing uniqueness. Suppose q" and r" are integers with the same properties as q and r, viz.,

b = aq″ + r″

and

0 ≤ r″ < |a|.

Then

aq″ + r″ = aq + r,

aq″ – aq = r – r″,

and

a(q″ – q) = r – r″.

Using absolute values we obtain the equation

[image: image]

By the definition of absolute value of an integer we know that

[image: image]

both of which are smaller than |a|, so that we have

[image: image]

Now if q″ ≠ q we see that

[image: image]

and so

[image: image]

Since the integer |a|·|q″ – q| cannot be both smaller than |a| and greater than or equal to |a|, we conclude that

q″ = q

which implies that

r ″ = r.

    Thus the quotient and remainder are unique.

    This simple existence theorem has many consequences as we shall see. One elementary corollary provides the basis for our decimal notation.

THEOREM 3.2. Let a and b be positive integers, a > 1. Then b is expressible uniquely in the radix form with base a as

[image: image]

where cn is a positive integer and the ci are integers with 0 ≤ ci < a for 0 ≤ i ≤ n.

    We use the Second Principle of Induction, applied to b. If b = 1 then it is already expressed in this form, with n = 0 and c0 = 1. For our induction hypothesis we have the statement, “Each positive integer less than or equal to k is expressible in radix form.” Now consider the positive integer k + 1. By the Divisor Theorem,

[image: image]

We wish to show that the induction hypothesis can be applied to q.

    If (k + 1) < a, then

k + 1 = 0 · a + (k + 1),
 
so that by the uniqueness of q and r,

q = 0 and k + 1 = r.

If (k + 1) ≥ a, then (k + 1) > r, and so

(k + 1) – r = qa

is positive, implying that q is positive. Finally, if q were greater than or equal to k + 1, then the inequalities

a > 1 and q ≥ k + 1

imply

aq > k + 1,

which contradicts the equation

k + 1 = aq + r, r ≥ 0.

Thus we conclude that

0 ≤ q < k + 1.

    If q = 0, then the equation

k + 1 = aq + r, 0 ≤ r < a,

shows that k + 1 is already expressed in the desired form. If q  > 0, then we can apply the induction hypothesis and conclude that
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where cm > 0 and the ci are integers with 0 ≤ ci < a for 0 ≤ i ≤ m.

Therefore

[image: image]

so that

[image: image]

which is the desired form since 0 ≤ r < a.

    Thus we have proved by induction that every positive integer can be expressed in radix form with base a.

    Uniqueness is proved by the method used in the previous theorem. Suppose
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and
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where cn and dr are positive and ci and dj are nonnegative integers less than a for 0 ≤ i ≤ n and 0 ≤ j ≤ r. Subtracting, we obtain an equation of the form

[image: image]

    where |ei| < a since

ei = ci – di.

    If the ei are not all equal to zero, then from the nonzero ei we choose the one with minimal subscript, say es, and by using the Cancellation Law for Multiplication, we obtain from

[image: image]

Therefore

[image: image]

and

[image: image]

which we write as

|es| = at.

Now t ≠ 0, since es is by assumption different from zero, so that t ≥ 1. But the inequalities

a > 1 and t ≥ 1

imply

at ≥ a,

which in turn implies that

|es| ≥ a

This contradiction means that all the ei = 0, and so the radix representation of b, relative to the base a, is unique.

    This result enables us to construct a system of symbols for the positive integers in the following way. For the finite set of nonnegative integers less than the base a (i.e., the digits) arbitrary symbols are selected and the integer

[image: image]

is written as
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Taking a as 10 and using the customary symbols for the digits we write 2107 as an abbreviation for

[image: image]

This is the familiar position notation for the positive integers. Of course other bases can be selected also.

    If a is taken as 6, then, since

[image: image]

we have, after substituting and simplifying,

[image: image]

and

[image: image]

    If a is taken as 5, then, since

[image: image]

after substituting and simplifying, we have

[image: image]

and so

[image: image]

    The student should observe that the use of the Divisor Theorem in the above examples	provides a simple method for converting	a decimal representation of a positive integer to the radix representation for another	base.

Thus, to obtain the representation for the base 2 of the integer 13, we write

[image: image]

Then writing the remainders in reverse order (i.e., the last remainder first, the next–to–last remainder second, etc.) yields the representation

[image: image]

    To convert (1101)2 back to decimal notation we write

[image: image]

and using the addition and multiplication tables for the decimal digits (which we memorized long ago) we obtain

[image: image]

    Exercise 3.1

    1. Express 1112 to the base 12 and to the base 2.

    2. Construct the addition and multiplication tables for the octal digits (base 8) and use them to evaluate the product of (1314)8 and (707)8. Check in the decimal system.

    3. Discuss the advantages and disadvantages of a representation system based on 2, 5, 10, 12, or 20.

    4. If n + 1 weights are available, being 1, 2, 4, 8, ..... and 2n. units, respectively, what measurements can be made with a balance scale?

    5. Prove that, if a, b, and c are integers such that

[image: image]

then (b – c) < |a|. (Hint: |a| ≥ |a| – c.)

    6. Can radix representation be extended to include the negative integers ? Explain.

    7. Discuss the extension of radix representation to the rationals.

    8. Consider the following method for multiplying 23 and 17:

[image: image]

Then 1 · 17 + 1 · 34 + 1 · 68 + 0 · 136 + 1 · 272 = 391 = (23)(17). Explain and justify.

    3.2 Congruence and Factors

    From the Divisor Theorem we see that, if an arbitrary integer is divided by the positive integer m, then the remainder is just one of the m integers 0, 1, ... m – 1. Thus the positive integer m and the concept of remainder determine a partition of J into m subsets. We describe this partition by introducing an appropriate equivalence relation on J.

DEFINITION 3.1. If a, b, and m are integers, m > 0, then a is congruent with b modulo m, written a ≡ b mod m, if and only if a and b have the same remainder when divided by m.

    The modulus m is used to “measure” the integers, and the remainders determine the classes to which integers belong.

Example 1. If m = 7, then, since 1 = 0·7 + 1 and 8 = 1·7 + 1, we see that 8 ≡ 1 mod 7. If m = 5, then – 17 ≡ 8 mod 5 since – 17 = ( – 4)5 + 3 and 8 = 1·5 + 3. And any two integers are congruent mod 1.

    It is almost obvious from the definition that congruence mod m is an equals relation. Certainly a and a have the same remainder relative to m, and, if a and b have the same remainder relative to m, then so do b and a. Finally, if a and b have the same remainder relative to m and if b and c have the same remainder relative to m, then, because of the uniqueness of the remainders, a and c have the same remainder. Thus,
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and

[image: image]

THEOREM 3.3. Congruence mod m is an equivalence relation on J.

    Because of the unusual properties of the integer zero special attention is directed to the zero class.

DEFINITION 3.2. The integer a ≠ 0 is a factor of the integer b (and b is a multiple of a) if and only if there is an integer c such that b = ac. We indicate that a is a factor of b with the symbolism a | b.

THEOREM 3.4. The positive integer m is a factor of the integer a if and only if a ≡ 0 mod m.

    If m is a factor of a then by definition there exists an integer c such that
 
a = mc = mc + 0.

So a ≡ 0 mod m since 0 = 0m + 0. The converse is equally obvious.

    The concept of factor permits another characterization of congruence.

THEOREM 3.5. The integer a is congruent with the integer b modulo m if and only if m is a factor of a – b. a ≡ b mod m if and only if a – b = km for some integer k.

    If a ≡ b mod m, then, by definition of congruence,

a = mq1 + r

and

b = mq2 + r,	0 ≤ r < m.

Then

r = a – mq1 = b – mq2

and

a – b = m(q1 – q2) = mk.

    Conversely, if

a = b = mk,

then

a = b + mk.

    Now by the Divisor Theorem,

b = qm + r,  	0 ≤ r < m,

so that

a = (qm + r) + mk.

Thus

a = (q + k)m + r,  0 ≤ r < m,

so that by the uniqueness, r is the remainder of both a and b relative to m. Consequently

a ≡ b mod m.

    Now let n be an arbitrary nonzero integer. Does n have any factors, and if so what are they? Since we can restrict our attention to positive factors without sacrificing generality, this is equivalent to asking, “For what moduli, if any, does n lie in the zero class”? It is a simple arithmetic problem to find the remainder (or least residue) of a given integer relative to a given modulus, but the problem of finding which moduli yield a given remainder for a given integer is somewhat more complex. We see that the problem of finding integers m > 0 such that, for a given x and r,

x = r mod m

is equivalent to finding the positive factors of the difference x – r by Theorem 3.4.

    Certainly the nonzero integer n has two positive factors, namely 1 and |n|, since

n = 1 · n = (–1)(–n).

    On the other hand n has only a finite number of distinct positive factors as we will now show.

THEOREM 3.6. If m is a positive factor of the integer n ≠ 0, then m ≤ |n|. Since there are just |n| positive integers less than or equal to |n|, the integer n has no more than |n| distinct positive factors.

    Since m is a factor of n there is an integer k > 0 such that

|n| = mk.

By trichotomy, if m is not less than or equal to |n|, then

m > |n|.

Therefore

|n| = mk > |n|k,

so that by the Cancellation Law

1 > k.

But this is impossible since k is a positive integer and 1 is the smallest positive integer. This contradiction rules out the possibility m > |n| and thereby proves the theorem.

    Now in a sense our problem of finding the positive factors of the nonzero integer n is solved since we have an algorithm or procedure which in n steps determines all positive factors of n: Compute the least residue of n modulo each of the |n| numbers 1, 2, 3, · · ·, |n|. Actually this can be improved upon by noting that factors come in pairs since

a = bc

implies that both b and c are factors. Thus to determine the positive factors of n it is only necessary to check the least residue modulo the numbers 1, 2, 3, · · · , s where s is the smallest positive integer such that

(s + l)2 > |n|.

    Example 2. Consider the integer n = 171. Since (14)2 = 196 > 171 we check the least residues of 171 modulo the positive integers less than 14:

[image: image]

Since 171 = 3(57) and 171 = 9 · 19, the numbers 1, 3, 9, 19, 57, and 171 are the only positive factors of 171.

    We observe that, if a is not a factor of n, then neither is any multiple of a, a factor of n. For n = (ka)c implies n = a(kc). Thus the procedure indicated above can be shortened even more by crossing out multiples of numbers which have already proved to be nonfactors of n. In the example above there is no need to check the numbers 4, 6, 8, 10, or 12 since 2 is not a factor of 171.

    Exercise 3.2

    1.	Describe the partition of J modulo 5.

    2.	Show that addition and multiplication in J induce binary operations in the set of all integers congruent with zero mod two.

    3.	Use Theorem 3.5 to show that a ≡ b mod m and c ≡ d mod m imply ac ≡ bd mod m.

    4.	Prove that, if a, b, c, and d are positive integers such that a < b2, a = cd, and c > b then d < b. (Hint: Assume d ≥ b.)

    5.	Determine the positive factors of 391.

    6.	If the positive factors of n are known, what are the other integral factors?

    7.	How many integral factors has zero?

    8.	Show that:

[image: image]

    9.	Define the relation R on J by aRb if and only if a is a factor of b. What can you say about this relation?

    10.	Use the Associative and Distributive	Laws to show	that,	if	a is	a factor of b and also of c, then a is a factor of (mb + nc)	for any	integers	m and	n.

    11.	Show that n ≡ 1 mod 2 implies that n2 ≡ 1 mod 8.

    12.	Show that 6 is a factor of the product of three consecutive integers.

    13.	Show that, if m ≡ 1 mod 2 and n ≡ 1 mod 2, then m2 + n2 ≡ 0 mod 2 but m2 + n2 [image: ] 0 mod 4.

    14.	Prove that 30 is a factor of n5 – n for each integer n.

    15.	Show that the square of no positive integer n is	congruent with 3 modulo 4.

    3.3	Primes

    In the previous section we considered the problem of finding the different positive factors of a nonzero integer. Now we restrict our attention to certain “minimal” factors, and the nature of this minimality is indicated as follows.

DEFINITION 3.3. A prime integer (or a prime) is an integer p >  1 whose only positive factors are 1 and p. An integer m >  1 is called a composite if it is not prime.

    Thus 2, 3, 5, 7, 19, and 73 are primes whereas 4, 6, 15, and 1111 are composites.

    The reason for the introduction of this minimality concept is based on the following simple observation: If a = bc and b = de, then a = dec. Thus a factor of a factor of n is also a factor of n. Then since we are dealing with positive factors only, it seems that each nonzero integer n with |n| > 1 has at least one prime factor (which may be |n|). This reasoning leads us to expect that a composite can be written as a product of prime factors (as the word composite suggests).

THEOREM 3.7. An integer n > 1 is either a prime or a product of primes.

    The proof is based on the Second Principle of Induction (adjusted slightly since we are dealing with integers n ≥ 2). Certainly 2 is a prime since there is no integer between 1 and 2. So our induction hypothesis states that each integer m, 1 < m ≤ k, is either a prime or expressible as a product of primes. Now consider the integer k + 1. If k + 1 is a prime then we need say no more. If k + 1 is not a prime then it has a positive factor f which is neither 1 nor k + 1. By definition of factor, there is an integer g such that

k + 1 = fg,

and surely 1 < g < k + 1 by Theorem 3.6 and the restrictions on f. Therefore the induction hypothesis states that f and g are each either primes or products	of prime factors. Substitution yields	an expression	for	k + 1	as	a product of prime factors. Thus we can write n as a product	of primes, and since the primes are not necessarily all different, this product can be written in the form

[image: image]

where pl, p2, ···, pr are distinct primes and the ei are positive integers.

    Such an expression is called a factorization of n into prime factors, a representation of n as a product of prime factors. For a given n a factorization into primes may be obtainable in several different ways; for example,
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    In each case the same factorization, except for a permutation of the factors, is obtained, and it may appear obvious to the student that this is always the	case. Indeed we	can and	will prove	that	the	factorization	into primes is unique, but it is	a	fact which requires	proof. There	are,	however, mathematical systems in which factorization into primes is not unique, and we shall discuss one of these now.

    Example 1. Let T be the set of all integral multiples of three. Since

[image: image]

for any integers m and n, we see that {T, +, ·} is a mathematical system with two binary operations. In this system the number 18 is “composite” since 18 = 3 · 6 and 3 and 6 are in T, but the numbers, 3, 6, 12, 15, 21, 24, 30, · · · are “primes” since they cannot be factored within the system. The “composites” of this system in general have many different factorizations into “primes”:

[image: image]

Thus factorization is not unique in this system.

    There are algebraic systems which are extensions of the system of integers in which factorization into primes is not unique. Since these are rather too complicated to describe briefly and since they are discussed in detail in Chapter 10, we shall only mention their existence at this time.

    Now we return to the problem of showing that factorization into primes is unique in J.

    THEOREM 3.8 (FUNDAMENTAL THEOREM OF ARITHMETIC). The factorization of an integer n > 1 into primes is unique up to a permutation of the factors.

    If the theorem is not true, then, by the Well-Ordering Theorem, among the integers greater than 1 which possess more than one different factorization into primes there is a smallest which we shall label s. Certainly if n is an integer such that 1 < n < s, then n is uniquely factorable. Consider two different factorizations of s into primes,
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What can we say about the two sets of primes {p1 · · ·, pm} and {q1, q2, · · ·, qr}? First, neither m nor r is 1 since s cannot be a prime (which obviously has only one factorization). Furthermore, the intersection of these two sets is empty, for, if pi is a common member, then since

1 < s/pi < s

(s/pi is a factor of s) we know by the minimality of s that s/pi is uniquely factorable into primes. However, canceling pi out of equation (3.1) leaves two different factorizations of s/pi. Thus we conclude that

[image: image]

Now compare p1 and q1; since p1 ≠ q1, one is larger than the other, and we label the larger p1. Thus q1 < p1. Since q1 is a prime it is larger than 1 so that

[image: image]

Therefore the integer

[image: image]

has the properties

[image: image]

and

[image: image]

and so t is an integer between 1 and s. By the minimality of s the integer t is uniquely factorable into primes. However,

[image: image]

and this leads to two different factorizations of t, one containing q1 and one without q1. For consider the expression

[image: image]

a factorization of p1 – q1 into primes leads to a factorization of t into primes, so consider the prime factors of p1 – q1 We claim that q1 is not a factor of p1 – q1 since
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implies

[image: image]

which is impossible since p1 and q1 are distinct primes. Thus the expression

[image: image]

leads to a factorization of t without the factor q1, whereas the expression
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leads to a factorization of t with the factor q1. This contradiction proces the theorem.
 
    We shall present another, perhaps simpler, proof of this very basic result in Section 3.5. The second proof requires somé concepts which have not yet been introduced.

    Now that we know the composites are constructed from the primes in a unique fashion we might ask how many primes exist. Is it possible that there are only finitely many multiplicative “building blocks” for the positive integers?

THEOREM 3.9 (EUCLID). The set of primes is infinite.

    Suppose the set of primes is finite; then the set can be counted, p1, p2, · · ·,  pn.  Form the integer
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Clearly m is an integer greater than 1, so we know that m is either a prime or a product of primes. However,
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so that none of the primes p1	···, pn is a factor of m.	Thus the assumption that the set of primes is finite	leads to an impossible	situation,	and	so	the theorem is proved.

    Not only are there infinitely many primes, but these primes are scattered rather irregularly among the positive integers.

THEOREM 3.10. For each integer n > 1 there exists a set of n consecutive composite integers.

    To prove this theorem we need only demonstrate the existence of one such set for each n > 1. Form	the n positive integers
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Since (n + 1)! is a multiple of each positive integer k ≤ n + 1, we see that k is a factor of (n + 1)! + k when k ≤ n + 1.

    For example, 5! + 2 = 122 is divisible by 2, 5! + 3 = 123 = 3(41), 5! = 4 = 124 = 4(31), and 5! + 4 = 5 = 125 = 5(25), so that the four numbers 122, 123, 124, and 125 are consecutive composites. (There are other sets of four, such as 24, 25, 26, 27 and 32, 33, 34, 35.)

    Even though arbitrarily large clusters of consecutive composites do occur, the following statement can be proved about the number of primes. If π(n) denotes the number of primes less than or equal to the integer n > 1 then for large values of n the number π (n) is approximated by n/log n. This is a rough statement of the Prime Number Theorem, which was proved in 1896 by J. Hadamard and C. de la Vallée Poussin.

    A glance at a collection of primes reveals several pairs of primes which differ by two, e.g., 3 and 5, 5 and 7, 11 and 13, 17 and 19, 101 and 103, etc. Are there infinitely many of these pairs? This is the “twin prime” problem, one of many unsolved problems in number theory.

    Exercise 3.3

    1.	In the system T of multiples of three find two examples, other than those of the example in the text, which have different factorizations.

    2.	Let m be any integer > 1, and show that M, the set of all multiples of m, and ordinary addition and multiplication form a mathematical system. Show that, if p is a prime of J which is not a factor of m, then the number k = m2p2 has two different factorizations into “primes” in M.

    3.	Show that congruence mod 4 separates the set of primes into three non–overlapping classes. How many such classes does congruence mod 8 define?

    4.	Prove that there are infinitely many primes of the form 4k – 1 (such as 3,	7, 11, 23, 31, …). (Hint: Assume p1, …, pr are the only such primes and form the integer n = 4p1p2…pr – 1.)

    5.	Obtain a list of all primes less than 300 by the following method (sieve of Eratosthenes): First, write down 2, and then proceeding through the ordered integers write down only those which are not multiples of numbers that have already been listed. So we write 2, 3, 5, 7, 11, 13, 17, 19, 23, etc. (Or the numbers from 2 to 300 can all be written and then the multiples crossed out: [image: ][image: ]

    6.	Show that no formula of the type

[image: image]

can represent a prime for every integer n. (Consider f(ao).)

    7.	What can you say about the factorization of an arbitrary integer?

    8.	Prove that, if n is a positive integer such that 2n – 1 is a prime, then n is a prime. (Note that 25a – 1 = (2a)5 – (2a)4 + (2a)4 – (2a)3 + (2a)3 – (2a)2 + (2a)2 – 2a + 2a – 1.)

    9.	Show that each integer n > 1 is the product of a perfect square and a square–free integer, and that this representation is unique. (An integer is squarefree if none of its factors greater than one is a perfect square.)

    10.	Use the Fundamental Theorem of Arithmetic to show	that, if p is a prime and b is an integer such that b [image: ] 0 mod p, then ab ≡ 0 mod p implies a ≡ 0 mod p.

    11.	Find three different sets of five consecutive composite integers.

    12.	Draw a graph of π(n)/n for n between 1 and 30.

    13.	Prove that there is no prime p such that pn = 2m – 1	where n and m are integers greater than 1.

    14.	Prove that there is no prime p such that pn = 2m + 1 where n and m are integers greater than 2.

    15.	Prove that n! is divisible by 1 + 2 + · · · + n if and only if n + 1 is not an odd prime.

    3.4	Greatest Common Factor

    Up to now we have been concerned only with the factors of a single positive integer, but here we introduce the concept of common factor.

DEFINITION 3.4. A positive integer t is a common factor of a nonempty set S of positive integers if and only if t is a factor of every element of S.

    Clearly 2 and 3 are both common factors of the set {6, 12, 60}, and 2 is certainly a common factor of the set of all positive multiples of 10.

    By Theorem 3.6 the collection of all common factors of a nonempty set S of positive integers is a finite set Fs. For the set S has a smallest element s by the Well-Ordering Theorem, and since s has at most s distinct positive factors we see that Fs cannot have more than s elements. And since a finite set of integers (in this case Fs) naturally contains exactly one maximal element, we conclude that a nonempty set S possesses a unique greatest common factor (or G.C.F.).

THEOREM 3.11. A nonempty set of positive integers possesses a unique greatest common factor.

    If S is a finite set denoted by {al, · · ·, an}, then the G.C.F. of S is often symbolized by (al, · · ·, an). Thus the G.C.F. of the set {9, 12} is indicated by (9, 12), and clearly

(9, 12) = 3.

(The context in which this symbolism is used will enable us to distinguish G.C.F. from ordered pair.)

    The concept can be extended to sets of integers not all of which are zero by defining the G.C.F. of such a set to be the G.C.F. of the distinct absolute values. Then by the above argument the G.C.F. of such a set exists and is a unique positive integer.

    Theorem 3.11 is an existence theorem which gives no indication of how to find the G.C.F. With this problem in mind we restrict our attention to finite sets of positive integers, and especially to sets of two positive integers.

THEOREM 3.12 (THE EUCLIDEAN ALGORITHM). The minimal nonzero remainder rm in the following set of equations is the G.C.F. of the two positive integers a and b:
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    We see that the set of equations is obtained by repeated application of the Divisor Theorem, and the set is finite since the remainders are all positive integers less than a and are all distinct.

    First we note that the G.C.F., (a, b) = d, is a factor of both a and b since it is a common factor, so that by writing the first equation as

[image: image]

and applying the distributive law we conclude that d is a factor of r1. Writing the second equation as
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we see also that d is a factor of r2. Continuing in this fashion we conclude finally that d is a factor of rm.

    However, if we start at the bottom and work up we see that rm is a common factor of a and b. The last equation
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shows that rm is a factor of rm – 1 Then the distributive law and the next-to-last equation
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show that rm is also a factor of rm_2. Since each equation up from here involves the two preceding remainders we conclude that rm is a common factor of the m + 2 positive integers rm, rm – 1, · · ·, r1, a, b.

    Now we mesh these two pieces of information, which imply that
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and
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and conclude that

[image: image]

    Thus we have a straightforward routine for finding the G.C.F. of two positive integers. Certainly the number of steps is not greater than one plus the larger of the two integers.

    Little use is made in the above discussion of the integers qi. These integers are of considerable importance, however. If the set of m + 1 equations of the algorithm is collapsed into a single equation by eliminating the m – 1 remainders rl, r2, · · ·, rm – l, then an expression for the G.C.F. as the sum of a multiple of a and a multiple of b is obtained. The following example illustrates this.

    Example 1. Find d = (382, 26).

[image: image]

Therefore 2 = (382, 26). Now we solve the first equation for 18 and substitute in the second equation:

[image: image]

Solving this for 8 yields

8	= 15(26) – 1(382),
 
and by substituting this and the expression for 18 in the third equation we get

1(382) – 14(26) = 2[15(26) – 1(382)] + 2.

Therefore

2	= 3(382) + (–44)(26),

and the G.C.F. of 26 and 382 is expressed as the sum of multiples of 26 and 382.

    This example indicates, then, that the Euclidean algorithm can be used to find integers (not necessarily positive) x and y for the positive integers a and h such that
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From this idea we can develop an interesting characterization of the G.C.F. of a and b.

THEOREM 3.13. The least positive integer n of the form
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for integers x and y is the G.C.F. of the two positive integers a and b.

    Consider the set G of all the positive integers of the form ax + by, where x and y are integers (not necessarily positive). Since
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and

[image: image]

we see that a and b belong to G. Thus [image: ] and so by the Well-Ordering Theorem G contains a smallest element n which by definition of G is of the form
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for some integers x and y. Therefore for any two positive integers a and b, such a positive n exists.

    Now we must show that n = (a, b). Denoting (a, b) by d, we know that
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for some integers r and s since a and b are multiples of d. Then by substituting we see that

[image: image]

and so d, as a factor of n, is no larger than n by Theorem 3.6,

[image: image]

    On the other hand, n is a common factor of a and b as we can see from the minimality of n. For, using the Divisor Theorem, we obtain
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and, if r ≠ 0, then r is an element of G since
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But this is impossible since n is the smallest element of G. Therefore
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and n is a factor of a. In exactly the same way we can show that n is a factor of b, for by the Divisor Theorem

[image: image]

and if r' ≠ 0, then, since
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r' is an element of G. Since n is the smallest element of G this is impossible, so that r' must be zero. So
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and we conclude that n is a common factor of a and b. This means that
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since d is the G.C.F. and, from the two inequalities,
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the only possible conclusion is
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Thus the theorem is proved.

    Since the Euclidean algorithm provides us with a simple routine for finding (a, b) and for finding integers x and y such that
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the characterization provided by Theorem 3.13 is of no practical importance in dealing with the elements of J. However, alternative characterizations of concepts are often of great importance as aids in extending these concepts to other mathematical systems and in generalizing them. In a later chapter we shall see how Theorem 3.13 suggests a method for extending a system in which factorization is not unique to one in which factorization is unique.

    Now we ask whether there exists a method for finding the G.C.F. of a finite set of positive integers, {a1, a2, · · ·, am}, where m > 2. Since the Euclidean algorithm provides a way for handling two integers, we might expect some repeated application of that algorithm to various pairs to yield the G.C.F., and that is the case. We prove a reduction theorem which indicates the procedure to be followed.

THEOREM 3.14. If{al, a2, · · ·, am} is a set of m > 2 positive integers, then
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    This theorem states that to find the G.C.F. of the integers 211, 991, and 772 we first find the G.C.F. d of two of them, say

d = (991, 772),

and then find the G.C.F. of d and the unused integer 211. More succinctly, 

(991, 772, 211) = ((991, 772), 211).

    In the proof of the theorem we use the notation
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and
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thus
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We shall prove that h = k by obtaining the two inequalities, h ≤ k and k ≤ h.

    Since k = (d, a3, · · ·, am) surely k is a common factor of each of the integers d, a3, · · ·, am. But is a common factor of a1 and a2, so that we have
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Then substitution yields
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so that k is a common factor of the m positive integers al, a2, · · ·, am, and so

[image: image]

since h is the G.C.F. of {al, a2, · · ·, am}.

    On the other hand, h is a common factor of {al, · · ·, am} so that there are integers bi such that
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Since d = (al, a2) we know by Theorem 3.13 that there are integers x and y such that

[image: image]

Then substitution yields

[image: image]

and we see that h is a factor of d. This means that h is a common factor of the set {d, a3, · · ·, am} and so

[image: image]

    Consequently h = k, and the theorem is proved.

    Corollary 3.14.1. If {a1, a2, · · ·, am} is a set of positive integers, then there exist integers xl, x2, · · ·, xm such that
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    This is proved by induction, using the preceding two theorems. Certainly for m = 3 we have
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and
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for some integers xl, x2, y1 and x3 by the previous theorems. Then substitution yields

[image: image]

and since k = (al, a2, a3) this means that there exist integers x'i, i = 1, 2, 3. such that

[image: image]

The general statement is proved in exactly this way from the induction hypothesis.

    •	Example 2. Find (486, 288, 204), and express it linearly in terms of the three numbers 486, 288, and 204. We compute:

[image: image]

Thus 18 = (486, 288), and we express 18 linearly in terms of 486 and 288 by collapsing the set of the first three equations:

[image: image]

So

18 = 198 – 2(90) = [1(486) – 1(288)] – 2[2(288) – 1(486)],

and

18 = (486, 288) = 3(486) + (–5)(288).

Then we compute (18, 204):

[image: image]

Therefore

6 = (18, 204) = (486, 288, 204)

and

6 = 204 + (–11)18 = 204 + (–11)[3(486) + ( –5)(288)]

so that

6 = (486, 288, 204) = (–33)(486) + (55)(288) + (1)(204).

    We note again that the G.C.F. of a set S of arbitrary integers not all zero is the G.C.F. of the set of absolute values of the elements of S. Thus the G.C.F. of {486, –288, –204} is, by the above work, precisely 6. Moreover, we can write

6	= (–33X486) + (–55)(–288) + (–l)(–204).

    Exercise 3.4

    1.	Use the Euclidean algorithm to compute (320, 144) and express it in the form 320x + 144y.

    2.	Find integers x and y such that

(7469, 2387) = 7469x + 2387y

    3.	 Find (10672, –4147).

    4.	 Show that a positive integer n is the G.C.F. of the positive integers a and b if and only if (i) n is a common factor of a and b, and (ii) every common factor of a and b is a factor of n. (Hint: Use Theorem 3.13.)

    5.	Find (991, 772, 211).

    6.	If a, b, and c are positive integers, does ((a, b), c) = (a, (b, c))? Why?

    7.	Let a and b be integers (not both zero) and consider the set
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Show that:

    (i)	Tis closed under addition and subtraction (i.e., the sum and the difference of any two elements of T are in T).

    (ii)	T has a smallest positive element t.

    (iii)	t = (a, b) the G.C.F. of {a, b}.

    8.	Show that a set of integers closed under subtraction is also closed under addition. (See Problem 7(i).)

    9.	Show that the number of steps in the Euclidean algorithm can	be	reduced (in general)	by selecting the remainders ri + 1 so that – ri/2 < ri + 1	<	ri/2.	Then

    we would write Example 2 of this section as:
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    10. Show	that, if	a, b, c, and	d are integers such that	a	=	bc	+	d	and |a| + |b| ≠ 0,	then (a,	b) = (b, d).

    11.	Show that the integers x and y in the expression
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are not unique by adding and subtracting abn, n an	arbitrary integer:
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Find three different pairs of x and y	for the a and b of Example 1.

    12.	Show	that, if	x and y are	integers such that (a, b)	=	ax	+	by,	then (x, y) = 1. (Use Theorem 3.13 and the Cancellation Law.)

    13.	Find an integer x such that

[image: image]

(See Example 1.)

    14.	Show that the smallest element t of the set	T in Problem 7 is	a factor	of every integer in T. (Hint: If t = ax + by, m =	ax' + by', and m	=	qt	+	r, then r ∈ T.)

    15.	Show that (a, bc) = (a, b)(b, c) if (b, c) = 1.

    16. Prove that (a, a + k) is a factor of k, where a and k are integers not both zero.

    3.5	Unique Factorization Again

    The theory of the common factor provides us with a theoretical device for checking through the primes in a factorization of an	integer n	>	2	and showing that, if p is a prime factor of n, then it must be	one	of the	primes in the factorization. The details follow.

DEFINITION 3.5. Two integers a and b, not both zero, are relatively prime if and only if (a, b) = 1. A set of nonzero integers is a relatively prime set if and only if the G.C.F. of the set is 1.

    The material of the last section provides criteria and methods for checking to see if two integers are relatively prime or not.

THEOREM 3.15. Two nonzero integers a and b are relatively prime if and only if integers x and y exist such that ax + by = 1.

    This is a consequence of Theorem 3.13. We note that (|a|, |b|) = (a, b) by definition.

THEOREM 3.16. If p and q are primes, then either p = q or (p, q) = 1.

    The positive factors of p and of q are, respectively, 1 and p and 1 and q. If p q, then 1 is the only common factor of p and q so that (p, q) = 1.

THEOREM 3.17. If a, b, and c are positive integers such that (a, b) = 1 and a is a factor of be, then a is a factor of c.

    From (a, b) – 1 we know there are integers x and y such	that

1 = ax + by,

and since a | bc we know that

bc = ak

for some integer k. Therefore
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and we conclude that a is a factor of c.

    We use these last two results to prove the key to another proof of the uniqueness of the factorization into primes.

    Lemma 3.1. If p is a prime factor of the positive integer m which is expressible as
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where the pi are all primes, then p equals one of the pi.

    This rather obvious-looking result is proved by mathematical induction on n, the number of prime factors pi. If n = 1, then m = p1 is a prime, and since p is given to be both a prime and a factor of m, we must conclude p = p1. Thus the proposition for n = 1 is proved.

    Our induction hypothesis states that, if p is a factor of an integer which is a product of k primes, then p is equal to one of these primes. So suppose P |(P1P2 ··· PkPk + i) then we must show that p equals one of the pi Compare p and Pk + l if p = Pk + i we are through. If p ≠ pk +1,  then by Theorem 3.16 (P Pk+i) = 1, and so by Theorem 3.17 we see that since

[image: image]

we have
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Then by the induction hypothesis we conclude that p equals one of the primes pl ···, pk. So in either case (the two cases are defined by p = pk + 1 and p ≠ Pk + i) P equals one of the pi, 1 ≤ i  ≤  k + 1, and the induction is complete.

    This is the lemma which is necessary for the formalization of the following heuristic argument for the uniqueness of prime factorizations. Suppose
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where the pi and qj are primes, 1 ≤ i ≤ m and 1 ≤ j ≤ r. Compare p1 and q1; if p1 = q1 then we cancel it from both sides of the equation. If p1 ≠ qu then P1 “must” be a factor of q2 • •qr, so we compare p1 and q2 etc. “ Eventually” we see that p1 equals one of the q1 and we cancel from both sides. Then we repeat with p2, etc. After a finite number of steps the left side equals 1 and so must the right.

    We can now show an alternative proof of Theorem 3.8, discussed earlier.

    Second Proof of Theorem 3.8. We use the Second Principle of Induction. Certainly 2 is uniquely factorable into primes since it is a prime. This begins our induction since 1 is not covered by the proposition. Now our induction hypothesis states that any integer greater than 1 and less than s is uniquely factorable into primes. Consider the integer s, and suppose it has the factorizations
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where pi and qi are primes for 1 ≤ i ≤ m and 1 ≤ j ≤ r By the lemma above, p1 as a factor of

[image: image]

must equal one of the qi and because of the Commutative Law we can take

[image: image]

Then

[image: image]

is an integer less than s since p1 > 1 (as all primes are) implies

[image: image]

And we can take s/p1 > 1, since s/p1 = 1 implies

[image: image]

and no more needs to be said about that case. Thus the induction hypothesis can be applied to s/p1 and we conclude that m = r and

[image: image]

Since p1 = q1 this means that the factorization of s into primes is unique up to a permutation of the factors. This completes the induction.

The uniqueness of factorization into primes can be used to prove the nonexistence of rational numbers with certain properties. In particular we can show that there is no rational number whose square is a prime.

THEOREM 3.18. There exist no positive integers a and b such that

[image: image]

where p is a prime.

    Suppose integers a and b exist such that

[image: image]

If d = (a, b), then a = a1d and b = b1d, and so

[image: image]

implying that

[image: image]

Moreover, (a1 b1) =  1 since

[image: image]

implies, after cancellation,

[image: image]

Now the equation

[image: image]

means that p is a prime factor of a12, and since the prime factors of a12 are precisely the prime factors of a1 written twice (this is where the Unique Factorization Theorem comes in) we conclude that p is also a prime factor of a1. But as noted in the previous sentence each prime factor of a1 appears twice (at least) as a prime factor of a1. In other words,

[image: image]

implies

[image: image]

Therefore substitution in a12 – pb2 yields

[image: image]

By the Cancellation Law this means that

[image: image]

From this equation we conclude in exactly the same manner that p is a factor of b2 and hence of bx. Therefore from our assumption that integers a and b exist such that

[image: image]

we obtain the conclusions that

[image: image]

and that p is a common factor of a1 and b1.

    This contradiction proves the theorem.

    The connection with rational numbers is made by the observation that

[image: image]

can be written as

[image: image]

so that

[image: image]

or

[image: image]

    In dealing with rational numbers, incidentally, we often make use of a concept in J closely related to that of G.C.F.

DEFINITION 3.6. The least common multiple (L.C.M.) of a set {a1 a2, • • •, a2} of nonzero integers is the smallest positive integer which is a multiple of each of the integers a1, a2,…,am’ 

    Since the integer

|a1, a2,•••am|

is both positive and a multiple of each aif the set M of all positive common multiples of all the 0t is certainly not empty. Therefore M contains a unique minimal element, proving the following result.

THEOREM 3.19. Each finite set of nonzero integers has a unique L.C.M.

    If the integers in the set are factored into primes, then the L.C.M. of the set is easily found by multiplying together the highest power of each prime which is a factor of one of the integers in the set. To find the L.C.M. of the set {9, 10, 12} we note that 22 is the greatest power of 2 which is a factor of one of the elements, as is 32 the greatest power of 3, and 5 the greatest power of 5, dividing elements of the set. Therefore

[image: image]

is the L.C.M. of {9, 10, 12}.

THEOREM 3.20. The L.C.M. of {a1, a2, …, an} is the product of the maximal powers of primes which occur as factors of the integers ai

    Denote the L.C.M. of {a1 • • •, an} by m and the product of the maximal prime power factors by k. First we will show that m ≤ k by showing that k is a common multiple of all the ai. Consider an integer of the set, say a1.

Now a1 is factorable as

[image: image]

where the pi are distinct primes and the ei are positive integers. Since k is the product of the maximal powers of primes which divide some one of the ai certainly each pi appears as a factor of k, and to at least as great an exponent as ei by the maximality used to define k. Therefore a1 is certainly a factor of k, and since the same argument is valid for the other a1 we conclude that k is a common multiple of the set. Thus m ≤ k.

    Now consider the prime factors of m and k. If ps is the maximal power of p which is a factor of k, then, by definition of k, ps is a factor of at least one element, say al of the set. But m is a multiple of al so we see that ps is a factor of m,

[image: image]

By the same argument, if qt, q ≠ p, is the maximal power of the prime q which is a factor of k, then

[image: image]

Now (qt, ps) = 1 by the uniqueness of prime factorization, so from Theorem 3.17 we see that qt is a factor of ml and

[image: image]

Clearly continuation of this argument shows that A: is a factor of m, and so

[image: image]

    Then from these two inequalities we conclude that k = m, and the theorem is proved.

    Of course it is possible that the L.C.M. of a set of integers which are not factored (or not easily factored) may be desired, and this raises the question of whether the Euclidean algorithm or some other routine can be used to find the L.C.M. Such a procedure should, if possible, replace the process of factorization by a combination of arithmetic processes. First we consider the situation for sets of two elements.

THEOREM 3.21. If a and b are positive integers, then ab!(a, b) is the L.C.M. of {a, b}.

    Denote (a, b) by d. Since d is a factor of a and b,

[image: image]

we see that

[image: image]

and so x is a common multiple of a and b. Thus x is at least as large as m, the L.C.M. of {a, b}.

    Now let ps be the maximal power of the prime p which divides x. Since x = ab1 we know by the uniqueness of factorization that, if p is a factor of x, then p is a factor of a and/or b1. Similarly, since x = bal then p is a factor of b and/or a1. Now (al b1) = 1 surely, so that a1 and b1 cannot both have p as a factor, and we will take (bl p) = 1. This means that ps, as a factor of x = abl, is necessarily a factor of a, and since m is a multiple of a we see that ps is a factor of m. Continuing in this manner we show that all the maximal powers of primes dividing x are also factors of m. So x is a factor of m, and hence x ≤ m. This combines with m ≤ x to show that x = m.

    This result means that we have two ways of finding the L.C.M. of {486, 288}. From the factorizations into prime powers,

[image: image]

we conclude that the L.C.M. is 25 • 35. However, since we know that (486, 288) = 18 from Example 2 of the previous section, we can find the L.C.M. by evaluating (486)(288)/18.

    The method based on the G.C.F. can be extended to sets of more than two positive integers by the following reduction theorem.

THEOREM 3.22. If {a1, a2, • • •, an} is a set of positive integers with n ≤ 3, then its L.C.M. equals the L.C.M. of {m, a3, • • •, an}, where m is the L.C.M. of{a1, a2}.

    This is a consequence of Theorem 3.20, for surely a prime power factor of some one of the n integers al, a2,• • •,an is also a factor of one of the n – 1 integers m, a3, • • •, an since m is a common multiple of a1 and a2. The argument also reverses, since a maximal prime power factor of m is by Theorem 3.20 a factor of a1 and/or a2.


    Example 1. Find the L.C.M. of {486, 288, 204}. From the above work we see that the L.C.M. of {486, 288} is 7776, so consider the set {204, 7776}. By one method or another we find that

(7776, 204) = 12.

Thus the L.C.M. of {7776, 204} is (7776)(204)/12 = (7776)(17). So the L.C.M. of {486, 288, 204} is 132, 192.

    Exercise 3.5

    1.	Find the positive integers less than 20 which are relatively prime to 20. (Note: We say that a is relatively prime to b if (a, b) = 1.)

    2.	Define a relation on the set of positive integers by the rule: aRb if and only if (a, b) = 1. Is this relation reflexive, symmetric, or transitive? Explain.

    3.	Find integers x and y such that

21x + l7y = 1.

Is there an integer m such that 21 m ≡ 1 mod 17? Explain.

    4.	Show that, if p and q are prime factors of the integer m, p ≠ q, then pq is a factor of m.

    5.	Use the argument of Theorem 3.18 to show that there is no rational number whose third power is 2.

    6.	Show that [image: image] is not rational. Can you generalize this?

    7.	For a fixed prime p let B be the set {b: b ∈ R, b > 0, and b2 >	p}	and A be the set R – B. Show that the pair (A, B) is a Dedekind cut of R.

    8.	What is meant by, “Reduce the fraction a/b to lowest terms”? Is this based on a reasonable criterion for selecting a representative of a/b?

    9.	How is the L.C.M. used in dealing with the arithmetic of R? Why? (See Problem 8.)

    10.	Show that all of the factors of n = [image: image] where the pi are distinct primes and the ei are positive integers, are of the form

[image: image]

    where 0 [image: image]

    11.	In how many different ways can the number n of Problem 10 be expressed as a product of two relatively prime integers?

    12.	Show that, if a is a factor of b, then (b, c) = 1 implies (a, c) = 1.

    13.	Are there integers x and y such that x + y = 50 and (x, y) = 6? Explain.

    14.	Find a set of three positive integers which is a relatively prime set such that no proper subset is a relatively prime set.

    15.	Find all positive integers x and y such that (x, y) = 8 and the L.C.M. of {x, y) is 64. (Hint: Set x = 8a, y = 8b, where (a, b) = 1.)

    16.	Find the L.C.M. of {11, 111, 1111} by two methods.

    17.	Prove that if a and b are positive, relatively prime integers such that ab = n2 for some integer n, then a and b are squares of integers.

    18.	Show that the rational number

[image: image]

n a positive integer, is never a rational integer.






    3.6	Euler’s Totient

    The counting functions on the set of positive integers are functions which, for each positive integer n, count the set of positive integers which are no larger than n and have some special property. We mentioned one of these functions earlier in discussing primes, viz., the prime-counting function defined by

[image: image]

No simple arithmetic formula is known for determining [image: image].

Now we consider another such function, the totient or phi-function, and derive a formula for it based on the factorization of n into primes.

DEFINITION 3.7.	The totient, or phi-function, is the function on P, the set of positive integers, determined by

[image: image]

such that (a, n) = 1.

    Thus [image: image] Furthermore [image: image] for each prime p since the only positive factors of p are 1 and p.

    Before attempting to find a formula for [image: image] we wish to point out a characterization or alternative definition of the function. This characterization is based on the rather elementary fact that (a, b) = 1 if and only if (a, r) = 1, where

[image: image]

Certainly the equation

b = aq + r

shows that any common factor of a and r is a factor of b, and the equation

r = b – aq

shows that any common factor of a and b is also a factor of r.

THEOREM 3.23. If n is a positive integer, then [image: image] is exactly the number of equivalence classes modulo n which contain only elements relatively prime to n.

    We identify the n equivalence classes by the remainders:

[0]	, [l],…,[n – 1].

Then, if r is a positive integer less than n such that (r, n) = 1, certainly by the above observation (b, n) = 1 for every b ∈ [r]. On the other hand, if every element of [r] is relatively prime to n then we must have (r. n) = 1. Thus [image: image] is precisely the number of classes modulo n which contain only elements relatively prime to n.

    Note that the above argument shows that, if one element of [r] is not relatively prime to n, then no element of [r] is relatively prime to n.

    The above example leads us to suspect that there should be an arithmetic formula for [image: image] when p is a prime, so we consider the powers of [image: image] [image: image] and so forth. The integers between 1 and 27 which are relatively prime to 27 are precisely those integers which are not multiples of 3. Since there are 9 positive multiples of 3 not greater than 27, viz., 3 = 1(3), 6 = 2(3), 9 = 3(3), 12 = 4(3), 15 = 5(3), 18 = 6(3), 21 = 7(3), 24 = 8(3), and 27 = 9(3), we conclude that [image: image]

THEOREM 3.24. If p is a prime, then [image: image] for each positive integer n.

    When n = 1, surely [image: image] as we remarked above. Consider pn for n > 1; since the only distinct prime factor of pn is p, certainly any positive integer which is not a multiple of p must be relatively prime to pn. Since there are exactly pn-x multiples of p which are positive but not greater than [image: image] by the cancellation law) we see that

[image: image]

    Now, how do we pass from this to a formula for [image: image] where r is a composite? Looking at some examples:

[image: image]

However, [image: image] so we might conjecture that the factorization into relatively prime factors is the clue.

THEOREM 3.25. If m and n are positive integers such that (m, n) = 1, then [image: image]

    To prove this we rely heavily on the characterization of the totient in Theorem 3.23. Denote [image: image] by s and [image: image] by t. Then s is the number of equivalence classes modulo m which consist of elements relatively prime to m, and t is the number of equivalence classes modulo n which contain only elements relatively prime to n. Now select integers x and y such that (x, m) = 1 = (y, n) and form

u = nx + my.

We claim that (u, mn) = 1. For suppose p is a prime factor of mn. Since





    Do such integers exist? Well, we know that (m, n) = 1, and from this condition we get an equation

am + bn = 1

for some integers a and b. Multiplying this by w yields

w = warn + wbn.

By the Divisor Theorem,

[image: image]

Substituting these we get

w = ym + (wb + q1m)n

and

w = xn + (wa + q2n)m,

or

w ≡ ym mod n

and

w ≡ xn mod m.

Furthermore, from these equations we	see that (y, n) = 1, since a common factor of y and n would be a common factor of w and n as

w = ym + kn,

and similarly

(x, m) = 1.

Further substitution yields

[image: image]

and so

w ≡ xn + ym mod mn.

This means that the number of classes consisting of elements relatively prime to mn is no greater than the number of elements of the form

xn + ym,

where [image: image]

    Therefore [image: image] and we conclude from this and the other inequality that

[image: image]

    To illustrate how this proof works we will go through it again using integers.



(m, n) = 1 we know that p is a factor of only one of the two, say m. Then if p were a factor of u we could write

[image: image]

which would show that p is a factor of nx. But equations (n, m) = (x, m) = 1 imply that this is impossible. So we see that (u, mn) = 1.

    If we count the number of such integers u which can be	formed	we see that there are st such integers since there are s choices for x and t choices for y. If we can show that these st integers lie in different equivalence classes modulo mn, then we will have shown that

[image: image]

So assume that two numbers of this form are in the same class:

[image: image]

where 1 ≤ xi < m, (xi, m) = 1, 1 ≤ yi < n, (yi, n) = 1,	for i =	1 and 2.

Therefore

[image: image]

for some integer k, and we have

[image: image]

an equation which implies, since (m, n) = 1, that m is a factor of x1 – x2 and n is a factor of y1 – y2. But x1 and x2 are positive integers less than m, and y1 and y2 are positive integers less than n so that

[image: image]

Since 0 is the only multiple of m between – m and m we see that

[image: image]

Similarly y1 = y2. Thus the st numbers of the form nx + my lie in distinct classes modulo mn, and

[image: image]

    Now suppose w is an integer relatively prime to mn, (w, mn) = 1. Then certainly w is relatively prime to each of the integers m and n, so that (w, m) = (w, n) = 1. We wish to show that there are	x and y such that 1  ≤ x < m, 1 ≤ y < n, (x, m) = (y, n) = 1, and

[image: image]

Since this means that

w = (xn + ym) + kmn 

for some integer k,	we see that x and y must satisfy	congruences

[image: image]

and

[image: image]




Thus each of the multiples lies in a different class modulo 9. Multiplying the congruences we have

[image: image]

or

[image: image]

which states that the difference,

[image: image]

is divisible by 9. Since the six numbers 1, 2, 4, 5, 7, 8 are relatively prime to 9, we see that 9 is a factor of 56 – 1. Thus

[image: image]

In this example we use the fact that

[image: image]

imply

[image: image]

This is verified easily by writing

[image: image]

then multiplying we get

[image: image]

So

[image: image]

    Obviously this can be extended to more than two congruences by a simple induction argument.

    Now for the proof of the theorem. Denote [image: image](m) by n and the [image: image](m) numbers between 0 and m which are relatively prime to m by [image: image] Multiplying each of these by a we get the n numbers [image: image] As in the example we wish to show that each of these is relatively prime to m and that no two are congruent modulo m. Certainly [image: image] implies [image: image] for a common prime factor of ari and m must certainly divide either a or ri by the uniqueness of prime factorization.

    To show that no two of the n products are congruent mod m, suppose

[image: image]

Then

[image: image]



for some integer k, so that m is a factor of the product a([image: image]). Since (a, m) = 1 this means that m is a factor of [image: image]. But ri and rj are positive integers less than m, so that

[image: image]

and since zero is the only multiple of m in this range, we have ri = rj. Thus the n numbers [image: image] lie in different equivalence classes mod m.

    This means, since the n classes of elements relatively prime to m are represented by the least residues or remainders [image: image] that

[image: image]

where r'i is one of the numbers [image: image].

    Multiplying these n congruences we get

[image: image]

and since

[image: image]

by the Associative and Commutative Laws, this means that

[image: image]

Since [image: image] this implies that m is a factor of an – 1. Thus

[image: image]

    Corollary 3.27.1 (Fermat's Little Theorem). If p is a prime and a is an integer, then

[image: image]

    Consider [image: image] Either p is a factor of a or (a, p) = 1. If (a, p) = 1 then, since [image: image](p) = p – 1, Theorem 3.27 implies that p is a factor of ap-1 – 1. In either case ap – a is a multiple of p, and

[image: image]

    The methods and results of this section indicate that an arithmetic for the equivalence classes modulo m is feasible and desirable. The existence of a sufficiently nice arithmetic of residue classes would enable us to shorten the above proofs and to apply the above results in a much easier manner. We shall see that the concept of congruence, which was introduced as a convenient notation, leads to the development of new mathematical systems containing only finitely many elements. These systems are useful in the study of the system of integers but are even more important as examples of a method of analyzing abstract algebraic systems. This is discussed in Chapter 5 and later chapters.



Exercise 3.6

    1.	Evaluate [image: image](49), [image: image](50), [image: image](100), [image: image](1000).

    2.	Find all positive integers m such that [image: image](m) =10.

    3.	Show that, if p is a prime not 2 or 5, then it is a factor of infinitely many of the numbers 9, 99, 999, • • •

    4.	Show that, if m is an odd, positive integer, then the numbers 2, 4, 6, • • •, 2m represent the m equivalence classes mod m.

    5.	By considering the prime power factors of m show that, if m is a composite greater than 4, then

[image: image]

    6.	Show that (7 – 1)! [image: image] 6 mod 7 by showing that the products 2(4) and 3(5) are congruent with 1 mod 7. Can you show that (11 – 1)! [image: image] 10 mod 11 in the same way ? How would you generalize this ?

    7.	Use Euler’s Theorem to show that, if ab [image: image] c mod m and (a, m) = 1, then b = ca[image: image](m)-l mod m.

    8.	From the integers of the sets {1, 2} and {1, 3} construct four integers relatively prime to 12 by the method used in proving Theorem 3.25.

    9.	Show that the product of the integers 3, 6, 9, and 12 is congruent mod 5 with the product of 1, 2, 3, and 4.

    10.	For what integers m is [image: image](m) odd?

    11.	Verify that [image: image](1) + [image: image](2) + [image: image](3) + [image: image](4) + [image: image](6) + [image: image](12) = 12. What conjecture does this suggest?

    12.	Prove that, if 	[image: image] [image: image](mn) = [image: image](m) and n > 1, then n = 2 and m is odd.

    13.	Show that there are infinitely many integers m such that [image: image](m) is a multiple of p, where p is a prime.

    14.	 Show that there is no integer m such that [image: image](m) = 14.

    15.	 Find the last digit in the decimal representation of 3100 by considering 3100 modulo 10 and using Euler’s Theorem.

    16.	Use mathematical induction to prove: (i) If

[image: image]

then

[image: image]

    (ii)	If

[image: image]

then

[image: image]

3.7	Suggested Reading

Articles

Harris, V. C., “A modification of the sieve of Eratosthenes,” Amer. Math. Monthly, 60 (1953), 325-326.

Herwitz, P. S., “The theory of numbers,” Sci. American, 185, July 1951, 52-55.

Polya, G., “Heuristic reasoning in the theory of numbers,” Amer. Math. Monthly, 66 (1959), 375-384.

Thompson, J., “A method for finding primes,” Amer. Math. Monthly, 60 (1953), 175.




Bell, E. T., The Magic of Numbers, McGraw-Hill Book Co., New York, 1946.

Henkin, L., W. N. Smith, V. J. Varineau, and M. J. Walsh, Retracing Elementary Mathematics, The Macmillan Company, New York, 1962.

LeVeque, W. J., Elementary Theory of Numbers, Addison-Wesley Publishing Co., Reading, Mass., 1962.

Ore, O, Number Theory and Its History, McGraw-Hill Book Co., New York, 1948.

Stewart, B. M., Theory of Numbers, 2nd ed., The Macmillan Co., New York, 1964.


            4

Diophantine Problems


SOMETIMES WE ARE  confronted with problems which require, or reduce to, the finding of integers with certain properties. Frequently these problems are such that the conditions can be stated as equations or inequalities which the integers must satisfy. Such problems, and the equations and inequalities, are often called Diophantine after the Greek mathematician Diophantos who wrote extensively on the subject. In this chapter we consider certain simple Diophantine problems which can be treated by using the methods and concepts of the previous chapter.

    To a degree this material represents a digression from the central theme of our study, the analysis of algebraic systems. However, we feel that it does contribute to a better understanding of J, the system of integers, as well as being of considerable interest in its own right. Certainly everyone should know something about the topics covered here.



    4.1  Linear Diophantine Equations

    The following is a problem or puzzle of a type which often appears in a newspaper or magazine labeled as a “brain teaser.”

    Problem. Mr. Creasy purchased 100 animals for his farm at a total cost of $2000. If the animals are calves, lambs, and piglets which cost $50, $20, and $5 apiece, respectively, how many of each did he buy ?

    Clearly this problem can be solved in a finite number of steps by simply trying different combinations. However, we shall express the problem as a set of equations and inequalities and devise a reasonably “efficient” routine for solving the problem. If the problem has a solution (and some do not), then there must be integers x, y, and z  such that 


[image: image]

and

[image: image]

Furthermore, x, y,  and z cannot be negative, so that

[image: image]

and the statement of the problem seems to imply that x, y, and z are in fact positive integers.

    How do we treat these equations? First we list a simple theorem about the integers.

THEOREM 4.1.  (1) If a, b, and k are integers, k ≠
 0, then a = b if and only if ka = kb.

    (2) If a, b, c, d, k, and h are integers, k ≠ 0,  then a = b and c = d if and only if a = b and ha + kc = hb + kd.

    The first portion of the theorem has already been discussed as the Cancellation Law. The second part follows from the first and the fact that subtraction is defined on J. If

[image: image]

then certainly 

[image: image]

since the binary operations of multiplication and addition are well-defined.

    Conversely, if

[image: image]

then

[image: image]

and

[image: image]

    There is nothing surprising about this theorem nor about its applications. But by the theorem we can replace the equation

[image: image]

by the equation

[image: image]

without any effect on the possible values of x, y, and z. For the same reasons the two equations

[image: image]

can be replaced by the two equations

[image: image]

without any effect on the values of x, y, and z, since

[image: image]

That is to say, any integers satisfying one pair of equations also satisfies the other pair.

Now the equation

[image: image]

or

[image: image]

is seen to be simpler than the equation it replaces since it does not explicitly involve the integer z. So we say the unknown z has been “eliminated.” But what can we do with an equation such as

[image: image]

    We recall in our discussion of G.C.F. and the Euclidean algorithm that the G.C.F. of two nonzero integers a and b can be expressed in the form

[image: image]

for some integers m and n. Since (3, 1) = 1 this means that there are integers m and n such that

[image: image]

and the Euclidean algorithm can be used to find one pair of integers m and n. Therefore, multiplying by 100 we have

[image: image]

so that integers x and у such that

[image: image]

can be obtained from m  and n.

    However, all numbers obtained in this manner are going to be multiples of 100, and clearly these are too large to be of any use. Moreover, since m and n  cannot both be positive, it seems impossible to use the numbers m  and n to find x  and y. But all is not lost.

DEFINITION 4.1.  An equation of the form

[image: image]

where a, b, c, x, and y  are integers, is known as a linear Diophantine equation  in x  and y.  (It can also be considered a linear Diophantine equation in a  and b.) 


    From our work with the G.C.F. and the Euclidean algorithm we see readily that, for given integers a, b, and c, integers x and y satisfying the equation can exist only if (a, b)  is a factor of c.  Certainly if d  is a factor of a  and b,

[image: image]

then

[image: image]

so, if the integers x  and y  exist, then d is a factor of c.

    As we indicated above the converse is also true. For suppose

[image: image]

is a factor of c,

[image: image]

By the theory of the G.C.F. there exist integers m and n such that
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and so

[image: image]

This proves the following result.

THEOREM 4.2.  There exist integers x and y such that
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a, b, and c nonzero integers, if and only if d = (a, b) is a factor of c.

    We emphasize that the solutions x  and y are integers, not necessarily positive or nonzero.

    However, there can be many solutions of a linear Diophantine equation, for we see that
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How then are the different pairs of solutions related ?

THEOREM 4.3.  Suppose x1 and y1 are integers such that

[image: image]

where a, b, c are nonzero integers, and

[image: image]

Then

[image: image]

satisfy the equation
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for every integer q. Conversely, if x2 and y2 are integers such that

[image: image]

then there exists an integer q such that
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    Direct substitution verifies the first statement since
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    To prove the converse consider the two equations,
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By the transitivity of equality we have
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so that
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Since (a, b) = 1 we see that b, as a factor of the product a(x2 − x1),  must be a factor of x2 − x1 so that
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for some integer q. Thus
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Substitution yields
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so that, since  b ≠  0, 
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and
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    Now we go back to the example we started with; we saw that a solution in integers for
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was provided by
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and taking m = 0 and n  = 1 we have an integral solution,
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Applying Theorem 4.3 we conclude that all integral solutions of the equation are given by
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    where q  is an arbitrary integer. Then substitution in the equation
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yields
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or

[image: image]

    Thus far we have concentrated our attention on the equations; now we use the inequalities
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These yield the following conditions on  q :
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From these we see that q  is an integer between 0 and 34, and so there are exactly 33 different solutions to the problem of Mr. Creasy and the animals.

    Example 1.  Express 100, if possible, as the sum of two positive integers, one a multiple of 7 and the other a multiple of 11. That is, find positive integers x  and у  such that 
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    Since (7, 11) = 1 we know that the equation has integral (although not necessarily positive) solutions. If m  and n  are integers such that 
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then 100m and 100n serve as one solution pair. To find one pair of integers m  and n  we could use the Euclidean algorithm, but with integers the size of 7 and 11 trial and error is quicker. We see that
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    Therefore

x = −300 + 11q and y = 200 − 7 q,    q an integer,

are the integral solutions of
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    Consider the inequalities x > 0 and y > 0. These imply 
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or
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so that q  must be an integer greater than 27 and less than 29. Thus q = 28, and we have
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so that
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is the one and only solution to the problem.

    Example 2.  Find positive integers x  and y  such that
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    By Theorem 4.1 we may consider the equation 

[image: image]

since 8 is the G.C.F. of {208, 136, 120}. From the Euclidean algorithm (modified) we get
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so that
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    Therefore
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the equation 26x + 17 y =  15 has a solution in integers, and
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provide one solution pair. Then the general solution is given by 
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q  an integer.

    The requirement that x and y  be positive produces the inequalities
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    Thus q  is an integer greater than −2 and less than −1. Since there is no such integer we conclude that the equation has no solution in positive  integers.

    These theorems and examples cover the simpler aspects of linear Dio-phantine equations in two unknown quantities and, more generally, sets of n − 1 linear Diophantine equations in n unknown quantities with n > 2. There are, however, methods for finding solutions of linear Diophantine equations in x and y which do not explicitly involve the Euclidean algorithm. Several such methods are discussed in the books by O. Ore, J. V. Uspensky and M. H. Heaslet, and G. H. Hardy and E. M. Wright, as well as in other books on the theory of numbers.

    Exercise 4.1

1.  A man spent $1770 for horses and cows. If each horse cost $31 and each cow $21, how many of each did he buy?

2.  Find integers x and y  such that
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and x + y  is minimal.

3.  Find all positive integers x  and y  (if any) such that
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4.  When Adam handed his weekly pay check to the bank cashier she misread the number of dollars for the number of cents and vice versa. Adam accepted the money without counting it, but after spending $3.20 he discovered to his dismay that he was left with just one-half the amount of his check. Assuming that Adam had no money to begin with, determine the smallest salary that he could be getting.

5.  Find two rational numbers x/5 and y/7  whose sum is 26/35, where x and y are integers.

6.  Prove that the equation 
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where a, b,  and c  are nonzero integers, has a solution in integers if and only if (a, b, c)  = a, b).

7.  For what fractions of positive two-digit integers does the following incorrect rule of reduction give the correct result?
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For example, 16/64 = 1/4 by canceling the common digit 6.

8.  Suppose x  and у  are integers such that 2x + 3y  is a multiple of 17. Show that 9x + 5y  is also a multiple of 17.

9.  Find an integer x  such that 
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and 
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(Hint:  Consider the equations 5x + 39y  = 16 and 7x + 56z = 27.)

10.  Find all integers x such that
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and 
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11.  Find the positive integral solutions of

[image: image]

12.  If 30 people give a total of $50 to the Red Cross, and if each man, woman, and child gives $3, $2, and $1, respectively, how many men are in the group ? 

    4.2  More Linear Diophantine Equations

    A linear Diophantine equation in n unknowns, x1 x2, …, xn,  is obviously an equation of the form 
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where c and the ai are nonzero integers. Since our discussion of G.C.F. included the case of sets of more than two integers, we can easily obtain criteria for the existence of a set of integers  xl …, xn satisfying this equation.

THEOREM 4.4.  There exist integers xl x2, …, xn such that
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where c and the at are integers ≠ 0, if and only if the G.C.F. (al a2 …, an) is a factor of c.

    It is clear that (al a2 …, an)   must be a factor of c  if the integers  xt exist. On the other hand, suppose 
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where
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From the theory of the G.C.F. there are integers bl b2 …, bn  such that
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Therefore
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and the equation has a solution in integers.

    Moreover, we have available a routine based on the Euclidean algorithm for finding a set of integers bl, b2 …, bn.

Example 1.  Find integers x, y, and z such that
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    First we see that
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and clearly
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Then we compare 5 and 36:
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and so
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    Thus the equation has a solution in integers.

    Now

[image: image]

so substituting for 5 yields
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Hence we get, multiplying by 10,
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and the integers x1 = -70, y1 = 70, and  z1 = 10 furnish one solution of the equation.

    Since it is evident that many different solutions can be found we should consider the problem of describing the set of all  solutions. We do this now for the case of an equation in three unknowns, but first we need the following result. 

    Lemma 4.1.  If b and c are nonzero integers, then four integers h, k, r, and s can be found such that 
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    Assume b and c are positive; then from the work on L.C.M. we know that
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where (b, c) and m  are the G.C.F. and L.C.M., respectively, of {b, c}.  Then since m is a multiple of b,

[image: image]

we have for
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    Furthermore, since this implies that 

[image: image]

we see that (k, s) = 1. So by the theory of the G.C.F. there exist integers h and rsuch that 
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Therefore the required integers exist, and we have a way of finding them since the Euclidean algorithm can be used to find h and r.

    Example 2.  If b = 12 and c = 20, then we see that k  = 20/4 = 5 and s = −12/4 = -3. Checking these numbers we get
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     Now (5, −3) = (5, 3) = 1, and by observation we get
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So by selecting h  = - 2 and r = 1 we have
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    We use this result to establish a reduction theorem for an equation in three unknowns.

THEOREM 4.5.  Let a, b, c, and d be nonzero integers and h, k, r,  and s be integers such that hs − kr = 1  and bk + cs =   0.  Then, if x, y, and z are integers such that
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    the integers x, t = sy − kz, and u = hz − ry satisfy the equation

[image: image]

    Conversely, if x, t, and u are integers satisfying this last equation, then x, y = ht + ku, and z = rt + su satisfy the equation
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    It is obvious that, since bk + cs = 0, this theorem reduces the problem of solving
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to that of solving
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an equation in two unknowns.

    The proof is a straightforward, manipulative verification: 
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    And for the converse,
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Therefore if we find all the solutions of the equation in x and t,
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which we know how to do already, then, by allowing u to be an arbitrary integer, we have all the solutions of
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given by
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    Since the solutions x: and t will be given in terms of an arbitrary integer q,  the solutions x, y,  and z will be stated in terms of two arbitrary integers (sometimes called parameters) q and u.

Example 1 (continued). To solve
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completely we must first find the integers h, k, r, and s  of Lemma 4.1. Since
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    we get k = 4 and s = − 5, so that we can choose h = − 1 and r = 1. Clearly
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and 
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Then the equation in x and t is
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and the general solution of this equation is given by 
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where q is an arbitrary integer. Then the general solution of the original equation is given by 
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where q and u are the parameters. The particular solution obtained previously results from the values q = - 8 and u  = − 80.

    Since this reduction is based on Lemma 4.1 we see that a linear Diophantine equation in four unknowns, 
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can be reduced to one involving three unknowns by applying Lemma 4.1 and Theorem 4.5 to the numbers c and d. In other words the theorem sets forth a method for reducing the number of unknowns by one while introducing a parameter. Then an equation in four unknowns would require two reductions, and the general solution would be stated in terms of three parameters or arbitrary integers. Instead of stating the most general theorem we discuss an additional example.

Example 3. Solve the linear Diophantine equation
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    Using the results of Example 2 we see that -2, 5, 1, and -3 are integers such that

[image: image]

and
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In other words these integers serve as h, k, r, and s for eliminating (12z + 20w) from the equation. Then the new equation is
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and the eliminated unknowns are given by 
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 where u is an arbitrary integer.

    We repeat the process on the equation 
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this time eliminating y and t (although we could eliminate x and y or x and t). 

For b − 3 and с = -4 we choose k = 3 and s = 4; then h  and r can be selected as both equal to 1. For these numbers our new equation in two unknowns is
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    and the eliminated unknowns are given by 
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where f is an arbitrary integer.

    Solving the equation
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we obtain the general solution 
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     where q is an arbitrary integer. Working back through our relationship we get
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and
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Then for arbitrary integers u, and f the general solution of the original equation is given by 
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     In particular, when u − q = f = 0 we get the special solution x = 4, y = −l, z = 2, w = −1.

    Of course if we desired the positive integral solutions of the equation we would consider the four inequalities
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    Exercise 4.2

1.  Show that, for arbitrary integers q and u, the integers
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satisfy the equation
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2.  Solve the linear Diophantine equation
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3.  Find a solution in integers of the equation
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4.   Lemma 4.1 was proved only for the case b and c  positive. Complete the proof for nonzero integers.

5.  Find a solution of
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in positive integers, if it has one.

6.  State the general theorem for reducing a linear Diophantine equation in n > 2 unknowns to one in n  − 1 unknowns.

7.  (From the London Times) Every schoolboy knows that to find five unknown quantities he needs five equations, so he would no doubt think at first sight that it was impossible to solve this problem: I bought a number of articles at five different prices, namely at 17 shillings sixpence, 27 shillings sixpence, 96 shillings threepence, 115 shillings sixpence, and 128 shillings four pence each. The total cost was 57 pounds 14 shillings elevenpence. How many articles did I buy of each?

(Note:  1 pound = 20 shillings, and 1 shilling = twelve pence. The answer: 10 of the first, 6 of the second, 1 of the third, 4 of the fourth, and 2 of the fifth.)

8.  Johnny bought 100 marbles, each colored green, red, silver, or blue, for 100 cents. If five green marbles cost 3 cents, seven red ones 5 cents, nine silver ones 7 cents, and each blue one 3 cents, how many of each did he get ? 

    4.3  Linear Congruences

In Example 2 of Section 4.1 we found all of the integers x and y such that

[image: image]

namely, x = 30 + 7q and y = −45 − 26q, where q is an arbitrary integer. In the notation of congruences this means that any integer x of the form x = 304 − 17 q has the property that
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Conversely, if x is an integer such that
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then we see that x must be of the form x = 30 + 17q for some integer q, for certainly the congruence is equivalent to the statement
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for some integer k. This means that x and −k  form a solution of
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Thus our work in Section 4.1 enables us to deal with certain congruences involving unknowns.

DEFINITION 4.2.   A congruence of the form 
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where a, b, and c are positive integers, is called a linear congruence in the unknown integer x. An integer x such that ax' = c mod b is a solution of the congruence.

We see, then, that the problem of finding all the integers x  such that
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is exactly the same as that of finding all the pairs of integers x and y  such that
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    although the role of the integer y  is somewhat obscured.

THEOREM 4.6. The integer x satisfies the linear congruence
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    if and only if there is an integer y such that
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    For, if ax ≡ c mod b, then by definition of congruence mod b the integer ax − c is a multiple of b. Hence there is an integer k such that
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Then for y = −k we have
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    The proof of the converse is obtained by reversing these steps.

    This correspondence between linear congruences and linear Diophantine equations in two unknowns enables us to use our knowledge of the latter to say exactly when a linear congruence has a solution.

THEOREM 4.7. The linear congruence
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has a solution if and only if d = (a, b) is a factor of c. If the congruence has a solution, then there are exactly d different classes mod b of solutions.

    The congruence has a solution if and only if the linear Diophantine equation
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has a solution, by Theorem 4.6. Since the equation has a solution if and only if d = (a, b) is a factor of c, the first statement of the theorem follows.

    Now consider the general solution of the equation 
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namely,

[image: image]

    where x0 and y0 comprise a particular solution and q  is an arbitrary integer.

Certainly the d integers
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lie in different equivalence classes mod b since the difference of any two distinct elements in the list is a nonzero integer between −b and b:
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with m − n ≠
 0 and -d < m − n < d. Furthermore, if t is an integer congruent with one of these d integers, x0 + mb/d, 0 < m < d, then t is a solution of the congruence since
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implies that
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So by the transitivity of congruence mod b we have
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Thus each integer in each of the d classes mod b 
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    is a solution of the congruence ax = с mod b. On the other hand, since the equations
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q an arbitrary integer, describe all the solutions of the equation ax + by = c, we see that every solution of ax = c mod b is of the form
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    It is clear that the integer x0 +(b/d)q must lie in one of the d equivalence classes listed above.

    Example 1. Solve, if possible, the linear congruence 9x: =12 mod 21.

    Since 3 = (9, 21) is a factor of 12 we see that the congruence has a solution. Consider the difference 9x − 12; for what integers x  is this integer a multiple of 21 ? The equations
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provide three solutions. The discussion above indicates that any integer of the form 
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    is a solution, so let us consider these integers :
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Modulo 21, these numbers fall into three classes
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    Naturally if the integers a, b, and c are large we employ the Euclidean algorithm to find d and a particular solution x0.

Example 2. Solve, if possible, the linear congruence
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Since 9 = (963, 657) is a factor of 18 we know that the congruence can be solved and that the solutions comprise 9 equivalence classes mod 963. Collapsing the above set of equations by eliminating 36, 45, and 306, in turn, we obtain
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Therefore
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    and 44 is one solution. The other solutions are the elements of the 9 classes
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    since b/d  = 963/9 = 107.

    The results on linear Diophantine equations can also be used to solve a pair of linear congruences. Suppose we wish to find, if possible, an integer x such that both of the following congruences hold:
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By Theorem 4.6 this is equivalent to the problem of finding integers x, y, and z such that
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and
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In other words we must solve a pair of linear Diophantine equations simultaneously. We will first treat a special case of this problem.

THEOREM 4.8.  There exists an integer x such that
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    where a, b, m, and n are positive integers, if and only if
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    if x and y both satisfy the congruences, then
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(Here (m, n) and m, n denote the G.C.F. and L.C.M., respectively of {m, n}. The restriction that a and b be positive is of no significance.)

    Clearly an integer x exists such that
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if and only if there exist integers r and s such that
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Consider the equation

[image: image]

from Theorem 4.2 we know that integers r and s satisfying this equation exist if and only if (m, n) is a factor of
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Since it is clear that the r and s determine x we conclude that the first statement of the theorem is true.

    Now if x =a mod m and y = a mod m, then x = a + km and y = a + f hm for some integers h and Therefore,
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or
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Similarly
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if x ≡ b mod n and y ≡ b mod n. Certainly x − y is a multiple of <m, n> if it is a multiple of both m and n, since the L.C.M. of {m, n} is a factor of every common multiple of m and n. Therefore we conclude that
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if x ≡ a mod m, x ≡ b mod n, y ≡ a mod b, and y ≡ b mod n.

    From the first part of the above proof we see that values of x (if they exist) can be found from values of r and s. So we have again the problem of solving a linear Diophantine equation.

Example 3. Find an integer x such that
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    We see that such an x exists since
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    So we must find integers r and s such that satisfy the conditions
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or solve the equation
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in integers. The Euclid algorithm can be used, but trial and error yields
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    or r = 7 and s = 5. Therefore
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    is one solution of the pair of congruences. Clearly the congruence class [89] mod <12, 17> consists of all the solutions of the pair of congruences.

    Although we remarked that Theorem 4.8 treated only a special case of the problem of solving a pair of linear congruences, we will show now that Theorem 4.8, or rather its proof, provides a method for solving a pair. This method is illustrated by the following.

Example 4. Solve the pair of congruences

[image: image]

    First we find all of the solutions of
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Since the numbers are small we proceed by trial and error and obtain 5 as a particular solution. Then since (5, 12) = 1 we know that the elements of the congruence class [5] modulo 12 are the solutions of the congruence.

    In the same manner we consider
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and find that 4 is a solution. Since (6, 17) = 1 we conclude that the elements of the congruence class [4] modulo 17 are the solutions of this congruence.

    Now suppose x' is a common solution of these two congruences; then x' must lie in the class [5] modulo 12 and also in the class [4] modulo 17. In other words x' is a solution of the following pair of congruences :
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From Example 3 we know that the solutions of this pair are exactly the elements of the congruence class [89] modulo 204. Therefore x' lies in the class [89] modulo 204.

    Conversely, suppose y is in [89] modulo 204. Then
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for some integer k, so that
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and
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moreover,
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and
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Therefore we see that
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and conclude that the solutions of the original pair of congruences are precisely the elements of [89] modulo 204.

    The procedure followed in this example can be stated as a simple theorem, and this is left as an exercise for the student.

    A special case of Theorem 4.8 which arises when the moduli are relatively prime integers can be extended by mathematical induction to a very old theorem that is the basis for many, many puzzles and brain teasers. It is also a useful result in the study of abstract systems.

THEOREM 4.9 (CHINESE REMAINDER THEOREM). If the n positive integers mlm2, … , mn are relatively prime by pairs (i.e., (mi mj) = 1 if i ≠ j), then the set of n congruences
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has a solution x'. Moreover the solutions of the set are exactly the elements of congruence class [x'] modulo m1m2 mn.

When n = 1 the proposition is trivially true since the congruence
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has as solutions the elements of [a1] mod m1. When n − 2 the proposition is true by Theorem 4.8. So suppose the proposition is true for the positive integer k (the induction hypothesis) and consider the set of k + 1 congruences
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where (mi9 m¡) = 1 for i ≠ j. By the induction hypothesis the set of k congruences
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has a solution r, and the elements of [r] modulo m,  where  m = m2m3 … mk+1, are precisely the solutions of the set.

    Now we consider the pair of congruences,
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First we see that the integers m and m1 are relatively prime since a prime divisor of m is necessarily a divisor of exactly one of the k integers m2, …, mk+1. Since these numbers are relatively prime to ml we conclude that
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Therefore by Theorem 4.8 this pair of congruences has a solution x', and moreover the solutions of the pair are exactly the elements of the congruence class [x'] modulo mm1 Then x' is certainly a solution of the k + 1 congruences
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and it is easy to see that the set of solutions of these k + 1 congruences is exactly the class [x'] modulo m1m2…mk+1. After all, a solution of these k + 1 congruences is certainly a solution of the k congruences
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as well as a solution of
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    This completes the induction and proves the theorem.

    To illustrate the type of puzzle which can be treated systematically as a result of this theorem we shall now solve a well-known “pirate puzzle.”

    Example 5. A band of 13 pirates confiscated a box of x gold coins. Uniform distribution of the coins resulted in a remainder of 8 coins. After two pirates were killed, a redistribution left a remainder of 3 coins. And a redistribution after the death of three more pirates resulted in a remainder of 5 coins. What is the minimal value of x ?

    We can immediately reduce this to the problem of solving the following set of congruences:
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Since (13, 11) = (13, 8) - (11, 8) = 1 we know by the Chinese Remainder Theorem that this set has exactly one solution between 0 and 8(11)(13). To find this integer we first solve the pair
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that is, we seek integers r and s such that
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or
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Since
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we can take
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Then
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is one solution of the pair, and the elements of the congruence modulo 143 (= 11(13)) classes
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are the solutions of the pair.

Now we consider the pair
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To solve this pair we must find integers u and v such that
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or
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Since
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we see that we can use
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Then
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is a solution of this pair. Since all the solutions of this pair, and hence of the original three congruences, are the elements of the congruence class [-41995] modulo 1144 ( = 8(143)), and since 333 is the smallest positive integer in that class,

[image: image]

we conclude that 333 is the answer to the puzzle.

    We note that the Chinese Remainder Theorem can also be used to solve a single congruence,
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    For, if r1 and r2 are integers such that
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    and if r is a number such that
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then we see that
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For
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since
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    Similarly ar − b is a multiple of m2, so since (mb m2) = 1,
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    Exercise 4.3

1.  Show that an integer x such that
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is a solution of
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and conversely, since -11 = 19 mod 30 and -92 = 28 mod 30. What does this show about the assumption, a and b positive, in the problem ax = b mod m ?

2. Solve:
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3.  Solve the sets:
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4.  Solve Problem 2(d) by the method suggested in the final remark of the section.

5.  Solve the pair 5x = -1 mod 12, 35x = 5 mod 45.

6.  Find three consecutive integers which are in turn divisible by 22, 32, and 52. Generalize.

7.  Find a pair of integers satisfying the following congruence in two unknowns :

[image: image]

(Write as a linear Diophantine equation in three unknowns.)

8.  Use Euler's Theorem(а≠m = 1 mod m if (a, m) = 1) to find a solution of
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Is this a very practical method of solution?

9.  Show that the integer a cannot be a solution of the congruence ax = 35 mod 100.

10.  Denote by [r1], [r2], …,[rm] the distinct congruence classes mod m. If the number of solutions of the congruence ax = b mod m is defined to be the number of [rt] such that art s b mod m, restate the theorems of this section using this concept. Show that the concept is independent of the particular element rt picked to represent the set [ri].

11.  If a is selected at random from the set {1, 2, … , 9} and b is selected at random from the set {0, 1, 2, …, 9}, what is the probability that the congruence ax = b mod 10 has no solution?

12.  Let h, k, and p be positive integers with (л, k) = 1. Show that an integer x exists such that (hx + k, p) = 1 when p is a prime. Can you extend this result to the case where p need not be prime? (Consider the Chinese Remainder Theorem.)

13.  Review the proof of Theorem 3.25 and rewrite, using the material of this section.

14.  If x, m, and n are positive integers, when does xm = x mod (10)n imply x2 = x mod(10)n?

    4.4  Pythagorean Triples

    The Theorem of Pythagoras, as every schoolboy knows, states that for a right triangle the square constructed from the hypotenuse has area equal to the sum of the areas of the squares constructed from each of the other sides.

If c is the length of the hypotenuse and a and b are the lengths of the other two sides, then the theorem states that
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Since the Pythagoreans were also quite interested in the integers this result led them to pose the following problem: Find all sets of three integers {x, y, z} such that

[image: image]

Sets such as {3, 4, 5}, {5, 12, 13}, and {8, 15, 17} were known to many ancient peoples. Clearly this is a Diophantine problem of somewhat greater complexity than the linear equation problem.

DEFINITION4.3. A set {a, b, c} of nonzero rational numbers is a Pythagorean triple if and only if a2 +b2 = c2. It is a primitive triple if, in addition, a, b, and с are positive integers and the G.C.F. of {a, b, c} is 1.

    Every Pythagorean triple can be obtained from a primitive triple through multiplication by a nonzero rational and adjusting signs; if {x, y, z} is a primitive triple, then {rx, ry, rz}, { − rx, ry, rz} 9 etc., where r is a nonzero rational, are Pythagorean triples.

    The trivial sets such as {1, 0, 1} and {0, 0, 0} are excluded from consideration as holding no interest.

Lemma 4.2.  If  y9 z) is a primitive triple with x2 + y2 = z2, then:

    (i) x and y are not both even.

    (ii) x and y are not both odd.

    (iii) z is an odd integer.

    To prove (i) we note that, if 2 is a factor of both x and y, then, since
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2 is a factor of z 2, and hence of z. But (x, y, z) = 1, so we see that x and y are not both even.

Suppose x and y are both odd ; then there are integers a and b such that
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Substitution in x2 + y2 = z2 yields
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Consequently,
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    Now the integer z is either even or odd ; z even obviously implies 
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whereas z odd means that
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for some integer c, so that

[image: image]

Clearly, then, the congruence

[image: image]

is impossible, and so x and y are not both odd.

    Property (iii) is a consequence of properties (i) and (ii) since the sum of an odd and an even integer is odd. Thus z2, and hence z, is odd.

    Lemma 4.3. If {x, y, z) is a primitive triple with x2 + y2 = z2 and x even, then:

    (i) (z + y)/2 and (z − y)/2 are positive, relatively prime integers.

    (ii) Positive integers u and v exist such that u2 = (z + j)/2 and 2 - (z - y)/2.

(iii) u > v, (w, v) = 1, and exactly one of the integers « and v is even. Since x is even we conclude from Lemma 4.2 that у and z are odd integers.

Therefore z + y and z − y are even integers. From the equation
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we get
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Therefore x/2, (z + y)/2, and (z − y)/2 are positive integers such that
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Now let f be the G.C.F. of (z +y)/2 and (z − j)/2. From the last equation we see that d2 is a factor of (x/2)2 so that d is a factor of x/2 and hence of x. Also, since
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and
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we know that d is a common factor of j and z. Therefore, since (x, y, z) = 1 we conclude that (z + y)/2 and (z − y)/2 are relatively prime. Now we observe from
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that, if p is a prime factor of (z + y)/2, then p is a factor of (x/2)2 and hence of x/2 by the Fundamental Theorem of Arithmetic. Therefore p2 is a factor of (x/2)2. Since (z +y)/2 and (z −y)/2 are relatively prime this means that p2 is a factor of (z + y)/2. From this we conclude that each prime factor of (z +y)/2 occurs an even number of times as a factor of (z +y)/2, so that
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for some positive integer u. Similarly we have
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for some positive integer v.

    To prove property (iii) we note that u > v since (z + y) > (z - y) and u and v are positive. Also (u, v) = 1 since a common factor of u and v is a common factor of u2 and v2. Finally we note that
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if u and v are either both even or both odd, then these equations imply that y and z are even, contradicting property (iii) of Lemma 4.2. Thus exactly one of the integers u and v is even.

THEOREM 4.10. The set of integers {x, y, z} is a primitive triple with x2 + y2 = z2 and x even if and only if there are positive integers u and v with (u, v) = 1, u > v, and u and v not both odd, such that
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    We have shown in the lemmas that the integers u and v of the theorem exist whenever the primitive triple {x, y, z} does. So consider the converse. If u and v are any nonequal, nonzero integers we see that
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is a Pythagorean triple since
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Since u > v > 0 we see that the integers x, y, and z are positive. Now let p be a common factor of {x, y, z}. Since
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p is a common factor of 2u2 and 2v2, and since (w, y) = 1 this means that p = 1 or 2. But 7 and z are both odd integers since
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owing to the fact that u and fare of opposite parity (i.e., one is even and one is odd). Thus
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and so {x, y, z} is a primitive triple with x2 + y2 = z2 and x even.

    This theorem is considered to provide an effective solution of the primitive triple Diophantine problem since it describes every primitive triple in terms of pairs of positive integers with easily checked properties. In other words the problem is “ solved ” by reducing it to an easier or more manageable situation. We see that the theorem enables us to construct quite easily a table of several primitive triples. We observe from this small table of eight primitive triples that in each of the triples either x or y is a multiple of 3. Is this a general property ?
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THEOREM 4.11. If {x, y, z} is a primitive triple with x2 + y2 = z2, then exactly one of the two numbers x and y is a multiple of 3.

    Consider the integers x, y9 and z modulo 3. Since the remainders for division by 3 are 0, 1, and - 1 ( = 2 mod 3), and since (x, y, z) = 1 we see that, if the theorem is not true, then
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But this means that
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whereas
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h and к integers, so that
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which is impossible. This contradiction proves the theorem.

    Now we consider two examples which use the results and the method of proof of Theorem 4.10.

    Example 1. Find all primitive triples {x, y, z} with x2 + y2 = z2 and 0 	
< z 	
< 30.

    Since it is immaterial whether we take x or y to be even, we shall choose x as in Theorem 4.10. Then z = u2 + v2, where u 	
> v > 0, (u, v) = 1, and u and v are of opposite parity. Since
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implies that u ≤ 5, we see that all the required triples are contained in our table. They are {4, 3, 5}, {12, 5, 13}, {8, 15, 17}, {24, 7, 25}, and {20, 21, 29}.

    Example 2. Find if possible a square integer t with the property that t + 5 and t - 5 are also squares of integers.

    This Diophantine problem involves finding positive integers x, y, and z such that
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Subtracting the second from the first yields
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This means that either y + z or y - z is even ; suppose y + z is even. Since the sum of an even and an odd integer is odd, this means that y and z are either both even or both odd. In either case y - z is also even, implying that 4 is a factor of 10, which is not true. Therefore y + z is not even. Suppose y - z is even; then again y and z must be both even or both odd, so we have another impossibility. Thus the integers x, y, and z do not exist, so that there is no integer t with the required properties.

    There are, however, rational solutions to the problem since
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    Exercise 4.4

1.  Find all primitive triples in which the largest integer is less than 60.

2.  Find all primitive triples which form an arithmetic progression.

3.  Find all Pythagorean triples which form a geometric progression.

4.  Find all integral right triangles (i.e., right triangles whose sides have integral measures) in which the length of one side differs from the hypotenuse by one unit, by two or three units.

5.  Find three integers x > y > z > 0 such that the differences x - y, y - z, and x - z are all squares of integers. (Hint: Eliminate x, y, and z from the equations.)

6.  Prove that exactly one element of every primitive triple is a multiple of 5. (See Example 1.)

7.  Show that the lengths of the sides of an isosceles right triangle can never form a Pythagorean triple.

8.  Prove that, if n is an integral multiple of 4, then there is a Pythagorean triple of integers containing n. Is this true if n is any positive integer greater than 2? (Try 7, 11, and 19.)

9.  Find “primitive” triples {x, y, z} such that
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where x - = 	
| r2 - 2s2	
|, y = 2rs, and z = r2 + 2s2, r and s being positive integers with (r, 2s) = 1.

10.  Show that there is no integer t which is a square of an integer and is such that t + 10 and t - 10 are also squares of integers.

11.  Show that there are just two primitive right triangles which contain the circle of radius p, p an odd prime, as their inscribed circle. Show also that the sums of the lengths of the sides of each is six times a squared integer.

12.  Find the shortest perimeter common to two different primitive right triangles. {Note: A right triangle is primitive if and only if the lengths of its sides form a primitive triple.)

    4.5 Method of Descent

    Although a variety of Diophantine equations in which the unknowns appear to powers greater than 1 have been solved, no general method for treating these equations is known yet. However, there are methods which can be used to analyze several types of Diophantine equations, and one of these is Fermat’s method of descent for showing that an equation has no solutions in integers except the trivial ones. We illustrate this method now.

THEOREM 4.12. There is no set {x, y, z} of nonzero integers such that
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    Suppose such a set of nonzero integers {x, y, z} does exist. Then certainly { |x|, |y|, |z|} is a set of positive integers with the same property,
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so we can restrict our attention to sets of positive integers. Now consider the set S of all positive integers which can serve as z in a solution triple {x, y, z} of positive integers. From our assumption that the equation has a solution in nonzero integers we conclude that S is nonempty. Therefore, by the Well-Ordering Theorem, S has a least element z′, and there are positive integers x′ and y′ such that
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From the minimality of z′ we conclude that (x′, y′) = 1 = (x′, y′, z′), for, if p is a prime factor of x′ and y′, then since
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we see that p4 is a factor of (z′)2. This implies that p2 is a factor of z′, so that
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violating the minimality of z’. Therefore
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This means that {(x′)2, (y′)2, z′} is a primitive Pythagorean triple, so that Theorem 4.10 can be brought into play. Then there exist integers u and v with u > v > 0, (u, v) = 1, and one of the two integers even, such that
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Suppose u is even; then u = 2r and v = 2s + 1 for some integers r and s.

So we would have
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which is impossible since the square of any integer is congruent with either 0 or 1 mod 4. Therefore we see that u must be odd and v even. From the equation for (x′)2 we get
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and since (w, v) = 1 this implies that u and v/2 are squares of integers,
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Substituting these representations of u and v into the equations for (y′)2 yields
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or
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This means that, since u = m2 and v = 2n2 are relatively prime, the set {y′, 2n2, m2} is a primitive Pythagorean triple,
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    Now we can use Theorem 4.10 again, concluding that there are relatively prime integers a and b, not both odd, with a > b > 0, such that
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Since (a, b) = 1 the equation
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implies that a and b are squares of positive integers c and
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Substituting these in the equation for m2 yields
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and we see that the positive integers c, d, and m form a solution of the equation
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So m is in S.

    Compare m and z′. From our representation of z′ in terms of u and v,
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we get
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    Thus m is a positive integer smaller than z′. But z′ is the smallest element of S, and we have a contradiction. This contradiction proves the theorerrr.

    In Book II of the Arithmetic of Diophantos Problem 8 involves the decomposing of a given squared rational into the sum of two squared rationals; i.e., for a given rational r find rationals s and t such that
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The seventeenth-century mathematician Pierre Fermat noted in the margin of his copy of the Arithmetic: “However, a cube cannot be split into two cubes or a biquadrate into two biquadrates, and in general no power beyond the second can be split into two of the same powers. For this I have a truly remarkable proof, but the margin is too small to contain it.” The statement that there exists no set {x, y, z} of nonzero integers such that
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when n is an integer greater than two, is known as Fermafs Theorem. However, no proof of this theorem is known.

    Although Fermat’s Theorem is still unproved much work has been done on the problem for particular values of n, and it is known that no nonzero solutions exist for 2 < n < 617. (See the article by H. S. Vandiver in Suggested Reading.) Efforts to prove the theorem, although unsuccessful, have sometimes led to the invention of new and important concepts in mathematics. Such a contribution was made by the ninteenth-century mathematician E. Kummer, who extended the theory of numbers to number systems which fail to have the property of unique factorization into primes. For coping with this difficulty Kummer developed the concept of ideal numbers, an idea which is important to the development of modern abstract algebra. (We will encounter concepts which evolved from this idea in the following chapters.)

    Exercise 4.5

1.  Show that the equation
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has no solution in nonzero integers when m is a positive integer. (Assume a solution exists and consider Theorem 4.12.)

2.  Show that Fermat’s Theorem is true if and only if there exists no odd prime p such that
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has a solution in nonzero integers. (Write n = kp.)

3.  In the equation
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make the substitution
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where m is an unknown rational, and solve for s. Find two different pairs of values for s and t when r = 3.

4.  Use the method of descent to prove that the equation x4 + 4y4 = z2 has no solution in nonzero integers.

5.  Show that x4 - y4 = z2 has no solution in nonzero integers. (Rewrite as x4 = y4 + z2.

6.  Find two different positive integers d such that x4 + dy4 = z2 has solutions in nonzero integers.

7.  Find nonnegative integers a, b, c, and d for each integer n, 1 ≤ n ≤ 20, such that
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8.  Can integers a and b be found for each integer n > 0 such that n = a2 + b2? (See the results of Problem 7.)

9.  Show that the only solution in positive integers of x4 +y4 = 2z2 is given by x = y = z = 1.

10.  Show that the only integers satisfying
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are x = 1 or -2 and 	|y | = 1.

    4.6 Sum of Two Squares

    During or after the study of factorization of integers, the decomposition of integers relative to the operation of multiplication, the student undoubtedly asked himself if a somewhat analogous investigation could be made for the decomposition of integers relative to the operation of addition. Certainly every positive integer is uniquely representable as a sum of ones, and, although every positive integer larger than 1 is either a prime or a sum of primes, such a representation is not unique since
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Thus we see that there are various choices for the indecomposable elements, the “primes,” and these naturally lead to different results. This and similar problems make up what is known as additive number theory. One of the famous theorems of additive number theory states that each positive integer is expressible in at least one way as the sum of the squares of not more than four positive integers. This result was conjectured by Diophantos and the first published proof was by J. L. Lagrange in 1770. It was generalized in 1909 by D. Hilbert, who proved that each positive integer is expressible as the sum of the kth powers of not more than F(k) positive integers, where & is a positive integer and F(k) is a positive integer determined by k.

    In this section we consider the problem of determining which positive integers can be expressed as the sum of the squares of not more than two positive integers. Since
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it is clear that some integers can be so expressed, and since the integers
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are certainly not squares of integers we conclude that not all positive integers can be expressed as the sum of not more than two squares.

    First we can show rather easily that no prime of the form 4k + 3, к an integer, can be expressed as the sum of two squares.

THEOREM 4.13. If p is a prime such that

[image: image]

then p cannot be written as the sum of the two squared integers.

    Suppose x and y are positive integers such that
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Now modulo 4, x and y are each congruent with one of the four remainders 0, 1, 2, or − 1 (≡3 mod 4). Thus x2 and y2 are congruent with either 0 or 1 mod 4, so that
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Since p = 3 mod 4 we see that it is impossible for p to equal x2 + y2, and the theorem is proved.

    What about the other primes? Since
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it seems reasonable to conjecture that the primes not congruent with 3 modulo 4 are indeed expressible as the sum of two squared integers. The proof of this conjecture is not so easy as the above.

    First we develop an interesting property of all primes.

THEOREM 4.14 (WILSON’S THEOREM). If p is a prime, then (p - 1)! ≡ -1 mod p.

    We observe that
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Now to prove the theorem we consider the linear congruence
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where 0 < a < p. From our study of linear congruences we know that there is exactly one integer b, 0< b < p, such that
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Can b be equal to a, and if so, when ? The congruence
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means that a2 - 1 has p as a factor. Therefore, since
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either p is a factor of a + 1, or p is a factor of a - 1. Since 0 < a < p, we see that either

[image: image]

We can readily verify that, if a is either p - 1 or 1, then

[image: image]

For any other value of a between 0 and p there is one integer b, 1 < b < p - 1, different from a such that
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The effect of all this is to pair off the integers between 1 and p - 1 into pairs whose product equals 1 plus a multiple of p. For example, if p = 7, then
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if p = 13, then
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Therefore,
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    The proof of the general case is exactly the same.

    Now we are able to show that some multiple of a prime of the form 4k + 1 is expressible as the sum of two squared integers.

THEOREM 4.15. If p is a prime of the form 4k + 1, then b = q!, where
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 is a positive integer such that b2 + 1 is a multiple of p.

    The first p - 1 positive integers can be written as
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    Then we have the p - 1 congruences
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Multiplying these congruences we get
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so that, by Wilson’s Theorem,
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or
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Since p = 4k + 1 for some integer k we have
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and

[image: image]

Therefore

[image: image]

and the theorem is proved.

    Example 1. Let p = 13. Then q = 6 and 6! = 720. We see that 
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Following the steps in the proof we write
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all mod 13. Then
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    Now we present an intermediate result discovered by the mathematician A. Thue which combines with the above to show that the primes not of the form 4k + 3 are expressible as the sum of two squares.

THEOREM 4.16. If p is a prime, if r is the least positive integer such that r2 > p, and if n is an integer with (n, p) = 1, then there exist positive integers a and c less than r such that
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    Consider the set

S = {nx - y: x and y nonnegative integers < r}.

Clearly S contains r2 integers, so that two of them, say nx′ - y′ and nx″ - y″ lie in the same congruence class modulo p since r2 > p. Thus
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for some integer s. Therefore,
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and
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Multiplying this congruence by itself gives
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so for
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we have
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If we can show that these integers a and c are between 0 and r the theorem is proved.

    Since x′, x″, y′ and y″ are elements of the set 0, 1, 2, • - , r - 1, we see that
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Thus we need only show that neither of these numbers is zero. Since r < p it is clear that x′ = x″ implies y′ - y″ since
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shows that y′ - y″ is a multiple of p, and the nonnegative multiple of p less than p is zero. Similarly if y′ = y″ we see that x′ = x″, since
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and

[image: image]

implies that p is a factor of |x′ − x″| < p. Thus if either a or c is zero, then both are. But this is contrary to the way the two numbers nx′ − y′ and nx″ − y″ were chosen. Therefore a and c are both positive, and the theorem is proved.

THEOREM 4.17. If p is a prime of the form 4k + 1, then p is expressible as the sum of the squares of two integers.

    By Theorem 4.15 b = q!, where q = (p - l)/2, is an integer such that
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Taking b as the integer n of the previous theorem, we see, since (b, p) = 1, that there are integers a and c such that
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and
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From
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we get
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so that
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since congruence is an equivalence relation. Thus we have
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for some integer m. From the inequalities

[image: image]

we conclude
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so that
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proving the theorem.

    Now we will go through the basic steps again with some specific integers.

    Example 2. Let p = 13. Then the least positive integer r such thatr2  p is 4. The integer n in this case is 6!, and we form the 42 = 16 integers of the form nx - y with x and y selected from 0, 1, 2, 3. We get
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Of the various possibilities we select 1440 and - 3 as our pair nx′ - y′ and nx″ - y″,  and
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Here x′ = 2, x″ = 0, y′ = 0, and y″ = 3. Then
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and certainly
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    Corollary 4.17.1. A prime p not of the form 4k + 3 is expressible as a sum of two squared integers.

If p is not of the form 4k + 3, then it is either of the form 4k + 1 or equal to 2. Since

[image: image]

the result follows from Theorem 4.17.

    Now we use this knowledge about the primes, together with the following simple result, to classify all of the positive integers.

    Lemma 4.4. If a, b, c, and d are integers, then the product {a2 + b2) (c2 + d2) is expressible as a sum of squared integers.

    To prove this we utilize one of the simplest of all factoring tricks.
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    Now for the general result.

THEOREM 4.18. The positive integer m is expressible as the sum of the squares of not more than two positive integers if and only if the square-free factor m! of m has no prime factor of the form 4k + 3.

    If m′ is the product of primes none of which has the form 4k 4-3, then it is clear from Corollary 4.17.1 and Lemma 4.3 that m′, and hence m, is expressible as the sum of not more than two squares. For example, if m is the integer 234 = 2 · 9 · 13, then
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and
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    To prove the converse we assume that m′ has a prime factor p = 4k + 3 and also that
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for some integers x and y greater than zero. We shall obtain a contradiction from this and thereby prove the theorem. Let d = (x, y); then
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and we get the equation
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when we divide by d2. Since r/d is an integer (m′ is square-free) and p is a factor of m′ we have the equation
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for some integer h.

    Now (.s, t) = 1 implies that at least one of these integers, say s, is relatively prime to p. This means that there is an integer s′ such that
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by our linear congruence theory. Then, since
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and
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we see that
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Therefore
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and since
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we see that s’t is an integer such that
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or
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    However, if we look back to Theorems 4.16 and 4.17 we see that by choosing n = s′t we obtain the conclusion that
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just as in Theorem 4.17. Since this contradicts Theorem 4.13 we have the contradiction that proves the theorem.

    Thus a criterion which is both necessary and sufficient for a positive integer to be expressible as the sum of two squared integers is established. And the method of proof of the sufficiency also provides a means of finding the squared integers; i.e., if m′ is the product of primes, none of the form 4k + 3, then Theorem 4.16 applied to each prime p yields integers a and c such that
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and these can be combined by Lemma 4.3 to yield a representation of m′.

    However, even when an integer can be expressed as the sum of two squared integers, this expression need not be unique :
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Such examples can be manufactured quite easily by use of the equation

[image: image]

where a and b are positive integers which are both even or both odd. Then we have

[image: image]

and

[image: image]

so that

[image: image]

Thus

[image: image]

    Exercise 4.6

1.  Express 17 as the sum of two squares by the method of Theorem 4.16.

2.  Prove that, if p is a prime of the form 4k + 3, then (q!)2 = 1 mod p, where q = (p - l)/2.

3.  Determine whether the numbers 365, 1105, and 1961 can be expressed as the sums of two squares, and find such expressions if they exist.

4.  Prove that a positive integer m is expressible as the difference of two squares,

[image: image]

if and only if m can be written as the product of two factors which are both even or both odd.

5.  Using Problem 4 show that there are infinitely many positive integers which can be expressed in n different ways as the difference of two squares, where n is an arbitrary positive integer. (Note that 105 = 3(5)7 = ((15 + 7)/2)2 -((15 - 7)/2)2 = ((21 + 5)/2)2 - ((21 - 5)/2)2 = ((35 + 3)/2)2 - ((35 - 3)/2)2.)

6.  Let m and n be positive integers such that (2m, n) = 1 and let a be an integer larger than 1, Show that (am + 1, an - 1) = 1 or 2 by considering-the integers x such that

[image: image]

when p is an odd prime.

7.  Find integers x and y such that

[image: image]

8.  Find the number am of different positive integers b such that for the integer m, b2 + m is a squared integer. (a1 = 0, a2 = 0, a3 = 1, a15 = 2, etc.)
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            5

Another Look at Congruences


IN OUR WORK with the system of integers we frequently used the idea and notation of congruence and saw that it provided a convenience for stating and suggesting results. Actually the concept of congruence is much more than a convenience. It is the key idea leading to the development of the structural approach in the study of algebraic systems. From the concept of congruence and the system of congruence classes we develop the idea of “dividing” a subsystem into a system to yield a new system. This in turn leads to the study of these subsystems and of systems which contain none of these subsystems. These minimal systems are rather analogous with prime integers, and so this method which is developed to study algebraic systems is an analog of the factorization of integers into primes. Thus we shall encounter terms such as quotient system and direct product of systems, and these are used to point up the analogy.



    5.1 The System of Congruence Classes Modulo m

What do we know about the concept of congruence at the moment? For each positive integer m, congruence modulo m is an equivalence relation which partitions the set / into m nonoverlapping sets, the residue or remainder classes, which can be represented as [0], [1], · · ·, [m – 1]. The smallest nonnegative element of each class is referred to as a least residue, and these elements are frequently used to represent the residue classes. Clearly each residue class mod m is a countably infinite set since the following establishes a one-to-one correspondence between the class [k] and j:

[image: image]

    If k is selected as a least residue then this correspondence, n ↔ nm + k, is based on the Divisor Theorem.

    Now denote the collection of residue classes modulo m by the symbol, J/(m). (The reason for the selection of this notation is discussed later.) Then J/(m) is a set of m elements, and it possesses the basic equivalence relation of set equality.

    THEOREM 5.1. If [a] and [b] are elements of Jl(m), then [a] – [b] if and only if a – b is a multiple of m.

    Basically this is just a restatement of the definition of congruence modulo m. If [a] = [b], then certainly b is in the set [a]9 which is the set of all integers congruent with a mod m. Thus a ≡ b mod m so that a – b is a multiple of m. Conversely, if a – b = km, then a ≡ b mod m and b ≡ a mod m. These imply that [a][image: image][b] and [b][image: image][a], respectively, and we conclude that [a] = [b].

    To make J/(m) into a “ number ” system we must define binary operations on the set, which are much like the binary operations of J. The obvious approach to try is the following.

DEFINITION 5.1. The relations A and M on the set (J/(m)) x (J/(m)) x (J/(m)) are defined by:

[image: image]

Evidently A is intended to be addition and M multiplication, but we must first prove that A and M are functions from (J/(m)) x (J/(m)) to J/(m). In other words we must show that, if addition,⊕ and multiplication, O, are defined by theequations

[image: image]

and

[image: image]



then the definitions are independent of the integers which represent the residue classes.

THEOREM 5.2. Addition, ⊕ , and multiplication, O, are well-defined binary operations on J/(m).

    Let a and a’ be two elements of [a] and b and b’ be two elements of [b]. Then

[image: image]

for some integers h and k,  so that

[image: image]

and
 
[image: image]

Therefore by Theorem 5.1,

[image: image]

and

[image: image]


so that

[image: image]

and

[image: image]

This proves the theorem.

    Since the binary operations on J/(m) are defined in terms of the binary operations on J, we should expect that most of the properties of these latter operations would be possessed also by the operations of {J/(m), ⊕, O}.

    THEOREM 5.3. The operations denoted by ⊕ and О are commutative, associative, and possess identity elements. Moreover multiplication is distributive over addition.

    The proofs of these statements are rather simple. For example,

[image: image]


Similarly,

[image: image]


    We see that these properties of the operations on J/(m) seem to be reflections or images of the properties of the operations on J.

    The identity elements of J/(m) are clearly [0] for ⊕ and [1] for [image: image].

    Example 1. Construct the addition and multiplication tables for J/(5). We omit the brackets for the sake of simplicity, so that in the tables [0] is denoted by 0, [1] by 1, and so forth. To determine [a] ⊕ [b] in J/(5) from the

[image: image]


addition table we select a and b as the least residues in [a] and [b],respectively, and locate a in the leftmost column and b in the top row. Then [a] ⊕ [b] is the class [c], where c is the element in the intersection of the row to the right of a and the column beneath b. Thus [7] ⊕; [11] = [2] ⊕; [1] = [3]. Similarly [7] [image: image] [11] = [2][image: image][1]= [2].

    The symmetry of the tables about the diagonal from upper left to lower right is merely a reflection of the commutativity of the two operations. And it is evident from the tables that [0] and [1] are the identity elements for addition and multiplication, respectively. Moreover we notice that each element of J/(5) appears exactly once in each row and in each column of the two tables, except for the row and column of zeros in the multiplication table. This very remarkable property means that each element of J/(5) has an additive inverse element and that each element 	
≠ [0] has a multiplicative inverse element. That is, for each [a] in J/(5) there is a [b] in J/(5) such that

[image: image]


and for each [а] ≠ [0] there is an element [b] in J/(5) such that

[image: image]

    This means that the binary operations of subtraction and division can both be defined for the system {J/(5), ⊕, [image: image]}, and so this system possesses a property which J does not have.

    Example 2. Construct the addition and multiplication tables for J/(6).

    Again we omit the brackets. These tables are also symmetric about the main diagonal, and we see that [0] and [1] are the identity elements for addition and multiplication, respectively. Moreover the addition table for J/(6) is quite regular

[image: image]

since each element appears once and only once in each row and in each column. But the multiplication table of J/(6) is very different from that of J/(5). Since 1 appears only in the second and sixth rows we see that only the two elements [1] and [5] of J/(6) possess multiplicative inverses,

[image: image]


    Even more unusual is the fact that 0 appears so frequently in the table:

[image: image]


In the system of integers we know that the product of two integers is zero if and only if at least one of the integers is zero. But in J/(6) we see that the product of two elements both different from [0] can be the zero element, [0]. Such elements are often referred to as divisors of zero.  The divisors of zero in J/(6) are [2], [3], and [4], and inspection of the sets

[image: image]

shows that each of these sets has a common factor larger than 1 which is a factor of 6.

THEOREM 5.4. An element [a] of J/(m) has a multiplicative inverse [b] in J/(m),

[image: image]


if and only if (a, m) = 1.

    If (a, m) = 1, then there are integers b and c such that

[image: image]

Hence,

[image: image]


so that

[image: image]

in J/(m).

    Conversely, suppose [b] is a multiplicative inverse of [a] in J/(m) ; then

[image: image]

and

[image: image]

 Therefore there exists an integer K such that

[image: image]

and

[image: image]


so that (a, m) = 1.

    Complementary to this we note that, if the composite integer m factors as

[image: image]


then in J/(m) the elements [r] and [s] are nonzero divisors of zero since

[image: image]

    Exercise 5.1

1.  Construct the operations tables for J/(10) and J/(11).

2.  Complete the proof of Theorem 5.3.

3.  Prove the cancellation law for addition in J/(m)

4.  Show that the cancellation law for multiplication is valid in J/(m) if and only if m is a prime.

5.  Show that the nonzero rows of the addition and multiplication tables of J/(p) a prime, are permutations of the p symbols 0, 1, 2, 1.

6.  From the tables for J/(5), J/(6), J/(10), and J/(11) compute [4]2, [4]3, · · ·, [4 ]Ф(m)

7.  For the rational number system R define congruence modulo m, m a rational integer, by x =. y mod m if and only if x – Y = mn for some rational integer n. Show that

(a)  The relation so defined is an equivalence relation.

(b)  There are infinitely many congruence classes.

(c)  [a] ⊕; [b] = [a + b] defines a binary relation on the collection of congruence classes mod m.

(d)  [a] [image: image] [b] = [ab] does not define a binary relation on the collection of congruence classes mod m.

8.  Construct the addition table for J/(4), and show that the two semigroups {J/(4), ⊕;} and {M, O}, where M is the set of nonzero elements of J/(5), are isomorphic systems. (Hint: Consider the correspondence [1]4 ↔ [2]5.)

9.  Define [a] < [b] in J/(m) to mean that the least residue of [a] is less than the least residue of [b].

(a)  Show that this is a linear order on J/(m).

(b)  Show by example that [0] < [a] and [0] < [b] do not imply that [0] < [а] [image: image][b] or that [0] < [a] ⊕; [b].

10.  Can you designate five of the nonzero classes of J/(10) as “positive” elements and the other five as “negative” in such a way that the usual laws of signs hold ? Explain.

11.  Define the operation of subtraction on the system J/(m), and discuss its properties.

12.  Restate Euler’s Theorem concerning the totient for the system J/(m).

    5.2 Homomorphisms

    From the definitions of addition and multiplication in J/(m) we saw that the commutative and associative laws for the operations of J mapped onto J/(m) in such a way as to yield the commutative and associative laws for J/(m). That is to say, from the equation in J,

[image: image]


we get by obvious alterations of notation the equation in J/(m).

[image: image]

and from

[image: image]


we get

[image: image]


This implicit “mapping” from {J, + , ·} onto {J/(m), ⊕, [image: image] } resembles the mapping used in the discussion of isomorphism. However, these two systems clearly cannot be isomorphic since the first is infinite while the second is finite. So we are led to the concept of homomorphism.

DEFINITION 5.2. A mapping F from S onto T is a homomorphism from the system {S, 0} onto the system {T, O′} if and only if there exists a one-to-one correspondence between О and O′ which is preserved by the mapping F. {T, O′} is called a homomorphic image of {S, O}.

The mapping F preserves (or is compatible with) the correspondence

[image: image]

if and only if

[image: image]

    It is fairly evident now that {J/(m), ⊕;, [image: image]} is a homomorphic image of {J, +, ·} since the binary operations of J/(m) were defined in a way which makes the homomorphism easy to spot.

THEOREM 5.5. The mapping F of J onto J/(m) defined by

[image: image]

preserves the nominal correspondences between the additions and the multiplications.

    By the definitions of addition and multiplication in J/(m) we know that

[image: image]

and

[image: image]

    Corollary 5.5.1. The system {J/(m), ⊕;, O} is a homomorphic image of the system of integers.

    We noted that isomorphic systems are essentially the same, being “abstractly equal.” This is certainly not true for homomorphic systems in general; a homomorphic image can be likened to a silhouette of a system projected or mapped onto a screen. Certain features (e.g., the profile) are preserved, certain features (e.g., coloration) are lost, and some features (e.g., monotonicity) are gained. In the case of the homomorphism of J onto J/(m) the associative laws, the commutative laws, and the distributive law are preserved. Moreover, the presence of an additive and a multiplicative identity persists under the homomorphisms. The infiniteness of J is lost, however, and so are the features of the linear order on J. On the other hand J/(m) has some properties which are not possessed by J ; viz, if m is composite, then J/(m) has nonzero divisors of zero, and if m is prime, then every nonzero element of J/(m) has a multiplicative inverse.

    The preservation of identity elements is a general feature of homo-morphisms.

THEOREM 5.6. Let {S, x} and {T, [image: image]} be two mathematical systems. If F is a homomorphism of {S, x } onto {T, [image: image] } and if e is the identity element of S, then F(e) is the identity element of T.

    The condition that e is the identity element of S means that

 [image: image]


for every element s of S. Since F is a homomorphism this equation has the image

[image: image]

Since F is a mapping of S onto T, this means that

[image: image]

for every t in T, for each t is the image of some s in S.

    Thus, if we are trying to show that one system is a homomorphic image of another, then by checking the identity elements of the two systems we can sometimes tell what the mapping must be, if it exists. By looking at the identity elements of / and J/(m) we can show that the mapping described in Theorem 5.5 is in fact the only homomorphism of / onto J/(m).

    Corollary 5.6.1. The only homomorphism from {J, +, ·} onto {J/(m), ⊕, Ο} is given by

[image: image]

    Let F′ be a homomorphism of {J, +, ·} onto {J/(m), ⊕;, Ο}. Clearly F′ is also a homomorphism of the semigroup {J, ·} onto the semigroup {J/(m), О}, and since these semigroups possess identity elements relative to their binary operations, we must have

[image: image]

Now F′ must also preserve addition, so this means that

[image: image]

In this way we see that

[image: image]

so that

[image: image]


since

[image: image]


for every integer a.

    Not only is J/(5) a homomorphic image of J, but it is also a homomorphic image of infinitely many of the finite systems J/(m). In particular we see that, if m is a multiple of 5, then

[image: image]


defines a homomorphism of J/(m) onto J/(5). This means that, if m = 5n, then we have the following mapping :


[image: image]

Then we can show quite easily that this is a homomorphism since

[image: image]

 in J/(5n) maps onto

[image: image]


in J/(5), and similarly

[image: image]

 in J/(5n) maps onto

[image: image]

in J/(5). (Strictly speaking the equation

[image: image]


in J/(m) should be written

[image: image]


but we omit the subscripts for the sake of simplicity. We remark, however, that ⊕; in J/(m) and ⊕; in J/(n) are in general two different binary operations.)

THEOREM 5.7. There is a homomorphism of {J/(m), ⊕, Ο} onto {J/(n), ⊕, Ο} if and only if m is a multiple of n.

    If m is a multiple of n, say

[image: image]

then the mapping defined by

[image: image]

where

[image: image]

in j, is a well-defined mapping since a’ in [a]m implies that

 [image: image]

Hence

[image: image]

and

[image: image]

Moreover, F preserves the binary operations. This is proved as follows :

[image: image]

where

[image: image]

and

[image: image]

Therefore

[image: image]

so that

[image: image]

Thus F preserves addition. The argument for multiplication is similar.

    To prove the converse we use Theorem 5.6. If F’ is a homomorphism of J /( m) onto J /( n), then the additive identity [0]m of J /( m) must be mapped onto the additive identity [0]n of J /( n), and similarly,

[image: image]

Now in J write

[image: image]



Then

[image: image]



so that, since the sum of qn [l]’s in J /( n) is [0]n, we conclude that

[image: image]


Therefore,

[image: image]


which, since 0 ≤ r < n, means that

[image: image]


    Example 1. Show that  J/(2) is a homomorphic image of  J/(4) by considering the operation tables shown.

[image: image]

The homomorphism is given by

[image: image]


and we observe that the sum and product of any two elements of the set M0 are again in M0, corresponding to the fact that

[image: image]

Furthermore the product of any two elements of the set Mi is again in Mi, and the sum of any two elements from Mx is in M0. This corresponds to the fact that

[image: image]


Example 2. The system  J/(3) is a homomorphic image of  J/(6). This time the homomorphism is given by

[image: image]

Again we notice that the sum and product of any two elements of M0 are again in M0 since they map onto [0]3 and

[image: image]


Also the product of any two elements of M1 is in Mb corresponding to the fact that

[image: image]


and the sum of an element from Mx and an element from M2 is in M0,corresponding to the fact that

[image: image]

And we see that, if an arbitrary element from Mx is added to each element of M0,then the set M1 is obtained again:

[image: image]




Similarly,

[image: image]

Note that the set M o is a subsystem of  J/(6) relative to the binary operations of  J/(6).


Example 3. Consider the homomorphism of J onto  J/(5).We have 

[image: image]

Again we see that the sum and the product of any two elements of M0 are in M0, and so {M0, +, ·} is a subsystem of the system of integers. Moreover, if a is an arbitrary element of M,, then every element of M( is equal to a plus an element from M0, and also a plus any element from M0 is always in Mi ; we write

[image: image]

    We note that the set M0 actually equals the set [0]5 in the above example. The symbolism

[image: image]

is meant to indicate that the homomorphism 
maps each of the elements 0, 5, -5, 10, etc., onto the element[0] of  J/(5).

    Exercise 5.2

1.  Show that the semigroup { J * J ( 3),  Ο },where J * J ( 3) consists of the two elements [1]3 and [2]3, is a homomorphic image of the semigroup { J/(4), 0}. (Hint: Define F by F([0]4) = [1]3, F([l]4) = [2]3, F([2]4) = [1]3, F([3]4) = [2]3.)

2.  Relative to Example 3, show that

[image: image]


3.  Relative to Example 3, show that any element in M2 added to any element of M4 yields an element of Mi. How is this related to the fact that [2]5 ⊕[4]5 = [1]5?

4.  Determine all of the subsystems of  J/(6) relative to the operations of ⊕ and  Ο  How does the number of such subsystems correspond to the number of homomorphic images of { J/(6), ⊕,  Ο }among the systems { J/(w), ⊕,  Ο }?

5.  Complete the proof of the first part of Theorem 5.7.

6.  In the homomorphism of  J/(20) onto  J/ (5), what happens to the nonzero divisors of zero in  J/(20) under the homomorphism?

7.  Show that {J J ( J), ⊕,  Ο }contains no subsystems having more than 1 and fewer than p elements, when p is a prime.

8.  In Example 1 show that the system { J/(2), ⊕} is isomorphic with a subsystem of { J/(4), ⊕}. Show that the system { J/(2),  Ο }is isomorphic with two different subsystems of { J/(4), Ο }.




9.  Show that the mapping

[image: image]


is a homomorphism of the semigroup {J *, ·} onto a subsemigroup of this system. J* denotes the set of nonzero integers.


10.  Let R* denote the set of nonzero rationals. Is the mapping

[image: image]


a homomorphism of the system {R*, +, ·} onto itself? Explain.

11.  Show that, if [a] ≠ [o] and [c] are elements of  J/(p), where p is a prime,
then J J ( p) contains exactly one element [b] such that

[image: image]


12.  Show that, if [a] and [c] are elements of J J ( m)f then J J ( m) contains an
element [b] such that

[image: image]


if and only if [a] is not a divisor of zero. Is [b] always unique?


    5.3 Subsystems and Quotient Systems

    In Section 5.2 the examples indicated that, if F is a homomorphism of { J , +, ·} onto {J J ( m), ⊕,  Ο },then the elements of J which are mapped onto [0]m form a subsystem of J. Similarly, if { J/ (n), 0,  Ο }is a homomorphic image of {J J ( m), ⊕,  Ο },then the elements of J /( m) which are mapped onto [0]n seem to form a subsystem of J /( m).

DEFINITION 5.3. A nonempty set T of elements of the system {S, 0} is a subsystem {T, 0} of {S, 0} if and only if the operations of O induce operations on T. That is to say, T is a subsystem of S if and only if T is closed under the operations of S.

    This is rather obviously what is meant by the statement that the multiples of 5 form a subsystem of J. For the sum and the product of multiples of 5 are again multiples of 5. In fact we have already discussed many different subsystems.

    Now the subsystem M0 of Example 3 in Section 5.2 had a property not shared by all of the subsystems of J. Not only is M0 closed under multiplication, but any element of M0 multiplied by any element of J is also in M0. This of course is a reflection of the fact that

[image: image]


Not all subsystems of J possess this property since the set of positive integers is certainly a subsystem of J without the property. So we single out these special subsystems.

DEFINITION 5.4. An ideal M of J is a subsystem of { J , +, ·} with the property that am is in M for each mm M and a in J.

    We see, then, that the set of all multiples of 2 is certainly an ideal of J. In fact, the set of all multiples of m9 where m is an arbitrary integer, is an ideal of J.

    From the idea of an ideal M of У we develop the concept of the quotient system of J relative to M. For the ideal M of У we define an additive coset of M to be the set

[image: image]


for each x in J. Clearly these cosets of M form a partition of J, for if a is in the intersection of x + M and y + M, then integers m± and m2 exist in M such that

[image: image]


Therefore

[image: image]


which implies that x, and hence x + m for any m in M, are in y + M since w2 − m1 and m2 − m1 + m are elements of M. For M is an ideal of J, and mx in M implies that − mx = (− l)m1 is also in M, and, since M is closed under addition,

[image: image]

are elements of M. Thus

[image: image]

Since

[image: image]

the corresponding argument shows that


[image: image]


Therefore

[image: image]


    Since 0 lies in M we see that x is an element of the coset x + M. Hence every element of J lies in a coset of M, and distinct cosets have no common elements. So the cosets of M form a partition of

    Denote the collection of cosets of M by J/M. We define addition and multiplication of cosets by the equations

[image: image]


and

[image: image]

To show that EEand □ are well-defined we assume

[image: image]

and consider

[image: image]

Since x’ and y’ belong to the cosets x’ + M and J -f AT, respectively, there exist mx and m2 in M such that

[image: image]



Then

[image: image]




and

[image: image]


and so x’ + y’ is an element of both

[image: image]


and x’y’ is an element of both

[image: image]


Since the cosets form a partition we conclude that

[image: image]


and

[image: image]




Therefore,

[image: image]



and

[image: image]


and the operations are well-defined.

DEFINITION 5.5. The system [image: image] is the quotient system of J over the ideal M.

    Without delving into the properties of the quotient system we can show in a very straightforward fashion that [image: image] is a homomorphic image of{7, +, ·}.

THEOREM 5.8. The mapping F defined by

[image: image]


is a homomorphism of {J, +, ·} onto [image: image] and the set of elements of J mapped onto the coset 0 4-M is precisely the ideal M.


     That F is a homomorphism is almost a triviality from the definitions of ffl and □. For

 [image: image]


and

[image: image]

And surely, if x is an elements of J such that

[image: image]

then x is an element of M = 0 + M. Conversely, if m is an element of M, then

[image: image]



    Thus the elements of M are exactly the elements of J which are mapped onto the zero coset, 0 + M. Note that

[image: image]


and

[image: image]


 
    But how do these homomorphic images of { J , +, ·} compare with the finite systems, the homomorphic images of { J , +, ·} discussed previously? Have we some new systems ?

THEOREM 5.9. The set (m) of all multiples of the nonnegative integer m is an ideal of J. Furthermore, every ideal of J is such an ideal.

Obviously the set (m) is an ideal since


[image: image]


 
and

[image: image]


 

Now let M be an ideal of J. If M contains no positive integers, then it cannot contain a negative integer n since (− 1)n = − n would then be a positive element of M. So, if M contains no positive integer, then M = (0).

    If M contains positive integers, then from the Well-Ordering Theorem we know that M contains a minimal positive integer m. We shall show that every element x of M is a multiple of m. By the Divisor Theorem there exist integers q and r such that
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Since m and x are in M, then
 
[image: image]


are elements of M. Therefore

 [image: image]


is an element of M, so that, since 0 < r < m violates the fact that m is the least positive element of M, we conclude that

[image: image]


So the set M is contained in the set (m). But m in M clearly implies that

[image: image]



and we see that

[image: image]


    Now the quotient system  J/(0) is basically just the system J since the cosets

[image: image]


are the sets {x} of individual elements of J. Actually/and  J/(0) are isomorphic, with the correspondence being

 [image: image]


If M is the ideal (m) with m > 0, then the quotient system J/M is just exactly the system of congruence classes modulo m. This is the reason we adopted the symbolism J/{m) for the system of congruence classes modulo m. The coset x + M is just the set of all integers congruent with x modulo m, for, if V is in x + M, then

[image: image]


for some m1 in M. But M = (m), so that m1 = km for some integer k. Hence

[image: image]


so that

[image: image]


and y is an element of [x]m. Conversely, if t is in [x]m, then

[image: image]


so that t is an element of the coset x + M. Therefore

[image: image]


    This means that we do not have any new homomorphic images of {J, ·}, but this is unimportant. What we do have is a method for obtaining


 
these homomorphic images which depends not on the individual elements and their factorizations but is built instead on the concept of ideal, a special type of subsystem of j. This enables us to break away from the consideration of the elements of a system and study instead, or in addition, certain subsystems and their “quotient” systems. The power of this structural method in analyzing mathematical systems is considerable, as we shall see. Now let us define ideals and quotient systems of J /( m).

DEFINITION 5.6. A subsystem S of J /(m) is an ideal of { J/(AW),⊕,  Ο } if and only if [a]  Ο [s] is in S for every [a] in Jl(m) and [s] in S. The sets [JC] ⊕ S =

[image: image]


for each [x] in J /(m) are the additive cosets of S in J /(m).

    The arithmetic of J/(m)  is known to us so that we can show that these cosets form a partition of J/(m).  For if [a] lies in both [x] ⊕ S and [y] ⊕ S, then
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So

[image: image]



implying that [x] ⊕ S ⊆ [y] ⊕ S. Similarly,
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so that

 [image: image]




and

[image: image]




    Thus [y] ⊕ S = [x] ⊕ S, so that, since every element of J/(m)  belongs to some coset of S9 for [a] is in [a] ⊕ S, we see that the distinct cosets form a partition of J/(m).

    The set (J J ( m))/S of cosets of S is made into a homomorphic image of {J J ( m), ⊕,  Ο }in the most obvious way. Define addition and multiplication of cosets by the equations
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and
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    As usual we have the problem of showing that these operations are well-defined. If
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then
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and
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Since
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and

[image: image]

we see that

[image: image]

and

[image: image]

    The system [image: image]is called the quotient system of JI(m) over S. We illustrate with examples.






Example 1. Find an ideal of  J/(6), and form the quotient system. We write the elements of  J/(6) as 0, 1, 2, 3, 4, 5 and use the simplest notation for addition and multiplication in J/6. Thus we write

[image: image]



and

[image: image]



    The set {0} is clearly an ideal but it is too trivial to bother with. Now if 1 is in an ideal S, then 0 = 0(1), 1 = 1(1), 2 = 2(1), 3 = 3(1), 4 = 4(1), and 5 = 5(1) are also in S, and this set, S =  J/(6), is also an ideal of  J/(6) which is not very interesting.

    Now the sets S2 = {0, 2, 4} and S3= {0, 3} are easily seen to be ideals of  J/(6) by checking the operation tables of  J/(6). Furthermore these are the only other ideals of  J/(6), for, if either 2 or 4 is in an ideal .S, then so are both 2 and 4. And certainly 3 is either in an ideal S or not in S.

The cosets of S2 are the two sets


[image: image]



Clearly these two sets comprise a partition of  J/(6). Denote the sets 0 + S2 and 1 + S2 by 0* and 1*, respectively. Then we compute the operation tables shown for these cosets. From these we see quite easily that the system {( J/(6))J. S2, [image: image]}is isomorphic with the system {J’ J ( 2), ⊕,  Ο }.
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The cosets of £3are the three sets



    0* = 0 + S3 = {0, 3}, 1* = 1 + .S3= {1, 4}, 2* = 2 + £3 = {2, 5}, and we see that these sets form a partition of  J/(6).

The operation tables for the quotient system are as shown. For example,


[image: image]


2* [image: image]1* = (2 + 53) [image: image](1 + S3) = (2 + 1) + S3 = О + S3 = О*

and

    2* □ 2* = (2 + 53) □ (2 + 53) = ((2)(2)) + S3 = 4 + 53 = 1*. From these tables we see that this quotient system is isomorphic with {J/(3),⊕, Ο}.

    Example 2. Show that { J/(p), ⊕,  Ο } has no ideals when p is a prime except the sets {[0]} and J J (p).

    Suppose S is an ideal of J J(p). If S ≠ {[0]}, then S contains an element [a] ≠ [0]. By the results of Section 5.1 we know that  J/(p) contains an element [b] such that
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Therefore since S is an ideal, the product of [a] and [6], namely, the element [1], must be in S. Then for the same reason, every element [x] = [x ] Ο [1] of J /(p) must be in S, and so


[image: image]


Thus the ideals of { J/(p), ⊕,  Ο }are rather uninteresting.

    As a complement of this result we can characterize the ideals of { J/(w), ⊕,  Ο }when m is composite. An ideal in this system is just the set of multiples (in J/(m)  of course) of [n]9 where n is some factor of m. This is proved by going back to the integers and proceeding as in the proof of Theorem 5.9. If S is an ideal of  J/(w), then among the positive integers which lie in the residue classes making up S there is a smallest one, n. Then if s is an integer in some element of S we have
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or

[image: image]


in J/(m). Then we can write

[image: image]


which means that [r] lies in S. The minimality of n among all the positive integers lying in the elements of S implies, then, that
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or

[image: image]


Now, however, we know that [0] = [m] is an element of S, so that n is a factor of m.

    Since the elements of J/(m) of the form [a] Ο[n], where n is a factor of m, can easily be shown to form an ideal of {J/(m), ⊕,  Ο },we have the following result.

THEOREM5.10. The subsystem S of {J J ( m), ⊕,  Ο }is an ideal if and only if S contains an element [n], where n is a factor of m, such that every element of S is of the form [a] Ο[n]for some [a] in J/(m).


    Exercise 5.3

1.  Define an ideal of the rational number system R, and show that the only ideals of R are R and {0}. (Hint: Show that an ideal ≠{0} must contain 1.)

2.  Show that the collection of all multiples of 6 is an ideal of J. Describe the additive cosets of (6).

3.  Find a nontrivial ideal S of  J/(10), and describe its additive cosets. Construct the operation tables for the system of cosets.

4.  Find three different subsystems of { J , +, ·} which are not ideals. Does { J/(10), ⊕,  Ο }have any subsystems which are not ideals? How about {Jl(m\ ⊕,  Ο }?

5.  Let Si = (2) and S2 = (10) be ideals of J, and define

[image: image]


That is, Si* is the collection of all cosets x + S2 of S2 with x in Si. Show that Si* is an ideal of  J/(10). Do the cosets y + S2, with y in the ideal (3) form an ideal of  J/(10)? How would you generalize these examples?

6.  Let T be the ideal {[0], [5]} of J/(10). Show that the union of the congruence classes mod 10 which make up the coset x + T is the coset x + (5) of the ideal (5) in J.

7.  Devise an argument based on Problems 5 and 6 to show that Theorem 5.10 is a consequence of Theorem 5.9.

8.  Show that the intersection of the two ideals (10) and (12) of /is the ideal (60) of J. Is such a result generally true ?

9.  Is the union of the two ideals (10) and (12) of J an ideal of j? (Consider the element 10 + 12 = 22.)

10.  Define (10, 12) to be the set

    {l0n + 12m: n and m arbitrary elements of J}.

Show that (10, 12) is the ideal (2) of J. How does this use of the notation (10, 12) compare with the G.C.F. notation (10, 12)?


    5.4 System of Ideals

    In Section 5.3 we learned that the additive cosets of an ideal S oî J can be used to form a system J/S which is a homomorphic image of J by making appropriate definitions of sum and product of cosets. The resulting system is in fact the finite system { J/(m), ⊕,  Ο }since S must be the ideal (m) for some positive integer m (we are ignoring the rather trivial ideal (0)). Now we consider the set J of all nonzero ideals of J.

    For defining binary operations on J we have at our disposal the use of four binary operations: (1) Set intersection, (2) set union, (3) addition of integers, (4) multiplication of integers.

    We shall see that three of these lead to binary operations on J.

THEOREM 5.11. The intersection of two ideals of J is again an ideal of J. The union of two ideals of J is in general not an ideal of J.

    Since the zero ideal (0) lies in every ideal we need only consider (m) n (n) when m and n are positive integers. We shall show that
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where k is the L.C.M. of {m, n}.

Let s be an element of (ra) n (n) ; then
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for some integers u and v. Therefore s. as a common multiple of m and n, is a multiple of k and so lies in (k). Thus

[image: image]


Conversely, suppose that r is an element of (k) ; then r = tk for some integer t. Since k is a multiple of m and also of л,
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for some integers a and b, so that

[image: image]


proving that
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We conclude that

[image: image]


    To show that the union of two ideals is not in general an ideal we need only remark that m + n is not usually in (m) u (n).

    From our knowledge of set theory we know that the system { J , n} is a semigroup. That is, the operation is associative. We see, moreover, that the ideal (1) is the identity element of { J , n}.However, this is not quite the system we want to help us analyze We see, for example, that the correspondence
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 is not an isomorphism between the systems { J +, ·} and { J , n} since it does not preserve the correspondence between the two operations:
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(J + denotes the set of positive integers.)

    To define a binary operation * so that { J +, ·} and { J , *} are isomorphic systems is quite easy, though, and quite obvious.

DEFINITION 5.7. The product of two elements (m) and (ri) of J is denoted by (m) * (n) and defined to be (mn).

    Since (mri) is an element of J uniquely determined by (m) and (ri) we see that * is a binary operation on J, and it makes J into a system isomorphic with{ J  + , ·}.

THEOREM5.12. The correspondence
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F: m <-> (m)

is an isomorphism of{J + , -} with {I, *}.  For we have




 [image: image]



and




 [image: image]



    Now many of the key results on the positive integers can be restated as results about the elements of J in the following way.

THEOREM5.13. (i) The positive integer n is a factor of the positive integer m if and only if (n) ⊇ (m).

(ii) The positive integer m is a prime if and only if(m) is a maximal ideal.

    (iii) A proper ideal is expressible as the product of a unique set of maximal ideals.

    By a proper ideal we mean an element of J which is different from (1). And a maximal ideal is a proper ideal which is a subset only of (1) and itself.

    To prove (i) we note that, if (n) ⊇ (m), then every element of (m), and hence m, is a multiple of n. Conversely, if
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then
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so that

 [image: image]






For example,

[image: image]



and



[image: image]

and clearly

[image: image]

    To prove (ii) we suppose that (m) is a maximal ideal of J. If m is not a prime, then m = 1, which is ruled out by the fact that a maximal ideal is proper, or m = qn, where

[image: image]

This means, however, that the ideals (q) and (n) are such that

[image: image]

contradicting the maximality of (m). Thus m is a prime.

    Conversely, suppose m is a prime. Then, if (m) is not maximal, either (m) = (1), which is impossible since 1 is not a multiple of a prime, or there is a proper ideal (n) such that

[image: image]

Clearly this implies that

m = qn   with q > 1,

which contradicts the primeness of m. Hence (m) is maximal.

    Finally we note that (iii) is just a restatement of the Fundamental Theorem of Arithmetic. An example of such an ideal factorization is provided by

[image: image]

and

[image: image]

    Thus we see that the ideal system { J , *} enables us to state facts about the factorization of composite integers into primes as facts about the maximal and nonmaximal ideals of J. This brings us to the main purpose of this section, which is to check the behavior of ideals in a number system where the factorization into primes is not unique.

    Denote by T the system {T, +, ·} of multiples of three in J. Then T is a subsystem of { J , +, ·} and is in fact the ideal (3). The feature of T which interests us is the following: some elements of T are expressible as products in T of elements which cannot be factored into smaller elements, in more than one way. For example,

[image: image]

and

[image: image]

The elements 3, 6, 12, 15, 30, 60, and 75 are all primes of T since their only factors in T are the trivial ones.

DEFINITION 5.8. A nonempty subset S of T is an ideal of T if and only if S is a subsystem of {T, +, ·} with the property that st and – s are in S for each s in S and t in T. If s is the least positive integer in S, then S is denoted by (s). The following are easily seen to be ideals of T:

[image: image]

We note that there is no ambiguity in denoting S by (s)9 where s is the minimal positive integer in 5, since we know that all the integers

[image: image]


are in S. Then, if S contains an element r other than one of these, r or − r added to the appropriate multiple of s provides a positive integer in S smaller than s. This impossibility shows that

[image: image]

DEFINITION 5.9. The operation of multiplication is defined for the set IT of nonzero ideals of T by the equation

[image: image]

    Note that this is a binary operation on IT since rs is in T, and (rs) is in IT if r and s are in T. This product clearly leads to the following isomorphism.

THEOREM5.14. The correspondence
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is an isomorphism of{T + 9 ·} with {IT9 *}. For

[image: image]

and

[image: image]

    Following the procedure suggested by the restatement of the factorization theorems for integers (see Theorem 5.13) we define ideal factors and prime ideals.

DEFINITION 5.10. The element (r) of IT is a factor of the ideal (s) if and only if
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It is a proper factor if T ⊃ (r) ⊃ (s). The idea (s) is a prime ideal if and only if (s) has no proper factors.

    Consider the ideals (3), (6), (9), (12), (15), (18), and (21). The ideal (3) = T is a factor of every element of IT and hence is of little interest. The ideals (6), (9), (15), and (21) are prime ideals since none is contained in the others: 9 is not in (6), neither (6) nor (9) contains 15, and 21 is not in (6), (9), or (15). On the other hand,

[image: image]

and both (6) and (9) contain (18). Thus neither (12) nor (18) is a prime ideal. Similarly (30) and (60) fail to be prime ideals. Now we consider the factorizations

[image: image]

and
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From our isomorphism we conclude

[image: image]


Which of these are factorizations into products of prime ideals ? Clearly

[image: image]

and

[image: image]

are the prime factorizations since (12), (75), (60), and (30) are not prime ideals. Apparently, then, in {IT, ∗} we have the following situation: Factorization into a product of primes is unique when it occurs. This means that by the use of ideals we have restored unique factorization to the multiplicative semigroup {T, ·}.

    The justification for these claims is furnished by a result which is based on the properties of the integers, naturally.

THEOREM5.15. The ideal (s) of T is a prime ideal if and only if s/3 is a prime integer of J.

If s/3 = p, a prime integer, then
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so suppose the ideal (t) contains (s). Then every element of (t) is a multiple of t, so that there is an integer n such that

[image: image]

Since t is an element of T, we know that t is a multiple of 3,

[image: image]
so that

[image: image]

and either

[image: image]

Thus the only ideals of T containing (3/?) are (3) and (3p) so that = (3p) is a prime ideal.

    Conversely, suppose s = 3mn, where AW and л are integers larger than 1. Then

[image: image]

and (s) is not a prime ideal. Hence, if (s) is a prime ideal, then s/3 is a prime integer.

    From this we conclude quite readily that an ideal (s) of T is expressible as a product of prime ideals if and only if

[image: image]

where the pt are primes. For surely

[image: image]

is a factorization of (i) into a product of prime ideals. And, by Theorem 5.15, if

[image: image]

is a factorization of fa) into a product of prime ideals, then surely 

[image: image]

and

[image: image]


From the uniqueness of the factorization of

[image: image]

in J we conclude that the factorization

[image: image]

is unique.

Example 1. (37584) = (9) * (6) * (21) * (51).

    Example 2. (12528) is not expressible as a product of prime ideals since 12528 = 34 · 2 · 7 · 17. There are, however, many factorizations of (12528) into a product of ideals :

[image: image]

This discussion of the systems of ideals of J and of Tis an attempt to illustrate at a fairly low level of mathematical sophistication the idea developed in the latter part of the nineteenth century for the purpose of restoring the property of unique factorization to a certain type of number system. The illustration is rather artificial and strained, but it does provide a rough idea of the general method.


    Exercise 5.4

1.  Define (a) + (6) to be the set of all integers an + bm, where (a) and (b) are ideals of J and n and m are arbitrary integers. Show that (10) + (12) = (2) and (3) + (11) = (l).

2.  Show that (a) + (b) = (c), where c is the G.C.F. of a and b.

3.  Show that the union of two ideals of J is an ideal of J if and only if one is contained in the other.

4.  Show that, for ideals of J,

[image: image]

5.  What is the general theorem covering these cases?

What are the idempotents of the systems { I , ∩}, { I , *}, and { I T, *} ?

6.  Prove that J contains an infinite number of distinct maximal primes. Give some examples.

7.  Express the elements (99), (999), and (9999) of { J , *} as products of maximal ideals.

8.  List four ideals (other than those in the text) of T which cannot be expressed as the products of prime ideals.

9.  Compare the ideals of {T, + , ·} with the ideals of { J , + , ·}.


10.  How many ideals of T contain a given element t > 0 of T? Explain for J = 300.

11.  Show that, if f ’ denotes the set of nonzero integers, then the semigroup { J , *} is a homomorphic image of the semigroup { J ’, ·} under the mapping a -> (|a|). Show that the set of elements of J ’ mapped onto (1) is a subsystem of { J ’, ·}.

12.  Let t be a positive integer in T and show that the set of all multiples kt, where k is any element of T, is an ideal of {T, +, ·}. Show also that this ideal is not equal to (t).


    5.5 Remarks

    In this chapter we characterized certain properties of individual integers in terms of subsystems, homomorphisms, ideals, quotient systems, etc. ; for example, the positive integer m is a prime if and only if the ideal (m) is a maximal ideal of J; if and only if the quotient system J/(m) contains only the trivial ideals ; if and only if no nonzero element of J/(m) is a divisor of zero. These characterizations are not intended to provide additional information about the integers (although they certainly do increase our understanding of the system of integers). Rather they are set forth as possible guides for the generalizing of concepts used in the study of the system of integers, and these generalizations enable us to analyze by analogy other and abstract systems. Some of these analogies are apt to be a trifle twisted and perhaps obscured by details, but the student will find that the discernment of such analogies will contribute greatly to his understanding of the analysis of the systems.

    On the other hand, although an analogy can sometimes lead to a conjectured theorem from a known theorem, it often fails to provide a proof for the conjecture. And even if the conjectured theorem can be proved, the resulting proof is very likely to be totally different from the proof of the original theorem. So a clever analogy may lead to the conjecturing of a strange new theorem, but often an entirely different bit of ingenuity is required for the proof of the theorem.
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            6

Groups


NOW WE PROCEED from the consideration of the familiar systems and some of their associated systems to the study of a type of abstract system. These abstract systems, called groups, have a single binary operation which has most of the nice properties of the binary operations which we have already studied, so we should expect these systems to have properties not unlike the features of the systems we have been studying. And we shall see that a group can be at least partially analyzed by means of the concepts set forth in the previous chapter.

    To a large extent our purpose in introducing the study of groups at this point is to illustrate some of the methods of analyzing abstract algebraic systems which have been devised by mathematicians. However, the theory of groups has important applications and uses in many areas of science, especially in physics and chemistry, as well as in other parts of mathematics. We will not consider such matters in this chapter since we are attempting only to develop some of the simpler aspects of the theory of groups, but the student is urged to use the reading list at the end of the chapter to investigate some of the simpler applications.



    6.1 Definitions and Examples

We shall begin with an example of a type considered earlier.

    Example 1.Consider the set {a, b, c} of three distinct elements. Now this set has six permutations or one-to-one mappings onto itself :

[image: image]


and if we use the composition of functions as our binary operation, denoted by ·, we obtain the table shown for the set G of mappings.





[image: image]








This is true since, for example,

[image: image]


and

[image: image]

so that

[image: image]


    What do we know about the system {G, ·}? Since the binary operation is the composition of functions, we know from our previous work that it is an associative operation. From the table we see that Fx is the identity element relative to the binary operation, and we see also that each element of G possesses an inverse element relative to the binary operation since Fi appears once and only once in each row and column of the table and these appearances are symmetric about the main diagonal of the table. On the other hand the entire table is not symmetric about the main diagonal (upper left to lower right) so that the binary operation is not commutative. Thus we conclude that {G, ·} is a mathematical system with the following properties :

    (1)  The operation is associative.

    (2)  G contains an identity element.

    (3)  Each element of G has an inverse.

    (4)  The operation is not commutative.

    This is an example of a finite, noncommutative group.

DEFINITION 6.1. A group is a mathematical system consisting of a nonempty set G9 a binary operation denoted by · (and considered as abstract multiplication) and the axioms :

    (1)  (a · b) · c = a · (b · c) for any elements of G.

    (2)  G contains an element e such that a · e = e - a = a for each a in G.

    (3)  For each a in G there is an element á in G such that

[image: image]

    If the following additional axiom is assumed the system is a commutative or Abelian group :

    (4)  a . b = b · a for any a and b in G.

    The system is generally denoted by G and sometimes by {G, ·}. A group is called finite if and only if the set G is a finite set. The element e of axiom (2) is called an identity element of the group G, and we shall show that a group has only one identity element. The element a’ of axiom (3) is called an inverse of a, and we shall show that each element of G has only one inverse. The number of elements in G is the order of G.

    It is quite obvious that we can obtain many examples of Abelian groups, both finite and infinite ones, from the systems which we studied in the preceding chapters. Certainly {R, 4-} is an infinite Abelian group, and for each positive integer m9 {J J ( m)9 ⊕} is a finite Abelian group. However, it is the existence of examples other than these which makes the study of abstract groups worth while.

    Example 2. Let S be the Cartesian product of the set Re of real numbers with itself, S = Re x Re. Define the mappings E and F on S by specifying images :


[image: image]

for each element (x9 y) of S. Then this set of two functions, G = {Ey F}9 and the binary operation of function composition, denoted by -, form an Abelian group.


[image: image]

The operation table for this group is as shown since

[image: image]


and

[image: image]

    The operation we know to be associative, and E is the identity element whereas each element is its own inverse. And clearly the group is Abelian.

    Although the student may not recognize this group, it is one that he was taught to use in his analytic geometry course for testing to see if the graph of an equation in x and y is symmetric with respect to the j-axis. We say that the graph of the equation

[image: image]


is symmetric with respect to the j-axis since the subset S1 of S consisting of all pairs (x9 y) of real numbers such that y = x2 + 2, is mapped onto itself by the elements of this group G. This of course is boiled down to this simple test: (x, y) is in Si if and only if ( - x9 y) − (x9 y)F is in Si since ( - x)2 = x2. Nevertheless when we discuss subsets of S9 or their corresponding geometric configurations, which are symmetric with respect to the jy-axis, we are talking about those subsets which are left invariant or unchanged (i.e., mapped onto themselves) by the elements E and F.



















    This simple example relating the symmetry about the x-axis with the group {{E9 F}, ·} of two one-to-one mappings of the set S illustrates a fundamental relationship between groups and geometries. This relationship is the basis of a definition of geometries given by the mathematician Felix Klein: A geometry is the study of those properties of a set T which remain invariant when the elements of T are subjected to the elements of a group of one-to-one mappings of T onto T.

    The preceding idea of testing for symmetry gives rise to another elementary example of a group.

    Example 3. Let S be the Cartesian product of Re with Re. We define four mappings on S by defining the images of (x, y) : 
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and

[image: image]

It is quite easy to show that the composite of any two of these is again in the set G = {Fl9 F2, F3, F4} so that the system {G, ·} is certainly a semigroup. We see from the operation table shown that F± is the identity element of G, that each element is its own inverse, and that G is a finite, Abelian group.




[image: image]







    Example 4. The set G of alt the one-to-one mappings of the nonempty set T onto itself is a group relative to the composition of functions. Let Fx and F2 be elements of G. Then by definition of one-to-one function we know that each element of T appears exactly once as a first and as a second element of pairs in Fi and F2. Since




[image: image]

it is clear that Fx · F2 is one-to-one from T onto T. In other words Fx · F2 is one-to-one since every J in T is the image under Fi · F2 of some element of T. So · is a binary operation.

    The binary operation is associative, as we saw in Chapter 1, since, for t in T and Fi, F2, and F3 in G, the equations
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and

[image: image]

imply that the functions
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both map J onto the same image. Hence
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The semigroup {G, ·} has an identity element, namely, the function E defined by

[image: image]

Obviously E is one-to-one, and the equations
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and
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show that

[image: image]

Finally, if F is an element of G, then the function F’ defined as

[image: image]

is an inverse element for F in G. We see that F’ is in G if and only if F is in G by looking at the set of first elements and at the set of second elements in the pairs which constitute F. In the same way we see that

[image: image]

for, if (a, b) is in F, then (b, a) is in F’ so that (a, a) is in F · F’ and (b, b) is in F-F.

    Thus the system {G, ·} is a group. It is in general neither finite nor Abelian. If T is a finite set of n elements, then G is certainly finite since a finite set has only a finite collection of mappings onto itself. In that case the elements of G are the permutations of n elements, and everyone knows that there are n\ different permutations of n elements. This accounts for the fact that the group in the initial example of this section contained 6 = 3! elements. We note that the group {G, ·} is referred to as the symmetric group on n elements when T contains n elements.

    These examples all involve the concepts of mappings and the composition of mappings. Now we give a more numerical example.

    Example 5. Let m be an arbitrary integer greater than 1, and let G be the set of Φ(m) residue classes modulo m of integers which are relatively prime to m. Then the operation defined by [a] · [b] − [ab] is a binary operation on G since
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if and only if
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Obviously this operation is associative since
 [image: image]

and

[image: image]

The element [1] is the identity element, and the inverse of [a] is the element [a(m)-1 by Eine’s Theorem. Thus {G, ·} is a group. If we select m = 7, then G contains six elements which we will denote by 1, 2, 3, 4, 5, 6 for the sake of

simplicity, and the operation table is as shown. from this table we see that this group is Abelian since the table is symmetric about the main diagonal. Because of the first example we conclude that there exist both Abelian and non-Abelian groups of order six (6 is in fact the smallest integer for which this is true.)

[image: image]

    The table in Example 5, the table in Example 1, and indeed the operation table of any group all have one common feature : each element of the group appears once and only once in each row and in each column of the body of the table. We shall discover the reason for this in the next section, but now let us consider the following question. If {G, .} is a mathematical system in which G is a finite set and . is a binary operation on G defined by a table in which each element of G appears exactly once in each row and in each column, is the system a group? The answer to this is negative as the next example proves. (Such a system having an identity element is called a loop.)

    Example 6. Show that the table shown is not the operation table of a group. Note that each element appears exactly once in each row and each column of the body of the table and that the table is symmetric about the main diagonal. and so the associative law is not valid in this system. This means that the system is not a group.
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From the table we see that
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Therefore
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whereas
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and so the associative law is not valid in this system. Thia means that the system is not a group.

    The fact that each element appears in each column exactly once means that the columns are essentially permutations of the six elements of the set. is a permutation not included among the six obtained from the table. Thus the set of permutations obtained from this table do not form a group relative to the composition of functions. However, the permutations obtained from the columns of the table of Example 5 do form a group relative to function composition. In the table of this group Roman numerals are used to represent these permutations, so that, for example,

From the columns we write down the following one-to-one mappings:
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    Using the usual composition operation for functions, we find that

[image: image]

is a permutation not included among the six obtained from the table. Thus the set of permutations obtained from this table do not form a group relative to the composition of functions. However, the permutations obtained from the columns of the table of Example 5 do from a group relative to function

[image: image]

composition. In the table of this group Roman numerals are used to represent these permutations, so that, for example,

[image: image]

and

[image: image]

Then we see that

[image: image]

    This representation of a group {G, .} by a group of permutations on the set G is a feature possessed by all groups, and we shall prove this in the next section. Thus we again return to groups composed of one-to-one mappings.

    Exercise 6.1

1.  List all permutations of the set {a, b) and using function composition write out the table of this group of permutations.

2.  Consider the set R of all one-to-one mappings of a plane onto itself which preserve distances between points of the plane (such as rotations about a line or point and translations). Does R form a group relative to the usual composition of functions ? Considering what you know (or should know) about plane geometry, comment on F. Klein’s definition of geometries.

3.  Devise a group which “tests” for symmetry about the line whose equation is y = x; about the origin; about the line whose equation is y = 3.

4.  Write out the operation table of the group of Example 5 when m = 5. How does this group compare with Example 3 ?

5.  The distance-preserving one-to-one mappings F of a plane which leave a nonempty set S of points of the plane invariant (i.e., s F is in S for each s in S) are called the symmetries of S, and the set of symmetries of S form a group GS, the symmetry group of S, under function composition. Show that the symmetry group of a nonsquare rectangle ABCD consists of four mappings: the rotation about the line through the midpoints N and P, the rotation about the line through the midpoints О and M, the rotation about the point Q, and the identity function. Compute the operation table of this group.


[image: image]

Figure 6.1



6.  Determine the symmetry group of an equilateral triangle. Compare with the first example of this section.

7.  Compare the symmetry group of a set of two distinct points with the symmetry group of the line segment joining the two points.

8.  Show that a loop of three elements is necessarily a group by showing that there is only one table, except for rearrangements, for the set {a, b, c} in which each element appears exactly once in each row and column.

9.  Find a loop of five elements which is not a group.

10.  How many symmetries has a five-pointed star? A noncircular ellipse? A hyperbola? A regular tetrahedron? Illustrate.

11.  Consider the set of all one-to-one mappings of the set J of integers onto J which leave invariant a subset S of J. Do these mappings form a group under function composition? Why? (Consider the case when S is the set of positive integers and find the inverse of F where F(n) = n + 1.)

12.  Is the set of all rotations of a sphere a group under the usual operation of function composition ? Explain.

13.  Suppose a plane is covered with a pattern of regular hexagons. Describe some distance-preserving one-to-one mappings of the plane onto itself which leave the pattern undisturbed.

14.  Are distance-preserving one-to-one mappings of a plane onto itself continuous functions? Are continuous one-to-one mappings with continuous inverses necessarily distance preserving? (Consider a “shrinking” of a circle onto a concentric circle.) What “geometry” might these mappings define?

15.  Show that for each positive integer n there is at least one group of order n.

16.  Which symmetric groups are Abelian ?

    6.2 Elementary Properties

    From our knowledge of identity elements and reciprocals or multiplicative inverses of rational numbers we naturally expect the identity element e and the inverse of an element of a group to be unique.

THEOREM 6.1. The identity element of a group is unique, and each element of a group has exactly one inverse element in the group.

    The statement that the identity element of {G, .} is unique means that, if b is an element of G such that for every a in G,
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then
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    To prove this we merely multiply the equation
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by a′, obtaining
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Since the operation is associative this reduces to
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    To show that an element a has exactly one inverse in G, we suppose that с is an element of G such that
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Multiplying the equation a . с = e by a′ yields

[image: image]

Then by the associativity,
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and so a has only one inverse.

THEOREM 6.2 A group possesses exactly one idempotent element, the identity.

    Certainly the equation a . e = a becomes
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when a = e. Hence e is an idempotent. Now suppose f is an idempotent element of G, so that
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Multiplying this equation by the inverse of f we obtain

[image: image]

Thus e is the only idempotent element of G.

THEOREM 6.3. If a′ is the inverse of a in G, then a is the inverse of a′:
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    By definition of inverse, (a′)′ is an element of G such that
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Since a′ has the property that
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we conclude from the uniqueness of the inverse of a′ that
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    The uniqueness of the inverse of an element of a group enables us to prove the next result.

THEOREM 6.4. If a and b are elements of a group G, then
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    Use of the associative law yields
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and similarly
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By the uniqueness of (a . b)′ we conclude that

[image: image]

    For example, in the first part of Section 6.1 we see from the operation table that
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and
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Thus

[image: image]

and we note that

[image: image]

So that in this non-Abelian group
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    In the above proofs we used the Associative Law and included the various groupings or associations. However, we recall that in any semigroup (i.e., whenever a binary operation is associative) the generalized Associative Law is valid, as we proved by induction in Chapter 2. Thus it is unnecessary for us to indicate the associations, except as a convenience to understanding.

    We recall that another basic property of addition and of multiplication in the natural number system, the rational number system, etc., was embodied in the Cancellation Law. Since the operation of a group is invertible (i.e., each element possesses an inverse) we can show that the Cancellation Law is valid in a group.

THEOREM 6.5 (CANCELLATION LAW). If a, b, and с are elements of the group {G, .} then either of the equations
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implies that b = с.

    Multiplying by a′ on the appropriate side yields
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and

[image: image]

    If we denote by a . G and G . a, where a is an arbitrary but fixed element of G, the sets
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and

[image: image]

then this result has the following consequence.

    Corollary 6.5.1. Each element of G appears once and only once in the set a . G and in the set G . a.

    Let X be an element of G. Since
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and
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we see that x appears in each of the sets G . a and a . G. That is,

[image: image]

where
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Now suppose
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for some element d in G. Then
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and Theorem 6.5 implies that

[image: image]

Hence X appears only once in the set G . a. Similarly x appears only once in the set a . G.

    This property of groups was pointed out in Section 6.1 when we remarked that each element of the group appeared exactly once in each row and in each column of the operation table of the group. The elements of G . a are precisely the elements of the column headed by a, and the elements of a . G are exactly the elements of the row to the right of the element a.

    Corollary 6.5.2. Each element of the group G appears exactly once in each row and each column of the operation table of G.

    As a result of this property of the group {G, .} we have a simple method for obtaining permutations or one-to-one mappings of the set G onto itself. Select an element a of G, and multiply each element of G on the right by a. Then the mapping Fa defined by
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is a permutation of the set G since the set of images is the set G . a and since we have shown that G . a contains each element of G exactly once.

    Now suppose we combine two of these permutations, say Fa and Fb by means of the composition of functions. Then since
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for each x in G, we see that

[image: image]

where Fa . Fb is the composite function. This last equation means that the image of each element x of G under the combined function Fa . Fb is equal to the image of x under the permutation Fa.b obtained by multiplying on the right by a . b of G:

[image: image]

Therefore the set of all such mappings as Fa is closed under the operation of function composition (which we have denoted by . also). Moreover the product of two permutations Fa and Fb is the permutation obtained from the product of the two group elements, a .b.

DEFINITION 6.2. Two groups {G, .} and {H, Ο} are isomorphic with each other if and only if there is a one-to-one correspondence between the elements of G and the elements of H which preserves the operations. That is, if a corresponds to h, and b corresponds to k, where a and b are in G and h and k are in #, then a * b corresponds to h Ο k. We write G ≅ H.

    Although we have not shown that the set of all permutations Fa obtained in the manner described above is a group relative to function composition, it is quite evident that the correspondence
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preserves the operations since

[image: image]

THEOREM 6.6 (CAYLEY). The system {P(G), .} where P{G) is the set of all permutations Fa, is a group isomorphic with {G, .}.

    The group {P(G), .} is called the regular permutation representation of {G, .}

    It is quite easy to prove that P(G) is a group by using the property established above. Certainly Fe is the identity element of P(G) since
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Also the inverse of Fa is Fa since

[image: image]

And we know that the composition of functions is an associative operation, so we see that {P(G), .} is indeed a group.

    Now consider the mapping К defined by
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This is a mapping of the set G onto the set P(G), and we must show that it is a one-to-one mapping between the two sets. In other words we must show that the equality
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implies that
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    But Fa = Fb means that, for each x in G,
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so that by the definition of Fa and Fb,
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Clearly the Cancellation Law for {G, .} yields

[image: image]

so K is a one-to-one correspondence between G and P(G).

    Finally, this correspondence preserves the operations of the two groups since
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    Therefore the two groups are isomorphic.

    Example 1. Find the regular permutation representation of the group {J/(3), ⊕}.
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    The operation table of this group is as shown. (We are using the simplified notation for the residue classes and the operation.) Then

[image: image]

and

[image: image]

    That is, the image of a under the permutation F2 is a + 2, for each element a of J/(3). We see that the effect of F1 . F1,  the composite function, on each of the three elements of J/(3) is as follows:

[image: image]

[image: image]
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    Continuing, we obtain the operation table of the three permutations. Examination reveals that this table is essentially the same as the preceding table.

    The key to the success of this scheme is the Associative Law. In order to show that Fa . Fb = Fa.b we used the fact that, for each x in the group G,
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This explains why the permutations obtained from the system in Example 6 of Section 6.1 did not form a system.

    Example 2. Show that the two groups {J/(4), ⊕} and {J″(5), Ο} are isomorphic, where J″/(5) denotes the residue classes of integers relatively prime to 5.

[image: image]

    The operation tables of these two groups are shown. We are using 1 to denote [1]4 and 1″ to denote [1]5, etc., to simplify the notation. Inspection shows that the following correspondence is an isomorphism.
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    We see, for example, that

[image: image]

and that
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This is not, however, the only one-to-one correspondence between the two groups which preserves the operations. Consider the following:

[image: image]

If we replace the elements in the J/(4) table by the corresponding elements we get the table shown which is just a rearrangement of the table for J″/(5).

[image: image]

So we see that there can be several isomorphisms between two isomorphic groups.

    Exercise 6.2

1.  Let S be the set of integers {1, 2, 3, 4, 5}, and define the operation ⊖ by the statement: a ⊖ b = minimum of a and b. Show that {S, ⊖} is an Abelian semigroup with identity element. Construct the operation table for this system. Discuss the theorems of this section relative to {S, ⊖}.

2.  Show that isomorphism of groups is an equivalence relation on a nonempty set of groups.

3.  Prove that, if С is an isomorphism from the group {G, .} to the group {H, Ο}, then С maps the identity element of G onto the identity element of H.

4.  Consider the isomorphism C1 in Example 2. Show that the image in J″ /(5) of the inverse of an element a of J/(4) is the inverse of the image in J″ /(5) of a. (For example, the image of the inverse of 3 is 3″, and the inverse of the image of 3 is 3″ = (2″)′.) What general principal do you deduce from this?

5.  The element 1 of the group {J/(4), ⊕} is said to generate the group since 1 ⊕ 1 = 2, 1⊕ 1 ⊕ 1 = 3, and 1 ⊕ 1 ⊕ 1 ⊕ 1 = 0. Consider the tables of Example 2, and find some elements which generate each of the groups in that example.

6.  Let x be a generating element (see the previous problem) of the group {J/(4), ⊕} and y″ be a generating element of {J″(5), Ο} in Example 2. Show that the following correspondence is an isomorphism of the two groups:
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How many isomorphisms of the two groups can you find this way ?

7.  Suppose a semigroup {S, .} has a left identity element e (so that e . a = a for each a in S) and a right identity element /. Prove that e = f.

8.  Let {S, .} be a semigroup with the property that S.. a, the set of all s . a for s in S, equals S equals a . S for each a in S. Show that {S, .} is a group. (Hint: S = S . a implies the existence of e such that a = e . a, and e . S = e - (a . S) = a - S = S imply that e is a left identity element for 5.)

9.  Show that a finite semigroup in which the cancellation laws (left and right) are valid is a group. (See Problem 8.)

10.  Consider the semigroup of positive integral multiples of two under the operation of ordinary multiplication. Show that this semigroup possesses the cancellation law but is not a group.

11.  Compare the group of permutations obtained in Example 1 of this section with those of Example 1 in Section 6.1.

12.  Find the regular permutation representations for the groups of Example 2.

13.  Comment on the statement, “If everything were known about permutation groups, then all group theory would be known.”

14.  Show that a group with no more than four elements is Abelian. (Hint: Compare the two sets {e, a, b, a - b) and {e, a, b, b . a}.)

15.  Prove that, if x . x = e for every element x of the group {G, .}, then it is an Abelian group. (Hint: Consider the inverse of a . b.)

16.  Show that a group of order three has a generating element. How about a group of order four? (Consider the examples of Section 6.1.)

17.  Compare the symmetry group of a nonsquare rectangle with the symmetry group of a noncircular ellipse.

18.  Compare the multiplicative group of positive real numbers with the additive group of real numbers. (Remember logarithms ?)

19.  The identity mapping, is certainly an isomorphism of the group G with itself. Does the group {//(4), ©} have any other isomorphisms with itself? (See Example 2.) Can these isomorphisms be combined in any reasonably obvious way to yield another isomorphism ?
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20.  Can an Abelian group be isomorphic with a non-Abelian group? Why?

21.  Show that a loop is a group if the regular permutations obtained from the loop form a group under function composition. (See Example 6 of Section 6.1. A loop is a system {L, .}, where . is a binary operation, L contains an identity element, and each element of L has an inverse.)

22.  Let S and T be equivalent nonempty sets (where Fis a one-to-one mapping from S onto T). Show that the two groups {P(S), .} and {P(T)f .} of all permutations on the two sets are isomorphic. (Hint: Use F to establish an isomorphism.)

    6.3 Subgroups and Cyclic Groups

    Thus far we have looked at some examples of groups, discussed a few properties of some distinguished elements possessed by groups, and investigated a relationship between abstract groups and permutation groups (groups of permutations). Now we begin our study of the structure of groups.

DEFINITION 6.3. A nonempty subset H of G is a subgroup of the group {G, .} if and only if

    (i) h . K is in H when h and к are in H.

    (ii) Ы is in H when h is in H.

    If H Ф G, then H is a proper subgroup.

    For example, the set E of even integers is a subgroup of the additive group of integers since the sum of two even integers is even and the negative (i.e., the inverse) of an even integer is also an even integer. In fact the group {E, +} is isomorphic with the group {/, +}.

    Strictly speaking, by the definition above a subgroup is just a set and not a mathematical system. But the properties (i) and (ii) ensure that the binary operation of {G, .} induces a binary operation on H such that {H9 .} is a group.

THEOREM 6.7. A subset H of G is a subgroup of the group {G, .} if and only if {#, .} is a group.

    Suppose H is a subgroup of {G, .}. Then K is nonempty and so contains an element h. By property (ii) K contains W also, so that using property (i) we conclude
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is an element of K. Thus the system {K, .} has an identity element and an inverse for each element. So we need only show that the operation of {K, .} is associative, and this follows from the fact that the operation of {G, .} is associative.

    Technically the operation symbolized by . in {G, .} is a certain subset M of the set ((G x G) x G), where
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if and only if ((a, b), c) is in Л/. Then the operation induced on K is the intersection of M with ((K x K) x K), and property (i) ensures that this is indeed a binary operation on K. Therefore, if я, b, and с are elements of K, then
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is an element of K, and we see that, in M п ((K x K) x K),
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Hence the operation induced on K is associative and the system {K, .} is a group.

    Conversely, suppose {K, .} is a group. Then certainly K is a nonempty subset of G. Since the induced operation is indeed a binary operation on K we must have h . к in K whenever A and A: are in K, for otherwise the intersection M n ((K x K) x K) would not be an operation on K. Thus K has property (i).

    Now the group {K, .} has an identity element, say /, but is it the same identity element as that of {G, .}, namely, el Well, we note that
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TK, so that ((J,/),/) lies in M intersected with ((K x K) x K), and hence / is an idempotent of G. Therefore,
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and a group and its subgroup contain the same identity element. Now an element h of H has an inverse h“ in the group {K, .} so that
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Hence A″ is the inverse of h in the group {G, .}, and so the set K possesses property (ii). Thus K is a subgroup of {G, .}.

    It is easy to see that each group {G, .} possesses several subgroups since the sets {e} and G are both subgroups of {G, .}. These two subgroups are called the trivial subgroups of {G, .} since they are of little importance.

    The problem of finding all the subgroups of a given group is in general a difficult one which varies sharply from one group to another.

Example 1. Find all subgroups of the group given in Example 1 of Section 6.1.

    In this case the task is quite easy since we have an operation table for the group. The subgroups of this group are:

[image: image]

and the entire group. But how are these found? By looking at powers of the individual elements:
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Since F2 . F3 = F3 . F2 = Fl9 it is evident from these powers that the sets

[image: image]

are subgroups. By checking the table we can see that the only subgroup containing Ft and Fj9 where / = 2 or 3 and j = 4, 5, or 6, is the whole group. For example,
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so that a subgroup containing F2and F4must also contain Fe, F5, F3,and Fi,and hence is the entire group.

Example 2. Determine all of the subgroups of the group {/, +}.

    Here of course we can use the powerful results on integers which were developed earlier. Let K be a subgroup of this group. If K = {0}, then it certainly requires no discussion, so suppose K ф {0}. Then it contains an integer h Ф 0, and if h  0 we know that - h  0 and - h is in K. Therefore the set Hx of all positive integers in K is not empty. Now by the Well-Ordering Theorem the set Hx contains a minimal element m, and we claim that K is precisely the set of all integral multiples of m.


    To show this we prove first that, if K is an integer, then km is in K by the above argument, so that km =  (  km) is in K by property (ii). Thus all of the integral multiples of m are in K.

Now select h in K. By the Divisor Theorem,
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and since is in h by preceding work we know that
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is an element of K. Since m is the smallest positive element of K we see from this that r is zero and m is a factor of K. So K consists of the multiples of m, and the subgroups of {J, +} are
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whrer (m) denotes the set

[image: image]

    These two examples illustrate the fact that we can often find many, if not all, of the subgroups of a group by looking at the sets generated by single elements of the group.

DEFINITION 6.4. If x is an element of the group {G, .} then the exponentiation of л; for integral exponents is defined by:
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The set of all xm, m in J, is denoted by (x).

    This is a simple definition for the very useful mapping of the set G x / onto the set G which is suggested by the generalized Associative Law for semigroups. (A more sophisticated definition based on the Principle of Induction can be given.) We use the exponential form in this definition since we are referring to the operation of the group {G, .} as abstract multiplication. However, the exponential form is not used when the operation is, or can be more conveniently thought of as, addition. Thus in Example 2 above we

write , ,

[image: image]

rather than use the exponential form, which has other meanings in this particular instance.

THEOREM 6.8. The set (x) is a subgroup of the group {G, .}.

    This is a consequence of one of the laws of exponents which is easily proved for groups :

[image: image]

If n and m are both nonnegative or nonpositive, then a simple counting suffices. If n and m are of opposite signs, then a pairing off of a sufficient quantity of x’s with their inverses proves the law in this case; e.g.,

[image: image]

Here we have used two important facts: (1) an element commutes with its inverse, and (2) en = e for any positive integer n. Alternatively, the latter part of the argument requires the following result, which is proved by induction.

Lemma 6.1. If « is a positive integer, then

[image: image]

When n = 1, then obviously

[image: image]

so suppose, for some positive integer k,

[image: image]

Now consider

[image: image]

So the induction is complete, and the result is proved.

    Then to show that (x) is a subgroup we need only point out that xn is in (x) for every integer n, and that only such elements of G are in (x).

    The subgroup (x) is the cyclic subgroup generated by x, and x is said to be a generator of (x). The order of x is the order of (x).

Corollary 6.8.1. The subgroup generated by x is an Abelian group. This is a consequence of the equation

[image: image]

    It may happen that one of the cyclic subgroups of {G, .} is in fact the whole group G. In this case the group is of a particularly elementary type.

DEFINITION 6.5. A group {G, .} is a cyclic group if and only if G contains an element x such that G = (x). The element x is a generator of G.

    We see from the preceding result that a cyclic group is Abelian. However, the concept of exponentiation, by tying the idea of a cyclic group in so closely with the integers, enables us to completely classify the cyclic groups up to an isomorphism.

THEOREM 6.9. If the group {G, .} is cyclic and contains m elements, then it is isomorphic with {J/(m), ©}. If the group {G, .} is cyclic and infinite, then it is isomorphic with {J, +}.

    Suppose G = (x) contains m elements, and consider the following m + 1 elements of G:

[image: image]

Evidently two of these elements are equal (since otherwise G would contain more than m elements), say

[image: image]

with h  k. This means that

[image: image]

and so we see that a critical feature of a finite cyclic group is that it determines a least positive integer n such that

[image: image]

And since G contains m elements it is clear from the Divisor Theorem and the above argument that m = п. For, if к is an arbitrary integer and « is a positive integer such that

[image: image]

then

[image: image]

implies that

[image: image]

Thus

[image: image]

are the distinct powers of x. Now the mapping

[image: image]

is certainly a one-to-one mapping from J/(m) onto the m distinct powers of x. Furthermore this correspondence preserves the operations of the groups because of the law of exponents :

[image: image]

By the same argument, essentially, if (л:) = G is infinite then

[image: image]

if and only if / = j. For otherwise one of the two integers i and j is larger, say /, so that

[image: image]

and hence there is a least positive integer n such that

[image: image]

Then (x) contains only n distinct elements, contradicting the infiniteness of the group. This means that the mapping

[image: image]

is a one-to-one mapping from J onto (x) = G. Clearly it preserves the operations, so that in this case {G, .} is isomorphic with {/, +}.

    An important consequence of this method is that we know all of the subgroups of a cyclic group, and they are cyclic also.

THEOREM 6.10. Every subgroup of a cyclic group is cyclic.

    Suppose G = (x), and consider a subgroup K of G. If K ф {e}9 then K contains positive powers of x9 and hence a minimal positive power of x9 say xk. Then as in the above proof and in Example 2 we see that K = (xk).

THEOREM 6.11. If{G9 .} is a cyclic group (x) of order m and к is an integer such that 1  K m, then (xk) is a proper subgroup of G if к is a factor of m.

    If к divides m9 then there is a positive integer h such that m = kh. Since
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we see that the h elements

[image: image]

form a cyclic subgroup of G which is proper since h  m.

    Conversely, suppose K is a proper subgroup of G. If K = {e}, then K = (xm) = (л;*) with к = m. lï H ф {e}9 then as in the previous theorem there is a minimal positive integer к such that xk is in K. Now let *n be in K ; then, since
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we have
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This means that

[image: image]

is an element of K since xn and x~kq = (x*9)' are elements of K. But is the least positive integer such that xk is in K, so we see that r has to be zero. Hence к is a factor of n and so only powers of xk lie in K. In particular e = xm is in K so that к divides m, and

[image: image]

so that the distinct elements of K are the h powers

[image: image]

Since K Ф G we see that h  m9 and so 1  ^ w. This proves the following proposition.

THEOREM 6.12. If H is a proper subgroup of the cyclic group {G9 .} of order m, G = (x)9 then there is a factor к of m9\  к ^ m9 such that H = (xk).

Example 3. Find all of the subgroups of the group {//(100), ©}.

    This group has the generator [1] and is of order 100. Since the factors of 100 are 1, 2, 4, 5, 10, 20, 25, 50, and 100, we see that the subgroups of this group are the cyclic subgroups

[image: image]

Here we write

Km = lAj

instead of xk since the operation of this system is addition.

    We note that any of the classes of integers relatively prime to 100 can serve as a generator of {//(100), ©}, for, if (t, 100) = 1, then

[image: image]

if and only if к is a multiple of 100. Hence the 100 classes

[image: image]

are precisely the 100 elements of//(100), and //(100) = ([/]).

    Exercise 6.3

1.  Find all the subgroups of the group of Example 3 in Section 6.1.

2.  Find all subgroups of the group of order six in Example 5 of Section 6.1.

3.  Is the multiplicative group of all positive rationals a cyclic group? Find two cyclic subgroups of this group.

4.  Can an infinite Abelian group contain a nontrivial finite cyclic subgroup ? (Consider the Cartesian product / x(//(3)) with (л, b) . (c, d) = (а + c, b 0d).)

5.  Show that the intersection of two subgroups of the group {G, .} is a subgroup of {G, .}.

6.  Show that, if K is a subgroup of {G, .} and К is a subgroup of {K, .}, then К is a. subgroup of {G, .}.

7.  For the subgroup K of order three in Problem 2write out the operation induced on K (i.e., the intersection of M with ((K xK) xK)).

8.  Prove that, if e is the identity element of {G, .}, then em = e for every integer m.

9.  Show that, if x and y are elements of the group {G, .} such that x . y = y . x, then (x . y)m = xm . ym for every integer m.

10.  If {G, .} is a cyclic group of order 75, then how many subgroups of order five does G have ? Why ? How many generators has the group G ?

11.  Describe the subgroups of the multiplicative group of all integral powers of 1,000,000.

12.  Use Example 1 of Section 6.1 to show that, if а . b Ф b . a, then (а . b)m need not equal am . bm.

13.  Prove that, if {G, .} is a group such that (a . b)2 = a2 . b2 for each a and each b in G, then it is an Abelian group.

14.  If K is a nonempty subset of the finite group {G, .} with the property that x . у is in K when x and у are in K, is K a subgroup of G ? How is the finite-ness used?

15.  If {G, .} is a cyclic group of order m, G = (x), what form does the inverse of x take?

16.  Let Z be the set of all elements z of the group {G, .} with the property that
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for every x in G. Show that Z is a subgroup of G. This is the center of G.

 17.  Find the center of Example 1 of Section 6.1.

18.  Let {P(S), .} be the group of all permutations of the set S. Show that the functions which map an element s of S onto itself form a subgroup of the group. If S = {1, 2, 3} find the permutations of S which map 2 onto 2 and construct their multiplication table.

19.  Does the group {G, .} have to be cyclic if all of its proper subgroups are cyclic? Explain.

20.  Show that a group of order three is cyclic. What about four ?

21.  Describe in your own words the classification of cyclic groups and their subgroups.

6.4 Cosets

    In discussing the ideals of the system of integers we discovered that from an ideal we could form a collection of sets which made up a partition of J. Now we could do the same thing for groups and subgroups.

DEFINITION 6.6. If K is a subgroup of {G, .}, then the set aH = {a-h: h in K} for an element a of G is a left coset of K. The element л is a representative of aH.

    Right cosets are defined similarly.

    Example 1. Find a nontrivial subgroup of the group G having the operation table shown and find its cosets.

[image: image]

    It is quite easy to see that this group is isomorphic with the symmetric group on three elements, Example 1 of Section 6.1. One subgroup of this group is the cyclic subgroup of order three,
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The left cosets of H are

[image: image]

and

[image: image]

    Note that each coset contains three elements and that the two different cosets are disjoint.

    The set К  {e, с} is also a cyclic subgroup of G, and its left cosets are

[image: image]

and

[image: image]

Here again the cosets each contain two elements and are disjoint if different. We see also that the right cosets of К are

[image: image]

and

[image: image]

showing that in general left and right cosets are unequal even though they overlap.

    Abstracting from these simple examples we show that the cosets of a subgroup H provide much information about H.

THEOREM 6.13. If H is a subgroup of {G, .} and aH and bH are cosets of H, then:

    (1) aH = bH, or aH and b H are disjoint.

    (2) aH and bH are equivalent sets.

    Suppose that aH and bH contain a common element x; then we must show that aH = bH in this case. Since x is in aH there exists an hx in H such that
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because of the definition of aH. Similarly,
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for some h2 in H. Consequently

[image: image]

so that

[image: image]

and

[image: image]

Therefore, for each hin H,

[image: image]

and since the product h2 . hi ~1 . h is in the subgroup H, we conclude from this that

[image: image]

Similarly,

[image: image]

implies that

[image: image]

Hence we see that

[image: image]

proving (1) of the theorem.


To prove (2) we show that the mapping F from aH to b H defined as 
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    is a one-to-one mapping from aH onto bH. For clearly
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implies

[image: image]

so that the mapping is one-to-one, and it is onto bH because of the definition

[image: image]

    When we restrict our attention to finite groups we have as a consequence of this theorem a relationship between groups and positive integers which has led to much of the development of the theory of finite groups. It suggests an analogy and some problems whose study is one of the keys to the understanding of group theory.

THEOREM 6.14 (LAGRANGE'S THEOREM). IfH is a subgroup of the finite group {G, .}, then the order of H is a factor of the order of G.

    This result is a corollary of the preceding theorem since finite sets are equivalent if and only if they contain the same number of elements. Then by (1) and (2) of Theorem 6.13 we see that every coset of K contains the same number of elements as K, which we denote by |K|, and selecting distinct cosets of K we have the left coset decomposition of G relative to H:
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Since each element of G appears exactly once in each of these cosets we have

[image: image]

That is, the order of G divided by the order of K equals the positive integer n, which is the number of distinct left cosets of K in G.

    Example 2. Find a subgroup of the group G of Example 1 above, and write out the left coset decomposition of G.

Select K = {e, d}. Then K has three distinct left cosets, viz.,

[image: image]

eH = dH = {e, d}, aH  cH = {a, c},

and

[image: image]

The decomposition of G is

[image: image]

Relative to the subgroup К of Example 1, G has the left coset decomposition

[image: image]

and the right coset decomposition

[image: image]

These all correspond to the fact that 6 factors as 2 times 3.

DEFINITION 6.7. The number of distinct cosets of the subgroup H in {G, .} is the index of K in G and is denoted by [G :#].

    Example 3. Find a nontrivial subgroup of the infinite group {/, + }, describe its cosets, and decompose / as a union of distinct cosets.

    We saw earlier that the subgroups of / are all cyclic and that there is one for each nonnegative integer:
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Take K to be the subgroup (5). Then the cosets of K are easily seen to be the five residue classes modulo 5 :

[image: image]

Thus the index of K in /, [/:K], equals 5, and the coset decomposition of / relative to K is

[image: image]

(We note that by using infinite cardinal numbers Lagrange’s Theorem can be extended to infinite groups. This will not be discussed here.)

    Consideration of Lagrange’s Theorem leads to the formulation of two basic questions which we shall study.

    Question 1. If d is a positive integral factor of the order of the group {G, .}, does G contain a subgroup of order d t

    Question 2. If K is a subgroup of the group {G, .}, is it possible to “divide” K into G to obtain a group К as we divide H into |G| and obtain an integer?

    In the next two sections we shall show that for finite Abelian groups both questions have affirmative answers. For an indication of what the situation is in that case consider the following Abelian group.

    Example 4. Let G be the set of all ordered pairs (x, y), where x and y are elements of the two groups {J/(2), +} and {J/(3), +}, respectively. Using simplified notation the elements of G are precisely (0, 0), (0, 1), (0, 2), (1, 0), (1, 1), and (1, 2); we understand of course that (0, 0) is the element ([0]2, [0]3).
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is easily seen to define a binary operation on G such that {G, .} is a group. The

identity element of G is the pair (0, 0), and the inverse of (a, b) is the element (a, b′), so that the inverse of (1, 1) is (1, 2):
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    If we compute the powers of the element (1, 1) we get

[image: image]

These mean that {G, .} is a cyclic group with generating element (1, 1). The correspondence

[image: image]

is an isomorphism between {G, .} and {J/(6), + } as we saw in the last section.

    Now the group {G, .} is called the outer direct product of the two groups {J/(2), + } and {J/(3), + }, and since {J/(6), + } is isomorphic with this product we ask whether {J/6, +} can be written as a “product” of two of its subgroups in a similar fashion. The subgroup H = {0, 3} is isomorphic with {J/(2), + }, and the subgroup K = {0, 2, 4} is isomorphic with {J/(3), +}. We see that each element of J/(6) is expressible in exactly one way as h + K with h in H and K in K:

[image: image]

Thus surely h + K corresponds uniquely to the pair (h, k).

    We write J/(6) = H ⊗ K  and say that the group {J/(6), + } is expressed as the direct product of the two subgroups H and K. Since H and K are of order two and three respectively, we see that such a subgroup decomposition compares favorably with the decomposition of the integer 6.

    Note that, under the isomorphism F above, the subgroup H of J/(6) corresponds to the subgroup H′ = {(0, 0), (1, 0)} of G,
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which is also isomorphic with the group {J/(2), + }. Similarly subgroup K is isomorphic with subgroup K′ = {(0, 0), (0, 1), (0, 2)} of G, which is also isomorphic with {J/(3), +},

[image: image]

    Example 5. Show that a group {G, .} of order four which is not cyclic is isomorphic with the group of Example 3, Section 6.1.

    Let G = {e, a, b, c}. Since G is not cyclic we know that the subgroups (a), (b), and (c) are of order two, a2 = b2 = c2 = e. Since a . b cannot equal a = a . e, b = e . b, or e = a . a because of the cancellation law, we have

[image: image]

a . b = c. In this manner we construct the multiplication table shown for this group. Then by inspecting Example 3 of Section 6.1 we establish the isomorphism

[image: image]

    Exercise 6.4

1.  Find a nontrivial subgroup of the group of Example 3, Section 6.1, find the cosets of the subgroup, and write out the coset decomposition of the group.

2.  Compare the outer direct product of {J/(2), +} and {J/(2), +} with the group G of Problem 1. Can you obtain a corresponding decomposition for the group G as a direct product of subgroups ?

3.  Find a lower bound for the number of subgroups contained in a group G of order 6; 12; 25; n? Can G have more than this number of subgroups? Explain. (See hint to Problem 5.)

4.  Discuss the equivalence of the cosets of the subgroup (6) of {J, + }. Show that these cosets are equivalent with the set J.

5.  Let the order of the group {G, .} be pn, where p is a prime. Show that the order of each element in G is a power of p. (Consider the cyclic subgroups.)

6.  Prove that a group of prime order is cyclic.

7.  Show that the number of distinct left cosets of a subgroup of a finite group equals the number of distinct right cosets of H.

8.  Show that right cosets and left cosets of a subgroup are equivalent sets.

9.  Use Lagrange’s Theorem and the groups of Example 5, Section 6.1, to give another proof of Euler’s Theorem (i.e., that aФ(m) ≡ 1 mod m if m is a positive integer and (a, m) = 1.

10.  Show that a group of order pn, p a prime, has at least one subgroup of order p.

11.  Prove that, if H and K are subgroups of orders pn and qm, respectively, where p and q are unequal primes, then H ∩ K = {e}.

12.  Let H be the set of those permutations of the set {1, 2, 3} which fix the element 1. Show that H is a subgroup of the group of all permutations of the set, and find the cosets of H.

13.  Prove that a group of order six is isomorphic with either {J/(6), + } or the symmetric group on three elements.

14. Let H be a subgropu of {G, .} and define.

x=y mod H


if and only if y’1 • X is in H. Show that this defines an equivalence relation on G, and discuss the corresponding partition of G.

15. Let H and К be subgroups of the Abelian group G such that the indices [G :H] and [G :K] are finite. Show that the index [G :H n K] is also finite.


    6.5 Abelian Groups

    In this section we consider only Abelian groups, and to emphasize this we adopt additive notation for these groups. Thus we denote the operation of the Abelian group A by +, so that an equation such as


[image: image]


is not to be interpreted as a statement about addition of integers (unless, of course, we specify that a, b, and с are integers). Here the identity element of A will be denoted by z.

    The problems we consider here center about the “factorization” of an Abelian group. We begin with “quotient” groups.

    Denote by A/H the set of distinct cosets of the subgroup H of the group A. Since A is Abelian we do not need to distinguish between right and left cosets. Then A/H consists of the distinct sets of elements of A of the form
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Our problem is this : Can we use the binary operation of A to define a binary operation on A/H such that the resulting system is a group closely related to Al

    Using the methods which worked for congruence classes of integers we define the sum of two cosets :



[image: image]









THEOREM   6.15. The relation © is an associative binary operation on A/H.

    First we must show that the above definition is independent of the representatives X and y. Suppose a + H = x + H and b 4- H = у + H. Then a = a + z9 where z denotes the identity element of A, is in the coset x + H and b = b + z is in у + H. Therefore, for some hu h2, in Я, a + b = (x + hx) + (y + h2) = (x + y) + (Ai + h2) so that the cosets (a + b) + H and (x + y) + H both contain a + b.< Thus by the basic property (1) of Theorem 6.13.
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so that


[image: image]


    The associativity of follows easily from the associativity of + in A:
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    It is easy to see from the definition of “addition” that the coset H — z + H is the identity of the system {A/H, ©} since
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Furthermore, if — x denotes the inverse of x in A, then the equations
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show that the element — x + H of A/H is the inverse of x + H.

    Thus we see that {A/H, ©} is a group, called the quotient group of A over H.



THEOREM   6.16. The system {A/H, ©} is a group. Furthermore, if A is a finite group, then the order of the quotient group is\A\/\H\.


    The order of the quotient group is the index of H in A since that is the number of distinct cosets of H in A.


    Example 1. Let H be a subgroup of order two in the group A = //(8), and form the group {А /Н, ©} and its operation table.


    The group A = //(8) is a cyclic group since it is generated by 1 (which stands for the class [1] in this case). Then the only subgroup of {//(8), + } of order two is
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The cosets of H, the elements of A/H, are
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The operation table of {A/H, ®} is as shown. We compute, for example,
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and


[image: image]


Example 2. Describe the quotient group of {/, 4-} over the subgroup (4).


    The notation for this quotient group is {//(4). 0}, which is the same as the notation for the additive group of residue classes mod 4, and this is no accident or lapse. The cosets of the subgroup (4) are precisely the congruence classes modulo 4:


[image: image]



We see that [2] 0 [3] = [2 + 3] = [1], etc.



    Example 3. Describe the quotient group of {R, + } over the subgroup /, where R denotes the set of rationals.



    The cosets of Jin {R9 +} which are different from / are certainly in one-to-one correspondence with the positive rationals of the form a/b, where (a, b) = 1 and 0  a  b. For the equation

[image: image]



is equivalent to the statement that a/b - c/d is an integer. Hence the positive rationals of the form a/b with (я, b) = 1 and 0  a  b must lie in distinct cosets. Furthermore every coset of / except / contains such a number. Thus the cosets of / are of the following type:
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etc.

    The group {R/J, ©} has several very curious features. For each integer n  1, this group contains a cyclic subgroup of order n\ namely, the subgroup generated by the coset 1/n + /. Furthermore, every finite subgroup of the group A/J is cyclic.

    Very similar to the idea of “division” is the concept of “factorization,” so we consider the possibility of expressing an Abelian group as a “product” of subgroups.

DEFINITION   6.8. The Abelian group {A, +} is the direct product of the n nontrivial subgroups Hl9 	, Hn if and only if for each x in A there is exactly one element xt in Hiy i 	, «, such that
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In this case we write A = Hx ® H2 ® 	 ® Hn-

    The term direct product is used here because of the analogy with the factorization of integers as products afforded by the next result.



THEOREM   6.17. If the Abelian group A is finite, then
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implies that
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    To show that the order of A is the product of the orders of the subgroups Hi we need only look at the form of the arbitrary element x of A,
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where xt is an element of H{ uniquely determined by x. Since there are \Щ distinct choices for xt we see that there are exactly
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values of x, proving the theorem.

Example 4. Write the group A = //(10) as a direct product of subgroups. This particular group contains exactly two nontrivial subgroups, namely,
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Since
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and
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and since these are the only combinations h + k, for h in H and к in K, we see that


[image: image]


    A crucial point in the last example was the fact that H n К = (0), for this is the feature which made the ten sums h + к run through the elements of A exactly once. We extract from this the following criteria.

THEOREM   6.18. The finite Abelian group A is the direct product of subgroups H and К if and only ifQ)Hc\K= {z} and (ii) \A\ = \H\ • \K\.

    If \A\ = \H\ • \K\, then there are exactly \A\ of the sums h 4- к with h’mH and к in K. Since H r\ К = {z} no two of these sums are equal unless the summands are equal. For
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implies that

[image: image]

is an element of both H and K. Since H n К = {z} this means that
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so that

[image: image]


Thus we see that A = H K.

    Conversely, suppose A = H ® К and consider an element x which is in both H and K.


Since л: is in Я and z is in K9
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is a presentation of x as a sum of an element from H and an element from K.


However, x is in K and z is in H, so that
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is another such expression for x. But such expressions are unique by the definition of H ® K, and this can only be true if x = z. Thus A = Я ® К implies that Я n К = {z} whether A is finite or not.

    Another and similar criterion which we shall use in the next section is the following.

THEOREM   6.19. If H and К are subgroups of the finite Abelian group {A, -f} such that

[image: image]




then A = Я ® K.

    To prove this we can use the condition that |#| and \K\ are relatively prime integers to show that Я n К = {z}. So suppose x is in both Я and K. Then X as an element of Яhas order a divisor of |Я|, and x as an element of К has order a divisor of \K\. Thus the order of л: is 1 so that x = z and H n К = {z}. Therefore

[image: image]

    We note that both of these results are illustrated by Example 4.


    Now we consider the possibility of relating quotient groups and direct products and re-examine Example 4 in this light.

    Example 4 (Continued). The quotient group of this Abelian group over H consists of the five cosets
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Using the definition of the operation © we see that the coset 1 + Я generates the group {A/H, 0} since
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and

[image: image]



Thus {A/H, 0} is a cyclic group of order five and is isomorphic with the subgroup К = {0, 2, 4, 6, 8} = (2) which is also cyclic of order five. Thus we have
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    Similarly, А/К £ Я since A/K and Я are both cyclic groups of order two and hence isomorphic.

THEOREM   6.20. If the Abelian group {A, +} is a direct product of subgroups H and K, then the quotient groups A/H and A/K are isomorphic with the subgroups К and Я, respectively.


    Since A = H  Kv/e know that Я n К = {z}. We will extend this and show that exactly one element of К lies in each coset of Я. Consider the coset X 4- Я where x is not in Я Then there are unique elements h and к of Я and K, respectively, such that



[image: image]

Hence the element

[image: image]

is in the coset x + H, so we know that each coset of Я contains at least one element of K.

    Now suppose both kx and k2 are elements of К in x + Я; then Я contains elements hi and h2 such that


[image: image]

Therefore we have

[image: image]

which means that

[image: image]

because of the uniqueness of such expressions in direct products.


    Finally we claim that the correspondence between К and A/H given by

[image: image]

for each к in К is an isomorphism. For surely we have

[image: image]



and this shows that the correspondence preserves the operations. Hence the two groups {K, +} and {A/H, ©} are isomorphic, and, similarly, Я £ А/К.

    Example 5. The group A = //(12) contains the subgroup H — {0, 4, 8} and the subgroup К = {0, 3, 6, 9}. The cosets of Я are as follows:



[image: image]

and

[image: image]

    We observe that the elements of К are dispersed uniformly among these four cosets, and the operation tables of К and A/H are as shown.

[image: image]




    Exercise 6.5

1. Describe the quotient group A/H when A is the group {//(15), +} and if is a subgroup of order three. Construct the operation table for A/H.

2. Describe the quotient group A/H when A is the group {//(3), +} and Я is a subgroup of order three.

    3. Describe the quotient group A/H when A is the group of all integral powers of 5 relative to multiplication and Я = (625).

4. Express the group {//(15), +} as the direct product of a subgroup Я of order three and a subgroup К of order five. Establish an isomorphism between A/H and K.

5. Show that the group {//(4), +} cannot be written as the direct product of two subgroups of order two.

6. Show that the group {//(8), +} cannot be written as the direct product of two nontrivial subgroups. What conjecture do you make from this ?

7. Show that, if the finite group A is the direct product of two cyclic subgroups Я and K, then A is cyclic if and only if (|Я|, \K\) = 1. (If Я = (x) and К = (j), then when does A = (x + y) ?)

8. Let Я be a finite subgroup of the group R/J (see Example 3), and let {a/b} be the set of elements in the cosets of / comprising Я such that (я, b) = 1 and 0  a < b. From the set {a/b} select the fraction c/d such that с is minimal among the numerators and d is maximal among the denominators in {a/b}. Show that Я is generated by the coset c/d + /.

9. The Abelian group A is the direct product of a cyclic subgroup of order p2 and a cyclic subgroup of order p3, where p is a prime. How many subgroups of order p has A ?



10. Use the outer direct product to construct four nonisomorphic Abelian groups of order 36. What feature prevents them from being isomorphic?

11. If {A, +} and {G, •} are isomorphic groups and {A, +} is Abelian, what can you say about G ? Justify.

12. A subgroup Я of a group G is maximal in G if and only if Я is proper but is contained in no other proper subgroup of G. Find two different maximal subgroups of {//(12), +}.

13. Show that a subgroup of an Abelian group {A, +} is maximal if and only if its index in A is a prime.


    6.6 Finite Abelian Groups

    Now we shall show that, if the positive integer m is a factor of the order n of the Abelian group A, then A contains a subgroup of m. This is done by considering elements of order a power of a prime.

THEOREM   6.21. If every element of the finite Abelian group A has order a power of the prime p, then \A\ — pk.

    This result is proved by mathematical induction on n9 the order of A. Certainly if n = 1, then the only element of A is z, which is of order p° = 1.


So our induction hypothesis states that if an Abelian group of order r < n contains only elements whose orders are powers of p, then r is a power of p.


    Now select an element x of order p from A ; we know such an element exists from our discussion of subgroups of a cyclic group. Form the quotient group A/(x). Since the order of A/(x) is n/p we can apply the induction hypothesis to A/(x) if we show that every element of A/(x) is of order a power of p. (Obviously A/(x) is Abelian.) So let у + (x) be an element different from z + (x) in A/(x). If the positive integer s is the order of у + (x), so that, using additive notation,



[image: image]


then we see that sy is an element of the subgroup (x). If

[image: image]

then surely s is the order of у in A. If sy Ф z, then since (x) is of order p we see that

[image: image]

In either case we conclude, from the fact that у is of order a power of p, that s is certainly a power of p. This means that every element of A/(x) has order a power of p, so that, by the induction hypothesis, the order of A/(x), namely n/p, is a power of p. Hence n is a power of p, and the induction is completed, proving the theorem.

For such groups we are able to answer Question 1, Section 6.4, affirmatively.

THEOREM   6.22. If A is an Abelian group of order pr, then A contains a subgroup of order ps, 0 ^ s < r.

    Again we proceed by induction on the order of A. If A is of order 1 = p°, then there is nothing to prove, so select x of order p in A and form A/(x). Since A/(x) is Abelian of order рг~г, by the induction hypothesis (unstated) A/(x) contains a subgroup of order p8’1, 1 < s  r, which we shall label Я’. Now the pS’1 elements of Я’ are cosets of (x), each containing p elements. Therefore the set Я of elements of A lying in these cosets contains ps distinct elements of A since cosets do not overlap. This set Я is a subgroup of A, for suppose и and v are in Я. Then и + (x) and v + (x) are elements of Я’ so that

[image: image]

is in Я’. Therefore и + v is in Я. Furthermore, if у is in Я, then у + (x) is in Я’, which implies that — у + (x) is in Я’ and —y is in Я. Thus Я is a subgroup of A of order ps, 1 < s < r. Since {z} is a subgroup of order /?°, (x) is a subgroup of order p1, and Л is a subgroup of order /?r, the theorem is proved.



    The basic ideas behind these proofs are illustrated by the following example.


    Example 1. Let A be the additive group //(8) and К be the subgroup of order two. Then Al К is of order four and consists of the cosets

[image: image]

We note first that the element 2 + К of A/K is of order two since

 


[image: image]


The element 2 + 2 = 4 is in К so that у = 2 is of order four in A.

    Now the two elements 2 + К and 0 + К form a subgroup H’ of since 2 4-  is of order two. Then the set H of elements of A comprising these cosets is

[image: image]


and this set is easily seen to be the cyclic subgroup (2) of A.

    The general finite Abelian group is handled by expressing it as the direct product of subgroups of prime power order. This result is an analog of the Fundamental Theorem of Arithmetic.

THEOREM   6.23. Let A be an Abelian group of order n and n — pi* 	 pre* be the factorization of n into distinct prime powers. Then A contains exactly one subgroup Ai of order p^ for each i = 1, 2, 	, r, and

[image: image]

    We define Ax to be the set of all elements of A of order a power of px. To show that is a subgroup of A we take x and у to have orders pa and pb9 respectively, where p = p{. Taking с to denote the larger of a and b we see that
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so that the order of x + у is a divisor of pc. Hence x + у is in A{. And if X is in Ai9 then certainly — x is in A{ since

[image: image]


Therefore Ai is a subgroup of A, and by Theorem 6.21 we know that the order of A i is a power of p{.



    Now select an arbitrary element w of A. The order of w, say m, is a factor of n9 so that m factors as


[image: image]

where m{ is a factor ofpf*. Denote by q{ the positive integer

[image: image]



Then the set of r integers {qx, • • - , qr} is a relatively prime set, and we know from our study of the G.C.F. that integers t{ exist such that

[image: image]




Therefore in A we have

[image: image]

a decomposition of w as a sum of certain elements w{ = qJiW of A. We know that

[image: image]

so that

[image: image]

Therefore the order of the element wt is a factor of mt which is a factor of Pi6*. This means that vvf is in At so that we have expressed was a sum of elements, one from each subgroup A{.

    Since the orders of the subgroups A{ are powers of different primes we see from our work in the previous section that

[image: image]


are subgroups of A which are expressible as direct products. But the above decomposition of w, an arbitrary element of A, shows that the subgroup Аг ® 	 ® Ar contains every element of A. Hence

[image: image]
This means that the order of A is the product of the orders of the Ah so that

[image: image]





and the theorem is proved.

    Example 2. Illustrate the above proof by decomposing the group W(30), 0}.

    Using the sharper notation for //(30) to indicate distinctions between integers and elements of //(30), we see by examining the group elements that corresponding to the factorization, 30 = 2 • 3 • 5, we have

[image: image]

and

[image: image]

Certainly these are subgroups of //(30).

    Now select as w the element [8]. Then the order of this element is 15 since 120 is the least positive multiple of 8 which is divisible by 30. Thus m = 15 with


[image: image]



    A key point in the proof is the fact that, if H and К are subgroups of a finite Abelian group A and if (|#|, = 1, then the set {h + k: h in H and К in K) is a subgroup of A which is the direct product of H and K, H (g)K. That the set {h + k: h in H and /: in is a subgroup of Л is quite obvious, and it is the direct product of H and К by Theorem 6.19, essentially.



THEOREM   6.24. If d is a factor of the order of the finite Abelian group A, then A contains a subgroup of order d.


    Since d is a factor of \A\ = n = pi* 	 prer we know that d is a product of powers of the primes ph


[image: image]



From we select a subgroup of order />/*, which exists by Theorem 6.22, and form the subgroup

[image: image]


From the above observation we see that the order of В is d.

    Example 3. Select from the group //(30) a subgroup of order six and a subgroup of order 15 by the above method.

Since the group //(30) is factored in Example 2 we note that

AX®A2 = {[0] 0 [0], [0] e [10], [0] © [20], [15] © [0], [15] © [10], [15] © [20]}

is the cyclic group ([5]) of order six in //(30). Similarly, A2 (g) A3 is the cyclic group ([2]) of order 15.

    These results do not exhaust the known theory of Abelian, even finite Abelian, groups in any sense. They do, however, serve to illustrate some of the ideas used in developing these subjects.


Exercise 6.6

1. Let A be the outer direct product of the two groups {//(4), ©} and {//(6), ©}.

(i) Find the prime power subgroups A{ of A.

(ii) Find all of the subgroups of A.


2. Decompose the group {//(24), ©} by the method of Theorem 6.23. Compare with the results of Problem 1.


3. How many subgroups of order eight does an Abelian group of order 120 possess? Why? Can you answer this question for 4 instead of 8 without more information about the group ?

4. Why are the subgroups A{ of Theorem 6.23 the only subgroups of order /?iei?

5. Show that an Abelian group of order 10 is isomorphic with some subgroup of an Abelian group of order 9000.

6. Is a group of order four necessarily isomorphic with some subgroup of an Abelian group of order 100? Explain.

7. If the Abelian group A is the direct product of a cyclic subgroup H of order 12 and a cyclic subgroup К of order 15, how many different cyclic subgroups of order 12 does A contain?

8. Let {A, +} be an Abelian group of order n containing elements tfi,a2, 	, an. If the sum of the n elements, ax + a2 + Han, is not the identity element, then what can you say about A and n ?

9. Show that the set H of all elements of finite order in the Abelian group {A, +} is a subgroup of A with the property that A/H contains only one element of finite order (viz., the identity element).

10. Prove that, if the Abelian group {A, +} of order pr contains exactly one subgroup of order p, p2,- • -, and pr~1i then A is a cyclic group.




    6.7 Normal Subgroups

    For groups which are not Abelian the problems are more difficult and the answers less satisfactory. It is, perhaps, astonishing that the results of the last two sections can even be partially extended to non-Abelian groups.

    To emphasize the fact that we are no longer dealing exclusively with Abelian groups we again adopt the multiplicative-exponential notation.


    The first thing we observe is that the definition of a binary operation on the cosets of a subgroup of an Abelian group does not always yield a binary operation on the set of left cosets of a subgroup of a non-Abelian group. Suppose Я is a subgroup of the group {G, •}, and consider the two left cosets aH and bH. Our success in defining A/H for an Abelian group leads us to define, for arbitrary a and b in G,


[image: image]

To prove that this defines a binary operation on the set of left cosets of H we have to show that

[image: image]

imply that (a • b)H = (a± • bJH. Now aH = axH implies that a = a±- hx for some hx in #, and bH = bxH implies that b = bx- h2 for some h2 in H. Therefore,

[image: image]



so that

[image: image]

and, because of the lack of commutativity in G, there is in general no way to get rid of the unwanted hx. Thus a binary operation is not defined, in general.

    Example 1. Let Я be a subgroup of order two in the symmetric group S3 on three elements, and attempt to “multiply” the left cosets of H.


    Using the notation and operation table of Example 1 of Section 6.4, we take as H the subgroup {e, c}. Then the left cosets of H are

[image: image]



Now the “product”of aH and bH is

[image: image]

whereas the “product” of /Hand dH is

[image: image]




Since aH = fH and bH = dH but eH Ф bH we see that a unique “product” is not obtained, and so we do not have a binary operation on the left cosets of H.



    Now let К be the subgroup {e, a, b) of S3. The left cosets of К are

[image: image]

and

[image: image]

A little calculating shows us that

[image: image]

and

[image: image]

and these equations indicate that the “product” is well defined for the left cosets of some subgroups of a non-Abelian group. Consequently we are led to the following weak commutativity condition.

DEFINITION   6.9. The subgroup H of the group G is noindent in G if and only if for every xinG the left coset xH equals the right coset Hx.

    We see that every subgroup of an Abelian group is noindent. Also the subgroup К of the example above is noindent in S3 since the right cosets of К are

[image: image]

and


[image: image]



THEOREM   6.25. If H is a noindent subgroup of {G, •} then the relation aH • bH = {a • b)H for each a and b in G defines an associative binary operation on G/H, the set of cosets of H in G.



    Letú?X and Ьг be elements of aH and bH, respectively. Then a — #1 •Hi for some h1 in Я and b = b1 • h2 for some /z2- Furthermore, since HbY = bxH, there is an element h3 in Я such that hx • bx = b± • h3. Therefore

[image: image]


so that a • b lies in both of the cosets (a • b)H and (аг • bi)H. Hence

[image: image]


and we have a binary operation on G/H.

The associativity is immediate from that property in {G, •}.

    Corollary 6.25.1. The system {G/H, •} is a group when Я is a noindent subgroup of G.

    Obviously the coset eH = He is the identity element of G/H, and the inverse of the coset aH is the coset a~YH = Ha’1.

DEFINITION   6.10. The system {G/H, •} is the quotient group of the group G over the noindent subgroup Я.

    The concept of noindent subgroup can also be approached through the concept of homomorphism. This of course should be expected from our discussion in the previous chapter in which we related certain subsystems with homomorphisms.

DEFINITION   6.11. A mapping F from a group {G, •} onto a group {С, O} is a homomorphism of G onto С if and only if F(a • b) = F(a) O F(b).

    Clearly an isomorphism is a special case of a homomorphism, but let us look at a homomorphism which is not an isomorphism.

    Example 2. Find a homomorphism, if one exists, from the symmetric group S3 onto the group {J 1(2), +}.

Define the mapping F by its images :
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and

[image: image]


Then

[image: image]


and

[image: image]


In this manner we can verify that F is a homomorphism of S3 onto J/(2).

    We observe in this example that the image of the identity of S3 is the identity of J7(2) and that the inverse of an image element is the image of the inverse. Thus the inverse of F(a) is F(a~1) = F(b) and the inverse of F(c) is F(c~4 = F(c).


THEOREM   6.26. If F is a homomorphism of the group {G, •} onto the group {С, O}, then F(e) is the identity element of С and the inverse of F(a) is Fia’1).

This requires only a verification. Certainly the equations
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show that F(e) is the identity element of С since every element of С is of the form F(a) for some a in G. Then the equations

[image: image]


show that Fia’1) is the inverse of F(a).

    Example 2 above also illustrates the fact that the elements of G which map onto the identity element of С form a noindent subgroup of G. This set is called the kernel of the homomorphism.

THEOREM   6.27. The kernel of the homomorphism F from the group {G, •} onto the group {С, O} is a noindent subgroup К of G. Moreover {G/K, •} and {С, O} are isomorphic groups.

    The kernel К of F is not empty since e is in К by Theorem 6.26. Now let h and к be two elements of K. By definition of К we know that F(h) = F(k) = F(e\ the identity of C. Therefore

[image: image]

so that h • к is in К Also, since F(e) is its own inverse in С we see from the previous result that if F(h) = F(e) then certainly ДА1) = F(e), the inverse of F(e). Thus we see that К is a subgroup of G.

    Consider the left coset xK; an element of this set is of the form x • к with к in К Then

[image: image]

so that X • к • X 1 is an element h of K. This means that

[image: image]

and

[image: image]

Therefore the left coset xK is a subset of the right coset Kx. A similar argument, starting with к • x from Kx and dealing with the product x’1 • к - x, shows that Kx я xK. Hence we conclude that xK = Kx for every x in G so that К is a noindent subgroup of G.

    Finally we claim that the mapping E from С to G/K defined by

[image: image]


is an isomorphism between {c, o} and {G/K,.}. The mapping certainly preserves the binary operations since
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so we need only to show that E is one-to-one. Suppose F(a) and F(b) are mapped onto the same element of G/K. This means that

[image: image]

which implies that, for some к in K,

[image: image]

Therefore

[image: image]

and we conclude that distinct elements of С are mapped onto distinct elements of G/K. Hence С and G/K are isomorphic groups.

    This result suggests that, if Я is a noindent subgroup of the group {G, •}, then {G/H, •} is a homomorphic image of G, and that is indeed the case. Thus to find a noindent subgroup we need only find a homomorphism, and to find a homomorphic image we need only find a noindent subgroup.

THEOREM   6.28. If H is a noindent subgroup of {G, •}, then the mapping F: a -	
> aH, each a in G, is a homomorphism of {G, •} onto {G/H, •} with kernel H. The mapping is surely a homomorphism since

[image: image]

implies that

[image: image]

And since the identity element of G/H is the coset Я = eH we see that the kernel of the homomorphism is the set of elements x of G such that xH = Я. Certainly this set is precisely Я.

    We note that in the last part of the proof of Theorem 6.27 a characterization of a noindent subgroup which is quite commonly used was touched upon. The set of all products x • h • x1 for each h in the subgroup Я and a fixed element л: of G is denoted by xHx’1.

THEOREM   6.29. The subgroup H of the group {G, •} is noindent in G if and only if H = xHx’1 for every x in G.

    Suppose Я = xHx’1 ; then we must show that xH = Hx. This was done essentially in the latter part of the proof of Theorem 6.27. Let x • h be in xH. Then X - h • X’1 = к for some к in Я from the condition xHx’1 = Я.


Therefore

[image: image]

implying that xH я Hx. Let h • x be in Hx. Since H = xHx’1 there is an element g in H such that h = л: • g • JC1. Then

[image: image]

so that Hx ç л;Я. Hence Hx = xH, and since x is arbitrary we conclude that H is noindent in G.

    Conversely suppose Hx = xHior every x in G. Let h be an element of Я. Then /г • x = x - к for some element к in Я, and we see that

[image: image]



so that Я ^ xHx”1. And let x • A • x’1 be an element of xHx’1. Since л:Я = Hx there exists an element gin H such that x ^ h — g - x. Then

[image: image]



so that xHx’1 Ç Я. So we conclude that


[image: image]


    Example 3. Find a homomorphic image of order four of the symmetry group of a square.


    Consider the square with vertices a, b, c, d in Fig. 6.2. The two mappings


[image: image]

Figure 6.2



[image: image]

and


[image: image]

line through b and d, respectively, generate the entire group. That is, the eight elements

[image: image]

make up the group G of symmetries of the square. The verification of this is a simple computational problem. We note, for example, that the composite function AB is

[image: image]

This is the rotation about the line through the midpoints of the sides joining a with b and с with d.

[image: image]

    The operation table of this group is as shown. From this table we see that the set H = {E, A2} is a subgroup, and checking the two products

[image: image]

we conclude that Я is a noindent subgroup of G. For since every element of G is composed of products of A and В we see, from the fact that the elements E and A2 commute with A and with B, that С and A2 commute with every element of G. 

    Now we form the quotient group G/H whose elements are the cosets of Я:

[image: image]

The operation table for G/H is as shown. By using this table it is easy to see that the mapping F defined by

[image: image]

is a homomorphism. Note that G/H is an Abelian group although G is non-Abelian.

    Example 4. Find a nonnoindent subgroup of the symmetry group of a square. Using the notation and table for G of the preceding example, we see that the set



    K = {E, B} is a subgroup since B2 = E. However, since ABA-1 = ABA3 = A2B we see that

[image: image]

Therefore K is not a normal subgroup of G by Theorem. 6.29. Or, we see that the two costs AK and KA are not equal since


[image: image]


    Exercise 6.7

1. Analyze the group of symmetries of the square (see Example 3) as follows : (a) Find all of the subgroups of G. (b) Find all of the noindent subgroups of G. (c) Find all of the nonisomorphic homomorphic images of G. (d) Find the center of G. (See Problem 3.)

2. Show that the outer direct product of {J7(2), +} with {//(2), +} is a homomorphic image of the symmetry group of a square.

3. Prove that the center of a group G, namely, the set of x in G such that gx = xg for every g in G, is a noindent subgroup of G.

4. Prove that the intersection of two noindent subgroups of G is a noindent subgroup of G.

5. Show that the set T = {E, A2, B, A2B) of G in Example 3 is a noindent subgroup of G, and that К = {E, В} is a noindent subgroup of T. Compare with Example 4, and show that noindentity does not lead to a transitive relation on the set of subgroups of a group.

6. Let Я and К be noindent subgroups of the group G. Show that, if Я n К = [e], then hk = kh for any A in Я and & in

7. In the group G/H of Example 3 find a subgroup S” of order two. Show that the set S of all elements of G which are mapped onto the elements of S” by the homomorphism described is a subgroup of G.

8. Let F be a homomorphism of the group {G, •} onto the group {С, O}. Show that, if Я is a subgroup of G, then the images F(h) of the elements A of Я form a subgroup of C. Illustrate with the groups of Example 3.

9. Let {С, O} be a homomorphic image of the group {G, •}, and let Я“ be a noindent subgroup of C. Prove that the set Я of elements of G which are mapped onto elements of Я” is a noindent subgroup of G. (See Problem 7.)

10. What are the properties of the relation, homomorphism, on a set M of groups?


11. The following define functions from the multiplicative group R’ of nonzero rationals to itself. Which, if any, are homomorphisms ? Explain and describe the homomorphic images and the kernels.




[image: image]

12. If Я and К are subgroups of G such that Я is noindent in G, G = HK, and Я n К = {e}, show that G/H is isomorphic with K. (Show that each coset of Я contains one and only one element of К as in the proof of Theorem 6.20.)




13. Let Я and К be subgroups of the group G. We say that Я is conjugate with К in G if and only if G contains an element x such that Я = xKx’1. Show that this defines an equivalence relation on the set of subgroups of G. Illustrate with the subgroups of the group of Example 3.

14. Prove that the set xHx’1 is a subgroup of G for each x in G if and only if Я is a subgroup of G.

15. Show that the mapping Fx of the group G onto G defined for an element X of G by
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for each g in G, is an isomorphism of the group G with itself. This mapping is called an inner automorphism of G. Find all of the inner automorphisms of the group G of Example 3.

16. Show that the set of all inner automorphisms of a group G is a group relative to the composition of functions. Calculate the operation table for the inner automorphism group of the group G of Example 3.

17. Prove that a group is Abelian if and only if its inner automorphism group is of order 1.


18. Analyze the symmetry group of a regular hexagon.

19. Analyze the group of permutations on the set {1, 2, 3, 4}.

20. Find a noindent subgroup of order 12 in the symmetric group on four elements, and analyze this group of order 12.


    6.8 Sylow’s Theorem

    The alternative characterization of a noindent subgroup in the previous section leads us to the consideration of elements of the form xyx’ or xyx”1. From this we obtain an equivalence relation on the elements of the group G. (Note that we are now writing x • у as xy.)

DEFINITION   6.12. The element a is conjugate with b in the group G if and only if G contains an element x such that a = xbx’1.

    If we inspect the group of Example 3 in the previous section we see that A3 is conjugate with (or a conjugate of) A since

[image: image]

    In an Abelian group, of course, each element is conjugate only with itself.

THEOREM   6.30. The relation of conjugacy is an equivalence relation on G.

    Certainly each element g of G is conjugate with itself since g = ege. Also from h = xgx’1 we get
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so that

[image: image]



Hence the relation is symmetric.

[image: image]

then

[image: image]


and since(yx)-1=x-1 we see that

[image: image]

Thus, if к is conjugate with h and h is conjugate with g, then к is conjugate with g, and the relation is transitive.

    This equivalence relation naturally effects a partition of the group G, and the subsets of G which make up this partition are the conjugate classes of G.

    Example 1. Determine the conjugate classes of the symmetry group of the square.

    Examining the operation table of Example 3 of Section 6.7 we find that the conjugate classes of G are as follows :

[image: image]

    Clearly all those elements which lie in conjugate classes of a single element together comprise a noindent Abelian subgroup Z of G, and the elements of Z commute with every element of G. This set Z is the center of G.

    In the example above the number of elements in each conjugate class is a divisor of the order of G. Another simple example shows this property also.

    Example 2. Determine the conjugate classes of the symmetric group S3 on three elements.

    Using the notation of Example 1 of Section 6.4 we see from the operation table that the conjugate classes of S3 are three in number:

[image: image]

THEOREM   6.31. The number of elements in a conjugate class of a finite group G is a factor of the order of G. If a is an element of the class C, then the number of elements in С is the index of the subgroup of elements of G which commute with a.

    Let Na = {x : x is in G and xa = ax}. This is called the centralizer of a.


If x and y belong
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so that xy is in N.

[image: image]




by *_1 on the left and on the right yields
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or
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Therefore Na is a subgroup of G (whether G is a finite group or not).

    Let the index of Na = N in G be n. Then G contains n elements gi, • * •> gn such that the n distinct left cosets of N in G are gxN, • • -,gnN. Form the n products
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if two of these were equal, say
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then
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so that gj ” xgi is an element of N. But this means that g{N = gjN, contradicting the distinctness of the cosets unless / = j. Thus the class С to which a belongs contains at least n distinct elements, namely, those listed above.

    Now suppose С contains m elements, denoted by a± = a, a2, 	, am. From the transitivity of conjugacy we know that G contains elements *i = e, x2,---, xm such that a{ = х{ахх~1. We shall show that two of these x’s cannot lie in the same left coset of N Suppose otherwise; if xt and x¿ lie in yN, then
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for elements и and v in N. Then
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and similarly,

[image: image]

This means that


so that distinct x’s lie in different left cosets of N. Hence the number of left cosets of TV is at least m.

    From these two arguments we have m > n and n > m. Therefore m = A2, and the theorem is proved.




    Example 3. Find the centralizer of the element B of the group of Example 3 in SEction 6.7.

    By inspecting the operation table we find that
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    Hence NB={E, A2, B, A2B}. the left cosets of N = Nb are EN and AN, and the elements of the conjugate class C4 to which B belongs are


[image: image]


    Using Theorem 6.31 we can prove a very useful result for groups of prime power order.

THEOREM   6.32. A group G of order pr, p a prime, contains an element x ф e which commutes with every element of G. That is, a group of prime power order has a nontrivial center.

    Consider the distinct conjugate classes Cl9 C2, • -, Cs of G. If c{ denotes the number of elements in Ci9 then since every element of G lies in exactly one of these classes, we have

[image: image]


This class equation for G represents nothing more than a counting of the elements of G, class by class. Now each of the positive integers ct is a power of p since by Theorem 6.31 cK is a factor of pr. Reducing the class equation modulo p shows either that all of the c{ are powers of p greater than 1, or that at least p of the Ci equal 1. But one of the classes, say Cl9 consists of the identity element only. Therefore c1 = 1, and we see that there must be at least p - J other classes consisting of single elements, and that any one of these elements has the desired property.

    The existence of this element x means that we are able to prove many theorems about groups of prime power order using mathematical induction. To illustrate we shall answer Question 1 of Section 6.4 affirmatively for such groups.

THEOREM   6.33. If G is a group of order pr, p a prime, then G contains a subgroup of order ps, where s is an integer such that 0 < s ^ r.

    The proof of this is almost identical with the proof of the corresponding theorem for Abelian /7-groups. Select an element у of order p which permutes with every element of the group G; SL suitable power of the element x of Theorem 6.32 will suffice. Then the cyclic subgroup (y) is surely noindent in G, so we can form the quotient group G/(y) which is of order pr“1. By the induction hypothesis for groups of order pl, t < r, we know that G/(y) contains a subgroup H” of order ps~l for an integer s such that 1 < s ^ r. (The case for s = 0 is trivial, of course.) Then we claim that the set H of all elements of

    
 
G which lie in the cosets of (y) which make up H” (i.e., the elements of G which are mapped onto the elements of H by the “natural” homomorphism, F: a-> a(y)) is a subgroup of order ps in G. This is a simple verification which was worked out earlier in the Abelian case. So the induction step is completed.

    For groups of composite order we can prove the existence of subgroups of prime power order by using the preceding ideas. First we prove the existence of a subgroup of maximal prime power order, and then invoke the above result.

THEOREM   6.34. If the order n of the finite group G factors as n — mp\ where p is a prime and (m, p) = 1, then G contains a subgroup of order pr.

    If the theorem is not true, then the set of the orders of those groups for which the statement is false for some prime, contains a least positive integer. We shall call this least integer n and take the group G to be a group of this order for which the statement is false (G is sometimes referred to as a 	
“least rascal	
”). Then for some prime p, n = mpr with (/?, m) = 1 but G contains no subgroup of order pr. (Note that r is positive.)

    Now let M be a proper subgroup of G. If pr is a factor of \M\, then we know from the minimality of w, which is of course greater than the order of M, that M contains a subgroup of order pr. Since a subgroup of M is also a subgroup of G we see that this cannot happen as G contains no subgroup of order pr. Hence we must conclude that G has no proper subgroup whose order is divisible by pr. This means, since the order n of G is the product of the order and the index of each subgroup H of G,
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that the index of every proper subgroup of G is a multiple of p.

    Consider the number ct of elements in the conjugate class Ct. If Ct contains more than one element, then cx is the index of a proper subgroup of G and hence is a multiple of p. Therefore when we consider the class equation
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modulo p we see that the set Z of elements of G which individually form conjugate classes contains kp elements since the above equation becomes
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Since Z contains the element e we know that kp ф 0. This set Z is a noindent Abelian subgroup of G whose elements commute with every element of G. Then from our theory of Abelian groups we know that Z contains an element X of order p, and certainly the cyclic subgroup (x) is noindent in G.

    Form the quotient group G/(x). Since the order of this group is mpr~x < n we conclude that G/(x) contains a subgroup H of order pr~x. Then the set Я of elements of G which lie in the cosets of (x) that make up Я contains pr elements. Moreover Я is easily seen to be a subgroup of G. So we have arrived at the impossible conclusion that G does not but does contain a subgroup of order pr. This contradiction is a result of the original assumption that the theorem is false. Hence the theorem is true.

    This result is called a Sylow Theorem after the nineteenth-century mathematician Sylow, and the subgroups of maximal prime power order, pr9 are called Sylow subgroups. When the Sylow Theorem is combined with Theorem 6.33 we obtain just about the most general theorem possible on the existence of subgroups of non-Abelian groups.

    Corollary 6.34.1. If pb is a factor of the order of the group G and p is a prime, then G contains a subgroup of order pK

    For surely a Sylow subgroup of G of order the maximal power of p dividing the order of G contains a subgroup of order pl by Theorem 6.33. This is, then, a subgroup of G of order pl.

    That it is difficult to say more about the existence of subgroups of G of order d when d is a divisor of the order of G follows from an analysis of the group Aé9 which is a noindent subgroup of order 12 of the symmetric group on four elements. The group A±, which is called the alternating group on four elements, has the operation table shown below.
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    From this table we can show that this group contains no subgroup of order six. Suppose that Я is a subgroup of order six. Then Я contains a subgroup of order three and a subgroup of order two by the Sylow Theorem. Since the only subgroups of A± of order two are the three sets {e9 y}9 {e, z}9 and {e, yz}, one of these is in Я. But combining any one of these with any one of the four subgroups of order three by writing all possible products reveals that such an Я cannot exist. For example, if we combine {e9 y} with {e9 x9 x2}9 we get the 12 elements

[image: image]

Thus a subgroup of order six cannot contain {e, y} and {e, x, x2}. In this manner we show that A4, although of order 12, contains no subgroup of order six.

    Exercise 6.8

1. Find all of the Sylow subgroups of A4.

2. Find all of the Sylow subgroups for p = 3 of the symmetric group on four elements. (How do they compare with the Sylow subgroups of A4?)

3.Find the conjugate classes and the class equation for A4.

4.Find the class equation of the symmetry group of a square.

5.Find the class equation of the symmetry group of a regular hexagon.

6.Describe the class equation of an Abelian group.

7.Show that, if the group G has exactly one Sylow subgroup P for the prime p, then P is normal in G. (The converse is also true by another theorem of Sylow.)

8.Let H be a normal subgroup of prime power order in the finite group G. Show that H is contained in every Sylow subgroup of G for that particular prime.

9.Show that the center Z of G is the intersection of all of the element centralizers Na.

10. In the group A 4 find the centralizer of x and of y.

11.Let H be a subgroup of the group G. Show that the set NH of all elements x of G such that xHx -1 = H, is a subgroup of G which contains H as a normal subgroup. (NH is called the normalizer of H in G.)

12.Show that, if H is a subgroup of a finite group G, then the index [G :NH] equals the number of distinct conjugates of H in G.

13.In A 4find the normalizer of H= {e, y} and find the conjugates of H. Compare with the statement of Problem 12.

14.If G is a group of order pq, where p and q are primes and p < q, show that G contains exactly one subgroup of order q.

15.Show that the only finite groups with two conjugate classes are of order two.

16.Let H be a proper subgroup of the finite group G. Show that G contains at least one element which is in no conjugate of H. Illustrate with G = S3 and H a subgroup of order two. (Use the result of Problem 12.)

17.Let H be a normal subgroup of the finite group G. Show that, if p is not a factor of the index [G :H], then every p-Sylow subgroup of G is a subgroup of H.

18.Describe all (up to an isomorphism) abstract groups of order 10; of order 15.

    6.9 Additional Remarks

Although there exists no exact analog in the theory of non-Abelian finite groups of the factorization of a positive integer into a product of prime powers, there is a remarkable type of “unique factorization” for such groups which is of importance to the theory of equations. This relationship will be commented upon later.


Let G be a finite group, and choose Hx to be a normal subgroup of G which is (1) not equal to G, and (2) not contained in any proper normal subgroup of G except H1. Such a subgroup is called a maximal normal subgroup of G. There can be several choices for H1. Then in H1 select H1 to be a maximal normal subgroup of Н1. Although H2 is normal in Hx it need not be normal in G. Select H3 to be a maximal normal subgroup of H2, etc. Since G is finite this procedure must terminate with Hr = {e}. The resulting ordered collection of subgroups,
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is called a composition series of length rfor the group G, and the r factor groups
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are called the composition factors of G.

THEOREM 6.35 (JORDAN-HOELDER THEPREM). The composition factors of the finite group G are unique (up to an isomorphism).

    We shall not prove this theorem (a proof can be found in any of the books listed in the reading list) but give an example instead. Let G be the group of symmetries of a square (Example 3 of Section 6.7). G contains two different maximal normal subgroups :
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    and
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The subgroup H1containsd exactly one maximal normal subgroup, H2={E, A2}.But the group K1 contains three different maximal normal subgroups (so that G has four different composition series). We select K2={E, B} note that k2is normal in k1 but not in G. Thus we have two different composition series for G, each of length 3:

[image: image]

and

[image: image]

The composition factors are in each case three groups of order two.


    Exercise 6.9

1.Write out all of the composition series of the symmetry group of a square.

2.Find the composition factors of the group {J/(8),+}. How do they compare with the composition factors of the symmetry group of a square ?

3.Find two composition series for the alternating group A4.

4.Show that, if a cyclic group of order n has exactly one composition series, then n is a prime power. Is the converse true?

5.What can you say about the composition factors of a cyclic group?

6.Prove that all of the composition factors of a group of order pn, p prime, are of order p. (Show that in this case a maximal normal subgroup has index p.)

7.A group is solvableif and only if its composition factors have prime orders. Search the references for a description of the smallest nonsolvable group. (It has order 60.)
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            7

Rings, Domains, and Fields


IN THIS CHAPTER we commence the study of systems which can be thought of as generalized number systems. These systems have two binary operations which will be called addition and multiplication; for the most part we will use the common symbolism for these operations. This convention is more than just a convenience since it serves to highlight the analogy between these new systems and the number systems we already know. However, analogies are not proofs, and the student is warned not to assume that a statement concerning addition and multiplication in these new systems is true simply because it is known to be true in familiar number systems. Rather, these analogies are intended to suggest statements to be proved or disproved. Furthermore the familiar systems should be used as testing places for conjectures and theorems about other systems (of appropriate type, of course).



    7.1 Definitions and Examples

    The most common variety of mathematical system with two binary operations that is widely studied is the ring. This general category is in turn divided into special but often overlapping types of abstract rings.

DEFINITION 7.1. A system consisting of a nonempty set S and two binary operations, called addition and multiplication, on S is a ring if and only if the following conditions are satisfied :


    Addition : S is an Abelian group relative to addition.


    Multiplication : S is a semigroup relative to multiplication.

    Distribution: For any elements a, b, and с of S
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    The identity element for addition is denoted by z (for zero), and the additive inverse of a is written as The ring is usually denoted by S.

     By specifying various conditions for the multiplicative semigroup to satisfy we obtain special types of rings which are often more amenable to study than the most general case.

DEFINITION 7.2. A ring S is

    (1) A field if the nonzero elements of S form an Abelian group relative to multiplication.

    (2) A sfield (skew field or division ring) if the nonzero elements of S form a group relative to multiplication.

    (3) An integral domain if S is a commutative semigroup with an identity e ≠ z and without divisors of zero, relative to multiplication.

    (4) A commutative ring if the multiplicative semigroup S is commutative.

    (5) A ring with identity if S contains a multiplicative identity element e ≠ z.

    If the defining properties of a field are set down explicitly we have a sizable list. The binary operations of a field satisfy the following :

    Al.    Addition is associative.

    A2.  There is an additive identity z such that a + z = z + a = a for each a in .S.

    A3.   Each element a has an additive inverse, -a.

    A4.   a + b = b + a for each a and b in S.

    Ml. Multiplication is associative.

    M2. There exists in S a nonzero element e such that ea = ae = a for each a ≠ z in S.

    M3. Each element a ≠ z has a multiplicative inverse, a-1, such that aa- 1 = a- 1a = e.

    M4. ab = ba for each a and b different from z in S.

    D. For any elements a, b, and c of S, a(b + c) = ab + ac and (b + c)a = ba+ca.

    Similar lists can and should be written out for the other types of rings listed above. An integral domain, then, is a nonempty set S with binary operations addition and multiplication satisfying conditions Al, A2, A3, A4, Ml, and D from the list above, in addition to

    M2′. There is a multiplicative identity e ф z such that ea = ae = a for every a in S.

    M3′. S has no divisors of zero (i.e., if ab = z, then a and/or b equals z). 

    M4′. ab = ba for each a and Z? in S.

    Although properties M2′ and M4′ differ slightly from M2 and M4, respectively, in their statements, the special properties which z possesses eliminate these distinctions as we shall see.

    It is quite evident that the same ring can fall into several of these classifications. Certainly any field is also a skew field, and an integral domain is also a ring with identity as well as commutativr ring. We can represent this overlapping of these categories of rings schematically as is shown in Fig.7.1.


[image: image]

Figure 7.1



This figure indicates that an integral domain is a commutative ring with identity, certainly, but it also implies that not every commutative ring with identity is an integral domain. It indicates that a field is an integral domain but that not every integral domain is a field, and so forth. How do we justify these implications ? Consider the following examples.

    Example 1. The system J of rational integers is an integral domain which is not a field. We know from our study of this system that it contains no divisors of zero, that multiplication is commutative, that it has an identity, and that it possesses elements which do not have multiplicative inverses.

    Example 2.The system J/(m) of the integers mod m is also a ring that we know well. When m is composite, say 6, then the resulting ring is a commutative ring with identity that has divisors of zero. Thus a commutative ring with identity is not necessarily an integral domain.

    Example 3. The subsystems of J were determined in Chapter 5, so we know that the set of all integral multiples of k, where к is an integer larger than 1. is a ring relative to the operations of J. Then it is a commutative ring without a multiplicative identity element.

    This much we can prove about the diagram in Fig. 7.1 just by using very familiar examples. (We note that the system of rational numbers and the ring J/(p), where p is a prime, are fields so that this classification is not empty.) To say more about the diagram we must invent some new systems.


    Example 4. Let S consist of the set {z, a, b, c} and the binary operations defined by the tables shown. The additive system is easily seen to be isomorphic with the outer direct product of the two groups {J/(2), +} and {J/(2), +}, and
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hence it is a group. The associativity of multiplication can be verified by simple calculation. If u, v, and w are elements, not necessarily distinct, from S then we prove that
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by considering the element u. If u is either z or b, then uv and u(vw) are both equal to z so that (uv)w and u(uw) are equal to z. If u, is either a or c, then uv = v and u(vw) = vw so that (uv)w and u(vw) both equal vw.

    To verify the Distributive Laws we again choose arbitrary elements u, v, and w from S. Then if u is either z or b we see that the three elements uv, uw, and u(v + w) are all zero, so that in this case u(v + w) = uv + uw If u is either a or c, then = v, uw = w, and u (v + w) = v + w, so that we have u(v + w) = uv +uw in this case. Hence the Left Distributive Law holds.

    To prove the Right Distributive Law we note that
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if any one of the elements is z, or if v = w since
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This and commutativity of addition cause only nine cases to be left:

[image: image]
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Thus the Right Distributive Law holds in S.

    Then this rather trivial system is a ring in which multiplication is not commutative and which has no identity element. Hence this is a system which lies only in the top bracket of the diagram.

    The problems of finding a skew field which is not a field and of finding a noncommutative ring with identity which is not a sfield are a bit more difficult to solve. For this purpose we discuss in a rather brief fashion a very famous algebraic system, the quaternions of W. R. Hamilton.

    Example 5.Denote by Q the set R x R x R x R of all ordered quadruples of rational numbers, and define addition and multiplication of elements of Q as follows:
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and
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where

[image: image]

and

[image: image]

The resulting system is the division ring of rational quaternions.


    To verify that Q is a ring involves a certain amount of simple, straight-forward calculation, especially in the case of addition. We shall focus our attention here on multiplication, and introduce some simplifying notation that is commonly used. For an element r of R we define the scalar product
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for elements of R and Q. Now we introduce some simple symbols for certain elements of Q :
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and

[image: image]

Then the element q = (al, a2, a3, a4) of Q is expressible uniquely as
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The elements e, i, j,  and k have very distinctive properties, e is the multiplicative identity of Q, and
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and

[image: image]

    These are easy arithmetic observations from the definition of multiplication. In fact, this definition can be rewritten as
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so that by assigning appropriate values of zeros and l’s to the ai and bi we obtain all of the above equations. Furthermore we observe that we have the important distributivity equation,
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Here we are using properties of the scalar product: for r and s in Rand q and q1in Q,
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and
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    Then to show that multiplication in Q is associative we need only verify the Associative Law for the elements i, j and k. This program leaves 27 cases to verify; for example,
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and
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 The remainder is left to the student to verify.

    Application of the definition of multiplication shows that a nonzero element of Q, where z = (0, 0, 0, 0), denoted as
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has the multiplicative inverse
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 where t= a12+ a22 + a32+ a42. Setting b1=a1b2 =- a2, b3= - a3, and b4 =-a4 in the definition of multiplication yields

[image: image]

 Hence qq1= e and similarly q1q = e.

    In this manner we can show that the system of rational quaternions is a skew field which is not a field. The student should recognize that this system rather resembles the complex field whose properties undoubtedly guided Hamilton somewhat in his development of the quaternions.

    Example6. Let Q be the set of all elements q of Q q = (a1 a2, a3, a4), where the numbers an are all integers. Relative to the binary operations induced by the operations of ß this system is a noncommutative ring with an identity element e. It is not a division ring since the multiplicative inverses of such elements as e + iand i-j are not in Q.

    Simple arithmetic problems in Qand Q′ are rather easily worked out, and these sometimes help us realize both the similarities and differences between quaternions and ordinary numbers.


    Example 7. Find a quaternion qsuch that
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The inverse of 3e - j is (l/10)(3e + j) so multiplying the above equation by this inverse yields
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and
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    Thus linear equations are handled exactly as linear equations over the rational field.

    Example 8. Find three different quaternions whose squares all equal - 2e. If
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then a, b, c, and d are rational numbers such that
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Surely the quaternions i - j, i -k, and j - k all satisfy this condition.


    Exercise 7.1

    1. List the axioms for (a) a skew field; (b) a ring with identity; (c) a commutative ring.

    2. Make a Venn diagram illustrating the classifications of rings.

    3. List all implications from the classification diagram for rings.

    4. Let S be the set {z, a, b, c}, and define addition on S by the table of Example 4 and multiplication by the table shown here.
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    Show that multiplication is associative but that S is not a ring.

    5. Let S be any Abelian group, written additively, and define ab = z for each a and each b in S. Show that the resulting system is a ring. (These are called zero rings. Where do they fit in Fig. 7.1 ?)


    6. Let S be the set of rational integers, S = J, and define new operations on this set by the equations
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    Show that this new system is an integral domain. Is it a field ? (Note that z = 1 and e = 0 in this system.)

    7. Denote as usual by V2the positive real number whose square is 2. Show that the set of all real numbers of the form a +b V2, where a and b are rational, is a field relative to the usual operations.

    8. Prove that the quaternions form an Abelian group under addition.

    9. Let S and T be two rings. Show that the set S x Tis a ring when addition and multiplication are defined by the relations
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and
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    10. Compute the products in ß :
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    11. Compute the inverse of each of the quaternions of Problem 10.

    12. Find a quaternion qsuch that :

[image: image]

    13. How many elements q does Q contain such that q2 = - 5e ?

    14. Prove that quaternion multiplication is associative.

    15. Let С = R x R, and define operations as follows :
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    Show that the resulting system is a field.

    16. Show that the eight quaternions e, - e, i, - i, j, - j, k, and - k form a group under multiplication. (This is the quaternion group.) Can the regular permutation representations be used to verify the Associative Law?

    17. If the real field is used instead of the rational field in forming the quaternions, then the resulting system is the ring of real quaternions. It is also a skew field. Show that there are infinitely many real quaternions qsuch that q2 = -e

    18. Show that it is impossible to define multiplication in S = RxRxR in such a way that the resulting system, with addition defined componentwise as for the quaternions, is a field.

    19. Show that a ring with divisors of zero cannot satisfy the Cancellation Law for Multiplication.

    20. If in the definition of quaternions the field of integers mod 2is used instead of the rational field, what sort of system results? How many elements has it? Is it a sfield? What if J/(p) is used?


    7.2 Elementary Properties

    From our knowledge of special rings and from our study of groups we expect the identity elements and the inverse elements of a ring to be quite special. Since the elements of a ring S form an Abelian group under addition, we already know something about the additive identity z and the inverse - a of a.

THEOREM 7.1. If S is a ring, then

    (1) z is the only element of S such that a + z = z + a = a for every a in S.

    (2) For each x in S there is exactly one element x in S such that
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    (3) For each x in S,
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    (4) ( - a)b = a( - b) = -(ab) for each a and each b in S.

    (5) - ( - a) = a for each a in S.

    (6) ( - a)( - b) = ab for each a and each b in S.

    The three statements (1), (2), and (5) are familiar properties of the additive group {S, +}. Certainly if u has the additive property of z, then
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And if у has the additive property of -x, then
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Finally, - ( - a) = a from (2) and from the equation
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    To verify (3) we use the Distributive Law :
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Adding the negative of xz to this yields
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Similarly we can show that zx = z.

    The verification of (4) depends on (2), (3), and the Distributive Law:
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Hence by the uniqueness of -(ab) we see that ( -a)b = -(ab). Similarly,
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so that
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     Finally, we use (4) and (5) to prove (6). First,
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so that since a(-b) = - (ab) we have
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This means, by (5) that
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    From (3) of this result we obtain a corollary.

    Corollary 7.1.1. A field is an integral domain.

    If S is a field we know that the nonzero elements of S form an Abelian multiplicative group. We must show that S is a multiplicative semigroup which is commutative, has an identity, but has no divisors of zero. So we must show that z commutes multiplicatively with every element of S, and that ez = ze = z for the multiplicative identity e of the group of nonzero elements. Both of these facts follow from (3). Also, if
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where а ≠ z, then
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by (3), so that a field has no divisors of zero.

    Although an integral domain is not always a field, we can show that it has a type of divisibility, just as the ring J has.

THEOREM 7.2. If the ring S contains no divisors of zero, then the Cancellation Law for Multiplication is valid in S.

    Suppose ax = ay in S, where а ≠ z. Then we can write
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 so that by (4) of Theorem 7.1,
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Since S has no divisors of zero this equation implies that
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so that


 [image: image]

 In the same manner we conclude from
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that x = y.

    The regular properties of the additive inverse lead us to define subtraction in a ring exactly as we defined subtraction for J.

DEFINITION 7.3. The operation of subtraction is defined for the ring S by the equation
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    This operation must be used carefully since it is neither associative nor commutative. However, multiplication is distributive over subtraction.

THEOREM 7.3. If a, b and с are elements of the ring S then
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    By definition,
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Using the fact that multiplication distributes over addition we have
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 and, since a(-c) =-(ac) by Theorem 7.1, we conclude that
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 The right-sided distributivity is handled in the same manner.

    In the previous section we saw that a ring need not have a multiplicative identity, and we know from the ring J that even in an integral domain multiplicative inverses may not exist. However, these elements are unique when they do exist.

THEOREM 7.4. (1) A ring has at most one multiplicative identity.

    (2) A ring has a multiplicative identity if and only if it has exactly one left (or right) multiplicative identity.

    (3) An element in a ring with identity has at most one multiplicative inverse.

    Suppose
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for every element x of the ring S. Then for x = f we have from the first equation

[image: image]

 and for x = e we get from the second
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Hence e =f, and (1) is proved.

    Suppose e is the only left identity of S,
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for every x in S, and consider the equation, for a in S,
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Hence the element (a-; ae + e) is a left identity for every x in S. By the uniqueness of e, we have

[image: image]

so that
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Since ais an arbitrary element of S this means that e is also a right identity.

The converse is proved by the method used to prove (1).

    Finally, suppose
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and
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Then a1 ab = eb= a1 e = b = a-1.


    From (2) one receives the impression that a ring without an identity can have several one-sided identities, and this is indeed the case.


    Example1. Let S be the ring of Example 4in Section 7.1. Certainly a and с are both right identity elements for multiplication, but the ring does not have a two-sided multiplicative element.

    Example 2. Consider the ring J/(8).This ring has a multiplicative identity 1,but only some of the elements have inverses. We see that 1, 3, 5,and 7have inverses and that these inverses are unique in J/(8),by inspecting the table.

[image: image]

    Exercise 7.2

    1. Find a ring with more than one left identity element.

    2. Prove that subtraction is not in general association. Describe subtraction in J/(2).

    3. Show that, if a ring has a left identity e and a right identity f, then e=f

    4. Prove that - (a + b) = -a + (-b) = - a - b= -b - a in a ring S.

    5. Complete the proof of Theorem 7.3.

    6. If ab = z in the ring S, what conclusions can you reach about a and b ?

    7. Show that ( - a)( - b)( -c) = - (abc).

    8. For given elements a and b in the ring S, can there exist more than one x in S such that ax − bi (See Example 2.)

    9. Show that the commutativity of addition in a ring with identity can be proved from the other axioms. (Consider (a + b)(e + e).)

    10. Determine the set of those quaternions which commute multiplicatively with every element of Q.

    11. Show that, if e is the multiplicative identity of ring S, then -a= -e(a).

    12. Give an example to show that a ring S can have a nonzero element a
such that ax = z for every x in S.   (Such an element is called a right annihilator.)


    7.3 Exponentiation and Scalar Product

    The subject of exponentiation was discussed earlier for semigroups and for groups. This method of relating an abstract ring to the ring of integers is, however, so basic and so important that we are discussing it again for emphasis. Besides it is possible that understanding of the concept has only been partial.

DEFINITION 7.4. For an element a in the ring S and the integer n the scalar product an= na is defined to be:


(1) a + a +...+a , n times when n > 0,

(2) z when n= 0,

and

(3) -a - a-...-a,  n< times when n <  0.

    As we noted earlier, the feasibility of this definition rests on the Generalized Associative Law which we proved for any associative binary operation. No special symbolism is employed here for the scalar product although it should be understood that in general the product ab, for a and b in S, and the scalar product, an = na, are two different concepts entirely. The concept of scalar multiplication for integral scalars is derived from a shorthand notation for certain statements about addition.

THEOREM 7.5. If a is an element of the ring S and m and n are integers, then 
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    The proof is divided into several cases.

    (1) If m and n are positive, then the equation a(m 4- n) = am 4- an is merely a statement about the association of the sum of m 4- n a’s, and as such is true by the Generalized Associative Law.

    (2) If m and n are negative, then the argument is the same as in case (1) except that -a is added -m-n times.

    (3) If either m or n is zero, then the corresponding am or an is z, and the truth of the statement is a consequence of the property of z.

    (4) If m and n have opposite signs, say - m + r = n where -m, r, and n are positive, then
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and
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Therefore,
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and we need to show that
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to complete the proof. This equality is a consequence of our next two theorems.

THEOREM 7.6. If n is a positive integer and a and ft are elements of the ring S, then
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     We proceed by induction on n. If n = 1, then certainly
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so assume that
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 for some integer к ≥ 1. Consider the element (a+ b)(k+ 1); by definition
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so by the generalized Associative Law,
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Applying the induction hypothesis we get
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Since ak + a = a(k+ 1) and bk+b=b(k+ 1) by case (1) of Theorem 7.5, we see that
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 This completes the induction and proves the theorem.

    Corollary 7.6.1. If n is an integer and a and b are elements of the ring S,then
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    If n = 0, then
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so that
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     If n > 0, then -n = r > 0, and we apply the result above to (-(a + b))r:
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Hence we have
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THEOREM 7.7. If n is a positive integer, then
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    This is also proved by induction on n. When n = 1 we know that
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so we assume as our induction hypothesis that
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for some integer A: > 1. Consider z(A: 4- 1); by case (1) of Theorem 7.5 we have
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so surely


 [image: image]


 This completes the induction.

    Now the completion of the proof of Theorem 7.5 is immediate.

    By very similar methods we can prove the following additional properties of scalar multiplication.

THEOREM 7.8. If a and b are elements of the ring S and m and n are integers, then
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and
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    The proof of this theorem is left as an exercise for the student. We note that the proof involves the Generalized Distributive Law.

THEOREM 7.9. If the elements a, bl …, bn are from a ring S, then
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and
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     The proof is a simple induction on n. Surely if
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then
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by the Generalized Associative Law and the Distributive Law for S. This is the principal observation needed to prove the theorem.


    Of course the exponentiation of a ring S has fewer of these nice properties since it is based upon the multiplication of S. Since elements of S do not usually have multiplicative inverses we must restrict the exponents to the set of positive integers. Rather than repeat, in a different notation, the preceding work we adopt a slightly more sophisticated approach to exponentiation.

DEFINITION 7.5. If a is an element of the ring S, then we define
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and
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where к is a positive integer.

    This is an example of a recursive definition.


THEOREM 7.10. Exponentiation is a mapping from the set S x P onto S where P is the set of all positive integers.


    To prove this we must show that, for each a in S and n in p9 the image element an is a uniquely specified element of S. This is a consequence of the recursive definition and the Induction Axiom. Let M be the subset of P consisting of those positive integers n for which an is uniquely defined for every a in S. Certainly 1 is in M since a1 = a. Furthermore k -h is in M whenever к is since ak+1 = ak • a. Therefore M = P by the Induction Axiom, and exponentiation is a function from S x P to S. Obviously it is onto S since a1 = a.
THEOREM 7.11. If a is an element of the ring S and m and n are positive integers, then


[image: image]


    These too are proved by mathematical induction. To prove (1) we proceed by induction on n. When n = 1 we see that
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thus
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Our induction hypothesis is the statement
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and we consider the product
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By Definition 7.5 and the Associative Law,
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Applying the induction hypothesis we obtain 
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so that, by the definition,

[image: image]


Since exponentiation is a mapping from S x P onto S we know that
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since
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in P. Hence
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and the induction is completed.

    If multiplication has special properties, then naturally more can be said about the exponentiation. For example, when multiplication is commutative we get the following familiar properties.

THEOREM 7.12. If a and b are elements of the commutative ring S and n is a positive integer, then
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and
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where mi =n!/(i!(n-i )!).

    The student should recognize (2) as the binomial expansion which is so well known to all school children. The proof is a straightforward induction and can be found in all good high school advanced algebra books.

    Example 1. Evaluate the element (a + b)1 two ways when a and b are the elements [2] and [3], respectively, of the field J7(7).

    We know from Fermat’s Little Theorem that ([2] + [3])7 = ([5])7 = [5]. Now consider the binomial coefficients; certainly the integer 7!/(!(7 - i)!) is always a multiple of 7 since neither /! nor (7 - i)! is a multiple of 7 for i - 1, 2, …, 6. Now we note that
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Therefore all of the middle terms in the expansion of ([a]+[b])T are equal to [0] in J/(T). This means that
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    Example 2. Show that the scalar 2 is an annihilator of every element of the ring of Example 4 in Section 7.1.

    We observed earlier that the additive group of that ring has the special property that each element is its own additive inverse:
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Rewriting these by using the scalar 2 we get 2z = z2 = z, 2a = a2 = z, 2b = b2 = z, and 2c = c2 = z.

    This example suggests that the concept of scalar multiplication relates a ring, sometimes, to rings other than the ring of integers (such as the rings J/(m)). We shall investigate that idea in the next section. It is of course just a way of talking about the cyclic subgroups of the additive group of a ring.

    Example 3. Attempt to evaluate the quaternion (j+k)2 by the binomial expansion.

    Now
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and
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Since −2e≠−2e + 2i we see that the binomial expansion does not hold in general for a ring.

    Exercise 7.3

    1. Define na, for u in P and a in the ring S, recursively as in Definition 7.5, and prove that this is the image of a function from P  x S onto S.

    2. Complete the proof of Theorem 7.5.

    3. Prove parts (i) and (ii) of Theorem 7.8.

    4. Give a proof of part (2) of Theorem 7.11.

    5. Show that Theorem 7.12 does not hold for the ring of Example 4, Section 7.1.

    6. Calculate (a +b)121 when a and b are the elements [3] and [4] ofJ/(11).

    7. Calculate ([3] + [4])6 over the system J/(6).

    8. Prove that (a +  b)p  = ap + bp if every additive cyclic subgroup of the commutative ring S is of order p, except the zero subgroup.

    9. Prove that n!/(k!(n−k)!) is an integer for n > k >  0.

    10. Prove the binomial expansion valid for commutative rings.

    11.Show that a ring can contain several idempotent elements, i2 = i ≠ z, even though it has no multiplicative identity.

    12.Can an additively written Abelian group have scalar multipliers from a system other than the ring of integers ? Explain. (Consider the additive group of a ring.)

    13.Can nonzero integers be divisors of “zero” as scalars for an integral domain? Explain.

    14.Distinguish between the different binary operations in the following expressions, where a and b are elements of the ring S and n and m are integers :

[image: image]


When do the expressions a + m and n − b make sense ?

15. Let n be the least positive integer such that na = [0] for the element a of the ring J/(m).

(1) Show that n is a factor of m.

(2) Show that ab ≠ [0] when b is any of the n − 1 elements [1], [2], [n − 1].

(3) Show that ab takes on exactly n distinct values in J/(m).

(4) What must be true of the powers a, a2, …, an ?

(5) Illustrate the above with a = [9] and m = 21.

    

    7.4 Subsystems and Characteristic

    The structural approach to the study of rings requires knowledge of some of the subsystems of a ring. Here we introduce some of the simpler aspects.

DEFINITION 7.6. Let T be a nonempty subset of the ring S. Then Tis defined to be a subring of S if and only if, for each x and y in T,


(1)xy is in T.

(2)x + y is in T.

(3)x − y is in T.

The justification for the term subring comes from the following result.

THEOREM 7.13. If Tis a subring of the ring S, then T is a ring (relative to the binary operations induced on T by the binary operations of S).

    The induced operations, A’ = A ∩((T x T) x T) and M’ = M ∩ ((T x T) x T), where A and M are the subsets of (S x S) x S called addition and multiplication, respectively, naturally inherit the properties of associativity, commutativity, and distributivity, so we need onf>K concern ourselves with showing the existence of an additive identity and an additive inverse for each element in T. From condition (3) we see that x − x = z is in T, so surely T has an additive identity, namely, z. And, if y is an element of T, then by (3) z − y = −y is in T, so that each element of T has an additive inverse in T.

    The conditions (1) and (2) are essential to the conclusions that A’ and M’ are binary operations on T. For, if xy were not in Г, then ((x, y), xy) would not be in M’ and so M’ would not be a mapping from T x TtoT. Similarly x + y in T is necessary for M’ to be a binary operation on T.

    In our earlier studies we encountered many subrings. The even integers form a subring of the ring of integers. The ring of rational integers is a subring of the ring of rational numbers. And there are many others. In fact, from two subrings of a ring we can get other subrings.

THEOREM 7.14. If T and Ware subrings of the ring S, then T n Wis a subring of S also.

    Consider T ∩W. If x and y are in both Tand W, then we see immediately that the three elements xy, x + y, and x − y are in both T and W. Hence T ∩ W is a subring of S.

    Note that T ∩ W ⊇ Т. This suggests that a subring of T is also a subring of S, and that is easily proved true since the binary operations of Гаге induced by the operations of S.

    Although it is true that a subring T inherits many properties from the ring S, the two rings S and T can have some rather different properties. We list a few simple illustrations.

    Example 1. A subring T of a ring S with identity need not be a ring with identity. For the subring of J consisting of all even integers has no identity element.

    Example 2. A subring T of a ring S without an identity can have a multiplicative identity. The subset {z, a} of the ring of Example 4, Section 7.1, is a ring with identity. Moreover, it is commutative.

    Example 3. A subring T of a noncommutative ring S can be a commutative ring. See the preceding remark.

    Example 4. A subring T of a field S need not be a field as we see by looking at the set of rational integers of the rational field.

    Example 5. A subring T of a ring S can have a multiplicative identity f which is different from the multiplicative identity e of S. For let S = {z, e, b, f } with addition and multiplication defined by the tables shown. This system is
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easily verified to be a ring with identity e. The subset T = {z, f} is a subring with identity f. Furthermore, the subsets V = {z, e} and W = {z, b) are subrings with identity elements.

    There are, however, some positive statements which can be made. Certainly any subring of a commutative ring is also a commutative ring. Moreover, no subring of an integral domain has divisors of zero since a ring and its subrings have the same zero element, z. Then
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    in T certainly means that ab = z in S.

DEFINITION 7.7. A subring T of a field S is a subfield of S if and only if T is a field. A subring T of an integral domain 5 is a subdomain if and only if T is an integral domain.

    Surely the domain of rational integers is a subdomain of the field (and integral domain) of rational numbers. And the set of rational cuts (or rational numbers) is a subfield of the real field.

    From each element a of a ring S we obtain a subset, denoted by aJ, consisting of all scalar multiples an of a as n ranges over J. Using the properties of scalar multiplication we see that
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    and
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so that aJ is certainly an additive subgroup of S and a subring when a2 = a.

    Now it is clear that aJ is a finite system if and only if there is a positive integer k such that
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For otherwise the set {a, 2a, 3a, …} is an infinite subset of aJ. The least positive integer к with this property is defined to be the characteristic of a and of aJ. If no such positive integer exists, then a and aJ are said to have characteristic zero (or characteristic infinity).

    Now in general the elements of a ring vary widely in their characteristics. In the ring У/(4) the two elements [1] and [3] have characteristic 4, and the element [2] has characteristic 2.

    Example 6. Consider the additive group R± of rational numbers modulo (1). We make this group into a ring by defining the product of each two elements to be [0]. The element [1/2] is of characteristic 2, the element [1/3] of characteristic 3, the element [l/m] of characteristic m when m is a positive integer. In fact this ring has elements of every possible positive characteristic.

    However, if the multiplication in a ring is sufficiently restricted or special, it exerts influence on the additive structure of the ring through the distributive law and enables us to make some very strong statements about the characteristics.

THEOREM 7.15. If S is a ring with identity and without divisors of zero, then all of the elements ≠z have the same characteristic which is either 0 or a prime p.

    Let e be the identity of S, e ≠ z. If e has positive characteristic we denote it by k. Now suppose к has a factor h, 1 < h  < к. Then к = hq and
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and since S has no divisors of zero one of the two elements he and qe must equal z. But this contradicts the definition of the characteristic k. Hence к has no such factors and we see that e has prime characteristic к = p.

    Now let x ≠ z be an arbitrary element of S. Since
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    we know that x has positive characteristic m and m ≤ p. However,
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implies that me = z since S has no divisors of zero. Hence, since p is the characteristic of e, p ≤ m. Thus m = p and every nonzero element of S has characteristic p.

    Suppose e has characteristic 0; then there is no positive integer к such that ke = z. If x ≠ z were an element of positive characteristic m in S, then
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and we would have me = z since S has no divisors of zero. This contradiction shows that, if e has characteristic 0, then all nonzero elements of S have characteristic 0, proving the theorem.

DEFINITION 7.8. The characteristic of the ring S is the least positive integer к such that kx = z for every x in S, or zero if к does not exist.

    Corollary 7.15.1. A ring with identity and without divisors of zero is a ring of characteristic 0 or p.

    Now consider an integral domain D. It has an identity e and no divisors of zero so it has characteristic 0 or p. In either case eJ is a subdomain of D since the subring eJ is surely an integral domain: it has an identity e = el; it is commutative since
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and it certainly has no divisors of zero since D has none. As a matter of fact, e J is the minimal subdomain of D in that it is contained in every subdomain of D.

THEOREM 7.16. The subdomain eJ of the domain D is contained in every subdomain of D.

    To prove this we need only to show that e is contained in every subdomain of D. Let D′ be a subdomain of D. As such it has a multiplicative identity element f ≠ z. Now f is idempotent,
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and since f is in D also,
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Hence
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and since D has no divisors of zero we know that
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Thus e is in D′, so that D′ ⊇ eJ.

    The commutativity of D is of no special consequence in this work.

THEOREM 7. 17. The subdomain eJ of the domain D is a field if and only if D has characteristic p.

    If D has characteristic p, then eJ contains p elements, namely,
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Let qe ≠ z be in eJ; since qe ≠ z we know that p is not a factor of q. Hence (q, p) = 1 and there are integers r and s such that
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Therefore,

[image: image]

and since
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we have
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so that se is the multiplicative inverse of qe in eJ. Thus eJ is a field.

    Conversely, suppose eJ is a field, and consider me ≠ le, me ≠ z. Then me has a multiplicative inverse, ne, and
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Write this as

[image: image]

Since m ≠ 1 we know that nm ≠ 1 in J, and so e has positive characteristic. Thus D has characteristic p, a prime.

    Exercise 7.4

1.  Determine the characteristic of every example of a ring given thus far in this chapter.

2.  Show that a ring exists of every possible characteristic. (What is the characteristic of J/(w) ?)

3.  Prove that every subsfleld of a sfleld contains eJ, where e is the sfield identity.

4.  Find a skew field which contains a subring which is a field.

5.  Let T be a subring of the ring S and W be a subring of the ring T. Show that W is a subring of S,

6.  Find all of the subrings of J/(12), and determine the characteristic of each.

7.  Find T, a subring of characteristic 3 of J/(21), and a subring of characteristic 7 of J /(21). Show that each element x of J/(21) is expressible uniquely as
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Moreover, show that, if xt = tt + wt then
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8.  Which of the following sets are subfields of the real field ?

    [image: image]

9.  Prove that, if x and y are elements of a commutative ring of characteristic p, where p is a prime, then
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10.  Let D be an integral domain of characteristic p. What can you say about the mapping of D to D defined for each x in D by x→p? What mapping is this when D = J/(P))?

11.  What can you say about every subfield of the real field?

12.  Show that the rational field contains no proper subfields.

13.  Prove that the only proper subdomain of the integral domain, the rational field, is the ring of rational integers.

    7. 5 Isomorphisms and Extensions

    An inspection of the subring eJof a domain of characteristic zero reveals it to be astonishingly like the system J. This naturally brings up the concept of isomorphism.

DEFINITION 7. 9. The ring {S, +, ·} is isomorphic with the ring {S*, ⊕, [image: image]} if and only if there is a one-to-one mapping F from S onto S* such that for x and y in S
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and
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The mapping F is called an isomorphism from S onto. S′.

    This agrees with our earlier discussions of isomorphic systems. Applied to the material of the preceding section it yields the following result.

THEOREM 7. 18. An integral domain of characteristic zero contains a subdomain which is isomorphic with J. An integral domain of characteristic p contains a subdomain isomorphic with J/(p).

    If the domain D has characteristic 0, then the subdomain eJ is certainly isomorphic with J. An isomorphism of eJ onto J is given by
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We see that
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and
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Furthermore F is a mapping of eJ onto J since en = em if and only n = m because of the fact that D has characteristic 0. Thus eJ is isomorphic with J, and we say that an integral domain of characteristic zero “contains” the domain / of rational integers.

    If the domain D has characteristic p, then we define F by
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for each of the p elements eO, el, … e(p− 1)of eJ, where [m] denotes the congruence class of integers mod p. Since the p integers 0, 1, …, p − 1 are distributed one to each of the congruence classes mod p, we know that F is a one-to-one mapping of eJ onto J/(p). Now consider F(en . em). Clearly

[image: image]

where 0 ≤ r > p and nm = qp + r. Moreover we know from our study of the ring J/(p) that

[image: image]

Hence

[image: image]

Consider

[image: image]

Again by the Divisor Theorem for J we have

[image: image]

so that

[image: image]

Moreover,

[image: image]

so that

[image: image]

    Hence F is an isomorphism from eJ onto J/(p). We say that an integral domain of characteristic p “contains” the finite field J/(p), identifying eJ with J/(p).

    Corollary 7. 18. 1. An integral domain D contains (a subdomain isomorphic with) the ring of integers or one of the fields J/(p).

    This means that the integral domains, and the fields also, are anchored to the familiar systems which we have already studied. Thus our knowledge of the systems J and J/(p) provides us with an entry into any integral domain.

    THEOREM 7. 19. A field S of characteristic zero contains a subfield isomorphic with R, the rational field.

    As we have already seen, S contains the system eJ which is isomorphic with J. Now each element en ≠ z in eJ has a multiplicative inverse (en)−1 in S, and we claim that the set T of all elements of S of the form

[image: image]

for some m and n ≠ 0 in J is a subfield of S. Furthermore the mapping F defined as

[image: image]

is an isomorphism of R onto T.

    That T is a subfield of S is easily shown. If (em)(en)−1 and (ep)(eq)−1 are element ofT, then

[image: image]

and

[image: image]

so that T is a subring of S. Since

[image: image]

we see that eJ ⊂ T, and for m ≠ 0 we have (en)(em)−1 in T, and this is the multiplicative inverse of (em)(en)−1. Thus T is a subfield of S. (The student should notice that we are just working with the fractions m/n and p/q in slightly disguised form.)


    To show that F is an isomorphism we first show that F is a mapping, and this means we must show that the definition of F is independent of the integers m and n which appear in the representation of m/n. So we have to show that, if

[image: image]

then

[image: image]

(proving that, for example, 1/2 and 2/4 have the same image in S under F). From m/n =m1/n1 we obtain the equation (in J)

[image: image]

so that in S

[image: image]

Then

[image: image]

so that multiplication by (en)−1(en1)−1 yields

[image: image]

and we see that F is a mapping from to S.

    Next we point out that the mapping F is one-to-one. This follows from the fact that

[image: image]

implies

[image: image]

and

[image: image]

Since. S has characteristic 0 this means that

[image: image]

and

[image: image]

Hence the mapping F is one-to-one.

    That F is an isomorphism follows from the discussion of addition and multiplication in T:

[image: image]

and
 
[image: image]

DEFINITION 7. 10. The ring T is said to be an extension of the ring S if and only if T contains a proper subring S′ which is isomorphic with S.

    Corollary 7. 19. 1. A field S is an extension of the rational field R if S has characteristic 0, and of the finite field J/(p) if S has characteristic p.

    The fields R, J/(2), J/(3),…, are sometimes called prime fields since every field is an extension of exactly one of them. This reduces the problem of studying fields and domains to the problem of studying extensions of the basic systems that we have already encountered. Thus far we have encountered a few special extensions of certain special rings, e. g., the extension of J to R and the extension of R to Q, the sfield of rational quaternions. These methods can also be used to extend some other rings, but another and more general method of extension is studied in the next chapter.

    Now the preceding work characterizes the integral domain J as the minimal integral domain of characteristic 0. That is, an integral domain which contains no proper subdomain is isomorphic with J if and only if it is of characteristic 0. There is another way of characterizing J which involves the concept of induction.

    Let S be an integral domain. A subset L of S is called an induction set if (i) the multiplicative identity e of S is in L, and (ii) the sum a + e is in L whenever the element a is in L.

    Lemma 7. 1. An integral domain S contains exactly one induction set M which is contained in every induction set of S.

    Since S is surely an induction set of. S we know that the class of induction sets of S is not empty. So we form M, the intersection of all induction sets of S. We shall show that M is an induction set of S and thereby prove the lemma. First we note that e belongs to each of the sets which intersect to form M, and so e is in M. Now suppose a is in M. Then by definition of intersection a is an element of every induction set of S, and so a + e is in every induction set of S. This means, then, that a + e is in M, and we conclude that M is the minimal induction set of S.

    It is quite clear from the axiom of induction that the set P of positive integers is the minimal induction set of J and also of the field R. Inspection of the integral domain J/(p) shows that J/(p) is the only induction set of that system.

    Lemma 7. 2. The set eP = {en: n in P} is the minimal induction set M of the domain S.

    Consider the set eP. It contains e = el, and, if a is in eP, then a − ek for some positive integer k so that is in eP also. Thus eP is an induction set of S and so eP ⊇ M.

[image: image]

    On the other hand, if we denote by M′ the set of all positive integers m such that em is in M, then we see first of all that 1 is in M′. Now suppose k is in M′ Then ek is in M so that

[image: image]

is in M and K + 1 is in M′. Therefore by the Induction Axiom, M′ = P, and we see that eP ⊆ M. Hence M = eP.

    Now the characterization of J is rather evident.

THEOREM 7. 20. The integral domain S is isomorphic with J if and only if exactly one of the following holds for each element x of S:

    (i) x = z; (ii) x is in M; or (iii) − x is in Af, where Af denotes the minimal induction set of S.

    Suppose the elements of S are split in the above manner. Then we know that, for an arbitrary element x of S either

[image: image]

or

[image: image]

Since −x = en implies that x = e(−n) we clearly have a one-to-one correspondence between the elements of S and the elements of J, given by

[image: image]

For, if em = en with m ≠ n, then

[image: image]

puts x = z = e(m – n) into two of the above categories simultaneously. Thus F is one-to-one. That fis an isomorphism is proved easily as in Theorem 7. 18.

    Conversely, suppose S and J are isomorphic domains with isomorphism F from J to S. Since F(1) = e and F(0) = z by the next theorem we see that the elements of S fall into three nonoverlapping sets,

[image: image]

which correspond to the partition of / into {0}, P, and − P = {set of all negative integers}.

    The result concerning the correspondences between the respective identity elements is a simple consequence of the uniqueness of these elements.

THEOREM 7. 21. If F is an isomorphism from the ring S with identity e onto the ring S″, then F(z) = z″ and F(e) = e″ are the additive and multiplicative identity elements, respectively, of S″.


    Let x″ be an arbitrary element of S″. Since F maps S onto S″ there is exactly one element x in S such that F(x) = x″. Now

[image: image]

so that z″ is the additive identity of S″, and e″ = F(e) is the multiplicative identity of S″ since

[image: image]

    An example of an isomorphism between two rings was studied in Chapter 2 when we saw that the ring / is isomorphic with the ring of rational integers, a subring of the field R. Now we shall give an example of a ring which has a nontrivial isomorphism with itself (or an automorphism).

    Example 1. Let S be the set of all real numbers of the form [image: image] x where a and b are rational numbers. S is certainly a subring of the field of real numbers since the elements

[image: image]

and

[image: image]

are in S whenever a, b, c, and d are rational numbers. Moreover S is a subfield of Re since [image: image] has a multiplicative inverse if

[image: image]

For in S

[image: image]

implies that a and b are both 0 since otherwise the equation

[image: image]

contradicts the fact that there is no rational number whose square is 5.Hence

[image: image]

is equivalent to the condition

[image: image]

and since

[image: image]

we see that the inverse of [image: image], is

[image: image]

    Now define the mapping F of S onto S by the equation

[image: image]

Thus

[image: image]

and

[image: image]


Clearly the equations

[image: image]

and

[image: image]

show that F is an automorphism of S. Note that the rational field R9 which is a subfield of S, is left elementwise unchanged by F since

[image: image]

    The automorphisms of a ring are rather like the symmetries of a geometrical figure or geometry. The example above is analogous to the rotation of a plane 180° about a line in the plane, shown in Fig. 7.2.


[image: image]

Figure 7. 2



    Exercise 7. 5

1.  Show that the ring of Example 4, Section 7. 1, is an extension of J 1(2).

2.  Show that quaternion ring Q is an extension of the rational field R by considering the quaternions of the form (r, 0, 0, 0) = re + 0i + 0j + 0k.

3.  Show that, if F is an isomorphism from field S onto field T, then -F(x) = F( −; x) and the multiplicative inverse (F(x))−1 is F(x−1), Illustrate with Example 1 of this section.

4.  Find an infinite collection of different induction sets in the domain J.

5.  What can you say about a ring which contains a subring isomorphic with / and another subring isomorphic with J/(3) ?

6.  Show from Theorem 7. 21 that the only automorphism of J/(m) is the identity mapping E, E(x) = x. Connect this with the fact that the only induction set of J/(m) is J/(m).

7.  Prove that the only automorphism of / is the identity mapping E, E(x) = x.

8.  Complete the proof of Theorem 7. 20.

9.  Show that J/(p) is isomorphic with a subring of J/(m) if and only if p is a factor of m.

10.  Find a nontrivial automorphism of the rational quaternion ring.

11.  Show that the subsets

[image: image]

and

[image: image]

of the field of real numbers are nonisomorphic subdomains of Re. (Hint: If an isomorphism exists, then [image: image] corresponds to an element [image: image] so that [image: image] corresponds to [image: image]. But 2 = 1 + 1 corresponds to 2 = 1 + 1. )

12.  Prove that an integral domain with p elements, p prime, is isomorphic with J/(p).

13.  Find all of the automorphisms of the example of this section, and show that they form a group under function composition.

14.  Show that the map F, F(x) = xp, of the integral domain S of characteristic p to S, is an isomorphism of S onto a subdomain of itself.

15.  Show that the isomorphism of Problem 14is an automorphism if S is finite.

16.  Extend a ring S to a ring S* with identity by considering S* = S x J and defining

[image: image]

and

[image: image]

where sk and ht are scalar multiples. Then S1 = {(s, 0):s in S}is isomorphic with £ and (z, 1)is the identity of S*. What could be used instead of /so that S and. S* have the same characteristic?

    7. 6 Homomorphisms and Ideals

    From our earlier work with the ring of integers in which subrings and homomorphisms of / were linked, and from our knowledge of the relations between normal subgroups and homomorphisms of a group we should naturally expect the concept of homomorphism to be of considerable importance in the study of rings. In particular it should single out those subrings of a ring which can be “divided into” the ring.

DEFINITION 7. 11. Amapping F from a ring S onto a ring S″ is a homomorphism of S onto S″ if and only if

[image: image]

and

[image: image]

for each a and b in S. S “ is a homomorphic image of S.


    Obviously an isomorphism is just a special type of homomorphism, viz., a one-to-one homomorphism.

    It can happen that neither of the rings, S nor S″, has a multiplicative identity. But both will always have additive identities, and we concentrate our attention on the zero element z″ of S″. As in the proof of Theorem 7. 21 we can show easily that z″ is the image F(z) of the zero z of S. We can in fact prove considerably more.

THEOREM 7. 22. If F is a homomorphism from ring S onto ring S″, then the set K of all elements k in S such that F(k) = z″ is a subring of S with the special property that ks and sk are in K whenever k is in K and s is in S.

    Let h and k be two elements of K. Then

[image: image]

so that

[image: image]

and

[image: image]

Therefore hk and h 4- k are in K. Moreover, z is in A’since for each x” = F(x) in S′ we have

[image: image]

Since z″ is unique in this property,

[image: image]

and z is in K.

    Now consider z = k + (−k) for J: in K;

[image: image]

so that F(−k) = z″. Hence -A: is in A′ also, and we see that K is a subring of 5.

For any s in S and k in A′ we have

[image: image]

and

[image: image]

    Thus the subring K contains the elements sk and ks. K is called the kernel of the homomorphism F.

    Example 1. Let S be the ring of Example 4, Section 7. 1, and S′ be J/(2).The operation tables of these rings are as shown.

[image: image]

    The mapping F of S onto S″

[image: image]

is a homomorphism of S onto S″ as we can show by checking the operation tables. We note, for example, that

[image: image]

and

[image: image]

    The kernel of this homomorphism is K = {z, b}) which is easily seen to be a subring of S. Moreover, we see by looking at the first and third rows and columns of the multiplication table of S that K in this example does possess the special left and right multiplication property.

    Now we investigate the type of subring that all kernels seem to be.

DEFINITION 7. 12. A subring T of the ring S is an ideal of S if and only if the sets TS = {ts: t in T, s in S} and ST = {st: S in S, t in T} are subsets of T.

    Clearly we proved in Theorem 7. 22 that the kernel of a homomorphism of S onto S″ is an ideal of S. Is the converse true? Can we define a homo-morphic image of S for each ideal T of SI The answer, as we shall see, is affirmative.

    Since addition is in general the nicer operation of a ring S, and since an ideal T of S is certainly a subgroup of the additive, Abelian group S, we consider the additive cosets

[image: image]

of T in S. These form a partition of the set S.

THEOREM 7. 23. The additive cosets a + T of the ideal T form a partition of the set S of the ring S.

    First we know that x is in x + T for each x in S since z is in T and x = x + z. Now suppose c is an element in both the cosets a + T and b + T. Then T contains elements t and v such that

[image: image]

Therefore

[image: image]

so that

[image: image]

and

[image: image]

so that

[image: image]

Hence the cosets form a partition of. S. (Note that the multiplicative properties of T were not used. )

    Example 1 (Continued). The additive cosets of the ideal K = {z, b} in S are

[image: image]

and

[image: image]

Clearly the two subsets form a partition of S = {z, a, b, c}.

    Denote by S/T the collection {a + T: a in S} of cosets. How can we make this set into a ring which is a homomorphic image of S?Guided by our earlier successes in analogous situations and by the above example we define addition and multiplication as follows.

    Addition:

[image: image]

    Multiplication:

[image: image]

    Since these definitions are stated in terms of the coset representatives a, b, a + b, and ab, we must prove they are actually independent of the particular representatives. So let

[image: image]

Then

[image: image]

for some elements t and v of T. This means that

[image: image]

and

[image: image]



Since T is an ideal the elements tb and av are in T, so that (t + v) and (tb + av + tv) are elements of T. Thus

[image: image]

and

[image: image]

and the two relations are binary operations on S/T.

    Example 2. In the ring S of Example 1 we see that the set H = {z, a) is a subring of. S which is not an ideal of S. Clearly HS = {z, a, b, c} is not a subset of H. Now we can form the additive cosets of H without any difficulty, and they form a partition of S:

[image: image]

and

[image: image]

But suppose we try multiplying these by the above method:

[image: image]

and

[image: image]

Clearly we get two unequal values when we multiply the same coset

[image: image]

by itself. Thus we do not get a binary operation of multiplication on the cosets of a subring which is not an ideal.

THEOREM 7. 24. The system {S/T, ⊕, [image: image]} is a ring, and the natural mapping

[image: image]

is a homomorphism of S onto S/T with kernel T.
 
    That S/T is a ring is quite evident:

    [image: image]

and similarly on the other side.


    The natural mapping preserves the operations of the two rings since

[image: image]

and

[image: image]

    Clearly the kernel of this mapping is T since x maps onto the zero of S/T, namely, z + T if and only if

[image: image]

and x + T = T if and only if x is in T.

    (Note that the additive group {S/T,  ⊕} is just the quotient group of the additive group {5, +} over the subgroup T. )

DEFINITION 7. 13. The ring {S/T, ⊕, [image: image]} is the quotient ring (sometimes difference ring) of the ring S over the ideal T.

    The adjective “difference” is sometimes used to emphasize the prominent role of addition. In this case the system is denoted by S − T, and should not be confused with the set difference.

    Example 3. Find an ideal T of the ring S = {z, a, b, c} of Example 1, and form the quotient ring S/T.

    We have already noted that T = {z, b) is an ideal of S, so we denote the two cosets z + T and a + T by T and A, respectively. Then the operation tables of the quotient ring are as shown.

[image: image]

    The mapping F1 of S onto S/T

[image: image]

is easily checked to be a homomorphism as in Example 1. In fact, the system S/T looks astonishingly like the system S′ = J/(2) used in Example 1, and this is of course no accident.

THEOREM 7. 25. If S″ is a homomorphic image of the ring S with homomorphism F, F(a) = a″ and kernel K, then the mapping F2, F2(a + K) = a″ is an isomorphism of S/K with S″.

    Consider the definition of F2:

[image: image]

Since it involves the coset representative a we must show that this is not vital. In other words, we must show that, if b is in the coset a + K, then

[image: image]


Now b in a + K implies that K contains k such that

[image: image]

Therefore

[image: image]

and so

[image: image]

and F2 is a function from S/K onto S″.

    Moreover F2 is a one-to-one mapping since

[image: image]

implies that

[image: image]

Therefore a − c is in K and

[image: image]

Thus

[image: image]

and so distinct cosets of K go onto distinct elements of S″.

    To show that F2 is an isomorphism we check the images:

[image: image]

    This completes the description of the very basic relationships between ideals of the ring S and homomorphic images of S. For each homomorphic image S″ of S there exists an ideal AT in S, where AT is the kernel of the homomorphism from S to S″, and S″ and S/Kare isomorphic. And, if T is an ideal of S, then S/7 is a homomorphic image of S.

    In the chapters that follow we will encounter a variety of different rings and have ample opportunity to observe many different ideals. These will be used to study the rings in question, to invent new systems, and to add to our understanding of rings in general. For the moment, however, our supply of slightly exotic rings on which to practice is a trifle low.

    Example 4. Find all of the ideals of the field R.

    Let T be an ideal of R. If T contains a nonzero rational r, then T contains the identity 1which equals r(l/r), by the special multiplicative property of T.

Then by this same property every x = x1 of R is in T so that T = R. Hence R has two ideals only, the zero ideal {0}and the entire field R.

    Example 5. Show that the set C of all elements or the ring S having positive characteristic is an ideal of S. Moreover, the ring S/C has characteristic 0 if C ≠ S.

    If x and y are elements of C and have characteristics m and n, respectively, then

[image: image]

using the properties of scalar multiplication, so that x + y and x - y have positive characteristics and are in C. Furthermore, if s is any element of S and x is an element of C of characteristic w, then

[image: image]

and

[image: image]

so that xs and xs are both in C. Thus C is certainly an ideal of S. C is sometimes called the torsion ideal of S.

    Suppose S/C contains a nonzero element

[image: image]

of positive characteristic n. Then

[image: image]

so that nx is an element of C. As an element of C, ux has positive characteristic m so that we have

[image: image]

But this means that x has positive characteristic and hence is in C, so that

[image: image]

Consequently all of the nonzero elements of S/C have characteristic 0.

    Exercise 7. 6

1.  Find an ideal T, {0}C T C A of the domain [image: image]: m and n integers} and describe D/T.

2.  Show that a homomorphic image S″ of the ring S is: (a) commutative if S is commutative; (b) not necessarily noncommutative if S is noncommutative; (c) a ring with identity if S is; (d) not necessarily lacking an identity even though . 9 has no identity.

3.  Show that a homomorphic image of an integral domain need not be an integral domain.

4.  Prove that a skew field S has only the trivial ideals {z} and S.

5.  Let Cn consist of those elements of. S which have positive characteristics

    which are factors of n. Show that Cn is an ideal of S.

6.  Relative to Problem 5, find C2 for J/(8);find C4 for J/(8).

7.  For the ring S and the positive integer n define nS = {nx: x in S}. Show that nS is an ideal of S. What is true about S/nS? Illustrate with S = J/(8)and n = 20;n = 3.

8.  Show that the intersection of two ideals T and W of the ring S is also an ideal of S.

9.  In the ring S let A1 = {a: ax − z for all x in S} and A2 = {b: xb = z for all x in S). Show that A = A1 [image: images] A2 is an ideal of S.

10.  Let T be an ideal of the ring S, and define x to be congruent with j <  modulo T if and only if x - y is in T. Show that this is an equivalence relation on S.

11.  Show that the set theoretic union of two ideals of a ring S need not be an ideal. When is the union of two ideals an ideal?

12.  Show that the set {[image: image] m and n integral multiples of 24} is an ideal T of the integral domain D [image: image]: m and n in J}. Find a subring W of D which contains T, show that T is an ideal of W, and relate W/T with D/T.

13.  Let V be the set of all elements of the ring S which are mapped onto the ideal V of the homomorphic image S″ by the homomorphism F. Show that V is an ideal of S. Illustrate with the rings D and D/T in Problem 12.

14.  Find all of the homomorphic images of the examples of Section 7.1.

15.  Let f″ be a nonzero idempotent of the homomorphic image S″ of the ring S. Prove that the set of all elements which map onto f″ is a subsemigroup of the multiplicative semigroup {S, ·}.

16.  Find all of the idempotents of J/(12), and illustrate Problem 15.

17.  Can two different homomorphisms of the ring S have the same kernel? Can two different homomorphisms of the ring S be onto the same image ring S″? Explain. (See Example 1 of Section 7. 5. )

    7. 7 Ring of Functions

    For each ring there exists an extension ring, the ring FS of all functions from S to S. Although such rings seem quite difficult to analyze in general, they do provide us with a variety of different examples in a fairly simple fashion.

    The set FS is already known since the concept of function from S to S has certainly been defined. Now we must define two binary operations on FS, and we do this by using the binary operations of S and the fact that a function is determined uniquely by the images it maps elements onto.

    Let F and G be two elements of FS.

DEFINITION 7. 14. The function H is the sum of F and G, H = F ⊕ G, if and only if

[image: image]

The function K is the product of F and G, K = F [image: image]G, if and only if

[image: image]

    The student is warned not to confuse this product of functions with function composition which is an entirely different binary operation. Here we are multiplying the images, whereas we obtain the image of the image in the case of composition.

THEOREM 7. 26. The system {FS, ⊕, [image: image]}is a ring, the function ring of S.

    First we must show that addition and multiplication are binary operations on FS. This means that we have to verify that the sum and the product of any two elements F and G of FS are defined, and that task is quite simple. Surely the subsets of S x S,

[image: image]

and

[image: image]

satisfy the requirements of a function since each element of S appears exactly once as a first element of a pair in both subsets.

    Let F, G, and H be elements of FS. Since F(a), G(a), and H(a) are elements of S, then certainly

[image: image]

and

[image: image]

These images determine the sums and products of the functions, so we see that corresponding to the above equations in S we have in FS,

[image: image]

and

[image: image]

    Because of the close tie between the relations in S and the relations in FS we shall henceforth use the same symbols for both additions and both multiplications. Thus the associativity conditions above are written

[image: image]

and

[image: image]

    The additive identity, the zero of FS, is the function Z defined image-wise as

[image: image]

Clearly

[image: image]

since

[image: image]

And the additive inverse of the element F of FS is the function − F defined by

[image: image]

That is, the image of a under the function −F is the element −(F(a)) of S. Certainly

[image: image]

since

[image: image]

This completes the proof.

    It was stated above that FS is an extension of S, so we must be able to find a subring of FS which is isomorphic with S. For this purpose we single out the familiar constant functions, which are defined in the same fashion as Z. Let s be an arbitrary but fixed element of S; then the constant function Fs is defined by

[image: image]

THEOREM 7.27. The set CS of all constant functions on S is a subring of FS which is isomorphic with S.

    Clearly the sum, the product, and the difference of two constant functions are constant functions. In fact,

[image: image]

and

[image: image]

since

[image: image]

and

[image: image]

    The obvious correspondence,

[image: image]

is an isomorphism between the ring S and the ring CS by the above relations. It is a one-to-one correspondence since

[image: image]

if and only if

[image: image]

since equality of functions is determined by the images.

    Example 1. Let S be the ring J/(3). Then the ring FS contains exactly 27 elements since a typical function F from S to S has the form

[image: image]

where a, b, and c are any elements from J(3). So there are three choices for a, three for b, and three for c, making 27 possibilities in all. The constant functions of this ring are

[image: image]

and

[image: image]

and we can easily compute the operation tables shown for CS.

[image: image]

    When compared with the operation tables of //(3) the isomorphism shows up very clearly.

    Another subring of FS which can be described rather easily is the sub-ring of polynomial functions. These are elementary functions which are generally more amenable to study than most other types (as the student should remember from his calculus course). Polynomial functions can be considered as generalizations of the constant functions. A constant function is determined by a single element s of S and the rule,

[image: image]

    A polynomial function P is determined by a set of elements from S,

[image: image]

and the rule

[image: image]

    Example 2. Determine two different polynomial functions for the ring of Example 1.

    The function

[image: image]

is a polynomial function determined by the set

[image: image]

and the rule

[image: image]

For P1(0) = 1,, P1(1) = 0, and P1(2) = 1.

    Similarly the function

[image: image]

is a polynomial function determined by the rule

[image: image]

    If we apply the rules for addition and multiplication of the functions on S to these two functions, we obtain by working with the images:

[image: image]

for each x in 5, and

[image: image]

Using the statement of Fermat’s Little Theorem for J/(3) which means that x3 = x in J/(3) we have

[image: image]

and we can check this by direct computation:

[image: image]

    This use of Fermat’s Little Theorem suggests that every function from J/(3) to J/(3) is a polynomial function. For each element x of that field, x3 = x, x4 = x2, x5 = x, x6 = x2, …, so that there are at most 27 rules for polynomial functions:

[image: image]

where a, and c are any elements of J/(3). However, if two of these rules yield the same function, say

[image: image]

and

[image: image]

then we see that

[image: image]

and

[image: image]

Adding the second and third equations yields

[image: image]

so that

[image: image]

and from these we conclude that

[image: image]

Hence FS contains at least 27 polynomial functions when J/(3) = S, so we see that all of the elements of FS are polynomial functions.

    Example 3. Show that not every function on S = J/(9) is a polynomial function.

    The system FS in this case contains 99 elements since each of nine positions can be filled by any of the nine elements of J/(9). Now consider the possible rules for forming polynomial functions,

[image: image]

By Euler’s Theorem, if x is one of the classes of integers 1, 2, 4, 5, 7, or 8, then, since Φ(9) = 6, we have

[image: image]

where 0 ≤ m < 6. On the other hand, if x = 0, 3, or 6, then

[image: image]

Therefore there are not more than 96 polynomial functions since the only possibly distinct rules are

[image: image]

for each x in J/(9), where the st are elements of J/(9). Since 96 > 99 there must exist functions which are not polynomial functions.

THEOREM 7. 28. The set PS of polynomial functions on S is a subring of FS when S is a commutative ring.


    Let the polynomial functions P1 and P2 be determined by the rules,

[image: image]

and

[image: image]

where m ≥ n. Then the functions P1 ± P2are determined by the rules

[image: image]

where

[image: image]

and

[image: image]

if m<n. Thus P1 ± P2are polynomial functions. Furthermore the product P1P2is determined by the rule

[image: image]

where r = m + n and

[image: image]

    This last symbolism is an abbreviation for the r + 1 equations

[image: image]

    To obtain these rules we merely make use of the Distributive Laws, the Associative Laws, and the Commutative Laws. Note that we have used the commutativity of multiplication in S extensively to obtain the above rules.

    An interesting link between the elements of FS and elements of PS when S is a field is provided by the following interpolation formula of Lagrange.

THEOREM 7. 29. If a1 …, an are n distinct elements of the field S and F is an element of FS, then PS contains a polynomial function P such that

[image: image]

    Geometrically this means that given n points on the graph of a function F we can find a polynomial function P whose graph passes through these n points. (This should remind the student of the “two-point form” from analytic geometry. )

    The theorem is established by the following rule:

[image: image]

for every x in S, where

[image: image]

for each i from 1 to n.

    Example 4. If S is the rational field R, if a1 = 2, a2  -1, and a3 = 10, and if F(2) = 24, F(-l) = 66, and F(10) = -176, then the polynomial P described above is given by the rule

    [image: image]

    As for the ideals of FS we can use that element of many properties, the zero, to locate a number of ideals. Let s be an arbitrary but fixed element of S and denote by (F: s) the set of all functions F on S such that

[image: image]

THEOREM 7. 30. The set (F: s) of all functions FeFS such that F(s) = z is an ideal of FS with the property that FS/(F: S) is isomorphic with S.

    If F and G are elements of (F: s) then

[image: image]

so that

[image: image]

and thus F ± G are in (F: S). If F has the property that

[image: image]


and H is any element of FS, then

[image: image]

and

[image: image]

so that HF and FH are in (F: s). Thus (F: 5-)is an ideal of FS.

    Now let H be an arbitrary element of FS. If H(s) = f, then belongs to the additive coset

[image: image]

of (F: S), where Ft is the constant function which maps every element of S onto t. Conversely, every element G of the coset Ft + (F: s) has the property that

[image: image]

    Then the correspondence

[image: image]

is an isomorphism of S with FS/(F: s) by Theorem 7. 27.

    If S is the real field then the above work can be pictured geometrically, as is shown in Fig. 7. 3. The ideal (F: s) is the set of all functions whose graphs cross the x-axis at the point corresponding to s. The coset Ft + (F: s) is the set of all functions whose graphs pass through the point having coordinates (s, t). The isomorphism is the one-to-one correspondence between the point labeled t on the y-axis and the point labeled (s, t) on the dashed vertical line.


[image: image]

Figure 7. 3



    The underlying homomorphism from FS onto S can be described in another way. For the fixed element s of S the mapping of FS onto S defined by

[image: image]

is a specialization of FS at S. Using the geometrical picturization of Fig. 7. 3 we see that a function F is specialized onto t at s if and only if the graph of F passes through the point having coordinates (s, t).

THEOREM 7. 31. The specialization of FS onto S at s is a homomorphism of FS onto S with kernel (F: s).

Clearly if

[image: image]

and

[image: image]

then

[image: image]

and

[image: image]

Furthermore (F: s) is the kernel of this homomorphism since it was defined as the set of all functions F such that

[image: image]

    Since FS contains 27elements whereas. S =J/(3) contains three we see from Lagrange’s Theorem on the order of a subgroup of a finite group that the ideals (F: 0)and (F: 1)each contain nine elements. Then the ideal T = (F: 0)n (F: 1)contains just three elements, the functions

[image: image]

and

[image: image]

The subring T is not only an ideal, but it is also a field isomorphic with J/(3) and has the same operation tables as the system of Example 1.

    Exercise 7. 7

1.  Write out the operation tables for FS when S = J/(2).

2.  Find all of the ideals and homomorphic images of the ring FS of Problem 1.

3.  Show that all of the elements of FS in Problem 1are polynomial functions, and determine the rule for each function.

4.  Exhibit an element of FS for S = J/(4) which is not a polynomial function.

5.  Determine the quotient ring FS/T for the ideal T of Example 5.

6.  How many elements of FS are in (F: 1) when S = J/(4)? Determine three of them.

7.  Show that every element of FS is a polynomial function when S = J/(p), p prime.

8.  For S = R find a polynomial function containing the pairs (0, 1), (1, 1), (2, 0), and (3, 4). How many different polynomial functions contain these pairs?

9.  Show that CS is a subring of PS when S is a commutative ring.

10.  Show that the ring FS always contains divisors of zero when S is a ring with more than one element.

11.  Prove that FS is a commutative ring with identity if and only if S is a commutative.

12.  Show that FS contains elements which are not polynomial functions when S = J/(m) and m is composite.

13.  Let S″ be a homomorphic image of the ring S. Can this homomorphism be extended to a homomorphism of FS onto FS″? Explain.

14.  Show that the ideal (F: s) is a maximal ideal of FS when s is a field in that FS is the only larger ideal which contains (F: s).

15.  Let W be a nonempty subset of the ring S. Show that the set (F: W) of those functions which map all of the elements of W onto zero is an ideal of FS.

16.  Let W be a nonempty subset of the ring 5. Show that the set Fw of those functions which map at least one element of W onto zero is an ideal of FS. Determine Fw when S = J/(4)and W = {0, 1, 2}; W = {0, 1}; W = {0, 1, 2, 3}.

17.  How does the characteristic of FS compare with the characteristic of 5?
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            8

Polynomial Rings


    EVERY STUDENT OF mathematics knows that of all functions the polynomial functions are probably the easiest to handle and consequently are of great importance. Therefore an analysis of the ring of polynomial functions of a field or domain should be possible to carry out and should be useful as well. However, there are several other facts to be considered. The ring of polynomial functions of a domain need not be a domain, so that algebraically speaking this ring may not be so nice. Moreover, the polynomial rules which are the basic ingredients of the polynomial functions arise elsewhere, such as in the handling of repeated differentiations and of differential equations. This suggests that the rules rather than the functions themselves should be studied. Following this idea we develop a polynomial ring based on the use and behavior of these rules, and the result is a system which is very much like the ring of polynomial functions. But it is also more general and the theory can be applied in other situations.

    Although much of the work at the beginning involves abstract fields and integral domains we are primarily interested in certain extensions of the rational field in this chapter.



    8.1 Polynomial Rings

    An essential ingredient of the rule for a polynomial function on the ring S is the set (a0, a1 …, an) of elements from the ring S. The subscripts on the elements of this set indicate that it is a mapping from the set {0, 1, …, n} to the ring S, and in this case ai is a symbol for the pair (i, a) and indicates that ai is the image of i. Such mappings are the finite ordered subsets of S, or the ordered m-tuples of S (with m = n + 1 in the case above).

    Now let S be a ring with multiplicative identity element e, and denote by S[λ] the collection of all finite ordered subsets (a0, a1, …, an) of S where

    (1) n is an arbitrary nonnegative integer.

    (2) Either an ≠ z or n = 0 and a0 = z.

    The second restriction seems a reasonable one from our experience with polynomial functions and their rules since additional zeros contribute nothing. The reason for denoting this collection by S[λ] will appear later.

    To make S[λ] into a ring we define addition and multiplication by copying the effect of addition and multiplication of functions on the rules for polynomial functions.

    Addition. Let a = (a0, a1 …, an) and b = (b0, …, bm) be two elements of S[λ] where m ≥ n. Then addition is defined by the equation

[image: images]

where

[image: images]

and either r is the largest integer such that cr ≠ 0 or r = 0 and cr = z.

    For example, in J[λ] we have

[image: images]

and

[image: images]

Here of course we use the position instead of the more cumbersome subscripts which are used to describe general elements. Thus (1, 0, 1, 1) is the ordered quadrupole with a0 = 1, a1 = 0, a2 = 1, and a3 = 1.

    This coordinate-wise definition of addition rather obviously extends all of the nice features of addition in S to S[λ].

THEOREM 8.1. The system {S[λ], +} is an Abelian group.

    Obviously the element (z) of S[λ] is the zero element of S[λ], and the inverse or negative of a = (a0, a1 …, an) is surely the element

[image: images]

which is in S[λ] since −an ≠ z if and only if an ≠ z.

    To check the Associative and Commutative Laws we need only look at the formula for the ith component. Let

[image: images]

and

[image: images]

be elements of S[λ], with n ≤ m ≤ r. For the sum a + (b + c) we have as components

[image: images]

and

[image: images]

whereas in the sum (a + b) + c we have the components

[image: images]

and

[image: images]

From the Associative Law in S we conclude that

[image: images]

for any a, b and c in S[λ].

    Similarly the ith component of a + b is either ai + bi or bi whereas the ith component of b + a is either bi + ai or bi. Since

[image: images]

in S we conclude that

[image: images]

in S[λ].

    Multiplication is also abstracted from the polynomial rule obtained when two polynomial functions are multiplied. The resulting operation is perhaps a bit cumbersome, but it accomplishes what needs to be done.

    Multiplication. Let a = (a0, a1, …, an) and b = (b0, b1 …, bm) be two elements of S[λ]. Then multiplication of these two elements is defined by the equation

[image: images]

where

[image: images]

and either r is the largest integer less than or equal to n + m such that cr ≠ z or r = 0 and cr = z.

    For example, the product of a = (a0, a1, a2) and b = (b0, b1) is

[image: images]

with the necessary adjustments for the occurrence of zeros.

    The symbolism

[image: images]

means that we select all possible pairs j and k such that

[image: images]

and

[image: images]

In general this means

[image: images]

etc. Thus in J[λ] we have

[image: images]

and

[image: images]

THEOREM 8.2. The system {S[λ], +, ·} is a ring with identity element.

    It is easy to see that the element (e) is the identity element of S[λ] since setting b equal to (e) in the definition above yields

[image: images]

so that

[image: images]

Similarly, setting a equal to (e) yields

[image: images]

    The proofs of the Associative and Distributive Laws are straightforward exercises in handling summations. Let

[image: images]

and

[image: images]

be elements of S[λ]. Then the ith component of a(bc) is

[image: images]

whereas the ith component of (ab)c is

[image: images]

From the Associative Law for Multiplication in S we conclude that

[image: images]

in S[λ].

    Using the same notation we note that the ith component of a(b + c) is

[image: images]

whereas the ith component of ab + ac is the sum of the two elements

[image: images]

and

[image: images]

Thus the distributivity of multiplication over addition in S[λ] follows from the corresponding property in S.

DEFINITION 8.1. The system {S[λ], +, ·} is the polynomial ring of the ring S with multiplicative identity.

    In the theorems above we have used the fact that two functions are equal if and only if they have the same domain and map equal elements onto equal elements. That is, the ordered set (a0, a1, …, an) equals the ordered set (b0 b1, …, bm) if and only if n = m and corresponding components (i.e., images) are equal,

[image: images]

or ai = bi for 0 ≤ i ≤ n. Thus in discussing the ith components we are dealing with the images of i under functions which make up S[λ].

    Now we shall develop a more convenient notation for the elements of S[λ], one which is suggested by the rules for polynomial functions. But first we note that S[λ] is an extension of S.

THEOREM 8.3. The set of all one-tuples of S[λ] is a subring of S[λ] which is isomorphic with S.

    Let (a) and (b) be two one-tuples of S[λ]. Then we see that

[image: images]

and

[image: images]

so that the one-tuples certainly form a subring of S[λ]. Furthermore the correspondence

[image: images]

for every a in S is certainly an isomorphism since

[image: images]

and

[image: images]

Therefore we shall identify the element a of S and the one-tuple (a) of S[λ] and use the same symbol a for both. In this case z and e are the additive and multiplicative identities for both S and S[λ].

    To develop a new notation for S[λ] we single out the element (z, e) and label it as λ. This particular element of S[λ] is sometimes called an indeterminate of S.

    Lemma 8.1. For each positive integer n, λn is the (n + 1)-tuple (a0, a1, …, an) where a0 = a1 = … = an − 1 = z and an = e.

    This is proved by induction on n. The statement is certainly true for n = 1 by definition, so we consider the nature of λk + 1, having the induction hypothesis that

[image: images]

By definition of multiplication in S[λ],

[image: images]

where

[image: images]

and

[image: images]

Thus we see that

[image: images]

completing the induction.

THEOREM 8.4. The element a = (a0, a1, …, an) of S[λ] is expressible uniquely in the form

[image: images]

    The element aiλi which is the product of the one-tuple (ai) and the (i + 1)-tuple (z, …, z, e) = λi, is either zero (when ai = z) or the (i + 1)-tuple

[image: images]

In either case we see that the sum

[image: images]

    equals (a0, a1, …, an). The uniqueness follows from the fact that two tuples are equal if and only if they are componentwise equal. Thus we can say that the polynomial ring S[λ] of the ring S with identity element is the collection of all expressions in the element λ of the form

[image: images]

with ai in S and an ≠ z.

    Warning. The element λ is not an unknown or “variable” element of S. It is not an element of S in any sense, and the student should avoid thinking of it as an element of S. It is a definite, fixed element of S[λ].

    However, we can map the ring S[λ] onto the ring S in much the same manner as the ring of polynomial functions of a commutative ring was mapped onto that ring. This mapping can be thought of as “substitution” although the term specialization is probably preferable.

DEFINITION 8.2. The mapping Fs of the ring S[λ] onto the ring S defined for the arbitrary element s of S by

[image: images]

is the specialization of S[λ] for s.

    The effect of the specialization Fs on a particular element of S[λ] is discovered by simply substituting s for λ and computing the image.

    Example 1. What happens to the elements 1 − λ and 2 + λ + λ2 of J[λ] under the specialization for s = 1?

    Clearly F1 maps 1 − λ onto 1 − 1 = 0 and 2 + λ + λ2 onto 2 + 1 + 12 = 4.

Moreover, we see that the elements

[image: images]

and

[image: images]

map onto 4 = 0 + 4 and 0 = 0 · 4, respectively. This suggests that the specialization is a homomorphism.

THEOREM 8.5. If S is a commutative ring, then the specialization of S[λ] onto S for t is a homomorphism of S[λ] onto S.

    The definitions of addition and multiplication in S[λ] were made by abstracting from the polynomial rules so that this theorem is a natural result.

The two elements

[image: images]

and

[image: images]

of S can be added and multiplied in S so that the forms are preserved:

[image: images]

and

[image: images]

Clearly as the components in the sum and products here are the same as the corresponding components of the sum and product of

[image: images]

and

[image: images]

in S[λ]. This establishes the homomorphism.

    Example 2. Determine some elements of the kernel of the specialization of J[λ] onto J for t = 1.

    Clearly the elements 1 − λ, 1 − λ2, 1 − λ3, and in general 1 − λn all lie in the kernel of this homomorphism since they are mapped onto 0.

    Example 3. Show that a specialization is never an isomorphism.

    If Ft is an isomorphism, then its kernel must consist of only one element, the zero element z of S[λ]. But the polynomial t − λ is certainly mapped onto z in S since t − t = z in S, and

[image: images]

as a pair cannot be equal to the one-tuple (z).

    The notation a(λ) is used to denote an element of S[λ],

[image: images]

although a(λ) is not a function of λ. The maximal nonnegative integer n such that an ≠ z is called the degree of a(λ), and we note that the zero element of S[λ] has no degree. The notation

[image: images]

is frequently used to denote the degree of a(λ).

    Also an element t of S is called a root or zero of the element a(λ) of S[λ] if and only if a(λ) is mapped onto z by the specialization of S[λ] onto S for t. That is, t is a zero of a(λ) if and only if

[image: images]

    This notation and terminology is quite standard and should agree with that which the student has already learned.

        Exercise 8.1

    1. Complete the indicated computations in S[λ] for S = J/(4):

    (a) (1, 2, 3, 2) + (3, 2, 2, 2) = ?

    (b) (1, 2, 3, 1) + (0, 0, 1) = ?

    (c) (1, 2, 3) + (3, 2, 1, 1, 1) = ?

    (d) (1, 2, 3)(2, 2, 2, 3) = ?

    (e) (2, 3)(2, 1, 2)(1, 1, 1, 1, 1) = ?

    2. Rewrite the above equations using the polynomial expression in λ form.

    3. Compare the number of polynomial functions on S = J/(p) with the number of elements in S[λ].
    4. If a0 + a1λ + a2λ2 = 1 + λ2 in S[λ] what can you say about the components ai>

    5. How does deg (a(λ))(b(λ)) compare with deg (a(λ)) and deg (b(λ))? Compute (1 + 2λ)(1 + 2λ) for S = J/(4), and comment on the degrees.

    6. How does deg (a(λ) + b(λ)) compare with deg (a(λ)) and deg (b(λ))?

    7. How many zeros has the element

[image: images]

when S = J/(4)?

    8. Describe the elements of S[λ] for S = J/(2), and describe the two specializations onto S. What are the kernels of these specializations?

    9. Why is S required to be commutative in Theorem 8.5? Consider the specialization for t = i when S = Q, the sfield of rational quaternions, and a(λ) = j + λ and b(λ) = k + λ.

    10. Prove that λn commutes multiplicatively with every element of S[λ].

    11. Discuss the description of λ in S[λ] as a “placeholder.”

    12. Define the elements of S[λ] as the functions from P, the set of non-negative integers, to the set S which map all but possibly a finite subset of elements of P onto z of S. Thus S[λ] consists of the infinite sequences (a0, a1, …) in which all but at most a finite collection of terms are z. Compare this with definition given in this section. How would addition and multiplication be defined? Is it necessary to have all but a finite number of the ai equal to z?

    13. Compute the product

[image: images]

in three different ways in J[λ].

    14. Show that, if S and T are isomorphic rings, then their polynomial extensions are isomorphic. Is the converse true?

    15. Let T be an ideal of S. Show that T[λ] is an ideal of S[λ].

    16. Find a nontrivial ideal in R[λ]. What is it mapped onto by the specialization for t = 0? t = 1?

    8.2 Polynomial Domains

    When the ring S has special properties these are usually reflected in the polynomial ring S[λ]. If S is an integral domain, then S[λ] is also an integral domain, and we shall see that the polynomial domain of a field can be analyzed in a manner quite analogous to that used with J.

THEOREM 8.6. The ring S [λ] is an integral domain if and only if S is an integral domain.

    Let S be an integral domain. We saw in the previous section that S[λ] has an identity, so we must show that multiplication in S[λ] is commutative and that it contains no divisors of zero. The commutativity is quite simple. For elements

[image: images]

and

[image: images]

of S[λ] we have the product

[image: images]

where

[image: images]

Since multiplication is commutative in S we know that

[image: images]

This means that

[image: images]

so that multiplication in S[λ] is commutative. Furthermore, if neither a(λ) nor b(λ) equals z, then deg (a(λ)) = n, an ≠ z, deg (b(λ)) = m, and bm ≠ z. Hence the degree of a(λ)b(λ) is

[image: images]

since r is the largest integer such that

[image: images]

and 0 ≤ j ≤ n and 0 ≤ k ≤ m, is nonzero, and certainly anbm ≠ z. This means that S[λ] has no divisors of zero since the set of nonzero elements of S[λ], which is the set of elements with degrees, is closed under multiplication.

    The converse is true since S is (isomorphic with) a subring of S[λ]. This means that S is commutative and has no divisors of zero. Since S has an identity element we conclude that S is a domain when S[λ] is.

    Corollary 8.6.1. If S is a domain and a(λ) and b(λ) are nonzero elements of S[λ], then

[image: images]

    This was proved above when we showed that r = m + n.

    The concept of degree provides an important link between S[λ] and the integers which enables us to prove an analog of the Divisor Theorem for the polynomial domain of an integral domain S.

THEOREM 8.7 (DIVISOR THEOREM). If S is a domain and a(λ) and b(λ) are elements of S[λ] with b(λ) monic, then S[λ] contains a unique pair of elements q(λ) and r(λ) such that

[image: images]

with

[image: images]

    First we must explain the terms and notation. An element of S[λ] is monic if and only if the component with maximal subscript (i.e., the leading coefficient) is e, the multiplicative identity of S. Thus the elements 1 + 2λ − 7λ3 + λ4, 1, 1 + λ, λ2, and λ100 are monic elements of J[λ], whereas 1 + 2λ, − λ2, 7λ, and 0 are not monic.

    The notation

[image: images]

means that either z = r(λ) or deg (r(λ)) < deg (b(λ)). Thus in J[λ] we have

[image: images]

and

[image: images]

Note that two elements with the same degree are not related by this inequality.

    To prove the theorem we proceed by induction on the degree of a(λ) and show that q(λ) and r(λ) exist. (Of course if a(λ) has no degree, then a(λ) = q(λ) = r(λ) = z.) If a(λ) < b(λ), then we can select q(λ) = z and r(λ) = a(λ), so we need only consider the case where

[image: images]

    Denote the leading coefficient of a(λ) by an and form the polynomial

[image: images]

Now

[image: images]

and

[image: images]

so that c(λ), the difference of the first and third equations, would have degree less than n or be zero. The student should note that this is precisely the first step in the usual long division process for polynomials.

    This reduction step is the heart of the proof, for we can now apply the induction hypothesis to c(λ) for the monic divisor b(λ), thereby obtaining

[image: images]

Therefore

[image: images]

or

[image: images]

with r(λ) < b(λ). Thus for

[image: images]

we have

[image: images]

This completes the induction argument.

    To show that q(λ) and r(λ), the quotient and remainder, are unique we assume that
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Then we see that
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and
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    Since b(λ) ≠ z and S is an integral domain, then either both the elements (q(λ) − q*(λ)) and (r*(λ) − r(λ)) are zero or neither is. If neither is zero, then we consider the degrees:
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This equation means that
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but this contradicts both of the conditions
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Thus we must conclude that
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so that
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and the theorem is proved.

    To find the polynomials q(λ) and r(λ) for a particular pair a(λ) and b(λ) we merely repeat the above reduction a sufficient number of times.

    Example 1. Find the quotient and remainder for
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    We write the successive reductions in the following form:
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    There are two reductions here. First we have
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and then
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Collecting and combining these yields

[image: images]

so that in this case
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    (Note that we have reversed the order of writing the components of the polynomials to agree with the radial notation for integers (as powers of 10). This is merely a convention.)

    This result can be combined with Theorem 8.5 on specializations to yield the important Remainder Theorem.

THEOREM 8.8. If t is an element of the domain S, then the remainder upon dividing a(λ) by b(λ) = λ − t is the element a(t) of S which a(λ) is specialized onto by Ft.

    Applying the result above we have
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where r(λ) < (λ − t). Since the degree of λ − t is one we see from r(λ) < (λ − t) that r(λ) is in S. Now the specialization Ft is a homomorphism of S[λ] onto S, so that the equation above is mapped onto
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Hence the constant r(λ) = r(t) of S equals a(t).

    Example 2. In J[λ] divide b(λ) = λ − 2 into a(λ) = 5λ3 + 4λ2 + 3λ + 2. Proceeding as above we have
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This can be checked by computing
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DEFINITION 8.3. The element b(λ) ≠ z of the domain S[λ] is a factor of a(λ) if and only if S[λ] contains an element q(λ) such that
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    Corollary 8.8.1. The element r of the domain S is a zero of a(λ) if and only if b(λ) = λ − r is a factor of a(λ).

    This is an immediate consequence of the Remainder Theorem.

    Corollary 8.8.2. If deg (a(λ)) = n, then a(λ) cannot have more than n zeros in the domain S.

    This is proved by induction on n. If n = 1 and r is a zero of a(λ), then from the above and Corollary 8.6.1 we conclude that
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with a1 ≠ z. If t ≠ r were another zero of a(λ) in S then
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Since a1 and t − r are nonzero elements of the domain 5, which has no divisors of zero, this is impossible. Hence a(λ) has at most one zero.

    Now suppose the statement is true for any polynomial of degree less than n, and consider a(λ) of degree n. If a(λ) has no zeros in S there is nothing to prove, so suppose r is a zero of a(λ). Then
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and deg (q(λ)) = n − 1 < n. Hence q(λ) has at most n − 1 zeros in S. How are the zeros of a(λ) and q(λ) related? If t ≠ r is a zero of a(λ), then a(t) = z and
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Since t − r ≠ z and S is a domain, this equation implies that t is a zero of q(t). Hence a(t) cannot have more than n different zeros in S, and the induction is completed.

    Example 3. Determine all of the zeros of the polynomial λ2 + (p − 1) over the domain S = J/(p)

    We see that λ2 + (p − 1) has the two factors λ − 1 and λ − (p − 1) so that 1 and p − 1 are zeros of this polynomial. Since it has degree 2, these are the only zeros of the polynomial.

    Example 4. Show that Corollary 8.8.2 need not be true if S has divisors of zero.

    Let S = J/(10). We note that the polynomial 4 + 5λ + λ2 has four distinct zeros in 5, namely, 1, 4, 6, and 9.

    This last corollary is the basis for an interesting test for equality of polynomials over a domain.

    Corollary 8.8.3. If the elements a(λ) and b(λ) of the domain S[λ] have degrees less than n and if a(ti) = b(ti) for n distinct elements t1, …, tn of S, then a(λ) = b(λ).

    Form the polynomial c(λ) = a(λ) − b(λ). If c(λ) ≠ z, then c(λ) is a polynomial of degree less than n which has n or more distinct zeros since
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This contradicts Corollary 8.8.2, and so we conclude that
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        Exercise 8.2

    1. Compute q(λ) and r(λ) when:

    [image: images]

    2. Show that a(λ) = λ2 + λ + 1 has no factors when S − J/(2) except 1 and a(λ).

    3. Determine all factors of a(λ) = λ4 + 1 of degree one when S = J/(5).

    4. Compute the quotient and remainder for a(λ) = 3λ3 + 2λ2 + λ and b(λ) = λ2 + 1 when S = J/(5).

    5. What is the induction hypothesis in the proof of the Divisor Theorem? How is the proof carried out when deg (a(λ)) = deg (b(λ)) = 0?

    6. Show that, if r and t are elements of the domain S, r ≠ t, such that a(r) = a(t) = z, then the monic polynomial λ2 − (r + t)λ + rt is a factor of a(λ). Is the converse also true?

    7. Let S = J/(5). Show that, for a(λ) = λ4 + λ3 + λ2 and b(λ) = λ5 + λ4 + λ3 + λ2 + λ, we have a(t) = b(t) for every t in S. Compare this with Corollary 8.8.3.

    8. The last corollary can be used to prove that for S = J the ring PS of polynomial functions and the domain S[λ] are isomorphic. Define the map F from S[λ] to PS to send a(λ) = a0 + a1λ + … + anλn onto the polynomial function determined by the rule

[image: images]

Show that F is one-to-one. (Let a(λ) and b(λ) map onto the same element of PS, and then specialize to J.)

    9. Determine the kernel of the specialization of J[λ] onto J for t = 1; for t = 0.

    10. Describe the properties of the relation “less than” on S[λ] defined by a[λ] < b[λ] if and only if a(λ) = z or deg (a[λ]) < deg (b[λ]). Compare the elements λ3, 2λ2, 1 + λ2, 3, − 1, and 0 of J[λ], and construct a nodal diagram.

    11. Note that the role of the powers of λ in Examples 1 and 2 is a minor one. Devise a way of dividing λ + r into a(λ) which utilizes position and eliminates the need for writing all of the powers of λ. Example : Instead of
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write
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or the even briefer
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This is sometimes called synthetic division.

    12. Show that, if r is an element of the domain S, then λ − r is a factor of λn − rn for every natural number n. Give two proofs.

    13. If λ2 − 1 is divided into the polynomial λ100 + λ37 + 2 in J[λ], what is the remainder? (Ans. λ + 3.)

    14. Complete the following proof of the Divisor Theorem: Consider the set B of all elements of S[λ] of the form a(λ) − b(λ)c(λ) for every c(λ) in S[λ], If z is in B, then b(λ) is a factor of a(λ). Otherwise consider the set D(B) of all the degrees of the elements of B. Now D(B) has a minimal element d, and if
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is of degree d, then r(λ) < b(λ). (Assume otherwise and reduce further.)

    8.3 Reducibility in the Domain of a Field

    In this section and in most of the subsequent work in this chapter we restrict our attention to the polynomial domain of a field. To emphasize this restriction we label the field F and the domain F[λ].

DEFINITION 8.4. An element a(λ) not in F is irreducible (or prime) over F if and only if the only factors of a(λ) have degree zero or the same degree as a(λ).

    We note that the polynomial λ2 − 2 of R(λ) has many different factors of degree 0 and of degree 2 since
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for any rational number m ≠ 0. However, it has no factor of degree 1, for, if rλ − t is a factor of λ2 − 2, r ≠ 0, then so is λ − (t/r). But by the results of the previous section λ − (t/r) is a factor of λ2 − 2 if and only if
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Since there is no element of R whose square is 2 we know that this cannot be. Hence λ2 − 2 is irreducible over R.

THEOREM 8.9. The domain R[λ] has an infinite collection of irreducible monic elements.

    For the monic element λ2 − p, where p is a rational prime integer, is irreducible over R since R contains no element whose square is p.

    The elements of F[λ] fall into four categories, which form a partition:

    (i) The zero element, z.

    (ii) The units or elements with multiplicative inverses.

    (iii) The irreducible elements.

    (iv) The other or reducible elements of F[λ].

    The units of F[λ] are clearly the nonzero elements of F because of the fact that degrees are added when polynomials are multiplied. Since the identity e has degree 0, no element of positive degree can be a unit.

    The class of irreducible elements is never empty since all of the polynomials of degree one are irreducible. And the class of reducible elements certainly contains the products of the irreducible elements.

    This classification is much like the familiar one for that model integral domain J, and it suggests that we might be able to parallel the arithmetic of J for F[λ]. We shall now do that.

THEOREM 8.10. An element a(λ) of F[λ] not in F can be expressed as the product of a unit and monk irreducible elements.

    The proof is by induction on the degree of a(λ). If deg (a(λ)) = 1, then
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where a1b0 = a0. Since a1 is in F and λ + b0 is certainly monic and irreducible, this completes the first step of the induction.

    Now we take as our induction hypothesis the statement that any non-constant polynomial of degree less than n can be written as the product of a unit and monic irreducible elements. Consider the reducible element
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of degree n. Since it is reducible we have
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where deg (b(λ)) and deg (λ(λ)) are less than n. Applying the induction hypothesis to both b(λ) and c(λ), and multiplying the two unit elements obtained, we get the desired expression for a(λ).

    Of course if a(λ) is irreducible we need only to divide by the leading coefficient,
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    where anbi = ai, i = 0, 1, …, n − 1. The monic polynomial
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is irreducible since a factor of it is a factor of a(λ). This completes the induction.

    Now this “factorization into primes” is the analog of the Fundamental Theorem of Arithmetic, and we shall prove that it is unique also. For this purpose we develop the theory of the greatest common factor in F[λ].

DEFINITION 8.5. Let a(λ) and b(λ) be two nonzero elements of F[λ]. The element d(λ) of F[λ] is a greatest common factor of these two elements if and only if

    (1) d(λ) is a factor of both a(λ) and b(λ).

    (2) Every common factor of a(λ) and b(λ) is a factor of d(λ).

    (3) d(λ) is monic.

    In making this definition we have of course singled out the critical properties of the G.C.F. in J. Since F[λ] is not (apparently) well ordered, we have subordinated the maximality feature in the definition of G.C.F. given for J.

    There are several ways of proving that the G.C.F. exists and is unique. One way involves the use of ideals.

THEOREM 8.11. The nonzero elements a(λ) and b(λ) possess a unique G.C.F. d(λ). Moreover F[λ] contains elements f(λ) and g(λ) such that
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    Form the subset T of F[X] consisting of all elements of the form
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where f(λ) and g(λ) are arbitrary elements of F[λ]. Denote by T′ the set of nonzero elements of T and by D(T′) the collection of degrees of the elements of T′. Then D(T′) contains a minimal element n ≥ 0, and of course T′ contains an element
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of degree n. Dividing through by the leading coefficient of d1(λ) we obtain the monic polynomial
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of degree n in T′. Now we shall show that d(λ) is a G.C.F. of a(λ) and b(λ).

    First we prove that d(λ) is a factor of every element of T′. Let h(λ) be in T′, and form
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Now r(λ) is either zero or an element of T′ of degree less than n = deg (d(λ)).

For h(λ), as an element of T, is of the form
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for some elements f2(λ) and g2(λ) in F[λ]. Thus
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and so is an element of T. If r(λ) ≠ z, then r(λ) is an element of T′ of degree less than n, which contradicts the way n was selected. Therefore
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and
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This means that d(λ) is a common factor of a(λ) and b(λ) since both of these elements lie in T′:
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and
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    On the other hand, if c(λ) is a common factor of a(λ) and b(λ),
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then from the equation
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we have
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Thus c(λ) is a factor of d(λ). Since d(λ) is monic this proves that d(λ) is a G.C.F. of a(λ) and b(λ).

    To prove the uniqueness of d(λ) we let m(λ) be another G.C.F. of a(λ) and b(λ). Then d(λ) is a factor of m(λ) since every common factor of a(λ) and b(λ) is a factor of a G.C.F. Similarly m(λ) is a factor of d(λ). Hence there exist polynomials s(λ) and t(λ) such that
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and
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therefore
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and
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Since F[λ] is an integral domain this means that
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and thus the elements s(λ) and t(λ) are units of F[λ] and so are in F. From
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and the fact that m(λ) and d(λ) are monic we conclude that
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Therefore the G.C.F. is unique.

    The problem of finding the G.C.F. of two particular elements of F[λ] is solved by extending the Divisor Theorem to obtain the Euclidean algorithm for F[λ].

THEOREM 8.12. If a(λ) and b(λ) are nonzero elements of F[λ], then the element rn(λ) of the following algorithm is the G.C.F. of a(λ) and b(λ):

[image: images]

where the ci are all units and the ri(λ) are monic.

    This is so much like the algorithm we used in J that there is hardly any need to comment upon it. Working down from the top we see that any common factor m(λ) of a(λ) and b(λ) is also a factor of r1(λ). Then m(λ) is a common factor of b(λ) and r1(λ) and hence of r0(λ) and r1(λ), so that from the next equation m(λ) is a factor of r2(λ). In this way we see that m(λ) is a factor of every ri(λ). To prove this we assume otherwise and take u to be the least integer such that ru(λ) is not divisible by m(λ). But the uth equation,
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or
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shows clearly that any common factor of ru − 2(λ) and ru − 1(λ), such as m(λ), is also a factor of ru(λ). Hence the assumption leads to a contradiction, and we know that m(λ) divides all ri(λ). In particular, m(λ) divides rn(λ).

    Working up from the bottom we see that rn(λ) is a factor of rn − 1(λ) by the last equation. From the next-to-last equation we see that ru(λ) is a factor of rn − 2(λ). Continuing in this fashion (the proof is like the one above) we conclude that rn(λ) is a factor of every ri(λ). Then from the first equation,

[image: images]

we see that rn(λ) is a common divisor of a(λ) and r0(λ) and hence of a(λ) and b(λ). Since rn(λ) is monic we conclude that rn(λ) is the G.C.F. d(λ) = (a(λ), b(λ)).

    We remark that the number of steps in the algorithm never exceeds the degree of b(λ), which is always selected as the element of lesser degree. Also the elements ci in the algorithm can all be ignored except for cn, which serves the purpose of making rn(λ) monic.

    Example 1. Find the G.C.F. of λ4 + 3λ2 + 4λ and 2λ2 − 2λ − 4 from R[λ], and express the G.C.F. in terms of a(λ) and b(λ).

    The algorithm is quite simple:
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Clearly 1 is the G.C.F. of the two polynomials,
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and collapsing the set of equations we get
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or

    [image: images]

This can be checked by collapsing the right side.

DEFINITION 8.6. Two nonzero elements of F[λ] are relatively prime if and only if their G.C.F. is e, the identity of F.

    The polynomials in the example above are relatively prime.

    Now the theory of the G.CF. is important in proving the uniqueness of the factorization in Theorem 8.10 since it enables us to prove the following key result.

    Lemma 8.2. If a(λ), b(λ), and c(λ) are polynomials over the field F such that (i) a(λ) is a factor of the product b(λ)c(λ), and (ii) a(λ) and b(λ) are relatively prime, then a(λ) is a factor of c(λ).

    From e = (a(λ), b(λ)) and from Theorem 8.11 we conclude that
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for some f(λ) and g(λ) in F(λ). Then multiplying by c(λ) yields the equation
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Since a(λ) is a factor of both summands on the right we see that a(λ) is a factor of c(λ), and the lemma is proved.

THEOREM 8.13. (UNIQUE FACTORIZATION THEOREM). Each nonconstant element of F[λ] is uniquely expressible as the product of a unit and monic irreducible polynomials.

    Let m(λ) be a nonconstant element of F[λ]. From Theorem 8.10 we know that m(λ) can be expressed in the form
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where s is a unit and the Pi(λ) are monic irreducible polynomials of F[λ]. Now suppose that polynomials of degree less then deg (m(λ)) are uniquely factorable into this form (the induction hypothesis) and consider another factorization of m(λ),
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where t a unit and the qi (λ) are monic irreducible polynomials of F[λ].

Since
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we see that p1(λ) is a factor of the product b(λ)c(λ), where
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and
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Now either
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or
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since the only monic factors of p1(λ) are p1(λ) and e.

    If e = (p1, q1), then by the preceding lemma we know that p1(λ) is a factor of c(λ) = tq2(λ)…qr(λ). Applying the induction hypothesis to c(λ), which is permissible since deg (c(λ)) = deg (q1(λ)) < deg (m(λ)), we conclude that the qi(λ), i = 2, …, r, are the only monic irreducible factors of c(λ). Hence p1(λ) equals one of the qi(λ).

    Thus in both of the cases (1) and (2) we see that p1(λ) equals one of the elements qi(λ). Then by relabeling this qi(λ) as q1(λ), if necessary, we have
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    Now we use the fact that F[λ] is a domain so that the Cancellation Law for multiplication holds here. Thus
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and from the induction hypothesis we conclude that
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and the monic irreducible factors are equal in some order. Since p1(λ) = q1(λ) we see that the two factorizations of m(λ) are identical except possibly for the arrangement of factors.

    Example 2. Factor the element
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when F = J/(5), using Theorem 8.13 and the zeros of m(λ).

    We note that
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so that λ − 1 = λ + 4, λ − 2 = λ + 3, and λ − 3 = λ + 2 are irreducible factors of m(λ). Since the degree of m(λ) is three we conclude that
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    Example 3. Show that the element
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is irreducible over F = J/(5).

    If m(λ) is reducible it must have a linear factor λ − r, where r is a zero of m(λ). By checking the five numbers
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we see that m(λ) has no zeros in J/(5), and so we know that the polynomial is irreducible.

        Exercise 8.3

    1. Find the G.C.F. of
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    2. Express the answers for Problem 1 in the form
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Are the elements f(λ) and g(λ) unique? Explain.

    3. Find the G.C.F. of λ2 + λ + 1 and λ3 + λ + 1 over J/(3) in two ways.

    4. Find all irreducible polynomials of degree five or less over j/(2).

    5. Prove that the set T in the proof of Theorem 8.11 is an ideal of F[λ].

    6. Discuss and factor the following when possible:
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    7. Prove that, if p is a prime rational integer, then λn − p is irreducible over R. (Assume r/s is a zero of the polynomial in R, and use the unique factorization for J.)

    8. Of the p − 1 polynomials λ2 + t for t = 1, 2, …, p − 1 in J/(p), p an odd prime, exactly (p − 1)/2 are irreducible. Verify this for p = 5; 7; 11.

    9. Show that λ2 + 1 is an irreducible element of R[λ]. Show that the set T = (λ2 + 1) of all multiples of λ2 + 1 is an ideal of R[λ], Compute the square of the coset λ + T in T[λ]/T.

    10. The domain R[λ] is a subdomain of Re[λ]. Describe the behavior of the element λ2 − 2 in the two domains.

    11. Show that, if the monic polynomial m(λ) of degree n in F[λ] has n distinct roots or zeros ri in F, then m(λ) = (λ − ri) … (λ − rn).

    12. Describe the coefficients of m(λ) in Problem 11 in terms of the rt. (If m(λ) = a0 + … + an − 1λn − 1 + λn, then an − 1 = −r1 − r2 − … − rn, for example.)

    13. Show that over F = J(p) the polynomial λp − t, t in F, factors as (λ − t)p.

    14. Define and find the G.C.F. of λ4 − 1, λ5 − 1, and λ6 − 1.

    15. Define the L.C.M. of two polynomials a(λ) and b(λ). How is it related to the G.C.F.?

    16. Let F1 be a subfield of F, and let a(λ) and b(λ) be nonconstant elements of F1(λ). Show that the G.C.F. of a(λ) and b(λ) in F1[λ] is also the G.C.F. of a(λ) and b(λ) in F[λ].

    17. Factor the polynomial λ4 − 10λ2 + 1 over the field of all elements of the form [image: images], a and b in R.

    18. Define the G.C.F. of any finite set of elements of F[λ], and prove that it exists and is unique.

    19. Prove that (a(λ), b(λ)) = (a(λ), c(λ)) = e in F[λ] implies that
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    8.4 Reducibility over the Rational Field

    The problem of determining whether a polynomial is reducible or not is generally a very difficult one. If we restrict our attention to the rational field we are able to develop a few rather simple criteria which sometimes reveal some information on reducibility.

    First we note that, if an element a(λ) of R[λ] factors as
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then by multiplying this equation by the L.C.M. of the denominators of the components of the three polynomials we obtain a factorization of an element of J[λ] in J[λ]. There is nothing very surprising about this. But consider an unfactored element a(λ) of R(λ); by the same method it can be lifted into J[λ]. If
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then
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is in J[λ] and the set of components is a relatively prime set. Now the astonishing thing is this: If ka(λ) has no factors in J[λ], then a(λ) is irreducible in R[λ].

THEOREM 8.14. If the polynomial a(λ) of J[λ] factors in R[λ], then it factors in J[λ]. That is, if a(λ) = b(λ)c(λ) in R[λ], then there are rationals s and t such that sb(λ) and tc(λ) are in J[λ] and a(λ) = sb(λ)tc(λ).

    We note for example that
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In this case b(λ) = (1/8)λ − (1/8), s = 8, c(λ) = 8λ + 8, and t = (1/8).

    Take the components of a(λ) to be relatively prime since otherwise we can divide the equation by the G.C.F. of those integers. Denote by s the rational number whose numerator is the L.C.M. of the denominators of b(λ) and whose denominator is the G.C.F. of the numerators of b(λ). (Check the example above.) Similarly t is the rational number m/n such that m is the L.C.M. of the denominators of the components of c(λ) and n is the G.C.F. of the numerators of those components.

    So, if
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then t = 105/2, and certainly the polynomial
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is in J[λ] and has relatively prime components. The G.C.F. of 35, 42, and −45 is 1.

    To prove the theorem we must show that st = 1 in R, so write in J[λ]
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The polynomials
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and
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are in J[λ] because of the way s and t were selected. Certainly that means sta(λ) is in J[λ], too. This means that the product st is an integer, since the components of a(λ) were taken to be relatively prime, and for
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to be in J[λ] the least positive denominator of st must be the G.C.F. of the ai. Hence st is an integer.

    Now suppose st > 1. Then a prime p divides st, and we shall show that p divides either all bi in sb(λ) or all ci in tc(λ), contradicting the choice of s or t, respectively. Assume j and k are integers, 0 ≤ j ≤ n and 0 ≤ k ≤ r, such that (bj, p) = (ck, p) = 1, and p is a factor of all the components
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and

[image: images]

Then consider the (j + k)th component in the product sb(λ)tc(λ) namely
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In this equation p divides every term except the term bjck since p divides staj + k, certainly, and p divides bi cu if 0 ≤ i < j or 0 ≤ u < k. If i + u = j + K, then either 0 ≤ i < j or 0 ≤ u < k always except when
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But it is impossible for every term except one in an equation to be divisible by p, and hence this situation cannot occur. Therefore, if p divides st, then p divides every component of sb(λ) or tc(λ). But these components form relatively prime sets in each case. Hence we must conclude that st = 1, so that
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    Example 1. In the argument above write out the summation equation for j = 3 and k = 4 when n = 8 and r = 9.

    Here we have
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Then only the term b3c4 is not divisible by the prime p, and modulo p would have the impossible congruence
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    This result, sometimes known as the Lemma of Gauss (after the great mathematician Karl Friedrich Gauss) reduces the problem of studying reducibility in R[λ] to the consideration of elements in J[λ]. As an example of what can be done there we have the following theorem.

THEOREM (EISENSTEIN). If a(λ) = a0 + … + anλn is an element of J[λ] such that ai ≡ 0 mod p for i = 0, 1, … n − 1, and (an, p) = 1 and (a0, p2) = p for some prime integer p, then the only factors of a(λ) in J[λ] are of degree n or 0.

    Suppose that a(λ) = b(λ)c(λ) in J[λ], where

[image: images]

and
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Then
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    Since p divides a0 but p2 does not, we see that one of the constant terms is divisible by p and the other is not. We choose to write (p, c0) = 1, whereas b0 ≡ 0 mod p. On the other end of the scale we have both br and cm prime to p, since an is prime to p:
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    Now consider the integers b0, b1, …, br; b0 is divisible by p but br is not. Hence there is an integer k, 0 < k ≤ r, such that (bk, p) = 1 but bi ≡ 0 mod p for 0 ≤ i < k.

    Then as in the last proof we consider the coefficient of λk in the product b(λ)c(λ):
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or

[image: images]

Now in the summation every term except bkc0 involves bi with i < k, so that every term except the last is divisible by p; the term bkc0 is prime to p since (bk, p) = (c0, p) = 1. This naturally means that (ak, p) = 1, and since the only component of a(λ) which is prime to p is an, we conclude that
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Since k ≤ r and r, the degree of b(λ), is less than or equal to n, we have
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Hence r = n and m = 0, so that the only factors of a(λ) in J[λ] (and by Theorem 8.14, in R[λ]) are of degree n or 0.

    From this result we are able to detect a considerable collection of irreducible elements of R[λ] of all degrees. Such elements as
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are irreducible over R by Eisenstein’s criterion.

    To find whether or not an element of J[λ] possesses linear factors is a problem which can be solved in a finite number of steps. This procedure is a consequence of the relation between linear factors and zeros of a(λ).

THEOREM 8.16. If bλ + c, (b, c) = 1, is a factor of a(λ) = a0 + … + anλn in J[λ], then the integer c is a factor of the integer a0 and the integer b is a factor of the integer an.

    We know that λ − (−c/b) is a factor of a(λ) in F[λ] if and only if −c/b is a zero of a(λ). Thus if bλ + c is a factor of a(λ) in J[λ], we have
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or
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Now we can write this as
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and since (b, c) = 1 we must conclude that c is a factor of a0. Similarly the equation
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implies that b is a factor of an.

    Example 2. Show that the polynomial λ2 + 2λ + 4 is irreducible over R.

    If this element reduces in R[λ], then it has a linear factor bλ + c in J[λ]. The only choices for b are 1 and −1, and the only choices for c are factors of 4: 1, −1, 2, −2, 4, −4. Then the possible rational zeros of a(λ) = λ2 + 2λ + 4 are 1, −1, 2, −2, 4, and −4. A little computing shows that

[image: images]

Hence a(λ) has no rational zeros and is therefore irreducible.

    Note: This example shows that the criterion for irreducibility which was proved sufficient in Eisenstein’s Theorem is not necessary. Here the prime 2 divides a0 and a1 and (2, a2 = 1, but 4 divides a0.

    Example 3. Find primes p and q such that the polynomial λ2 + 3λ − pq is irreducible in R[λ].

    The only possible rational zeros of this polynomial are ±p, ±q, and ±pq. If p is a zero, then we have
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so that
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This can only happen if p = 2 and q = 5.

    If −p is a zero, then

[image: images]

and
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Since this cannot happen we conclude that any two primes whose product is not 10 make this polynomial irreducible in R[λ].

    Example 4. Verify that λ4 − 10λ2 + 1 is irreducible over R.

    Obviously this polynomial has no rational zero since neither 1 nor −1 is a zero. Hence if it is reducible it is the product of two second degree polynomials from J[λ],
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Expanding and comparing components we get the equations, in J,
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These imply that c = −a and b = d = ±1, so the second equation becomes
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or

[image: images]

and since there is no integer whose square is 8 or 12, we conclude that there are no integers satisfying these conditions. Hence the polynomial λ4 − 10λ2 + 1 is irreducible in R[λ].

        Exercise 8.4

    1. Check for linear factors in R[λ]:

    (a) (1/2)λ3 + (3/2)λ2 + 4λ + 6.

    (b) 3λ3 − (1/2)λ2 − 2λ − (1/2).

    (c) 6λ4 + 2λ3 − (20/3)λ2 − (20/3)λ + (16/3).

    (d) 8λ5 + 4λ4 − 30λ3 − 25λ2 + 7λ + 6.

    2. Factor the above polynomials.

    3. Let a(λ) = b(λ)c(λ) in J[λ], where
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and
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p a prime larger than 3. Show that the coefficient of λ7 in a(λ) is relatively prime to p.

    4. Decompose the element 2λ4 − 10λ2 + 12 in R[λ] as indicated in Theorem 8.10.

    5. How many different linear factors has the polynomial λ3 + 9λ2 + 9λ + 8 in R[λ]? How are they related?

    6. Can an element of F[λ] be reducible in F[λ] but irreducible in a sub-domain? Consider the polynomial λ10 − 10λ2 + 1 of Re[λ] which is contained in the subdomain R[λ].

    7. If m is an integer such that 2λ2 − mλ + 9 is irreducible in R[λ], what can you say about m?

    8. Let a(λ) be a polynomial of degree n − 1 in R[λ], and let r1 …, rn be n distinct elements of R. Show that a(λ) is equal to the polynomial
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where

[image: images]

This is sometimes called Lagrange’s Interpolation Formula. Is it valid in F[λ]? Illustrate by finding a(λ) of degree 2 in R[λ] if a(−1) = 2, a(0) = 1, and a(1) = 3.

    9. If a(λ) is a factor of b(λ) in J[λ], then the integer a(n) is a factor of the integer b(n) for every n in J. Use this to show that the polynomial a(λ) = λ4 − 10λ2 + 1 is irreducible over R in the following way: a(0) = 1, a(1) = −8, and a(−1) = −8, so, if b(λ) is a factor of a(λ), then b(0) is a factor of 1, b(1) is a factor of −8, and b(−1) is a factor of −8. Use the Lagrange Interpolation Formula to find all b(λ) of degree 2 satisfying these conditions, and show that none is a factor of a(λ). Generalize.

    10. Generalize Eisenstein’s Theorem by showing that, if a(λ) is an element of J[λ] such that (an, p) = (ak, p) = 1, whereas (ak − 1, p) = … = (a1, p) = (a0, p2) = p for some prime p, then a(λ) has an irreducible factor of degree k or larger.

    11. Let a(λ) = a0 + a1λ + … + anλn be an element of R[λ]. The formal derivative, D(a(λ)), of a(λ) is defined to be the polynomial D(a(λ)) = a1 + 2a2λ + … + nanλn − 1. Show that D(b(λ)c(λ)) = b(λ) D(c(λ)) + c(λ) D(b(λ)). Illustrate by computing the derivative of λ4 − 1 in two ways.

    12. A zero r of a(λ) is said to have multiplicity m if and only if (λ − r)m is a factor of a(λ) but (λ − r)m + 1 is not a factor of a(λ). Show that a(λ) has no multiple roots in R or any extension of R if and only if (a(λ), D(a(λ))) = 1 in R.

    13. Find the G.C.F. of a(λ) = λ5 − 2λ4 − 8λ3 + 16λ2 + 16λ − 32 and its derivative. Factor a(λ) into linear factors.

    14. Define the formal derivative of an element a(λ) of F[λ]. Compute the derivative of a(λ) = λ7 − 1 where F = J/(7), and factor λ7 − 1 into linear factors. Compare with Problem 12. (Note that (a + b)p = ap + bp in an integral domain of characteristic p.)

    15. If a(λ) from R[λ] has multiple zeros as an element of Re[λ], does a(λ) factor in R[λ]? Why?

    8.5 Ideals and Extensions

    Now we turn our attention to the ideals of F[λ] and the quotient rings of F[λ] over these ideals. These new systems are very intimately related to the factorization problem for elements of F[λ] as we shall see.

THEOREM 8.17. If T is an ideal of F[λ], then T contains an element a(λ) such that every element of T is of the form a(λ)q(λ) for some q(λ) in F[λ].

    If T contains only the element z, then the result is obviously true, so consider the case where T contains nonzero elements. The set D(T) of degrees of the nonzero elements of T contains a least nonnegative integer n, by the Well-Ordering Theorem. Then T contains a monic polynomial of degree n (for if 2λ2 + 1 is in T of R[λ], then [image: images] is in T), and we shall show that this element a(λ) has the stated property. As in the proof of Theorem 8.11 we select an arbitrary element b(λ) of T and apply the Divisor Theorem to get
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    Since

[image: images]

is in T, an ideal, then r(λ) can have no degree and hence is z. For otherwise r(λ) is a nonzero element of T with degree less than n, and, since n is the least element of D(T), this is impossible. Hence
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and the theorem is proved.

    Since it is quite easy to show that the set of all multiples of a monic polynomial a(λ) of F[λ] is an ideal of F[λ], we see that there is a one-to-one correspondence between nonzero ideals of F[λ] and monic polynomials of F[λ].

    Corollary 8.17.1. The mapping
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is a one-to-one mapping from the set of monic polynomials of F[λ] onto the set of nonzero ideals of F[λ].

    This follows from the fact that, if a(λ) is a monic polynomial of minimal degree n of the ideal T, then a(λ) is the only monic polynomial of degree n. Suppose b(λ) is a monic element of T of degree n. By the above theorem there is an element q(λ) in F[λ] such that
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Since deg (a(λ)) = deg (b(λ)) we see that q is a constant, and by checking the leading coefficients we conclude that q = e and
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Hence the mapping is one-to-one, and we can identify the ideal T as T = (a(λ)).

    This correspondence enables us to analyze the quotient ring F[λ]/(a(λ)) in terms of the factors of a(λ). This is entirely analogous with the analysis of the ideals and homomorphic images of J. First of all, the cosets of T = (a(λ)) are determined completely by the remainders upon division by a(λ).

THEOREM 8.18. The elements b(λ) and c(λ) are in the same coset of T = (a(λ)) in F[λ] if and only if they leave the same remainder when divided by a(λ).

    Suppose
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and
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Then
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so that b(λ) − c(λ) is in T. Thus b(λ) is in the coset c(λ) + T, and since the cosets coincide if they overlap, we conclude that
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    Conversely, suppose b(λ) + T = c(λ) + T. Then T contains an element q(λ)a(λ) such that
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Dividing a(λ) into c(λ) yields
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so that
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or

[image: images]

Thus b(λ) has the same remainder as c(λ).

    Example 1. If F = J/(2) and T = (λ2 + λ + 1), then the distinct cosets of T in F[λ] are the sets 0 + T, 1 + T, λ + T, and λ + 1 + T since the elements 0, 1, λ, and λ + 1 are precisely the remainders possible upon division by λ2 + λ + 1 in F[λ].

    We note that λ2 + λ + 1 is in 0 + T, λ2 is in λ + 1 + T, λ3 is in 1 + T, and λ3 + 1 is in 0 + T. The operation tables for the quotient ring F[λ]/(λ2 + λ + 1) are as shown. We see, for example, that (λ + r)(λ + T) = λ2 + T = λ + 1 + T.
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    What kind of ring is F[λ]/(a(λ))? Since it is a homomorphic image of an integral domain F[λ], it is certainly a commutative ring with an identity when T = (a(λ)) is a proper ideal. Moreover, it is an extension of the field F.

THEOREM 8.19. If T = (a(λ)) is a proper ideal of F[λ], then the elements r + T of F[λ]/T, where r is in F, form afield isomorphic with F, and the natural mapping
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is an isomorphism.

    Since T is a proper ideal we know that deg (a(λ) > 0. Hence every element r of F occurs as a remainder relative to division by a(λ), so that by Theorem 8.18 the cosets r + T, as r ranges over F, are all distinct. Thus the mapping is one-to-one. If r and s are two elements of F, then
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and

[image: images]

This means that the set {r + T: r in F} is a subring of F[λ]/T which is isomorphic with F and hence is a field.

    Example 2. The elements 0 + T and 1 + T of Example 1 form a field isomorphic with J/(2) as we can see directly by checking the operation tables:
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    So far we have only made use of the degree of a(λ). Now we will talk about its factors.

THEOREM 8.20. The quotient ring F[λ]/(a(λ) is afield if and only if a(λ) is an irreducible element of F[λ].

    Suppose a(λ) is irreducible. Then we must show that each element of F[λ]/(a(λ)) except z + T has a multiplicative inverse. To do this we use the theory of the G.C.F. in F[λ]. Consider the coset b(λ) + T ≠ T = (a(λ)). Then b(λ) is not in T and hence does not have a(λ) as a factor. Since the only monic factors of a(λ) are e and a(λ), a(λ) being irreducible, this means that e is the G.C.F. of a(λ) and b(λ). Hence F[λ] contains polynomials f(λ) and g(λ) such that
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Switching to cosets of T this means that

[image: images]

Therefore g(λ) + T is the multiplicative inverse of b(λ) + T in F[λ]/T since e + T is certainly the multiplicative identity.

    On the other hand, if a(λ) factors as
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where deg (c(λ)) and deg (d(λ)) are both less than deg (a(λ)), then the product of the two cosets c(λ) + T and d(λ) + T is

[image: images]

Since the cosets c(λ) + T and d(λ) + T are both different from z + T this means that the quotient ring has divisors of zero.

    Example 3. By inspecting the polynomial λ2 + λ + 1 of Example 1 we conclude that the system F[λ]/(λ2 + λ + 1) of Example 1 is a field containing four elements. This field contains (in the sense of isomorphism) the field J/(2) as a subfield. On the other hand the polynomial λ2 + λ is reducible in F[λ] when F = J/(2), and the system F[λ]/(λ2 + λ) is a ring of four elements with divisors of zero. In particular we have, for S = (λ2 + λ),

[image: images]

in this system.

DEFINITION 8.7. If m(λ) is an irreducible element of F[λ], then the field F[λ]/m(λ) is an algebraic extension of F. If every irreducible m(λ) is of degree one, then F is an algebraically closed field.

    Obviously an algebraically closed field is one which cannot be extended to a larger field by this method. According to the so-called Fundamental Theorem of Algebra, the complex field C is an algebraically closed field. Every polynomial in C[λ] factors as a product of linear factors, so that an irreducible element of C[λ] is of degree one. Then C[λ]/T, T = (λ − c), is just C again (i.e., the quotient ring is isomorphic with C).

    Many other fields, such as R, can be extended algebraically, and these extensions provide not only new examples of fields but also a new way of studying polynomials. We are now coming into what is generally accepted as the modern theory of equations. This is the Galois theory of fields, which was invented by the mathematicians E. Galois and N. H. Abel. No attempt is made here to develop this beautiful, abstract interplay of fields and groups, but we will try to reveal the basic ideas which should be of interest to all educated persons.

    Now if we extend the rational field relative to the irreducible polynomial a(λ) = λ2 − 2, then what can we say about the polynomial domain of R1 = R[λ]/(λ2 − 2)? First we consider the problem of notation. The symbol r for an element of R is adopted as the symbol for the coset to which r belongs; that is, we choose to identify corresponding elements (Theorem 8.19) by the simpler symbol. Then, if we invent a simple symbol for the coset λ + T, where T = (λ2 − 2), we should have a relatively simple system of notation for the elements of R1. Now we note that

[image: images]

and since we have already decided to denote 2 + T by 2, this means that λ + T is an element of R1 such that
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So we choose to denote λ + T by the classical symbol [image: images],
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(More will be said in justification of this later.)

    Since the remainders possible upon division of elements of R[λ] are of the form a + bλ, a and b in R, we see from Theorem 8.18 that the elements of R1 = R[λ]/(λ2 − 2) are now expressible in the form
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This expression is unique since each coset of T = (λ2 − 2) contains exactly one remainder of the form a + bλ.

    Consider the polynomial domain of R1. The indeterminate of this domain is now denoted as (0, 1), so we again label it as λ and the domain as R1[λ]. Since R1 contains R as a subfield we see that by identifying isomorphic systems we have R[λ] as a subdomain of R1[λ]. So we have extended R[λ] to R1[λ].

    Now we look at the polynomial λ2 − 2 as an element of R1[λ], In R[λ] this polynomial is irreducible, but in R1[λ] we have
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    More generally, let m(λ) be an irreducible polynomial of degree n in F[λ],
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Then the distinct cosets of T = (m(λ)) are represented uniquely by the remainders
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with bi in F. If we coin the symbol x for the coset λ + T and identify the cosets bi + T, bi in F, with bi, then the elements of F[λ]/T are uniquely expressible as
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    Moreover x has the property that
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in F1 = F[λ]/(m(λ)). So the element
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of the polynomial domain F1[λ] is reducible in this extension of F[λ] since it has a zero, namely x, in F1. Hence λ − x is a factor of m(λ) in F1 [λ]. Of course m(λ) can still have irreducible factors of degree greater than one.

    Example 4. Extend R relative to λ3 − 2, and consider the factorization of λ3 − 2 in the extended domain.

    As in the discussion above we adopt a classical symbol [image: images] for the coset λ + (λ3 − 2). Then the elements of R1 = R[λ]/(λ3 − 2) are expressible uniquely in the form
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with a, b, and c in R. In R1[λ] we see that λ3 − 2 factors as
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and we shall show that the second degree factor is irreducible over R1.

    If it were reducible it would have a zero, r, in R1 and
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Completing the square we have
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But no number exists in R1 whose square is [image: images]. for, if
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then expansion yields
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The uniqueness of the expression for elements of R1 leads to these equations in R:
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From the first two equations we see that c and a have the opposite sign of b. Hence b2 + 2ac is nonnegative and cannot equal −3. Therefore the polynomial

[image: images]

is irreducible over R1.

    If we extend R1, however, to R2 = R1[λ]/(b(λ)), then we have a field such that in R2[λ] the original polynomial λ3 − 2 factors into linear factors.

    It is quite evident that for any polynomial m(λ) of degree n in F[λ] we can extend F to a field F* in at most n − 1 steps so that m(λ) factors completely into linear factors in F*[λ].

THEOREM 8.21. If m(λ) is an element of degree n in F[λ], then there exists a field F* obtainable by at most n − 1 algebraic extensions such that m(λ) in F*[λ] is expressible as a product of linear factors.

    The proof is by induction on n, and we need only consider the case when m(λ) is irreducible in F[λ]. Then m(λ) reduces in F1[λ], where F1 = F[λ]/(m(λ)), and we apply the induction hypothesis to the factors of m(λ).

    Example 5. Extend R so that m(λ) = λ4 − 5λ2 + 6 can be factored completely.

    Since m(λ) = (λ2 − 2)(λ2 − 3) we extend R to R1 = R[λ]/(λ2 − 2) and R1 to R2 = R1[λ]/(λ2 − 3). The elements of R1 are of the form

[image: images]

and the elements of R2 are of the form
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or

[image: images]

    Clearly m(λ) factors in R2[λ] as

[image: images]

        Exercise 8.5

    1. What can you say about the ideal of R[λ] which contains λ2 λ 3λ + 2 and λ2 + 2λ + 1?

    2. Find an irreducible polynomial m(λ) of degree 2 in F[λ] when F = J/(3), and construct the operation tables for F1 = F[λ]/(m(λ)). Factor m(λ) in F1[λ].

    3. Describe the principal features of R1 = R[λ]/(m(λ)) when (see Problem 1 of Section 8.4)

    [image: images]

    4. Let R1 = R[λ]/(λ2 − 2). Show that λ4 − 10λ2 + 1 is reducible in R1[λ].

    5. Describe the quotient rings of F[λ] for F = J/(2) and

    [image: images]

    6. Show that λ2 − 3 is irreducible in R1[λ], where R1 = R[λ]/(λ2 − 2).

    7. Show that, if R3 = R[λ]/(λ2 − 3) and R4 = R3[λ]/(λ2 − 2), then R4 is isomorphic with R2 in Example 5.

    8. In J[λ] let a(λ) = 2λ + 2 and b(λ) = λ2 + 2λ + 2. Form the set T = {a(λ)f(λ) + b(λ)g(λ): f(λ) and g(λ) in J[λ]}. Show that T is an ideal of J[λ]. Show further that Theorem 8.17 is not true for this ideal.

    9. Let (s(λ)) and (b(λ)) be two ideals of F[λ]. Describe the intersection. How is it related to the G.C.F. (a(λ), b(λ))?

    10. Show that the ideal (a(λ)) contains the ideal (b(λ)) in F[λ] if and only if a(λ) is a factor of b(λ).

    11. Show that, if S and T are two ideals of F[λ], then ST = {s(λ)t(λ): s(λ) in S, t(λ) in T} is an ideal also.

    12. Prove that the monic polynomial m(λ) of F[λ] is irreducible if and only if the ideal (m(λ)) is contained in no other proper ideal of F[λ]. (See Problem 10.)

    13. Rewrite Theorem 8.10, using ideals. (See Problem 12.)

    14. Show that m(λ) = λ4 − 10λ2 + 1 is reducible in the domain R2[λ] of Example 5. Compare R2 with the field, R[λ]/(λ4 − 10λ2 + 1).

    15. Show that the field R1 = R[λ]/(R2 − 2) is isomorphic with a subfield of the real field.

    16. Describe the quotient ring F[λ]/(λ2 + 1) when F is the real field. How does it compare with C, the complex field?

    17. Describe the quotient ring J[λ]/(2λ − 1) = J1. What happens to the element 2λ − 1 in J[λ]?

    18. In the field R[λ]/(λ4 − 10λ2 + 1) show that the square of the coset [image: images] equals 2 + T, where T = (λ4 − 10λ2 + 1), that the square of [image: images] is 3 + T, and that the square of [image: images] is 6 + T. Compare with Problem 14.

    19. Show that, if λ2 + pλ + q is an irreducible element of R[λ], then r = (p2/4) − q is an element such that R[λ]/(λ2 + pλ + q) is isomorphic with R[λ]/(λ2 − r). Illustrate for p = q = 1.

    20. Show that the field R2 of Example 5 contains two subfields S1 and S2 such that S1 is isomorphic with R[λ2 − 2) and S2 is isomorphic with R[λ]/(λ2 − 3). Show that S1 [image: images] S2 = R.

    8.6 Root Fields and Splitting Fields

    Now we know that for a given polynomial m(λ) of F[λ] it is possible to extend F by means of a finite series of algebraic extensions to a field F1 such that in F1[λ] the element m(λ) is expressible as a product of first degree polynomials. This procedure is not unique, however. Consider the following example.

    Example 1. Show that the polynomial λ2 − 2 is reducible in R1[λ], where R1 = R[λ]/T and T = (λ4 − 10λ2 + 1).

    Consider the coset (λ3 − 9λ) + T, an element of R1. If we denote it by t, then
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Now back in R[λ] we divide λ4 − 10λ2 + 1 into the polynomial λ6 − 18λ4 + 81λ2 and get the equation
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Hence in R1 we have
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which we agree to write as
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Therefore [image: images] is a zero of λ2 − 2, and so λ2 − 2 reduces in R1[λ]. Since λ2 − 2 also reduces in R2[λ], where R2 = R[λ]/(λ2 − 2), this indicates that there are different algebraic extensions for the same m(λ) which lead to fields over which m(λ) reduces completely.

DEFINITION 8.8. If the polynomial m(λ) of F[λ] factors into linear factors in F[λ], then F is a, root field of m(λ). If, moreover, no proper subfield of F is a root field of m(λ), then F is a splitting field for m(λ).

    This means that a splitting field for m(λ) is in effect a “smallest” root field of the polynomial, and this idea enables us to prove that a polynomial has a splitting field.

THEOREM 8.22. A polynomial m(λ) from F[λ] possesses a splitting field.

    First of all we replace the field F by a root field F1. This is accomplished, as we saw in the previous section, through at most n − 1 algebraic extensions, where n is the degree of m(λ). Then from the field F1 we take the collection K of all subfields (not necessarily proper) of F1 which are root fields of m(λ). The set K of fields is not empty since F1 is in K, so we can form F0, the intersection of all elements of K. We shall show that F0 is a splitting field for m(λ).

    To begin with F0 is a field since the intersection of any nonempty collection of subfields of a field is a field. If a and b are in F0, then a and b are in every element of K. Since the elements of K are subfields of F1 this means that a ± b, ab, and a−1, if a ≠ z, are all in F0. So F0 is a field.

    Now consider the factorization

[image: images]

in F[λ], Since this factorization is unique in F[λ], by Theorem 8.13, we know that in the subdomain of F[λ] which is the polynomial domain of a subfield Fi, Fi a root field of m(λ), this is also the complete factorization of m(λ) into monic linear factors. Hence the above factorization of m(λ) is valid in the polynomial domain of each element of K, and so we conclude that it is valid in F0[λ]. So F0 is a root field of m(λ).

    If F0 contains a subfield F’ which is also a root field of m(λ), then F’, being a subfield of F1 also, is in K. But F0 is the smallest element of K in that it is contained in every element of K, so that F0 ⊆ F’. Thus we see that F0 = F’ and so conclude that F0 is a splitting field for m(λ).

    The purpose in singling out this particular root field is to bring a type of uniqueness into the picture.

THEOREM 8.23. The splitting field for m(λ) is unique up to an isomorphism.

    A stronger statement could hardly be made.

    We shall not prove this very basic and very important theorem since we have not yet developed the machinery for doing so. (A rather simple proof is given in the monograph, Galois Theory, by E. Artin.)

    However, use was, in effect, made of this result in the previous section when the symbol [image: images] was adopted to denote the coset λ + (λ2− 2) in R[λ]/(λ2 − 2). Without proving the theorem we can discuss this particular situation more thoroughly.

    Example 2. Compare the fields R1 = R[λ]/(λ2 − 2) and R2 = {[image: images]: a and b in R}.

    Here R2 is intended to specify a particular subfield of the real field Re. We can show that these two fields are isomorphic by using the remainder representatives for the cosets of T = (λ2 − 2). Then a typical element of R1 is expressible as

[image: images]

and the obvious mapping to consider is

[image: images]

for each a and b in R. Now

[image: images]

and

[image: images]

whereas

[image: images]

and

[image: images]

Reduction of the polynomial of degree two modulo λ2 − 2 yields the product

[image: images]

So we see that the mapping is a homomorphism. Since a + bλ + T = T if and only if a = b = 0 we conclude that the kernel of the homomorphism is (0), and so the mapping is an isomorphism.

    Now the field R1 is a splitting field for λ2 − 2 since a splitting field for λ2 − 2 necessarily contains the components 1 and −2 of λ2 − 2. This means that a splitting field must contain R, which is generated by 1 and the arithmetic operations of addition, subtraction, multiplication, and division.

    Thus R is the component or coefficient field of λ2 − 2, that is, it is the smallest field containing the coefficients 1 and −2. Since a subfield of R1 which is to be a splitting field of λ2 − 2 must also contain a zero of λ2 − 2, say [image: images] (as we can again designate λ + T), then R1, the set of all [image: images], is the splitting field of λ2 − 2.

    Example 3. Determine the splitting field of the polynomial λ2 − 4 of R[λ],

    Since the coefficient field R of λ2 − 4 is also a root field of the polynomial we conclude that R is the splitting field of λ2 − 4.

    Example 4. Find the splitting field of the polynomial m(λ) = λ3 − 2 of R(λ).

    The splitting field F of this polynomial must contain R and the zero [image: images].

Thus F must contain all elements of the form

[image: images]

(See Example 4 of Section 8.5.) These elements form the field (or one isomorphic with) R1 = R[λ]/(λ3 − 2). However, the element λ3 − 2 does not factor completely in R1[λ] since the polynomial

[image: images]

is irreducible in R1[λ] as we saw in Section 8.5. Therefore F must contain a zero of m1(λ), so extending R1 to R2 = R1[λ]/(m1(λ)) we find the element t in R2 such that

[image: images]

Then m(λ) factors in R2[λ] as

[image: images]

So the splitting field F contains the element t and hence all elements of the form

[image: images]

where a, b, c, d, f, and g are in R. But these are just the elements of R2; remember that the distinct elements of R2 are the cosets of S = (m1(λ)) which are identified by the different remainders

[image: images]

where m and n are elements of R1 Because of the nature of m and n we get the above expression for elements of R2.

    Note that different polynomials can have the same splitting field. Certainly all polynomials of degree one in R[λ] have the same splitting field, namely, R. There are other examples, too.

    Example 5. Show that λ2 + 2λ − 1 is irreducible over R and has the same splitting field as λ2 − 2.

    In R1 = R[λ]/(λ2 − 2) we see that λ2 + 2λ − 1 factors completely as

[image: images]

and because of the nature of the components of the linear factors (and the unique factorization theorem) we know that λ2 + 2λ − 1 is irreducible in R[λ]. Now a subfield F of R1 which is a root field of λ2 + 2λ − 1 must contain in addition to the rationals the two zeros or roots,

[image: images]

Hence F must contain

[image: images]

so that F = R1, the splitting field of λ2 − 2.

        Exercise 8.6

    1. Describe the splitting field of the element λ2 − 3 from R[λ] and compare it with the splitting field of λ2 + 4λ + 1.

    2. Compare the splitting field of λ2 + λ + 1 with that of λ2 + 3λ + 3, elements of R[λ]. (Note that, if r is an element of F, then (r + 1)2 + (r + 1) + 1 = r2 + 3r + 3.)

    3. Compare the splitting fields of the elements λ3 + λ + 1 and λ3 + λ2 + 1 of F[λ], F = J/(2). Show that, if t denotes the coset λ + T, T = (λ3 + λ + 1), then in F1[λ], where F1 = F[λ]/T, we have

[image: images]

    4. Factor the polynomial λ2 + λ + 1 in the domain F1[λ] when F1 = F[λ]/(λ2 + λ + 1) and F = J/(2).

    5. Factor the element λ3 + 3λ + 1 in the domain R1[λ] when R1 = R[λ]/(λ3 + 3λ + 1).

    6. Find the inverses of the following elements in the splitting field of the element λ2 − p of R[λ]:

    [image: images]

    7. Find the inverse of the element [image: images] in the field R[λ]/(λ3 − 2).

    8. Find an irreducible polynomial m(λ) of degree three in F[λ] for F = J/(5), and factor m(λ) in F1[λ], F1 = F[λ]/(m(λ)).

    9. Describe the splitting field of the polynomial λ3 + 2 from F[λ], F = J/(7), and describe the zeros of λ3 + 2. (Note that, if t3 + 2 = 0, then (2t)3 + 2 = 0.)

    10. Prove that, if a(λ) is a factor of m(λ) in F[λ], then the splitting field of m(λ) contains a subfield which is the splitting field of a(λ).

    11. Let m(λ) = a(λ)b(λ) in R[λ], where (a(λ), b(λ)) = e, and let F0 be the splitting field of m(λ). Show that F0 contains exactly one subfield F1 which is the splitting field of a(λ) and exactly one subfield F2 which is the splitting field of b(λ). Show also that F1 [image: images] F2 may contain properly the coefficient field R.

    12. Show that an irreducible element m(λ) of R(λ) of degree n has n distinct zeros in its splitting field F. (Extend the definition of the formal derivative to F[λ] and compare m(λ) and m′(λ) = D(m(λ)).)

    13. What irreducible polynomials of R[λ] have the following zeros?

    [image: images]

    14. Describe the ring F[λ]/(m(λ)) by defining congruence modulo m(λ). Compare with J/(m).

    15. Let F1 be the splitting field of the polynomial m(λ) of R[λ], and let r be a zero of m(λ) in F1. Show that there exists a monic irreducible polynomial a(λ) in R[λ] which has r as a zero. Show also that a(λ) is a factor of m(λ) in R[λ]. (Form the set T = {b(λ): b(λ) in R[λ] and b(r) = 0}. Then T is the ideal (a(λ)).)

    8.7 Automorphisms and Galois Groups

    In this section we investigate a somewhat indirect way of studying fields and, correspondingly, of studying polynomials. Roughly speaking this involves determining what might be called the symmetry of the field. This concept of symmetry is reflected by the automorphisms of the field.

DEFINITION 8.9. Let F1 be a subfield of the field F. Then the set of all automorphisms of F which do not change the elements of F1 is denoted by A(F/F1).

    We recall that an automorphism A of the field F is a one-to-one mapping A of F onto itself such that addition and multiplication are preserved. In two notations

[image: images]

and

[image: images]

for every a and b in F. From our study of isomorphisms and homomorphisms we know that an automorphism has these properties:

[image: images]

and

[image: images]

    Example 1. Let [image: images], and determine an element of A(F/R).

    Define

[image: images]

Then for two elements [image: images] and [image: images] of F we have

[image: images]

and

[image: images]

Since [image: images] equals 0 if and only if a = b = 0 we conclude that this is a one-to-one mapping of F onto F which preserves the operations. Furthermore, if r is in R, then

[image: images]

so that

[image: images]

and A fixes the elements of R.

    By the product of two automorphisms A and B of the field F we mean the composite function AB,

[image: images]

From our earlier studies of one-to-one mappings and permutations we know that AB is certainly a one-to-one mapping of F onto F. It is also an automorphism of F since

[image: images]

shows that

[image: images]

whereas

[image: images]

so that

[image: images]

THEOREM 8.24. The collection A(F) of all automorphisms of F is a group under function composition. Moreover, A(F/F1) is a subgroup of A(F).

    To show that A(F) is a group we need to show that the identity mapping E,

[image: images]

is an automorphism, which is an obvious conclusion, and that each automorphism A in A(F) has an inverse A−1 in A(F). To define the inverse A−1 of A we note that each element a of F is expressible uniquely as

[image: images]

for some b in F since A is a one-to-one mapping and so pairs off an image and a preimage uniquely. Then we define A−1 as

[image: images]

So

[image: images]

and

[image: images]

Hence

[image: images]

    Moreover A−1 is in A(F), for, if a = bA and f = gA, then

[image: images]

and

[image: images]

Thus we conclude that A(F) is a group.

    To show that A(F/F1) is a subgroup of A(F) we take two elements A and B of A(F/F1). By definition of A(F/F1) we know that

[image: images]

Therefore,

[image: images]

and we see that AB is in A(F/F1). Also, consider A−1 when A is in A(F/F1). By the definition above, A−1 maps a onto b where b is the element mapped onto a by A. If h is in F1, then

[image: images]

so that

[image: images]

also. Thus A−1 is in A(F/F1), and we conclude that it is a subgroup of A(F).

DEFINITION 8.10. The group A(F/F1) is the automorphism group of F relative to F1.

    Example 2. The group A(F/R), where F is the field R[λ]/(λ2 − 2) is of order two.

    The elements of F are expressible uniquely in the form [image: images], a and b in R. Hence, if A is an element of A(F/R), then the effect of A on [image: images] is completely determined by its effect on [image: images]. For A must leave a and b of R unchanged, so that

[image: images]

Now we know that

[image: images]

and applying A to this equation yields

[image: images]

or

[image: images]

Thus [image: images] is a zero of λ2 − 2 and so is either [image: images] or [image: images]. Therefore A(F/R) consists of two automorphisms:

[image: images]

and

[image: images]

    The operation table of A(F/R) is quite elementary.

[image: images]

    This simple example illustrates a very basic relation between automorphisms and zeros of polynomials. That relationship is the key to the whole discussion.

THEOREM 8.25. If m(λ) is an element F1[λ], where F1 is a subfield of F, and if the element r of F is a zero of m(λ), then for each automorphism A in A(F/F1) the image rA of r is also a zero of m(λ).

    The argument is quite simple.

[image: images]

and

[image: images]

Now we apply A from A(F/F1) to this equation, remembering that A fixes the elements of F1 and that A preserves the operations of F. Thus we have

[image: images]

an equation that implies

[image: images]

So we see that the image rA is a zero of m(λ) also.

    This idea is known to many students through the statement, “The complex conjugate of a complex zero of a real polynomial is also a zero of the polynomial.” This is based on the fact that the mapping

[image: images]

of the complex field C = Re[λ]/(λ2 + 1) is an element of A(C/Re). The proof is almost identical with that of Example 1. Thus a fragment of the principle is known widely.

    The association between the polynomial m(λ), its splitting field F, and the automorphism group A(F/F0) forms the basis for the Galois theory. Roughly stated, in this theory the problem of studying the zeros of m(λ) is replaced by or converted into the problem of studying F, and this is accomplished to some extent by studying the groups A(F/F0) for subfields F0 of F. Although we are not developing the Galois theory in this book we will demonstrate the tremendous theoretical power of this technique by using it to resolve the classical problems of doubling a cube and trisecting an angle through ruler-and-compass constructions. Toward this end we extend the concept embodied in Example 2 to a general quadratic extension.

DEFINITION 8.11. The field F0 is the coefficient field of the polynomial m(λ) if and only if m(λ) is in the polynomial domain of F0 but not in the polynomial domain of any subfield of F0. Then A(F/F0), where F is the splitting field of m(λ), is the Galois group of m(λ).

    In Example 2 we see that R is the coefficient field of m(λ) = λ2 − 2, that F = {[image: images]: a and b in R} is the splitting field, and that A(F/R) is the group of order two consisting of the two automorphisms,

[image: images]

and

[image: images]

THEOREM 8.26. If m(λ) is an irreducible polynomial of degree two in F[λ], where F is a field of characteristic not 2, then the group A(F1/F), F1 = F[λ]/(m(λ)), is of order two and the only elements of F1 which are fixed by both automorphisms in A(F1/F) are the elements of F.

    Consider the polynomial m(λ),

[image: images]

over F1. We know that m(λ) has a zero, x, in F1, so that in F1

[image: images]

This can be written

[image: images]

or

[image: images]

so that

[image: images]

Again we have used a process known to most high school students. Note how essential it is that the characteristic of F be different from two.

    From this formal manipulation we conclude that the polynomial

[image: images]

where

[image: images]

of F[λ] has a zero, namely 2ax + b, in F1. Also the element 2ax + b is not in F since 2a and b are but x is not. Thus m1(λ) is an irreducible polynomial of degree two from F[λ], and certainly

[image: images]

(in an isomorphic way) since every element of F2 is of the form

[image: images]

where x1 is a zero of m1(λ),

[image: images]

However, this last equation can be solved for x,

[image: images]

so that each element of F1,

[image: images]

is expressible as

[image: images]

Thus F2 ⊇ F1, and we conclude that

[image: images]

    The element x1, a zero of λ2 − r, can be thought of as a square root of r. Then we proceed exactly as in Example 2 and show that the elements of A(F1/F) are precisely

[image: images]

and
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    Now suppose the element m + nx1 of F1 is left unchanged by all the elements of A(F1/F). Then we have

[image: images]

so that

[image: images]

and

[image: images]

Thus m + nx1 = m, an element of F, and we conclude that the only elements of F1 which are unchanged by both elements of A(F1/F) are the elements of F.

    Example 3. Determine the group A(F/R), where F = R[λ]/(λ2 + 4λ + 2).

    The polynomial is irreducible over R since neither 1, 2, −1, nor −2 is a zero. In the field F it has a zero x, and from

[image: images]

we get the equation

[image: images]

and

[image: images]

Thus

[image: images]

and

[image: images]

Then the Galois group of

[image: images]

is precisely the group of order two which was determined in Example 2.

    In general the Galois group of a polynomial of degree n over the coefficient field F0 is a finite group whose order is less than or equal to n!, and the only elements of the splitting field which are left unchanged by all the automorphisms in the Galois group are the elements of F0 provided the characteristic of F0 does not divide n.

        Exercise 8.7

    1. Describe the Galois group of m(λ) = λ2 + λ + 1 over R.

    2. Describe the Galois group of m(λ) = λ2 + 2λ + 1 over R.

    3. Describe the Galois group of m(λ) = λ2 + λ + 1 over J/(3).

    4. Describe the Galois group of m(λ) = λ2 + 2λ + 2 over J/(3).

    5. Denote the four elements of F1 = F[λ]/(λ2 + λ + 1), where F = J/(2), by 0, 1, x, and x + 1. Here x is the coset λ + T and is a zero of λ2 + λ + 1. Show that the mapping A = {(0, 0), (1, 1), (x, x + 1), (x + 1, x)} is an automorphism of F1. What is the Galois group of m(λ) = λ2 + λ + 1?

    6. Let A be an automorphism of the field F. Show that the set FA = {x: x in F and xA = x} is a subfield of F.

    7. Extend the automorphism A of the field F to an automorphism A* of F[λ] by defining λA* = λ. Discuss A* for the field and automorphism of Example 2.

    8. Locate the n complex numbers rm = cos θ + i sin θ, where θ = 2πm/n and m = 0, 1, …, n − 1, on the unit circle in the complex plane. Show that these are the zeros of λn − 1, and discuss the effect of an automorphism A of the field C on the diagram in Fig. 8.1. Illustrate for n = 3 and 4 when A is the conjugation automorphism, A: a + bi → a − bi.
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Figure 8.1



    9. Let A be an isomorphism of the field F such that An = E, and let f be an element of F. Show that the polynomial

[image: images]

is in the domain of FA. (See Problem 6.)

    10. Let m(λ) be an irreducible polynomial of degree three over F. Show that A(F1/F) contains only E if F1 = F[λ]/(m(λ)) is not a root field of m(λ). What if m(λ) has degree four?

    11. Show that, if [image: images], a and b in R, is a zero of m(λ), a polynomial in R[λ], then [image: images] is a zero also, by considering the G.C.F. of m(λ) and λ2 − 2aλ + a2 − pb2 in R[λ].

    12. Show that the prime fields R and J/(p) have automorphism groups of order one.

    13. Let F1 be a subfield of F containing F0, and show that the set of all elements of A(F/F0) which leave the elements of F1 unchanged is a subgroup of A(F/F0).

    14. Show that the automorphism groups A(F) and A(F1) are isomorphic if the fields F and F1 are isomorphic. By considering the fields R[λ]/(λ2 − 2) and R[λ]/(λ2 − 3) show that the converse is not true.

    15. The polynomial m(λ) = λ4 + 4λ2 + 2 is irreducible over R. Show that the field F = R[λ]/(m(λ)) has four automorphisms which are determined by their effect on x, the coset λ + (m(λ)):

[image: images]

(Consider the polynomial

[image: images]

in F[λ].)

    16. Factor the polynomial λ4 + 3λ2 + 9 over F = R[λ]/(λ4 + 3λ2 + 9). What are the possible automorphisms of F?

    17. What are the possible automorphisms of the splitting field of λ3 − 2 over R?

    8.8 An Application to Geometry

    Two famous classical Euclidean geometry problems are as follows:

    (1) Construct a cube whose volume is twice the volume of a given cube.

    (2) Trisect a given plane angle.

    Now the tools permissible in completing those problems are the straightedge (not a ruler with measurements marked on it) and the compass. We shall show that in general these problems are unsolvable with the permitted equipment.

    Naturally the problems must be transformed from geometrical problems into algebraic problems, and so must the permissible constructions. This change-over from geometry to algebra is familiar to the student from his study of analytic geometry so we shall touch lightly upon it here. (See W. W. Sawyer’s A Concrete Approach to Abstract Algebra.) The permissible constructions correspond to the simple algebraic operations of addition, subtraction, multiplication, and division as well as the more complex unary operation of square root extraction. Thus from a given subfield F of the real field we are permitted to “construct” new numbers by using any finite sequence of the above five operations. So from the field R we build such numbers as [image: images], etc.

    The problem of doubling a cube by straight-edge-and-compass constructions changes to the algebraic problem of “constructing” a zero of the polynomial

[image: images]

from the field R by means of a finite sequence of the above five operations applied to a finite collection of rational numbers. This cubic problem corresponds to the formula for the volume of a cube.

    The trisection problem also comes down to the problem of “constructing” a zero of an irreducible cubic of R[λ]. Now a standard trigonometric identity is

[image: images]

where A is the measure of an angle. Thus when 3A = 60° we have

[image: images]

or

[image: images]

where 2x = 2 cos 20°. If the angle whose measure is 60° can be trisected by straight-edge-and-compass constructions, then the number 2x = 2 cos 20° is also constructable as Fig. 8.2 indicates. This corresponds to the algebraic construction of a zero of the polynomial

[image: images]

which is obviously irreducible over R since neither 1 nor −1 is a zero.


[image: images]

Figure 8.2



    Now we replace the algebraic constructions by quadratic field extensions. Suppose we start with the rational field R. If in attempting to construct a certain number we extract the square root of 2, then thereafter we are working in R[λ]/(λ2 − 2). In constructing the number [image: images] we stay in R[λ]/(λ2 − 2) = F1, but if we construct [image: images] then we have moved on into the field [image: images]. For there is no number [image: images] in F1 such that

[image: images]

since

[image: images]

is impossible in R. Thus we are faced with the problem of determining whether a zero of either of the elements λ3 − 2 or λ3 − 3λ − 1 of R[λ] can lie in a field which can be reached through a finite sequence of quadratic extensions.

    Let m(λ) be an irreducible polynomial of degree three from the domain of R, and suppose a field F containing a zero of m(λ) can be reached through a finite sequence of quadratic extensions starting from R. Then we consider a shortest such sequence,

[image: images]

where mi(λ) is an irreducible polynomial of degree two in Fi − 1[λ], i = 1, 2, …, n. Thus m(λ) has a zero in F = Fn but not in Fi for i < n. We shall show that this is impossible.

THEOREM 8.27. A zero of an irreducible cubic polynomial from R[λ] lies in no field which is obtainable through a finite series of quadratic extensions from R.

    Consider the automorphism group A(Fn/Fn − 1). From the work in Section 8.7 we know three very important facts:

    (1) [image: images]

    (2) A(Fn/Fn − 1) contains two elements, the identity mapping E and the mapping A,

[image: images]

    (3) The only elements of Fn which are left unchanged by A are the elements of Fn − 1.

    Now let r be a zero of m(λ) in Fn. Since r is not in Fn − 1 because of the minimality of the sequence of extensions, we know that

[image: images]

Thus

[image: images]

and since the coefficients of m(λ) are in R we know that rA is also a zero of m(λ) by Theorem 8.25. From this we conclude that the product

[image: images]

is a factor of m(λ) in Fn[λ].

    We examine p(λ) more closely:

[image: images]

Since a, b, and c are in Fn − 1 we see that p(λ) is an element of Fn − 1[λ]. But this means that the cubic polynomial m(λ) is reducible in Fn − 1[λ] and hence has a zero in Fn − 1. As this contradicts the selection of Fn we have proved the theorem.

    Corollary 8.27.1. Zeros of the polynomials λ3 − 2 and λ3 − 3λ − 1 are not obtainable through a finite sequence of quadratic extensions from R.

    This follows since the two polynomials are obviously irreducible over R.

    From the idea of a sequence of quadratic extensions we move to that of radical extensions.

DEFINITION 8.12. The field F is a radical extension of R if and only if

[image: images]

where mi(λ) is an irreducible polynomial in Fi − 1[λ] of the form λr − c. An element m(λ) of R[λ] is solvable by radicals if and only if the splitting field of m(λ) lies in a radical extension of R.

    The interest in radical extensions stems from the centuries of efforts to generalize the quadratic formula to find a formula for the zeros of polynomials of higher degree. These efforts culminated in the brilliant achievement of Abel and Galois who proved that m(λ) is solvable by radicals if and only if the Galois group of m(λ) is a solvable group (i.e., has composition factors of prime order). Further discussion of this outstanding intellectual accomplishment would lead us into complexities that we choose not to deal with here.

        Exercise 8.8

    1. How was the Well-Ordering Theorem used in the proof of Theorem 8.27?

    2. Describe a straight-edge and compass construction of

[image: images]

    3. Is the following permissible in straight-edge constructions? Mark three points A, B, and C on a straight-edge so that B is the midpoint of AC; put A on the y-axis and C on the x-axis and trace out a curve with B. See Fig. 8.3.


[image: images]

Figure 8.3



    4. What kind of curve is traced out by B in Problem 3?

    5. Read Section C, “On Roots and Radicals,” of Chapter II in Number, the Language of Science by T. Dantzig. Describe the evolution of the straight-edge-and-compass problem.

    6. Why will the argument of Theorem 8.27 not work for any but cubic polynomials?

    7. Let m(λ) be an irreducible cubic polynomial in F(λ). Show that, if F1 is an extension of F such that m(λ) has a zero in F1, then F1 contains a subfield isomorphic with F[λ]/(m(λ)).

    8. From the rough description of the Abel-Galois Theorem on solvability by radicals, what do you conclude about the Galois groups of such polynomials of R[λ] as λ2 − p, λ3 − p, λn − 1, etc.?

    9. The smallest symmetric group which is not solvable is S5, the symmetric group on five elements. What connection does this have, apparently, with attempts to find a formula involving radicals for the zeros of a quintic polynomial?

    10. Write a two-page essay describing the interrelations of polynomials, algebraic extensions, and automorphisms.

    8.9 Transcendental Extensions and Partial Fractions

    An integral domain can always be extended to a field, its field of quotients, by the method used to form the rational numbers from the integers. Since the student can (and should) read through that Section of Chapter 2 in which R is formed from J, we will not discuss the general method. Instead we shall investigate the field of quotients of the polynomial domain of the field F. This field, which we denote by F(λ), is called a transcendental extension of F, and we see that it involves a two-step process, F to F[λ] to F(λ).

    Let D be the domain F[λ] and D* the set of nonzero elements of D, and form the Cartesian product D × D*. Then D × D* consists of the ordered pairs (m(λ)/n(λ)), where n(λ) ≠ z. Abstracting from the definition of R we define an equivalence relation on D × D*:

[image: images]

if and only if

[image: images]

THEOREM 8.28. The relation Q is an equivalence relation on D × D*.

    Obviously Q is reflexive and symmetric, so consider the problem of transitivity. If (p(λ)/q(λ))Q(r(λ)/s(λ)) and (r(λ)/s(λ))Q(t(λ)/v(λ)), then we have the equations

[image: images]

and

[image: images]

Multiplying the first equation by v(λ) ≠ z and the second by q(λ) ≠ z we get

[image: images]

Since s(λ) ≠ z we apply the Cancellation Law to

[image: images]

and get

[image: images]

Hence

[image: images]

    The equivalence class containing the pair (p(λ)/q(λ)) is denoted by p(λ)/q(λ) and is called a rational form in λ over F. The collection of all rational forms in λ over F is denoted by F(λ), and F(λ) is made into a field by defining addition and multiplication in the usual way for fractions.

    Addition.

[image: images]

    Multiplication.

[image: images]

    It is necessary to show that addition and multiplication are well-defined, and this is done in the same way, formally, as in the case of R.

THEOREM 8.29. The system {F(λ), +, ·} is a field which is an extension of F.

    The proof that F(λ) is a field is identical with the proof that R is a field, except that we are now working with fractions p(λ)/q(λ) instead of p/q with p and q in J. Since there is little sense in repeating the same formal procedure we shall assume that F(λ) is a field and get on to other matters.

    The elements p(λ)/q(λ) of F(λ) with the denominator q(λ) equal to the multiplicative identity e of F and F[λ] form a subdomain of F(λ) which is isomorphic with F[λ]. Here the correspondence is given by

[image: images]

and it preserves the operations since

[image: images]

and

[image: images]

Thus F(λ) is an extension of F[λ] which is an extension of F, and so F(λ) is an extension of F. We shall accordingly make no distinction between the form p(λ)/e and the polynomial p(λ).

    Example 1. Add and multiply the elements (λ2 + 1)/(λ + 1) and (λ2 − 1)/(λ2 + λ) in R(λ).

    By applying the definitions in a routine way we have

[image: images]

and

[image: images]

    These answers are certainly correct, but just as we usually write [image: images] instead of [image: images], it is customary to choose representatives of the classes (i.e., the rational forms) which are relatively prime. This process is the familiar reduction to simplest terms and is based on the theory of the G.C.F. in F[λ] and the fact that, if

[image: images]

and

[image: images]

then

[image: images]

(For certainly the pairs (p(λ)/q(λ)) and (r(λ)/s(λ)) are equivalent.)

    From these observations we conclude that the above elements and arithmetic can be written as

[image: images]

and

[image: images]

    If we bring the Divisor Theorem of F[λ] into play we can effect a further reduction of an element p(λ)/q(λ) when q(λ) < p(λ).

THEOREM 8.30. An element p(λ)/q(λ) of F(λ) is expressible uniquely in the orm

[image: images]

where m(λ) is a polynomial and r(λ) < q(λ).

    From the Divisor Theorem we know that the polynomial p(λ) is expressible uniquely as

[image: images]

so that p(λ)/q(λ) is expressible uniquely as

[image: images]

In other words, this is just a restatement of the Divisor Theorem.

    The process of long division provides us with a simple routine for finding m(λ) and r(λ). The form (λ2 + 1)/(λ + 1) reduces to

[image: images]

since

[image: images]

Now there exists a further decomposition of the proper fraction r(λ)/q(λ) based upon the factorization of q(λ) into irreducible factors in F[λ]. This decomposition is known as the partial fraction decomposition, and it is frequently used in Calculus courses with little explanation. The development of the decomposition is made in two parts.

    Lemma 8.3. If r(λ) < q(λ) and q(λ) = q1(λ)q2(λ), where (q1(λ), q2(λ)) = e, then the rational form r(λ)/q(λ) is expressible uniquely as

[image: images]

where ri(λ) < qi(λ), i = 1 and 2.

    Since the G.C.F. of q1(λ) and q2(λ) is e we know there exist polynomials p1(λ) and p2(λ) in F[λ] such that

[image: images]

Multiplying by r(λ)/q(λ) yields

[image: images]

and by using Theorem 8.30 we obtain

[image: images]

This comes from dividing q2(λ) into r(λ)p1(λ) so that

[image: images]

and so forth. The division process leaves remainders such that ri(λ) < qi(λ).

    Now we shall show that

[image: images]

Multiplying the last equation for r(λ)/q(λ) by q(λ) yields an equation in F[λ], effectively:

[image: images]

We rewrite this as

[image: images]

and consider degrees of the polynomials. If

[image: images]

then the left side has degree as least as large as deg (q(λ)), but the right side has degree less than deg (q(λ)) since

[image: images]

and

[image: images]

Since this is impossible we conclude that s1(λ) + s2(λ) has no degree, so that

[image: images]

and

[image: images]

with ri(λ) < qi(λ).

    The uniqueness of the ri(λ) is proved by a degree argument also. If

[image: images]

with ti(λ) < qi(λ), then multiplying by qi(λ) leads to the equation

[image: images]

Since q1(λ) and q2(λ) are relatively prime this means that q1(λ) is a factor of r1(λ) − t1(λ), and from the relations

[image: images]

we know that

[image: images]

Hence the only way that r1(λ) − t1(λ) can have q1(λ) as a factor is for the difference to be zero. Thus we conclude that

[image: images]

and the uniqueness is established.

    Example 2. Decompose 2λ/(λ2 − 1) in R(λ).

    Since λ2 − 1 = (λ + 1)(λ − 1) we check the factors and get

[image: images]

Multiplying by 2λ/(λ2 − 1) we get

[image: images]

and since

[image: images]

and

[image: images]

this can be written

[image: images]

Hence our rational form is expressible as

[image: images]

    Relative to powers of a polynomial we have a similar decomposition.

    Lemma 8.4. If r(λ) < q(λ) and if q(λ) = (m(λ))n, then there are n polynomials r1(λ), …, rn(λ), ri(λ) < m(λ), such that

[image: images]

Furthermore the ri(λ) are unique and rn(λ) ≠ z if r(λ) and m(λ) are relatively prime.

    This is basically an extension of the Divisor Theorem. As in the development of the radial representation for integers we write

[image: images]

with z < rn(λ) < m(λ) and qn(λ) < (m(λ))n − 1,

[image: images]

with rn − 1(λ) < m(λ), and qn − 1(λ) < (m(λ))n − 2, etc., until finally we have

[image: images]

r2(λ) < m(λ), and q2(λ) < m(λ).

    Labeling q2(λ) as r1(λ) we can collapse this set of equations to obtain

[image: images]

Dividing by (m(λ))n yields

[image: images]

with rn(λ) ≠ z. This exposes the idea of the proof; the proof naturally is by induction.

    The uniqueness again is proved by considering degrees. If

[image: images]

with Si(q) < m(λ), then as a result we have

[image: images]

Since z has no degree, such an equation is possible if and only if

[image: images]

Hence ri = si for i = 1, …, n, and the expansion is unique.

    Example 3. Expand λ5/(λ2 + 1)3 in R(λ).

    We proceed as indicated above:

[image: images]

and

[image: images]

Substitution yields

[image: images]

so that

[image: images]

Thus

[image: images]

is the desired expansion.

THEOREM 8.31. If p(λ)/q(λ) is an element of F(λ), and if q(λ) factors in F[λ] as

[image: images]

where the qi(λ) are the distinct irreducible factors of q(λ), then p(λ)/q(λ) decomposes uniquely as

[image: images]

where rij(λ) < qi(λ).

    This is the partial fraction decomposition of a rational form. It is proved rather simply (although the notation is a trifle complex) by using the preceding results and mathematical induction. We shall illustrate the process instead.

    Example 4. Find the partial fraction decomposition of λ8/(λ6 + λ4 − λ2 − 1) in R(λ).

    First we divide the denominator into the numerator:

[image: images]

Then we factor the denominator:

[image: images]

and since 1 = (λ2 − 1, λ4 + 2λ2 + 1) we have

[image: images]

so that

[image: images]

Simplified this is

[image: images]

Now

[image: images]

and, since

[image: images]

we see that

[image: images]

Thus we conclude that

[image: images]

    The main difficulty is the splitting of the proper fraction, and a method known as the method of undetermined coefficients is sometimes useful. We will demonstrate this method on the form (2λ4 − 1)/(λ6 + λ4 − λ2 − 1). From Theorem 8.31 we know that this rational form decomposes as the sum

[image: images]

where r1(λ) < λ − 1, r2(λ) < λ + 1, r3(λ) < λ2 + 1, and r4(λ) < λ2 + 1.

Thus r1(λ) and r2(λ) are constants a and b, respectively, whereas r3(λ) and r4(λ) are of the general form cλ + d and gλ + h, respectively. Then multiplying the equation for the rational form (2λ4 − 1)/(λ6 + λ4 λ2 − 1) we get the following equation in R[λ]:

[image: images]

    Now we recall that polynomials in F[λ] are equal if and only if their components (i.e., coefficients of like powers of λ) are equal. Thus the unknown coefficients must satisfy these equations:

    [image: images]

    We can solve these, getting

[image: images]

and these check with the above answers.

        Exercise 8.9

    1. Decompose the following elements of R(λ) into partial fractions by two methods:

    [image: images]

    2. Decompose λ/(λ2 − 2) of F(λ), where F is the field R[λ]/(λ2 − 2).

    3. Decompose 1/(λ − 1)2(λ2 + 1) in the transcendental extension of J/(3).

    4. Let F = J/(p). Show that F(λ) is an infinite field of characteristic p.

    5. Show that, if p(λ) and q(λ) are relatively prime monic elements of F[λ], then (p(λ)/q(λ)) is the only pair of such elements in the set p(λ)/q(λ).

    6. Is there a proper subfield of F(λ) which contains the subdomain F[λ]? Explain.

    7. Show that the mapping T of R(λ) onto itself defined by

[image: images]

and

[image: images]

is an automorphism of R(λ). The image of 1 + λ is 1 + 1/(2λ) and the image of 1/(λ + 1) is 2λ/(λ + 1). Calculate the images of 1 - 1/λ, 1/(λ2 + 1), λ − 1/λ.

    8. Show that the mapping T of R(λ) onto itself defined by

[image: images]

and

[image: images]

is an automorphism of R(λ).

    9. Show that the inverse of the mapping T of Problem 8 is the mapping T’ defined by

[image: images]

and

[image: images]

Where does the restriction ad ≠ bc come into use?

    10. The real number π is said to be transcendental since it is the zero of no polynomial over R (see Irrational Numbers by I. Niven). Show that the set R(π)  of all real numbers of the form

[image: images]

where the ai and bj are in R, is a subfield of Re isomorphic with R(λ).

    11. Why is it important to prove the uniqueness of the partial fraction decomposition or of other similar expressions?

    12. What can you say about the “mapping” of F(λ) onto F obtained by specializing λ to a of F? Can it be made into a mapping by sending p(a)/q(d) onto z when q(a) = z?

    13. Can a field always be extended to a “larger” field? Explain.
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Quadratic Domains


    IN THE DISCUSSION about factorization of integers into a product of primes we implied that there exist integral domains in which composites are expressible as the products of two different sets of primes. In this chapter we encounter such a domain, and then we show that, by introducing ideal numbers, the concept of unique factorization is re-established.

    A quadratic domain is a certain subsystem of a subfield of the complex field determined by a quadratic polynomial m(λ) with rational coefficients. Thus there are many different quadratic domains. Factorization into primes is unique in some but not unique in others. From a study of ideals we obtain, in addition to a unique factorization theorem for ideals of a quadratic domain, a criterion which distinguishes between these two types of quadratic domains: factorization into primes is unique in a quadratic domain if and only if all of its ideals are principal ideals. The problem of determining the prime ideals is studied by using the famous Quadratic Reciprocity Theorem.



    9.1 Quadratic Fields and Integers

    Extensions of the rational field obtained by using irreducible polynomials of degree two with rational coefficients were encountered in the previous chapter. However, these quadratic extensions can be described in a rather more intuitive and elementary way by treating them as subfields of the complex field. In this way each quadratic field can be shown quite easily to be a set [image: images] determined by an integer m which has the property that R contains no element whose square is m.

DEFINITION 9.1. If m is an element of J such that R contains no element whose square equals m, then the set [image: images] is a quadratic extension of R relative to m.

    It is evident that we can reduce m to a square-free integer since

[image: images]

and

[image: images]

so hereafter m will always be taken as a square-free integer from J.

    Now it is a simple exercise to show that QF(m) is a subfield of the complex field. If r, s, t, and u are elements of R, then

[image: images]

and

[image: images]

so that QF(m) is a subring of the complex field C. So we must show that each nonzero element of QF(m) has a multiplicative inverse in QF(m).

    What does a nonzero element of QF(m) look like? Working backwards we see from

[image: images]

that

[image: images]

and

[image: images]

so that, if s ≠ 0, then

[image: images]

contradicting the choice of m. Thus

[image: images]

if and only if

[image: images]

This argument also shows that

[image: images]

if and only if

[image: images]

Then if [image: images] the element

[image: images]

is the multiplicative inverse of [image: images] since their product is

[image: images]

THEOREM 9.1 The set QF(m) is a subfield of the complex field C for each square-free element m of J. Moreover QF(m1) = QF(m2) implies m1 = m2.

    If QF(m1) = QF(m2), then R contains elements r and s such that

[image: images]

Then

[image: images]

    Certainly s cannot be zero since then

[image: images]

contrary to choice of mx. And if r ≠ 0 we see that

[image: images]

is an element of R, contrary to the choice of m2. Hence r = 0 and

[image: images]

where p and q are relatively prime elements of J. Therefore

[image: images]

which means, since m1 and m2 are square-free and (p, q) = 1, that

[image: images]

and so

[image: images]

    These quadratic fields QF(m) are clearly associated with the polynomials

[image: images]

which are irreducible in J[λ] in that the zeros of λ2 − m are the elements [image: images] and [image: images] from QF(m). Actually every irreducible polynomial of degree two from J[λ] (and from R[λ] also) is associated with just one QF(m) in exactly this same way.

THEOREM 9.2. If

[image: images]

is an irreducible element from J[λ], then the zeros of m(λ) lie in QF(m) where m is the square-free factor of b2 − 4ac.

    The proof of this is familiar to most students since it rests on the quadratic formula. The two zeros of m(λ) are

[image: images]

and

[image: images]

and since the discriminant reduces as

[image: images]

we see that x1 and x2 are in QF(m),

[image: images]

In fact the elements of QF(m) can be expressed in terms of either zero. From the equation

[image: images]

we get

[image: images]

so that

[image: images]

where

[image: images]

and

[image: images]

    Thus we can say that each irreducible quadratic polynomial m(λ) from J[λ] determines exactly one quadratic field QF(m), where m is the square-free factor of the discriminant of m(λ).

    Example 1. Illustrate the above discussion with the polynomial

[image: images]

    We lift this polynomial into J[λ] by multiplying by 2, so that

[image: images]

The discriminant of m(λ) is

[image: images]

Hence m = 3 and the zeros of m(λ) are the elements

[image: images]

and

[image: images]

from QF(3). Note that

[image: images]

so that each element of QF(3) can be written in the form r + sxi, r and s in R.

    We intend to select certain elements from QF(m) and designate them as quadratic integers relative to m. The question is, how can we select these in a way which will justify both the adjectives, “quadratic” and “integral”? First we consider a criterion for the elements of J.

    The elements of J are precisely the elements of R which are zeros of monic polynomials of degree one from J[λ]. (This is set forth not as a useful or noteworthy criterion for J but as one which can be generalized.)

    Every element r = p/q, p and q in J, from R is the zero of a first degree polynomial from J[λ] since r is the zero of

[image: images]

so that the restriction to monic polynomials distinguishes elements of J from the other elements of R.

    Now we note that every element [image: images] from QF(m) is a zero of some polynomial from J[m] since it is clearly a zero of the polynomial

[image: images]

which can be lifted into J[λ] by multiplying by a suitable element of J. Then by analogy with the above we define the integers of QF(m) as follows.

DEFINITION 9.2. An element of the field QF(m) is a quadratic integer if and only if it is a zero of a monic polynomial of degree two from J[λ]. The set of quadratic integers of QF(m) is denoted by QD(m).

    It is easy to see that an element r of R is in QD(m) if and only if r is in J. Suppose r is a zero of

[image: images]

Then by Gauss’s Lemma (Section 8.4) this polynomial factors over J and so has its zeros in J.

    On the other hand, if n is in J, then n is a zero of

[image: images]

Thus we conclude that R [image: images] QD(m) = J. The elements of J are hereafter called rational integers.

THEOREM 9.3. An element r of R is in QD(m) if and only ifr is in J.

    Now one might make the reasonable conjecture that [image: images] is in QD(m) if and only if s and T are in J. But this is not quite correct. Consider the element

[image: images]

it is a zero of the polynomial λ2 − λ − 1 since

[image: images]

Hence the element [image: images] is in QD(5).

    The general story is told by the following result.

THEOREM 9.4. If m ≡ 2 or 3 modulo 4, then QD(m) = {[image: images]: a and b in J}. If m ≡ 1 modulo 4, then QD(m) consists of the elements [image: images], where a and b either are in J or are both halves of odd rational integers.

    Let [image: images] be an element of QD(m) with b ≠ 0. If [image: images] is a zero of a monic quadratic

[image: images]

then [image: images] is also a zero of m(λ) by the quadratic formula, and

[image: images]

Hence the rationals 2a and a2 − b2m are integers,

[image: images]

Now we do a bit of squaring and manipulating to get

[image: images]

and

[image: images]

Hence 4b2m is in J, so that the square of the denominator of 2b is a factor of m. But m is square-free, so we conclude that 2b is in J.

    Denote 2b by f; then the last equation above can be rewritten as

[image: images]

This can be written as a congruence,

[image: images]

    Case 1. If m ≡ 2 or 3 modulo 4, then the congruence

[image: images]

is satisfied if and only if c and f are both even integers. Hence a = c/2 and b = f/2 are elements of J.

    Case 2. If m ≡ 1 mod 4 the congruence

[image: images]

is satisfied in J if and only if c and f are either both even or both odd. Therefore a and b are both either integers or halves of odd integers.

    It is quite evident that [image: images] is in QD(m) when a and b are in J, so consider the case when m ≡ 1 mod 4 and a and b are halves of odd integers,

[image: images]

Then 2a = c is in J and

[image: images]

is also in J. Hence [image: images] is in QD(m).

    Example 2. Show that [image: images] is an element of QD(−3).

    Form the polynomial

[image: images]

Since it is in J[λ] we see that the element in question is in QD(−3).

    Thus far in working with an element [image: images] of QD(m) we have frequently used the element [image: images] and the rational integer a2 − b2m. Since these elements seem to be important associates of [image: images] we give them special names.

DEFINITION 9.3. If [image: images], a and b in R, is an element of QF(m), then

[image: images]

is the conjugate of x and

[image: images]

is the norm of x.

    The concept of conjugation in QF(m) is identical with that of automorphism, as we know from the proof of Theorem 8.26.

THEOREM 9.5. If v and w are elements of QF(m), then

    [image: images]

    To prove (i) we take

[image: images]

Then

[image: images]

so that

[image: images]

This is readily verified to be equal to

[image: images]

The rest of the theorem is left as an exercise.

THEOREM 9.6. If [image: images] is in QD(m), then x is in QD(m) also, and N(x) is in J.

    If [image: images] is in QD(m), then by the criterion furnished by Theorem 9.4 we can see immediately that [image: images] is in QD(m). And the fact that a2 − b2m = N(x) is in J was verified at the end of the proof of Theorem 9.4.

Although we labeled QD(m) as a domain we have not proved this to be the case. We do so by showing QD(m) to be a subring of QF(m) with an identity.

THEOREM 9.7. QD(m) is an integral domain.

    Let [image: images] and [image: images] be elements of QD(m), a, b, c, and d in R. Then consider

[image: images]

and

[image: images]

Now the elements 2a, 2b, 2c, 2d, [image: images], and [image: images] are all in J. Hence the polynomials

[image: images]

and

[image: images]

have coefficients from J. (Note that

[image: images]

Since v and w are zeros of these monic quadratics from J[λ] we conclude that QD(m) is a subring of QF(m). Since it obviously contains 1 we know that QD(m) is an integral domain.

    Example 3. Find some elements x of QD(2) such that N(x) = 1.

    Since 2 ≡ 1 mod 4 we know that x is of the form [image: images] with a and b in J. Then

[image: images]

when

[image: images]

In fact if [image: images], a and b in J, then

[image: images]

also.

        Exercise 9.1

    1. Find m such that QF(m) is determined by

    [image: images]

    2. For what values of k does the quadratic λ2 + kλ − 7 determine a QF(m), −17 < k < 20?

    3. Find three nonrational quadratic integers from each of the fields of Problem 1, and determine the monic quadratic polynomials of which they are zeros.

    4. Compute the sums and products of the following quadratic integers and find their quadratic polynomials:

    [image: images]

    5. Prove that c2 ≡ 2f2 mod 4 if and only if c and f are even in J.

    6. Prove that c2 − 3f2 is divisible by 4 in J if and only if c and f are even.

    7. Show that conjugation is an automorphism of QD(m).

    8. What can you say about m1 and m2 if QD(m1) is isomorphic with QD(m2)?

    9. Determine the norms and conjugates of the elements in Problem 4.

    10. Complete the proof of Theorem 9.4.

    11. Show that QD(2) contains infinitely many elements having norm 1.

    12. Show that QD(m) contains only finitely many elements of norm 1 if m is negative.

    13. Verify that x in QF(m) equals 0 if and only if N(x) = 0.

    14. Prove that x ≠ 0 in QF(m) has [image: images] as its multiplicative inverse.

    15. Show that an element x of QD(m) has an inverse in QD(m) if and only if N(x) = 1 or −1.

    16. Show that each element of QD(5) is expressible uniquely in the form au + bv, where a and b are in J, [image: images] and [image: images].

    17. Determine all of the subfields of QF(m).

    18. Let v and w be two elements of QF(m). Show that [image: images].

    19. If x is in QF(m) and N(x) is in J, is x in QD(m)?

    9.2 Factorization in Quadratic Domains

    The concept of factor of an integer leads to a classification of the elements of QD(m) according to their factors. In this manner we extend the idea of the familiar classification of the rational integers to obtain a classification of the elements of QD(m).

DEFINITION 9.4. Let x and w be nonzero elements of QD(m).

    (1) x is a factor of w if and only if QD(m) contains an element u such that w = xu. Then w is a multiple of x.

    (2) x is a unit if and only if x is a factor of 1.

    (3) w is a prime if and only if the equation w = xu implies that exactly one of the two elements x and u is a unit.

    (4) w is a composite if and only if w = xv where neither x nor v is a unit.

    Now all discussion and work with this classification in QD(m) hinges on the relationship with the norm. The norm provides a homomorphism of the multiplicative semigroup of QD(m) into the multiplicative semigroup of J and thereby enables us to use the properties of J to study QD(m).

THEOREM 9.8. The element x of QD(m) is a unit if and only if N(x) = 1 or −1.

    If xv = 1 in QD(m), then since

[image: images]

we see that

[image: images]

Since the norms of elements of QD(m) are in J this equation means that N(x) = 1 or −1.

    Conversely, consider an element in QF(m)

[image: images]

From

[image: images]

we see that, if [image: images], then

[image: images]

Now if [image: images] is in QD(m) and [image: images] or −1, then it is obvious that

[image: images]

is in QD(m) also. Hence an element x of QD(m) is a unit if N(x) = 1 or −1.

    In developing the factorization theorems for the positive rational integers we used the very important fact that, if

[image: images]

and b and c are greater than 1, then

[image: images]

This enabled us to use induction arguments in proving theorems about factorization in J. Fortunately we have a similar result for the elements of QD(m)

THEOREM 9.9. Ifw = xv in QD(m) and neither x nor v is a unit, then

[image: images]

    From

[image: images]

and the fact that neither N(x) nor N(v) is 1 in absolute value, we conclude that the absolute value of N(x) (and of N(v) also) is less than the absolute value of N(w).

    Example 1. Show that in QD(−1) the element 1 + i is a prime but 2 is not a prime. (Here i denotes [image: images].)

    The norm of 1 + i is 12 − (−1)12 = 2. Since the only rational integral factors of 2 have absolute values 1 or 2 we conclude from Theorem 9.8 that 1 + i (and 1 − i) are primes. And since

[image: images]

we see that 2 is a composite in QD(− 1). Note that

[image: images]

so that

[image: images]

    This example shows that the classification of elements in QD(m) should not be considered as an extension of the classification in J since the primes in J are not necessarily primes in QD(m). In fact the theory of quadratic integers (and other more general integers) was developed partially as an aid to the study of rational integers through the introduction of additional decompositions of the rational integers.

    Example 2. The elements 3, [image: images], and [image: images] are primes of QD(−5).

    The argument is somewhat like the one used in Example 1. Each of these three quadratic integers has norm 9, so, if we can show that no element of QD(−5) has norm 3, then from Theorems 9.5 and 9.8 we can conclude that the numbers are primes. Suppose [image: images] is an element of QD(−5) with norm 3. Then a and b are in J (since − 5 ≡ 3 mod 4) and

[image: images]

Clearly there are no elements in J with this property, so we see that the elements 3, [image: images], and [image: images] are primes of QD(−5).

    Example 3. Show that the element 9 of QD(−5) can be written as a product of primes in two different ways.

From Example 2 we know that

[image: images]

yielding two different factorizations into primes. Now when we say that the two primes 3 and [image: images] are different we mean that not only are they unequal but neither is a unit times the other.

DEFINITION 9.5. Two elements x and v of QD(m) are associates if QD(m) contains a unit u such that x = uv.

    In QD(− 1) the primes 1 + i and −1 + i = i(1 + i) are associates since N(i) = 1.

    In QD(− 5) the only units are 1 and −1 since

[image: images]

implies that a = 1 or −1 and b = 0. Hence the primes 3, [image: images], and [image: images] are not only different but neither is an associate of either of the others.

    Even though this example shows that a factorization into primes may not be unique, we can use Theorem 9.9 and the properties of the rational integers to prove that each quadratic composite is expressible as a product of primes in at least one way.

THEOREM 9.10. A composite of QD(m) can be expressed as the product of a finite collection of primes of QD(m).

    The proof is quite elementary. If w is a composite in QD(m), then
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Therefore
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and

[image: images]

so either x and/or v are primes or composites of smaller absolute norm than that of w. Then the factorizations of x and v (which follow by the induction hypothesis) provide a factorization for w as the product of a finite collection of primes.

    The domain QD(−5) provides an example of a quadratic domain in which factorization into primes is not unique. The following example shows that QD(−5) fails to possess another property we proved for J.

    Example 4. Show that not every ideal of QD(−5) is principal.

    We recall that an ideal T of a ring S is principal if and only if T contains an element x such that every element of T is expressible as xs or sx for some s in S.

    Now consider the set W of all elements of QD(−5) of the form

[image: images]

for some x and v in QD(−5). It is easy to show that W is an ideal of the domain QD(−5), so suppose W is a principal ideal (w). Since

[image: images]

and

[image: images]

are in W we see that w must be a common factor of these two primes. Hence w is either 1 or −1, and since w is in W we have in either case elements x and v in QD(−5) such that

[image: images]

Multiplying this equation by [image: images] yields

which means that 3 is a factor of [image: images]. But [image: images] has exactly four distinct factors:

[image: images]

Hence the prime 3 is not a factor of [image: images], and the contradiction shows that W is not principal.

    This example suggests that the factorization of the elements in QD(m) is closely associated with the nature of the ideals of QD(m), and we will prove that the factorization into primes in QD(m) is unique up to units if and only if the ideals of QD(m) are principal. Moreover we shall investigate a semigroup K(m) whose elements are the ideals of QD(m) and develop a unique factorization theorem for K(m). Then the structure of K(m) is related to the structure of QD(m).

        Exercise 9.2

    1. If x and v are elements of QD(m) such that N(x) is a factor of N(v), does this mean that x is a factor of v? Consider 3 and [image: images] in QD(−5).

    2. Find all of the units of QD(−1), QD(−2), and QD(−3). (Note that −3 ≡ 1 mod 4.)

    3. Show that x ≠ 0 in QD(m) has positive norm if m is negative.

    4. Find three nonrational primes in QD(m), and explain why they are primes, when (a) m = 2; (b) m = −2; (c) m = 5.

    (Hint: Check elements whose norms are primes or squares of primes in J.)

    5. Show that [image: images] and [image: images] are primes in QD(−5). Factor 21 in this domain, in every possible way.

    6. Show that the set [image: images] all x and v in QD(−5)} is a nonprincipal ideal of QD(−5).

    7. Show that [image: images] is a prime in QD(−14). Find all prime factorizations of 15 in this Domain, alter first finding all the units.

    8. Show that 7 is a prime in QD(−1), and find all of its associates. Find two other rational primes which are primes in QD(−1).

    9. Determine a rational prime which is not a prime in QD(m): (a) When m = 2; (b) when m = −2; (c) when m = −7; (d) when m = 11.

    10. Are there infinitely many nonassociated primes in QD(m)? (Consider the norms.)

    11. Define the relation E on QD(m) by xEv if and only if x is an associate of v. Show that E is an equivalence relation on QD(m). Describe the corresponding partition of QD(−1); of QD(2).

    12. Show that [image: images] is a unit of QD(5) and that [image: images] is a prime.

    13. How many units has QD(5)?

    14. Factor 65 into primes in QD(−1). How many nonassociated such factorings are there?

    15. Show that the quotient ring QD(−5)/W, where W is the ideal of Example 4, is isomorphic with J/(3). (Show that W has three distinct cosets, 0 + W, 1 + W, and 2 + W.)

    16. Prove that a unit u of QD(m) is a factor of every element of the domain.

    9.3 Gaussian Integers

    The domain QD(−1) is the Gaussian domain, or the domain of Gaussian integers. (This quadratic domain was studied by Gauss in his number theoretic investigations.) We shall see that QD(−1) is a unique factorization domain and that all of the ideals of this domain are principal. The development of these properties depends upon the following Divisor Theorem.

THEOREM 9.11. If x and v are elements of QD(−1) and v ≠ 0, then QD(−1) contains elements q and r such that
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    We drop into the field QF(−1) and pick out the multiplicative inverse v−4 of v. Then consider the product xv−1; it is an element of QF(−1) and so is of the form

[image: images]

where m and n are in R. Now in R the fractions m and n are expressible as
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where m1 and n1 are in J and r1 and r2 are fractions less than or equal to [image: images] in absolute value. (This of course is a consequence of the Divisor Theorem for J.) Thus we have the equation
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and multiplying by v yields

[image: images]

where
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and
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Since x, q, and v are in QD(− 1) we see that this equation implies that r is in QD(− 1) also. (Everything we have done so far can be done in any QD(m).)

    Now we wish to show that N(r) < N(v). To do this we consider N(r1 + r2):
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and this sum is no larger than 1/2 since r12 and r22 are bound by 1/4. Thus
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and the theorem is proved.

    Corollary 9.11.1. The quotient q and the remainder r are not in general unique.

    Take x = 5 + 7i and v = 4 + 4i. Then we can verify easily that
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Since
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and
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we see there are two different pairs of q and r which satisfy the requirements.

    Nevertheless the proof of the theorem spells out a particular way for constructing one quotient and one remainder. Thus we have established a method of long division in QD(−1).

    Example 1. Find the quotient and remainder for x = 15i and v = −3 + 2i.

    The inverse of v is obtained by using the norm and conjugate:
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Then

[image: images]

and reducing the rationals yields

[image: images]

Multiplying by v yields

and we see that

[image: images]

    Example 2. Find a second q and r for the x and v of Example 1.

[image: images]

and since N(3) = 9 < 13, we see that q = 3 − 3i and r = 3 satisfy the theorem.

DEFINITION 9.6. Let x and v be nonzero elements of QD(m). If w is an integer such that (1) w is a factor of x and a factor of v (i.e., a common factor of x and v), and (2) w is a multiple of every common factor of x and v in QD(m), then w is a greatest common factor (G.C.F.) of x and v.

    From our study of factorization in J and in F[λ] we know that an important feature for a G.C.F. to have is linear expressibility. We can show that a G.C.F. w exists for each pair of elements x and v in QD(− 1) and that the domain contains elements s and T such that
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This comes as a corollary of the following result on ideals of the Gaussian domain.

THEOREM 9.12. Each ideal of the Gaussian domain is principal.

    Let T be a nontrivial ideal of QD(−1). Then T contains a nonzero element and its norm is a positive integer. Thus the set N(T) of the norms of all nonzero elements of T is a nonempty set of positive elements of J. Choose w as an element of T whose norm is a minimal element of N(T). We shall use the Divisor Theorem to show that every element x of T is a multiple of w.

    Since w ≠ 0 we can apply Theorem 9.11 to w and x, obtaining
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From
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and the fact that x and w (hence qw) are in T we see that r is in T. If r were different from zero we would have an element of T whose norm was positive but less than N(w), contradicting the choice of w. Hence we conclude that r = 0 and
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Thus T is the principal ideal generated by w,

[image: images]

    Corollary 9.12.1. Two nonzero elements x and v of QD(−1) possess a G.C.F. w which is expressible in the linear form

[image: images]

for some s and T in QD(−1).

    Form the set T = {xs + vt: s and T in QD(−1)}. As we know, this is an ideal of QD(−1) so that by the theorem T = (w). Now we will show that w is a G.C.F. of x and v. Since
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and
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we know from the theorem above that w is a common factor of x and v.

On the other hand, since

[image: images]

for some s and T in QD(−1), we see from the Associative and Distributive Laws that a common factor of x and v is a factor of w. Hence w is a G.C.F. of x and v and we write

[image: images]

which means that the ideal generated by x and v is the principal ideal (w).

    Corollary 9.12.2. The G.C.F. of x and v is unique up to a unit in QD(−1).

    Suppose w and w1 are both G.C.F.’s of x and v. Then w is a factor of w1 and w1 is a factor of w:
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Therefore a little substitution yields
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and taking norms we have
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Since w ≠ 0 this enables us to conclude that

[image: images]

and that a and b are units of QD(−1). Thus w is unique up to a unit.

    Using exactly the same arguments as we used in working with J and F[λ] we can prove:

    (1) If x, b, and c are nonzero elements of QD(−1), if x is a factor of bc and if the G.C.F. of x and b is 1 (or any unit), then x is a factor of c.

    (2) If the prime p of QD(−1) is a factor of the product q1q2…qn, where each qi is a prime in (QD(−1), then p equals one of the qi multiplied by the appropriate unit.

    The proof of the first statement follows from the equation
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which comes from

[image: images]

a consequence of the fact that 1 = (x, b). The second statement is the key statement proved in the proof of unique factorization.

THEOREM 9.13. A factorization of a composite Gaussian integer x as a product of a finite set of primes in QD(−1) is unique up to a unit.

    The proof is by induction on N(x), so suppose the composites with lower norm are uniquely factorable into primes. Consider
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where the p’s and q’s are primes. Then p1 is a factor of
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and, since p1 is a prime, either p1 is a factor of q1 or p1 is a factor of q2…qn. Since
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we see that, if p1 is a factor of q2…qn then p1 is a unit times one of the qi. Thus in either case statement (2) above is proved.

    Now we cancel (remember that QD(−1) is a domain) p1 from both sides of
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obtaining a Gaussian integer with norm less that N(x). Applying the induction hypothesis we see that r − 1 = n − 1 and p2,…, pr are just q’s relabeled and multiplied by appropriate units. In this manner the theorem is proved by mathematical induction.

    From this result and a theorem on sums of squares in J (Chapter 4) we can describe the Gaussian primes. First we show that they are closely tied up with the rational primes.

THEOREM 9.14. A Gaussian prime is a factor of a rational prime.

    Let x be a Gaussian prime. Then x is a factor of some positive elements of J since
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is a positive rational integer. By the Well-Ordering Theorem there is a minimal positive element n of J which is a multiple (in QD(−1)) of x. Then we see from the unique factorization in the Gaussian domain that n is a rational prime. For suppose
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since n, n1 and n2 are in QD(−1) and since x is a Gaussian prime factor of n we see that x is a factor of either n1 or n2. But this contradicts the choice of n. Hence n is a rational prime.

    This means that the study of Gaussian primes is an extension of the study of rational primes. So let us look at the rational primes as Gaussian integers.

THEOREM9.15. Let p be a rational prime:

    (a) If p ≡ 3 mod 4, then p is a Gaussian prime.

    (b) If p ≡ 1 mod 4, then p is the product of a conjugate pair of Gaussian primes.

    (c) If p = 2, then (1 + i)(1 − i) = i(1 − i)2 are the factorizations into primes.

    If x is a Gaussian prime factor of p, then
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for some v in QD(−1)). Therefore

[image: images]

    Since the only factors of p2 in J which are larger than 1 are p and p2, we have two cases: N(x) = p and N(x) = p2.

    Case 1. If N(x) = p2, then N(v) = 1 so that v is a unit. Therefore p is a prime in QD(−1).

    Case 2.If N(x) = p, we write
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so that
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    From our work in Chapter 4 on sums of squares we know that an odd prime is expressible as a sum of squares in J if and only if it is congruent with 1 modulo 4. Thus N(x) = p and p odd imply that
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On the other hand, if
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then by our work on sums of squares,
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so that p factors in QD(−1)) as

[image: images]

    Thus parts (a) and (b) of the theorem are proved. Part (c) is left for the student to verify.

    Example 3. List five nonrational Gaussian primes.

    From the rational primes 5, 13, and 17 we obtain the Gaussian primes 2 + i, 2 − i, 3 + 2i, 3 − 2i, 4 + i, and 4 − i.

    We note that a Gaussian prime x can only divide one prime p from J since N(x) is a factor of p2.

        Exercise 9.3

    1. For x = 23 − 2i and v = 13i find q and r in QD(−1)) such that x = qv + r with N(r) < N(v). Find another such pair.

    2. Show that q = 1 + 2i and r = 1 + i serve as quotient and remainder when x = −1 + 5i and v − 2. Now divide r into v. Compare this with the Euclidean algorithm in J. Find a G.C.F. of −1 + 5i and 2.

    3. How many different G.C.F.'s can two Gaussian integers have? Why?

    4. Find a G.C.F. w of x = 1 − 18i and v = 5i by the Euclidean algorithm. Show that N(w) is not the G.C.F. of N(x) and N(v) in J. Express w in the form w = xs + vt.

    5. Factor 130 completely in QD(−1)).

    6. Find all Gaussian primes x with N(x) < 30.

    7. Prove that the set T in the proof of Corollary 9.12.1 is an ideal.

    8. Show 3 + 2i, −3 − 2i, − 2 + 3i, 2 − 3i, 3 − 2i, − 3 + 2i, −2 − 3i, and 2 + 3i are all factors of 13 in QD(−1)). How are these factors related?

    9. Factor 3 − i, 1 + 7i, and 1 − 5i in QD(−1)).

    10. The method used to prove the Divisor Theorem in QD(−l) can also be used to prove such a theorem for QD(m) when m = − 2, 2, or 3. Prove this statement. What can you conclude about factorization in those domains?

    11. By altering slightly the proof of Theorem 9.11, it is possible to prove the Divisor Theorem for certain other domains. Show that QD(−3) is a unique factorization domain. (Note that −3 ≡ 1 mod 4.)

    12. Show that, if x is a prime in QD(m) and if factorization into primes is unique in QD(m), then x is a factor of exactly one rational prime.

    13. Verify that [image: images] and [image: images] are primes in the domain QD(3). Show also that [image: images] and [image: images] are associates.

    14. Comment on the fact that in QD(−3)) the integer 13 factors as

[image: images]

    and

[image: images].

    15. Prove that, if every ideal of the domain QD(m) is principal, then each pair of nonzero elements x and v has a G.C.F. w such that w = xs + vt for some s and t in QD(m). Sketch a development of the unique factorization property in this domain.

    16. Factor the integers −5, [image: images] and [image: images] in QD(2).

    17. In QD(−5) the integer w = 1 is a G.C.F. of x = 3 and [image: images].

Show that w cannot be expressed in the form

[image: images]

    9.4 Ideals and Integral Bases

    Our discoveries about the differences between the ideals of QD(−5)) and those of QD(−1)) suggest that an investigation of the ideals of quadratic domains might reveal characterizing features of the domain with the unique factorization property. Such an investigation requires a better understanding of the elements in an ideal, and to obtain this information we develop the idea of integral basis or J-basis.

DEFINITION 9.7. The elements u and v of the ideal T of QD(m) form a J-basis for T if and only if each element of T is expressible uniquely in the form
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    Now we know that the domain QD(m) has a J-basis if m ≡ 1 mod 4. Other than that our information on J-bases is rather slight. So we show first that every quadratic domain has a J-basis.

THEOREM 9.16. The integers 1 and θ form a J-basis for QD(m) where [image: images] when m ≡ 1 mod 4, and [image: images], when m ≡ 1 mod 4.

    To prove this we need only to handle the case m ≡ 1 mod 4. Such a domain has two classes of elements: the class of elements of the form [image: images], where a and b are in J, and the class of elements of the form [image: images] where c and d are halves of odd integers of J. Now
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so that an element of the first class can be expressed in the form
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    So consider an element [image: images] from the second class. Since c and d are halves of odd integers we can write

[image: images]

so that
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    Hence every element of QD(m), m ≡ 1 mod 4, is expressible in the form

[image: images]

    To show that such expressions are unique we consider
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Then
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Since

[image: images]

when and only when a = c and b = d, the equation

[image: images]

implies that

[image: images]

and

[image: images]

Hence s = n and h = r, and the expressions h1 + nθ = h + nθ for the elements of QD(m) are unique.

    Example 1. Write [image: images] and [image: images] in terms of 1 and θ. Using the method in the proof we have

[image: images],

and
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with g = 1 and h = 3, so that
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    In terms of this J-basis for QD(m) we can describe a very useful J-basis, called the minimal basis, for a nontrivial ideal JTof QD(m).

THEOREM 9.17. A nontrivial ideal T of QD(m) has a J-basis u and v where
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    with r and s positive elements of J and t a rational integer, 0 ≤ t < s, such that
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    and
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    First we select the rational integer u as the least positive rational integer in T. Since T ≠ (0) it is obvious that T contains positive rational integers. Then we show in the usual way that u is a factor of every rational integer n in T. By the Divisor Theorem for J we have
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    and since

[image: images]

    is in T, the minimality of u implies that r = 0. Thus

[image: images]

    To select v we consider all of the elements of T reduced relative to u. That is, if a + bθ is an element of T with a and b in J, then we reduce a and b modulo u,
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and

[image: images]

and consider the element c + dθ. This is certainly a permissible reduction since all multiples of u are in T. There are two situations to consider.

    (1) If all elements of T reduce to zero modulo w, then we have
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    for every element a + dθ in T. Thus we can take
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    and all of the requirements of the theorem are met.

    (2) If not all of the elements of T reduce to zero modulo u, then there exists an element

[image: images]

in T with 0 ≤ h < u, 0 < r < u, and r minimal among all the positive rational coefficients of θ among the elements of T. (Note that r is selected the same way in both cases.) Thus T cannot contain another element
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with 0 < b < r, for subtracting this element from v would yield an element contradicting the choice of r.

    Now we prove that r is a factor of u. By the Divisor Theorem for J we can write
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Then

[image: images]

and

[image: images]

are elements of T. Since h, s, and k are in J, and since 0 ≤ k < r, we must conclude from the minimality of r that
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    Hence

[image: images]

    and s is certainly positive since u and r are positive.

    Essentially the same argument is used to prove that r is a factor of h, although here we must distinguish between the two different expressions for θ.

    Case 1.Suppose m ≡ 1 mod 4 and
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Multiplying v by θ yields the element
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since
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In J we write

[image: images]

so that the element vθ of T can be written as
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Since the element
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is in T also, then we have in T the difference
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Because of the minimality of r this equation means that
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We also conclude from this last equation that
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is a rational element of T. Hence it is a multiple of u − rs in J. Therefore
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or
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    Case 2. If m ≡ 1 mod 4, then
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since
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From

[image: images]

in J we get

[image: images]

and subtracting
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yields

[image: images]

an element of T. The minimality of r implies that n = 0 as above so that

[image: images]

Then

[image: images]

is a rational element of T. Hence

[image: images]

and

[image: images]

    Before completing the proof (we still have to show that the elements u and v form a J-basis for T) let us look at an example which illustrates the above.

    Example 2. Let T be the ideal {(5 + 7θ)x + (8 − 5θ)w: x and w in QD(− 5)}, and find the minimal basis for T.

    Taking x = a + bθ and w = c + dθ we obtain the following expression for a typical element t of T:
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This element is in J if and only if
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and from this equation we know that
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and that
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    Now
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and 2(a − d)) is a multiple of 5 if and only if a − d = 5k in J. Applying this information to t in J yields
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or
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or
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or
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Thus t in J is a multiple of 27, and 27 is in T as we see by setting
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The smallest positive coefficient of θ is clearly 1, which is obtained by taking

[image: images]

Thus we have

[image: images]

so that

[image: images]

Moreover,

[image: images]

since

[image: images]

    Now to complete the proof of the theorem. We must show that, if a + bθ, a and b in J, is an element of T, then there exists a unique pair of rational integers c and d such that

[image: images]

    We continue by using the Divisor Theorem in J. Now in J

[image: images]

    so that in T we have

[image: images]

    Since

[image: images]

    we know that

[image: images]

    Hence

[image: images]

    in T, and since dv is in T we have in T

[image: images]

    with

[image: images]

    The choice of r clearly implies

[image: images]

    so that

[image: images]

    Since the rational integer

[image: images]

is in T it is a multiple of u in J,

[image: images]

Thus

[image: images]

or

[image: images]

    Finally we note that since u is a rational integer the representation

[image: images]

must be unique. For

[image: images]

implies that

[image: images]

and a rational integer cannot equal a nonrational integer in QD(m).

    Example 3. Find the minimal basis for T = (7 + 3i, 4 − 5i) in QD(−1). By considering norms we find that 58 and 41 are in T. Then

[image: images]

and

[image: images]

are in T. Hence

[image: images]

    Reducing the coefficients of elements in T modulo 1 obviously leaves only the remainder 0. Thus we take v = 0, and so T has the minimal basis u = 1, v = θ. Moreover T = QD(−1).

        Exercise 9.4

    1. Find the minimal basis for each of the following ideals:

    (a) T = {(5 + 2θ)x + (9 + 3θ)v: x and v in QD(−5)}.

    (b) T = (θ) in QD(−5).

    (c) [image: images]v: x and v in QD(13)}.

    (d) T = {13x + (18 − 12θ)v: x and v in QD(−14)}.

    (e) T = {7x + (1 − 2θ)v: x and v in QD(−5)}.

    2. Show that the minimal basis for a nonzero ideal of QD(m) is unique.

    3. Describe the equivalence relation modulo the rational integer u which was used to select the element v of the minimal basis for T.

    4. Prove that a subset M of the domain QD(m) is an ideal if and only if pq + rs is in M for all p and r in M and q and s in QD(m).

    5. Show that, if m, t, s, and n are elements of J such that m ≡ 1 mod 4 and t2 − m = sn, then s and n cannot both be even if m is square-free.

    6. Let T be the principal ideal (x), x ≠ 0. Show that the elements x and xθ form a J-basis for T. When is this the minimal basis for T? (See Problem 1(b).)

    7. Show that an ideal can have several J-bases in QD(m).

    8. Let S and T be two ideals of QD(m). Describe the rational elements of S [image: images] T.

    9. Let S and T be two ideals of QD(m) with S a subset of T. Compare the minimal basis of S with the minimal basis of T.

    10. Denote by [image: images] the set of all conjugates in QD(m) of the elements of the ideal T. Show that is an ideal also. Compare the minimal bases of T and [image: images].

    11. Do the norms of the elements of an ideal T form an ideal in J? Explain.

    12. Describe in terms of the minimal basis the x ` 0 in an ideal T which have minimal norms. (Are these norms in T?)

    13. Justify the statement “Each ideal T of QD(m) is close to being principal since T is generated by not more than two elements of T.”

    9.5 The Semigroup of Ideals

    Denote by K(m) the set of all nonzero ideals of the quadratic domain QD{m). Our plan is to make K(m) into a “multiplicative” semigroup which effectively extends the multiplicative semigroup of QD(m) sufficiently to permit unique factorization into primes. To define this multiplication of ideals we must, however, use both of the binary operations of QD(m).

THEOREM 9.18. If S and T are elements of K(m), then the set ST consisting of all elements of the form st, s in S and t in T, together with the sums of finite collections of such products, is an ideal of QD(m).

    Quite clearly the sum of any two elements of the set ST is in ST since a finite collection joined with a finite collection yields a collection still finite. And subtraction is no problem since st in ST implies that −(st) = (−s)t = s( −t) is in ST also since s in S implies that −s is in S. Similarly, if x is in QD(m) and st is in ST, then

[image: images]

    is also in ST since s in S implies that xs is in 5. Thus x times any element of ST is a sum of elements from ST and so is in ST, and we conclude that iST is an ideal of QD(m) when S and T are.

DEFINITION 9.8. The product of two elements S and T of K(m) is defined to be the ideal ST.

    Clearly this is a binary operation on K(m) since ST is a nonzero ideal when S and T are nonzero ideals. For st is a nonzero element of ST when s and t are nonzero elements of S and T, respectively.

THEOREM 9.19. The set K(m) is a commutative semigroup with an identity element relative to multiplication.

Let S, T, and WbQ elements of K(m). The Distributive Law for QD(m) enables us to conclude that the ideal S(TW) consists of the elements
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and finite summations of such elements. Similarly the ideal (ST) W consists of the elements

[image: images]

and finite summations of such elements. Since
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we conclude that
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Hence K(m) is a semigroup.

    The commutativity is a consequence of the Commutative Law for Multiplication in QD(m) since
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implies
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And the principal ideal (1) is the identity element for K(m).

    In our investigation of the ideals of J we saw that the product of two ideals was contained in both of the ideals; for example,

[image: images]

and the set of all multiples of 10 in Jis a subset of both (2) and (5). This result extends to K(m).

THEOREM 9.20. If T and W are two elements of K(m), then [image: images]

For the elements of TW are determined by the products
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    and by the multiplicative absorption property of ideals the element tw is in both T and W. (The absorption property states that the product of any element of the ideal S of QD(m) with any element of QD(m) is in S.) Since tw is in both T and W we conclude that

[image: images]

    Corollary 9.20.1. If T and W are two ideals of QD(m) whose only common element is zero, then at least one of the ideals is the zero ideal.

    If T and W are in K(m), then TW, and consequently T [image: images] W, are in K(m). Since K(m) consists of nonzero ideals only, the result follows.

    Now we wish to bring the very powerful tool we developed in the previous section, the basis theorem for ideals, into play. To do this we introduce the idea of conjugate ideal.

DEFINITION 9.9. The set [image: images] consisting of the conjugates of the elements of the ideal T is called the conjugate of T.

    It is easy to show that [image: images] is an ideal of QD(m) also since conjugation is an automorphism of the domain. If [image: images] and [image: images] are elements of [image: images] and [image: images] is an arbitrary element of QD(m), then

[image: images]

and

[image: images]

and since s + t, st, and xt are in T these prove that [image: images] is an ideal.

THEOREM 9.21. The conjugate of an ideal in QD(m) is also an ideal

    In treating the elements of QF(m) we defined the norm of an element x to be the product of x and its conjugate. So we define the norm of an ideal analogously.

DEFINITION 9.10. The norm of an element T of K(m) is the element [image: images]

    What kind of ideal is the norm of T? It certainly contains all of the norms of the elements of T, and it naturally contains nonrational integers also. But when we consider the minimal basis of T we are able to show that the norm of T is a principal ideal. In fact we can show more than that.

THEOREM 9.22. If u = rs and v = r(t + θ) is the minimal basis for the ideal T, then [image: images].

    We shall work through the details only for the case m ≡ 1 mod 4. Then an arbitrary element w of the ideal [image: images] is expressible in the form

[image: images]

where a, b, c, and d are elements of J. For an element x of T is expressible as

[image: images]

and an element [image: images] of [image: images]is expressible as

[image: images]

since

[image: images]

and

[image: images]

Multiplication of these representative elements yields an element of the form described for w above. Because of the Distributive Law the sum of a finite collection of such products is again expressible in the form of w, so that we see that w is a typical element of [image: images]

    Since m ≡ 1 mod 4 we know that not only is [image: images] (a fact used above)

but

[image: images]

Thus each of the four terms of the expression for w has the factor r2s, and we see that w is an element of the principal ideal (r2s) of QD(m). Hence

[image: images]

    Now we must show that a multiple of r2s is in [image: images]. First we consider the congruence t2 ≡ m mod s. This implies that in J
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and we know that s and n are not both even. For sn divisible by 4 implies that either m ≡ 1 mod 4 or m ≡ 0 mod 4 since

[image: images]

Since m is by hypothesis square-free and not congruent with 1 mod 4 we conclude that the G.C.F. of s and n is not even. Hence the G.C.F. of s, 2t, and n, which we denote by g, is an odd rational integer. Since g is a factor of both s and n we see that
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implies
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From the hypothesis that m is square-free we conclude that
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From our theory of the G.C.F. in J we know that J contains elements e, f, and j such that
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Multiplying by r2s yields
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and by adding and subtracting the element fr2sθ, we obtain the expression
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This means that r2s is in [image: images] so that
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Therefore

[image: images]

    Example 1. 1. Verify that the norm of the ideal T having minimal basis 3 and [image: images] is (3).

    Since [image: images] and [image: images] an element w of [image: images] is of the form

[image: images]

a, b, c, and d in J, as we can see easily by multiplying typical elements of T and [image: images] together. For example
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Clearly w is a multiple of 3, and so
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    On the other hand w can be rewritten as
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Then for a = 1, b = − 1, c = 1, and d = 0, we get w = 3. Hence 3 is in [image: images] and
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    One point perhaps requires a bit of additional explanation here. The element

[image: images]

is in [image: images] for any elements a, b, c, and d of J since the elements

[image: images]

and

[image: images]

are all elements of [image: images]

    From this result we obtain the very important conclusion that K(m) is a cancellation semigroup.

THEOREM 9.23. If S, T, and W are elements of K(m) such that
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then
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    We multiply the equation
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by [image: images] obtaining
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The ideal N(T) is principal with generator n so that every element x of SN(T) is of the form
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For each element of SN(T) is a finite summation of products of the form

[image: images]

for s1 in S and z in QD(m). By the Distributive Law n can be factored out and x written as
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Also it is obvious from the definition of SN(T) that for each s in S, sn is in SN(T).

    Now the element x of SN(T) is also in WN(T), so by the same reasoning we have

[image: images]

From

[image: images]

we conclude that s = w and

[image: images]

    Reversing the role of S and W leads to the relation

[image: images]

and so we see that S = W.

        Exercise 9.5

    1. Find the norm of each of the ideals of Problem 1 in Section 9.4.

    2. Show that the element T of K(m) is the identity of K(m) if and only if [image: images]

    3. What can you say about the minimal basis of T if N(T) = (n) and n is square-free?

    4. Show that, if S and T are elements of K(m), then [image: images] Find an automorphism of K(m).

    5. Let S and T be elements of K(m). Show that N(ST) = N(S)N(T).

    6. Show that the mapping F:T → n, where (n) = N(T), is a homomorphism from the semigroup K(m) into the multiplicative semigroup of positive elements of J. (The element n is sometimes called the norm of T.)

    7. Prove that the norm of T = (a), a in J, is (a2). Compare with the norm of a.

    8. Use the Cancellation Theorem to show that the identity (1) is the only idempotent element of K(m).

    9. Prove that the norm of the principal ideal (x) is (xx) and N((x)) = (N(x)). (Note that, if T = (x), then [image: images].

    10. Show that the nonzero ideals of QD(m) form a semigroup relative to set intersection.

    11. Do the two different ideals (2) and [image: images] in QD(m) have the same norm?

    12. Find a bound for the number of T in K(m) with norm (w), where n is a positive rational integer. (Check the possibilities for r, s, and J in the minimal bases and find an upper bound.)

    13. Find all ideals T in QD(3) with N(T) equal to (1), (2), (3), or (4) by considering the minimal basis for T.

    14. Prove that every element of the ideal ST is of the form sx, s in S, if S and T are ideals of QD(m) and T = (x). Does this mean that ST is a principal ideal? Explain.

    15. What elements of K(m) are equal to their norms? Explain.

    16. Let T be an element of K(m) with norm (n). Show that the quotient ring QD(m)/T has not more than n elements.

    9.6 Factorization of Ideals

    The concept of factorization in K(m) is based on the familiar idea of factor.

DEFINITION 9.11.If S and T are two elements of K(m), then S is a. factor of T if and only if K(m) contains an element W such that T = SW.

    It is a simple matter to show that the principal ideal (3) is a factor of the principal ideal (6) in QD(m), and it is done by verifying that
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Let 6x be an arbitrary element of (6); then surely

[image: images]

so that 6x is contained in (2)(3) and

[image: images]

Similarly, if 2r and 3s are arbitrary elements from (2) and (3), respectively, then

[image: images]

is an element of (6). Hence

[image: images]

so that we conclude that (2) and (3) are both factors of (6).

    Example 1. The principal ideals (2) and (3) are factors of (6) in QD(m).

    This example suggests an important correspondence between factors and set inclusion. Note that the ideals which are factors of an ideal T also contain T. It is actually a fact that an ideal which contains T is also a factor of T. (Checking the ideals of J we see that this is also true in that domain.)

THEOREM 9.24. Let S and T be ideals of QD(m). Then S is a factor of T if and only if S ⊇ T.

    If S is a factor of T, then T = SW and we saw earlier that T ⊆ S [image: images] g 5, So consider the converse. We must prove that, if S ⊇ T, then QD(m) contains an ideal W such that T = SW.

    Now multiply T and S by [image: images], the conjugate of S. Then we have from T ⊆ £ the inclusion
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    so that every element of [image: images] is of the form

[image: images]

    We define W to be the set of all elements w in QD(m) such that wn is in [image: images] The set W is an ideal of QD(m), for, if w1 and w2 are in W and x1 and x2 are in QD(m), then

[image: images]

is an element of the ideal [image: images] since w1n and w2n are in that ideal. Hence X1W1 + x2w2 is in W and W is an ideal.

    From the form of the elements of [image: images] we know that

[image: images]

    Since [image: images] can be assumed to differ from (0) as the whole problem is trivial when [image: images], we can apply the Cancellation Law. Thus we get

[image: images]

and the theorem is proved.

    This result means that the problem of factoring an element T of K(m) is equivalent to the problem of finding the ideals of QD(m) which contain T.

    Example 2. Find the factors of the principal ideal (3) in QD( − 5).

    If S is a factor of (3), then S is an ideal of QD( − 5) containing (3). Now S is determined by its minimal basis u = rs and v = r(t + θ) where r, s, and t are rational integers. If (3) ⊂ S, then surely 3 is in S, and we conclude that u is a factor of 3 in J from the manner in which u was chosen. Then there are three cases to consider.

    Case 1. r − 1 and 5 = 3. This means that v = t + 0 where 0 < θ < 3 and

[image: images]

and the congruence and inequality are satisfied only by the rational integers t = 1 or 2. Hence there are two distinct ideals determined in this case, and these are denoted by (3, 1 + θ) and (3, 2 + θ).

    Case 2. r = 3 and s = 1. In this case v = 3(t + θ) where 0 ≤ t < 1, so that v = 3θ. The ideal whose minimal basis consists of u = 3 and v = 3θ is precisely the principal ideal (3).

    Case 3. u = rs = 1. In this case u = 1 and v = θ so that we have the improper ideal (1) = QD(−5).

    Thus we see that (3) has exactly four factors, the two obvious factors (1) and (3) and the ideals (3, 1 + θ) and (3, 2 + θ). Using the nontrivial factors yields the factorization

[image: images]

Note that the ideal (3, 2 + θ) is the conjugate of (3, 1 + θ) since

[image: images]

whereas

[image: images]

implying that

[image: images]

    This method of using the minimal basis of a nonzero ideal enables us to prove that an element of K(m) has only a finite number of factors.

    Lemma 9.1. The positive rational integer n is contained in at most n3 elements of K(m).

    If the ideal T contains n, then the element u of the minimal basis of T is a factor of n. Since u = rs, where r and s are positive elements of J, this restricts r and s to the range 1 to n in J. Furthermore, the second element of the basis,

[image: images]

is restricted since t must lie in the range 0 to n − 1. Thus there are not more than n3 different minimal bases possible so that there cannot be more than n3 ideals in QD(m) which contain n.

THEOREM 9.25. An element T of K(m) has a finite number of factors.

    T is in K(m) if and only if it is a nonzero ideal of QD(m). Since a nonzero ideal contains positive elements of J the theorem follows from the lemma.

    As in the classification of the elements of QD(m) we define an element rof K(m)to be:

    (1) A unit if and only if T is a factor of the identity element of K(m).

    (2) A prime if and only if the only factors of T are T and units, T not a unit.

    (3) A composite if it is neither a unit nor a prime.

    From the inclusion criterion for factors we see immediately that the only unit in K(m) is the principal ideal (1) = QD(m) since no other ideal of QD(m) contains QD(m). This means that an ideal T of QD(m) is a prime in K(m) if and only if T is a maximal ideal of QD(m), one which is a proper ideal contained in no other proper ideal.

THEOREM 9.26. The primes of K(m) are the maximal ideals of QD(m).

    From Theorem 9.25 we see that K(m) contains prime elements and that every element T of K(m) except (1) is expressible in the form

[image: images]

where the Pi, are primes. For consider the factors of T ≠ (1). If there are only two of these, T and (1), then T is a prime. Otherwise there is an ideal T1 such that
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Consider the factors of T1 since these are ideals of QD(m) containing T1 they are also factors of T. Hence we are faced with a smaller collection of factors so that after a finite number of steps we must arrive at a prime factor of T (i.e., a maximal ideal of QD(m) which contains T). This is the heuristic reasoning behind the following result.

THEOREM 9.27. Each element except (1) in K(m) is expressible as P1P2 … Pn, where the Pi are primes in K(m).

    The formal proof involves induction, and the induction is on f(T), the number of factors of T ≠ (1) in K(m). If f(J) = 2 (when the only factors are (1) and T), then t is a prime and already “factored,” so suppose f(T) > 2. Then T has a factor T1,

[image: images]

and

[image: images]

Since K(m) is a cancellation semigroup we see that

[image: images]

Thus T1 and T2 are contained in fewer ideals of QD(m) than T is (since neither is contained in T) so that

[image: images]

Applying the induction hypothesis to T1 and T2 yields the desired factorization of J.

    Example 3. Find all of the factors of the ideal T having the minimal basis u = 6 and v = 4 + 2d in QD(1).

    The positive factors of 6 in J are 6, 3, 2, and 1 so we have four cases to consider, apparently. Moreover, if rs and r(t + θ) form the minimal basis of an ideal containing T, then we know from the way that the element r(t + θ) is selected that r, the coefficient of θ, must be no larger than 2.

    (1) rs = 6, s = 3, and r = 2. This yields two ideals, (6, 2(2 + 6)) and (6, 2(1 + θ)), since the congruence t2 = 7 mod 3 has two solutions mod 3. The ideal (6, 2 + 2θ) does not contain T.

    (2) rs = 3, s = 3, and r = 1. Here again there are two ideals, (3, 1 + θ) and (3, 2 + θ), for the same reason as above. The ideal (3, 2 + θ) contains T; the other does not.

    (3) rs = 2, s = 2, and r = 1. There is one such ideal, (2, 2 + θ), and it contains T. Note than the congruence t2 = 7 mod 2 has only one solution mod 2.

    (4) If 5 = 1, then the resulting ideal is (6), (3), (2), or (1). Of these only (2) and (1) contain T.

        Exercise 9.6

    1. Determine all of the factors of the ideal (a) generated by 5 in QD( − 5); (b) generated by 5 in QD(3); (c) generated by 5 in QD(−3).

    2. Find all factors of the ideal of QD(14) generated by 13 and 18 − 120. (Find the minimal basis first.)

    3. Find all the prime factors of the ideal of QD(−5) generated by 6 and 4 + 20.

    4. Find all the ideals of QD( − 5) which contain 6.

    5. Determine the ideals of QD(19) having norm (6).

    6. Show that (7) is the square of a prime in K(14).

    7. Show that (2) is a prime ideal in QD(13).

    8. Let S and T be ideals of QD(m). Show that the set
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is an ideal of QD(m).

    9. Find two primes in K(5).

    10. Compare the factorizations of 9 in QD(− 5) with the factorization of (9) in K(−5).

    11. Find the norms of the primes which appear in the preceding problems.

    12. Describe and illustrate the relation between factors of n in J and ideal factors of (n) in J.

    13. Let A and B be two ideals of QD(m). If we were to proceed by analogy with the ideals and elements of J, what should we call A [image: images] Bl (Note that, in J, (6) [image: images] (4) = (12).)

    14. Describe the primes of K(−1). (What is true of ideals in the Gaussian domain?)

    9.7 Unique Factorization and Primes

    Again the question of uniqueness must be considered. This time we can prove that the representation of an element of K(m) as a product of primes is unique, and the procedure is rather like the others we have studied since it is based on the idea of greatest common factor (although the concept should probably be called the "smallest" common factor here).

DEFINITION 9.12. AN ELEMENT T of K(m) is a common factor of A and B in K(m) if and only if it is a factor of both. And a common factor D of A and B in K(m) is a greatest common factor of A and B if and only if every common factor of A and B is a factor of D.

    We use the inclusion criterion for factors to prove that each pair of elements from K(m) has a unique G.C.F. in K(m). This means that we plan to show that D is the smallest ideal of QD(m) which contains the ideals A and B. (Notice again how the idea of order is inverted in passing from elements of J to ideals of J: 10 is larger than 5 but the ideal (10) is contained in the ideal (5).)

THEOREM 9.28. If A and B are elements of K(m), then the set (A, B) = {a + b: a in A, b in B} is the unique G.C.F. of A and B.

First we must show that (A, B) is an ideal of QD(m). Let a1 + b1 and a2 + b2 be two elements of (A, B) and x and w be two elements of QD(m); then

[image: images]

This sum is in (A, B) since xa1 + wa2 and xbx + wb2 are in A and B, respectively, as A and B are ideals. Thus (A, B) is an ideal of QD(m).

    The second step involves showing that (A, B) is a common factor of A and B. This follows from the inclusion criterion for a factor since the equations
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imply that A ⊆ (A, B) and B ⊆ (A, B). (Remember that 0 is in all ideals.)

    Finally we show that (A, B) is contained in each common factor T of A and B. For, if T is a factor of both A and B, then T contains both A and B. Thus T contains the elements
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since T is closed under addition, and we conclude that (A, B) ⊆ T. Hence T is a factor of (A, B), and we have shown that (A, B) is a G.C.F. of A and B. This last step suffices to prove that the G.C.F. is unique, for, if W were also a G.C.F. of A and B, then the last argument implies

[image: images]

So W = (A, B), and the G.C.F. is unique.

    Example 1. Integrate this concept of G.C.F. with the idea of G.C.F. in J.

    Let d be the G.C.F. of the two positive elements a and b of J. Since d is a factor of both a and b we know that
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Hence the ideal (d) in J contains the ideals (a) and (b). Moreover (d) is the smallest ideal of J which contains both (a) and (b) for, if (f) contains (a) and (b), then
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But every common factor of a and b is a factor of d, so that

[image: images]

This means that (d) is contained in the ideal (f). Furthermore the ideal (d) can be described as the set of all sums

[image: images]

Thus the theorem above is abstracted from a certain way of describing the arithmetic of J.

DEFINITION 9.13. The elements A and B of K(m) are relatively prime if and only if (A, B) = (1).

    Corollary 9.28.1. The elements A and B of K(m) are relatively prime if and only if A and B contain elements a and b, respectively, such that
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    This result, which is an immediate consequence of the definition of (A, B) and the theorem, provides the key to proving the uniqueness of the factorization into primes in K(m.)

THEOREM 9.29. If A, B, and T are elements of K(m) such that A is a factor of BT and A and B are relatively prime, then A is a factor of′T.

    Since (A, B) = (1) we know that A and B contain elements a and b, respectively, such that
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Then for any element t of T, we obtain
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by multiplying by t. Now we bring the inclusion criterion for a factor into play. The element bt is in BT and hence in A,  which is a factor of (i.e., contains) BT. Also at is in A since any multiple of an element of A is in A. Therefore

[image: images]

is in A,  implying that

[image: images]

Thus A is a factor of T.

    The uniqueness of the factorization in Theorem 9.27 can be proved rather easily now, but let us consider some examples before going on to that.

    Example 2. Find the G.C.F. of the ideals (3) and (1 + θ) in QD(−5). Every element of the G.C.F. is of the form

[image: images]

x and w in QD(− 5). Since 6 is the smallest positive rational integer in the principal ideal (1 + θ) we see that u = 3 and v = 1 + θ is the minimal basis of the G.C.F. Hence we have determined the G.C.F.,

[image: images]

    Example 3. Find the G.C.F. of the ideals (3, 1 + θ) and (3, 2 + 0) in QD(−5).

    We see immediately that

[image: images]

so that the G.C.F. is (1) and the two ideals are relatively prime. These are, as we saw earlier, the two prime factors of the principal ideal (3).

    Corollary 9.29.1. If P and Q are primes of K(m), then either P = Q or (P, Q) = (1).

    If P is a prime, then the only ideals of QD(m) which contain P are P and (1). If Q # P, then naturally (P, Q) contains P properly since it also contains Q. Thus Q ≠ P implies that (P, Q = (1).

    Now the proof of the unique factorization property for K(m) is identical with the proof of that property for the rational integers, except that the induction is on the number of factors.

THEOREM 9.30. The expression for an element A ≠ (1) of K(m) as a product of primes,
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is unique.

    We proceed by induction on f(A) as in the proof of Theorem 9.27. If f(A) = 2, then A is a prime and nothing more needs to be said. So suppose f(A) = t > 2 and that all elements of K(m) with fewer factors are uniquely factorable into primes. Consider
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where all of Pt and Qi are primes in K(m). Comparing P1 and Q1 we conclude that either P1 = Q2 or (P1 Q2) = (1). In the second case we know by the previous theorem that P1 is a factor of the product B = Q2 … Qr9 and applying the induction hypothesis to B we conclude that P1 must equal one of the prime factors Q{ of B. Thus we see that in both cases P1 equals one of the primes Qj and, relabeling the elements if necessary, we take P1 = Q1. Now we use the fact that K(m) is a cancellation semigroup and conclude from
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that
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Bringing the induction hypothesis into play again enables us to conclude that the two factorizations are identical (except for arrangement of factors). This completes the induction and proves the theorem.

    An important consequence of this theory is that we can now relate the primes of K(m) with the primes of J.

THEOREM 9.31. IfP is a prime in K(m) then N(P) = (p) or (p2) where p is a rational prime.

    By Theorem 9.22 N(P) = («) where n is a positive element of J. From the factorization of n in J we have in K(m) the factorization
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Since P is a prime ideal this equation implies that P is a factor of one of the principal ideals (Pt) = (p), and so there exists Q in K(m) such that
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Taking norms we obtain the equation

[image: images]

which shows that n divides p2 in J. From this we conclude that n, which is greater than 1, is either p or p2, and the theorem is proved.

    Now can we work backwards along this relationship between the primes of K(m) and the primes of J? In particular, can we find the primes of K(m) from the primes of J? Consider the prime J? from J, and form the ideal (p) in K(m). The ideal (p) may be a prime of K(m), in which case it is a prime whose norm is (p2). However, (p) is not always a prime in K(m), so let us investigate the minimal basis of an ideal T which contains (p).

    The minimal basis v = rs and v = r(t + θ) of T is such that rs is a factor of p in J. If r = p, then s = 1 and t = 0 so that T = (p) so we check the other possibility. If r = 1, then s = p and J is a solution of the congruence
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    and of the congruence
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If the appropriate congruence has a solution in J, then it has exactly two solutions of the required size. Labeling these as t1 and t2 we see that (p) has exactly two proper factors,
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These both have norm (p) and are primes in K(m) since (p) has no other factors except (p) and (1). Thus we conclude that the determination of the primes in K(m) depends upon solving the appropriate congruence above.

THEOREM 9.32. If p is a prime of J, then (p) is a prime of K(m) if the congruence
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or

[image: images]

has no solution in J, whereas (p) has the two prime factors P1 = (P, t1, + θ) and P2 = (P, t2 + θ) if t1 and t2 are the two solutions of the appropriate congruence. Moreover every prime of K(m) is obtainable in this way.

    The first sentence is a consequence of the above discussion. The second follows from the previous theorem, really, for, if the norm of the prime ideal P is (p2), then in the minimal basis of P rs equals p and r = p so that s = 1, t = 0, and
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But, if N(P) = (p), then rs = p, r = 1, s = p, and P = (p, t + θ) where t is a solution of the appropriate congruence.

    Example 4. Determine three primes of K(3).

    We shall work from the three primes 2, 3, and 5 of J and consider congruences.

    (1) The congruence
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has two solutions (i.e., the polynomial λ2 − 1 factors as (λ − l)2 over J/(2)) so that (2) factors as
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(2, 1 + θ) is a prime of K(3) and is in fact the principal ideal (1 + θ).

    (2) The congruence
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is obviously solvable, and (3) = (θ)(θ) so that (θ) is a prime ideal of K(3).

    (3) The congruence
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has no solution in J so that (5) is a prime ideal in K(3).

        Exercise 9.7

    1. Find (A, B) in K(−5) for A = (3) and B = (2 − θ).

    2. Find (A, B) in K(14) for A = (13) and B = (18 − 12θ).

    3. Find (A, B) in K(−5) for A = (2 − θ) and B = (1 + θ).

    4. Let A, B, and C be three elements of K(m). Show that (A, (B, C)) = ((A;, 5), C). Show that K(w) is a commutative semigroup with identity relative to the binary operation defined by the concept of G.C.F.

    5. Find three primes of K(m) for (a) m = 2; (b) m = 5; (c) m = 6; (d) m = −2.

    6. Compare the criterion for primes in K(−1) with that for Gaussian primes. (Check the development of the sum of two squares theory in Chapter 4.)

    7. Show that A [image: images] B is a reasonable L.C.M. for the nonzero ideals of QD(m).

    8. Prove that the element P of K(m) is a prime if and only if its conjugate P is a prime.

    9. What is the relation between the rational integer t satisfying the conditions
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and the polynomial λ2 − m of the polynomial domain F[λ], F = J(p)?

    10. Show that the mapping
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is a homomorphism of the multiplicative semigroup of QD(m) onto the sub-semigroup of K(m) of principal ideals. What elements of QD(m) map onto (1)?

    9.8 Quadratic Residues

    The problem of determining whether (p) is a prime of K(m) reduces, as we saw in the last section, to the problem of determining whether a certain second degree polynomial is reducible over J/(p). Of course p substitutions (or less) suffice to settle this problem but such a process is extremely laborious for large primes p. Now there happens to exist a truly amazing arithmetic device for testing a quadratic element of (J/(p))[λ] for reducibility over J/(p), and we shall discuss that method now.

    Working over the field J/(p) we need only consider monic polynomials, and when p is an odd prime an even greater restriction can be effected.

THEOREM 9.33. The polynomial
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over J/(p), p an odd prime, has a zero in J/(p) if and only if the polynomial
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has a zero in J/(p).

    This is based on the familiar process of completing the square. If r is a zero of m(»), then
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and
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so that 2r + b is a zero in J/(p) of h(λ). Reversing the procedure (and here is where we need p to be odd) we see that, if s is a zero of h(λ) from J/(p), then solving the equation
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for r yields a solution in J/(p) for m(λ).

    Now we shall concentrate our attention on the pure quadratic λ2 − d from J[λ] and attempt to determine whether it has a zero modulo p where p is an odd prime.

DEFINITION 9.14. The element d of J is a quadratic residue modulo m if and only if:

    (i) d and m are relatively prime in J.

    (ii) λ2 − d has a zero modulo m.

    We are interested only in the case where m is an odd prime p but the general theory exists and is well developed (see Elementary Number Theory by Uspensky and Heaslet).

    Example 1. Determine whether 7 is a quadratic residue of 11.

    Obviously 7 and 11 are relatively prime in J so we need only determine whether λ2 − 7 has a zero in J/(11). Checking the numbers 12 − 7, 22 − 7, …, 102 − 7 modulo 11 we see that λ2 − 7 does not have a zero in J/(11). Hence 7 is not a quadratic residue mod 11.

    There are quadratic residues for each odd prime (1, 3, 4, 5, and 9 are the quadratic residues modulo 11 between 0 and 11), and we count the number of these modulo the prime.

THEOREM 9.34. Exactly one-half of the p − 1 integers 1, 2, …, p − 1 are quadratic residues modulo the odd prime p.

    Consider the polynomial λp − 1 − 1 over the field J (p). By the Fermat-Euler Theorem we know that each of the elements 1, 2, …, p − 1 of J/(p) is a zero of this polynomial. This means that the p − 1 nonzero elements of J/(p) are all powers of one of the elements of J/(p), for suppose k is the largest number of distinct nonzero elements of J/(p) which can be written as powers of one element of J/(p). Then all p − 1 nonzero elements of J/(p) are zeros of the polynomial λfc − 1, and since a polynomial over a field has no more zeros than its degree, we see that the p −1 elements 1, 2, …, p − 1 of J/(p) can be expressed as powers of an element J/(p). Clearly, then, the even powers of x are the quadratic residues modulo p.

    Example 2. Find the quadratic residues modulo 11.

    What element x of J/(11) has the property that x2, x3, …, x10 are the ten nonzero elements of J/(11)? Certainly x = 2 will do the trick since in J/(11) 22 = 4, 23 = 8, 24 = 5, 25 = 10, 26 = 9, 27 = 7, 28 = 3, 29 = 6, and 210 = 1.

Reading from this list we see that 4, 5, 9, 3, and 1 are the quadratic residues mod 11 between 0 and 11.

THEOREM 9.35. The integer r is a quadratic residue mod an odd prime if and only if r a zero mod p of the polynomial λt − 1, where t = (1/2)(p − 1).

    If r is a quadratic residue mod p, then there is an integer w such that
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Thus
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and r is a zero mod p of the polynomial λt − 1.

    Conversely suppose r is a zero mod p of the polynomial λt − 1. We shall prove that r is a quadratic residue mod p by showing that r is congruent with an even power of the generator x from the previous theorem. For suppose
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Then
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and since
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we get
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which contradicts the fact that x is a generator of the set of nonzero elements of J/(p). Hence
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so that xn is a zero mod p of λ2 − r, and we see that r is a quadratic residue modulo p.

    Now we come to the counterpart of the discriminant for quadratic polynomials. This involves a certain mapping from a subset of J × J into J, and this function is defined in terms of the Legendre symbol.

DEFINITION 9.15. If r is an element of J and p is an odd prime, then the Legendre symbol (r/p) is defined to be (i) 1 if r is a quadratic residue mod p, (ii) 0 if r ≡ 0 mod p, and (iii) − 1 otherwise.

    This symbol defines a mapping from J × P1 where P1 is the set of odd primes of J, onto the set {1, 0, − 1}. Our aim is to find an easy way of evaluating the Legendre symbol since such a process would clearly tell us whether or not a certain quadratic polynomial has a zero mod p.

    Example 3. Evaluate (− 1/11), (5/11), and (10/3).

    The polynomial λ2 + 1 has a zero mod 11 if and only if λ2 − 10 has a zero mod 11 since
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Thus (−1/11) = (10/11) = −1 since we know that 10 is not a quadratic residue mod 11. From Example 2 we know that 5 is a quadratic residue mod 11, and so
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Finally (10/3) = (1/3) since λ2 − 10 has a zero mod 3 if and only if λ2 − 1 has a zero mod 3 as
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Obviously λ2 − 1 does have a zero mod 3, and so (10/3) = (1/3) = 1.

THEOREM 9.36. Let r and s be rational integers and p be an odd prime. Then
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and
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    To prove (i) we note that, if r ≡ s mod p, then (r/p) = (s/p) since λ2 − r has a zero mod p if and only if λ2 − s has a zero mod p.

    To prove (ii) we go back to the proofs of Theorems 9.34 and 9.35. If r and s, reduced modulo p, are both relatively prime to p, then r and s are powers of the generating element x,
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and
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Thus
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Now
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implies that n + m is even, which means that m and n are both either even or odd, so that
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and
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Similarly, if (rs/p) = − 1, then n + m is odd and exactly one of n and m is even so that
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Finally, if rs is divisible by p, then either r or s is divisible by p, and conversely.

So, in all cases
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    Corollary 9.36.1. If (A, p) = 1, then (a2/p) = 1.

    These results are useful in evaluating the Legendre symbol, but the principal simplifications stem from the following amazing theorems due to Legendre and Gauss.

THEOREM 9.37.(2/p) = (− 1)n where 8n = p2 − 1.

THEOREM 9.38 (THE QUADRATIC RECIPROCITY LAW). Ifp andq are distinct odd primes, then
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where 2n = p − 1 and 2m = q − 1.

    Proofs of these theorems can be found in the books listed at the end of this chapter or in the article by D. H. Lehmer. We shall not discuss the proofs here. Instead we will work out some simple examples.

    Example 4. Determine whether λ2 + 11 has a zero modulo 23 by evaluating (− 11/23).

    Now
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so that
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Factoring 12 leads to
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since
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By the Quadratic Reciprocity Law,
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so that
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Since
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we know that
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and since
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by Theorem 9.37, we conclude that
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Thus the polynomial λ2 + 11 has no zero in J/(23).

    Example 5. Determine whether the principal ideal (29) of QD(53) is a prime of K(53).

    Since 53 = 1 mod 4 we know that (29) is prime if and only if the congruence
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has no solution. Now the polynomial λ2 + λ − 13 has a zero mod 29 if and only if the polynomial
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has a zero mod 29 by Theorem 9.33, and this can be checked out by using the Legendre symbol. We see that

[image: images]

and since
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and
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we conclude that
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Therefore λ2 + − 13 has a zero mod 29, and although we do not know this zero we do know that the ideal (29) is not a prime in K(53). To determine the factorization of (29) we fall back on the substitution process and find that
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and
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Thus (29) factors into primes in K(53) as
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    Example 6. Describe all odd primes p such that (3/p) = 1.

Now
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where 2n = p − 1, and
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Since (1/3) = 1 and (2/3) = −1

    whereas
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and
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we see that (3/p) = 1 if and only if either
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or

[image: images]

Then we conclude that 3 is a quadratic residue mod p if and only if p = 1 or 11 mod 12.

        Exercise 9.8

    1. Determine the quadratic residues mod p for p = 7 and p = 13 by finding in each case an element x such that the nonzero elements of J/(p) are given by x, x2, …, xp-1.

    2. Factor the polynomial λp-1 − 1 over J/(p) for p = 7 and 13.

    3. Show that λ2 + 15 has a zero mod 23 by evaluating (− 15/23). Find the zeros mod 23.

    4. Evaluate the following: (59/131), (365/877), (783/863), and (−477/547).

    5. Determine if (73) is a prime of K(m) when (a) m = 17; (b) m = −17; (c)m = 29; (d) m = 35.

    6. Determine all primes p such that 2 is a quadratic residue mod p.

    7. Show that −1 is a quadratic residue of the odd prime p if and only if p = 1 mod 4. (See Chapter 4.)

    8. Analyze the equation (5/p) = (p/5), and show that 5 is a quadratic residue modulo the odd prime p if and only if p is of the form 10k + 1 or 10k: − 1.

    9. Show that the polynomial λ2 − 15 has zeros mod p for p = 7, 11, 17, 43, and 61.

    10. Check for zeros mod 997 of λ2 − 231.

    11. Let m be a positive, square-free rational integer and prove that a is a quadratic residue modulo m if and only if a is a quadratic residue modulo each prime divisor of m. (Use the Chinese Remainder Theorem.)

    12. Illustrate Problem 11 by determining all of the quadratic residues modulo 6; modulo 10; modulo 15.

    13. Show that the result of Example 6 can be used to check for primes in J as follows: If n = k2 − 3 and 3 is not a factor of n, then n is a prime if n is not divisible by any prime q of the form 12r + 1 or 12r − 1. Thus 61 is a prime since 11, 13, 23, 37, 47, and 59 are not factors of 61.

    14. Show that the polynomial λ2 + bλ + c has a zero modulo the odd prime p if and only if ((b2 − 4c)/p) is 1 or 0.

    15. What can you say about the zeros mod p of the following polynomials?

    (a) λ2 − 3λ + 4 and p = 23.

    (b) 7λ2 − 3λ + 11 and p = 19.

    (c) λ2 + 11λ − 13 and p = 227.

    9.9 Principal Ideal Domains

    Our object in this section is to prove that the factorization of a composite element of QD(m) into primes is unique (up to units and arrangement) if and only if the ideals of QD(m) are all principal ideals. But first we list a few simple results about principal ideals.

THEOREM 9.39. If a and b are elements of QD(m), then:

    (1) (a) = (b) if and only if a = eb, e a unit.

    (2) (a)(b) = (ab).

    To prove the first statement suppose a = eb where e is a unit. Now for any x in QD(m) we have
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so that
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Since e is a unit it has an inverse e−1 in QD(m) so that
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The same argument as used above shows that
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Hence (a) = (b).

    For the converse suppose (a) = (b). Then QD(m) contains elements c and d such that
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Combining these yields
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so that, if a ≠ 0, then
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and c and d are units. Of course if either a or b equals 0 then both do and the result is trivially true.

    The second statement is a consequence of the Distributive Law. An arbitrary element of (ab) is of the form xab for some x in QD(m) and since xa is in (a) we see that
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On the other hand, taking xa from (a) and zb from (b) we have xazb in (a)(b). Clearly xazb is in (ab) so that sums of such elements are in (ab) also.

Thus
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and we conclude that (ab) = (a)(b).

THEOREM 9.40. If every ideal of QD(m) is principal, then QD(m) has the unique factorization property.

    Let x be a composite element of QD(m). We know already that x is expressible as
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where the Pt are primes in QD(m), and we can write the principal ideal (x) as
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The important conclusion that we can draw from the fact that ideals in QD(m) are principal is that the principal ideals (pt) are prime in K(m). For, if
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then A and B are principal ideals,
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so that

[image: images]

and
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where e is a unit in QD(m). Since p is a prime in QD(m) this means that a or b is a unit and (p) is a prime in K(m.)

    So suppose x factors as
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where the Qt are primes of QD(m). Then in K(m) we have
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and the principal ideals (Pt) and (qj) are primes in K(m). Since factorization into primes in K(m) is unique we conclude that r = n and, relabeling where required,
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Consequently the factorization of x into primes is unique up to units.

    The converse is also true and is proved in similar fashion.

THEOREM 9.41. If factorization into primes in QD(m) is unique {up to units), then every ideal of QD(m) is a principal ideal.

    Because of the factorization theorem for K(m) and Theorem 9.39 it is only necessary to prove that the prime ideals of QD(m) are principal, so denote by P a prime ideal of QD(m). We select an element x ≠ 0 from P and express x in the form
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where the Pi are primes of QD(m). This is possible since P is not the unit ideal (1). Now we switch again to principal ideals so that
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and this time the ideals (Pi) are again primes of K(m). For suppose p is a prime in QD(m) and
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Then if neither A nor B equals (p) there exists an element a in A and an element b in B such that neither has p as a factor. However, the product ab is in (p) and so does have p as a factor. This contradicts the unique factorization property of QD(m), which implies that the factorization of ab into primes is the unique factorization obtained by factoring the two factors a and b. Hence the supposition that (p) is not a prime ideal leads to a contradiction of the unique factorization property of QD(m), and so we see that (p) must be a prime ideal.

Now we consider the factorization of the ideal (x),
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We know that the ideals (Pt) are prime ideals, and by the unique factorization theorem for K(m) we know also that these are the only prime factors of (x).

But (x) has the prime P as a factor since x lies in the ideal P, implying that
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Therefore P equals one of the principal ideals (Pi), and we conclude that P is a principal ideal.

    Example 1. Show that factorization into primes in QD(IO) is not unique. 

    A little elementary arithmetic shows us that the ideal (2) is prime in this domain since
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has the solution 0. Then we move on to (3) and find that
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is solvable so that
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Now we can show that the prime ideal (3, 1 + θ) is not principal, for suppose

[image: images]

where a and b are in J. Then there must exist rational integers c and d such that
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and using norms we have
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Now this means that
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since otherwise we have
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according to whether
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is 1 or − 1. Consider the equation
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modulo 5; then
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mod 5. But for any a in J,
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mod 5 so that
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mod 5. Hence a and b do not exist in J such that (a + bd) = (3, 1 + θ) in QD(10). Note that in QD(10) the integer 9 factors as
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        Exercise 9.9

    1. Show that the ideal (17) has a prime ideal divisor in QD(15) which is not principal, by the method of the example in this section.

    2. Find an element of QD(15) which can be factored into primes in two different ways.

    3. Let the rational prime p be such that (p) factors as (p, t1 + θ)(p, t2 + θ) in K(m). Show that, if m ≠ 1 mod 4 and (p/q) = − 1 for some rational prime factor q of m, then QD(m) is not a unique factorization domain. (Note: If p is a multiple of a − bd, then taking norms yields the result a2 − mb2 − p. Consider modulo q.)

    4. Find five different QD(m) in which the ideals are not all principal.

    5. In each of the domains of Problem 5 find an element which has two different factorizations into primes.

    6. Show that the quotient ring QD(m)/P of QD(m) over the ideal P is a field if and only if P is a prime ideal. How many elements are in the quotient ring?

    7. An ideal T of a commutative ring S is said to be prime if ab in T implies that a and/or b is in T. Compare this definition with the definition of prime ideal used in this chapter.

    9.10 Remarks

    Most of the material in this chapter can be developed for domains determined by irreducible monic polynomials of higher degree than two over J. Such domains are called algebraic domains, and their elements are called algebraic integers. The development is considerably more involved although the general procedure is about the same. Such treatments can be found in some of the books listed in the reading list.

    Other generalizations or partial generalizations of these results exist. Integral quaternions and quaternion ideals have been studied, particularly in connection with the problem of representing a rational integer as a sum of four squares (cf. MacDuffee, pp. 259-268). More exotic generalizations have been invented in other skew fields and noncommutative rings. The difficulties presented by such efforts will be more evident after we have investigated the basic model for noncommutative rings, the total matric ring, in a later chapter.
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            10

Modular Systems


    THE MODULAR SYSTEMS (i.e., the rings J/(m) and their extensions) have been growing in importance in recent years. Once considered to be primarily curiosities, these systems are of great interest to many people today for at least two reasons. The modular systems form a veritable gold mine for the teachers of the so-called "new mathematics" in the elementary and secondary schools, and many a science project features such an abstract number system. And in the vast domain of applied mathematics the modular systems, forming a basic component of finite combinatorial mathematics, have been attracting interest also. For a discussion of some applications of these systems the reader is referred to the monograph, Analysis and Design of Experiments by H. B. Mann.

    In this chapter we investigate the problem of finding the zeros of the polynomials over J/(m) by considering the elements of J[λ] modulo m. (This material is often referred to as the Theory of Congruences). Associated with the study of zeros of polynomials is the study of irreducible polynomials, and we determine all of the irreducible polynomials over J/(p) by classifying all of the finite fields and showing that they are the splitting fields of irreducible polynomials over J/(p). We also find the automorphism groups of these fields, the Galois fields.



    10.1 The Polynomial Ring of J/(m)

    The element

[image: images]

of the polynomial ring S[λ] with S = J/(m) is the ordered set

[image: images]

of elements from J/(m) with a′n different from zero in J/(m). Instead of working directly with such elements we shall deal with polynomials from J[λ] and

reduce them relative to the principal ideal (m) of J[λ]. Thus instead of treating the polynomial

[image: images]

with components in J/(4) we shall deal with the polynomial

[image: images]

with components in J and reduce this relative to the ideal (4) of J[λ]. Our basis for this switch is the “natural” isomorphism between J[λ]/(m) and (J/(m))[λ].

THEOREM 10.1. The mapping K,

[image: images]

where ai is in J and a′i + at (m) in J/(m), is an isomorphism from J[λ]/(m) onto the polynomial ring of J/(m).

    We make no distinction between the indeterminates of the two systems J[λ] and (J/(m))[λ] since the symbols are primarily conveniences anyway. Technically

[image: images]

and

[image: images]

where 0′ and 1′ denote the residue classes of J modulo m. Moreover we will be reducing the elements of J[λ] relative to the principal ideal (m).

    The elements of J[λ]/(m) are represented uniquely by the remainders left when dividing by the positive integer m which is of degree zero. These remainders are clearly of the form

[image: images]

where the a′t are the least residues modulo m. In other words the cosets of (m) in J[λ] are represented uniquely by the ordered sets

[image: images]

where the a′t are the representatives of the cosets (i.e., residue classes) of (m) in J. This establishes the one-to-one property of K, and the definitions of addition and multiplication in J[λ]/(m which are given in terms of these representatives, show that the mapping preserves the arithmetic of the systems.

    Example 1. Discuss the element

[image: images]

as an element of J[λ]/(6) and as an element of (J/(6))[λ].

    Actually the polynomial J(λ) is in neither of these systems since it is in J[λ], However, in terms of cosets of the ideal (6) in J[λ] it lies in the coset

[image: images]

since

[image: images]

And in J the elements 3, 14, 11, and − 10 are representatives of the congruence classes 3 + (6), 14 + (6), 11 + (6), and −10 + (6). These classes are usually represented by 3, 2, 5, and 2, respectively, so that f(λ) represents the element

[image: images]

of (J/(6))[λ], an element which can also be written as

[image: images]

    Then to study the zeros of a polynomial over J/(m) we consider a polynomial f/(λ) from J[λ] and determine the elements r of J such that

[image: images]

For surely the residue class r′ determined by r modulo m is a zero of f(λ), as an element of (J/(m))[λ], if and only if

[image: images]

and this happens if and only if f(λ), as a representative of a coset of (m) in f[λ], specializes onto a multiple of m when A is replaced by r.

    Example 2. Find the zeros of the polynomial 2′ + 2′λ + 3′λ2 over J/(4).

    The elements of J/(4) are 0′, 1′, 2′, and 3′ and direct substitution yields

[image: images]

and we conclude that 2′ is the only zero of this polynomial from J/(6). Now consider the polynomial

[image: images]

Then

[image: images]

and

[image: images]

    Furthermore,

[image: images]

since the mapping

[image: images]

is a homomorphism from J onto J/(6). So we conclude that the residue class of 2 modulo 6 is the zero of f(λ) modulo 6 (i.e., considered as a polynomial over J/(6)).

    Example 3. Find the zeros modulo 10 of the polynomial

[image: images]

    Replacing this polynomial from J[λ] by the “simplest” representative of the coset of the ideal (6) to which it belongs we obtain the polynomial

[image: images]

However, for the purposes of substitution the representative

[image: images]

is a better one to handle. Then

[image: images]

and we conclude that the residue class of −1 (which also includes 9) is the zero modulo 10 of the original polynomial. Note that the representative of least absolute value is often a more convenient representative of a congruence class to select in this type of work.

THEOREM 10.2. The element r′ of the ring J/(m) is a zero of the polynomial

[image: images]

from (J/(m))[λ] if and only if in J the integer

[image: images]

    By the definition of a zero of a polynomial we know that

[image: images]

if and only if r′ is a zero of f(λ). Because of the homomorphism from J onto J/(m) this is equivalent to the condition

[image: images]

    Hereafter we shall work with elements of J[λ] and elements of J and reduce them relative to the modulus m in a manner which seems convenient.

    Now the problem of determining the zeros modulo m of the polynomial f(λ) with rational integral coefficients is in a sense a completely solvable problem. We select apparently convenient representatives from each of the m residue classes, substitute in f(λ), and reduce the resulting element of J modulo m. Thus in a finite number of steps all of the zeros modulo m can be determined. However, since m can be arbitrarily large it is important to introduce some short cuts.

THEOREM 10.3. If q is a rational integral divisor of m, then r is a zero modulo q of f(λ) if it is a zero modulo m of f(λ).

    In other words, if an element of J has the factor m, then it also has the factor q. Thus if f(r) is not a multiple of q it cannot be a multiple of m.

    Example 4. Show that λ2 + λ + 1 has no zeros in J/(6).

    Consider this polynomial modulo 2. Since neither 0 nor 1 is a zero mod 2 of this polynomial we conclude from the above result that the polynomial has no zeros modulo 6.

    This certainly serves to shorten the work when a factor q of m is found such that f(λ) has no zeros modulo q. The obvious factors of m to check first are the prime factors, so the zeros of a polynomial over J/(p) are considered in the next section.

    Example 5. Check the polynomial

[image: images]

for zeros modulo 10.

    First we consider the polynomial modulo 2. Since f(λ) reduces here to λ + 1 we see that f(λ) has one zero mod 2, namely 1. (That is, if r is an odd integer, then f(r) is even.) Then we consider f(λ) modulo 5 and find that it reduces to

[image: images]

so that 4 is the only zero mod 5 of f(λ). (That is, if r is an integer of the form 5k + 4, then f(r) is a multiple of 5.)

    Is it possible to obtain a zero mod 10 for f(λ) from this information? Well, consider the two linear congruences

[image: images]

By the Chinese Remainder Theorem there is a unique integer x modulo 10 satisfying these conditions, as we see that

[image: images]

and
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Since f(x) is a multiple of both 2 and 5 we conclude that x is a zero modulo 10 of f(λ). This process is quite general and will be discussed later. In the meantime the student should review the section of Chapter 3 in which the Chinese Remainder Theorem is developed.

        Exercise 10.1

    1. Discuss the polynomial

[image: images]

as an element of J[λ]/(m) when (a) m = 7; (b) m = 8; (c) m = 10.

    2. Discuss the polynomial

[image: images]

as an element of (J/(m))[λ] when (a) m = 7; (b) m = 8; (c) m = 10.

    3. Find the zeros mod m of

[image: images]

when (a) m = 3; (b) m = 4; (c) m = 5; (d) m = 6.

    4. Show that the polynomial

[image: images]

has no zeros modulo 998. Does f(λ) have a zero in J/(m) when m is even?

    5. Let r be a zero mod m of f(λ). Show that in J[λ]
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where k = 0 mod m.

    6. Divide λ + 1 into the polynomial f(λ) of Example 3. What do you conclude about the zeros mod 10 of the quotient?

    7. When does the polynomial f(λ) = aλ + b have a zero mod m?

    8. Find the zeros mod 5 and mod 7 of the polynomial
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and determine the zeros mod 35 of f(λ).

    9. The zeros mod 25 of the polynomial

[image: images]

are 2, 7, 12, 17, 18, and 22. Find the zeros mod 50 of this polynomial.

    10. Find a homomorphism of J[λ] onto (J/(m))[λ], and describe it as an extension of the natural homomorphism from J onto J/(m).

    11. Take f(λ) as an arbitrary element of J[λ] and r as an arbitrary element of J. Define f1(λ) to be the polynomial over J/(m) whose components are the residue classes mod m of the corresponding components of f(λ), and let r′ denote the residue class mod m to which r belongs. Show that using function composition
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where G, G1 and H are the mappings
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and

[image: images]

In other words verify that it is possible to travel from f(λ) to f1(r′) by either of the two paths in the diagram shown in Fig. 10.1.


[image: images]

Figure 10.1



    12. Can a polynomial f(λ) have more than n zeros mod m where n is the degree of f(λ)? (See Problem 9.) If so, what must be true of m?

    10.2 Zeros Modulo a Prime

    The problem of determining the zeros modulo a prime p of the polynomial f(λ) is somewhat simpler than the corresponding problem for composite moduli. In the first place we are dealing essentially with an element from the integral domain (J/(p))[λ] so that our knowledge of such polynomial domains can be used.

THEOREM 10.4. If f(λ) as an element with components in J/(p) has degree n, then f(λ) cannot have more than n zeros modulo p.

    This is just a restatement of the well-known result on the zeros of an element from the polynomial domain of a field.

    Of course we can also use the theorems on which this is based.

THEOREM 10.5. If f(λ) is a monic polynomial of degree n over J and r is in J, then there exists a monic polynomial g(λ) of degree n − 1 over J such that
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    Corollary 10.5.1. The integer r is a zero mod p of f(λ) if and only if

[image: images]

    Corollary 10.5.2. If r and r1 are zeros mod p of f(λ) and if

[image: images]

then r1 is a zero mod p of g(λ).

    The theorem is a simple consequence of the Divisor Theorem for J[λ], and the first corollary follows easily by substitution (and is true if p is replaced by any positive integer). The second corollary follows by substitution and the fact that J/(p) is a field. Hence in J/(p)
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implies that
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since
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    Example 1. Find the zeros modulo 5 of the polynomial 2λ3 + 11λ2 − 8. Reduced modulo 5 this becomes

[image: images]

and we make it monic modulo 5 by multiplying by 3, the multiplicative inverse of 2 modulo 5. Thus we obtain

[image: images]

    Now f(1) = 5 in J so that 1 is a zero modulo 5, and we divide λ − 1 into f(λ):

[image: images]

So

[image: images]

and k = 5 is surely a multiple of 5. g(λ) factors easily (we could use the quadratic formula also since (2, 5) = 1) and

[image: images]

Thus the polynomial 2λ3 + 11λ2 − 8 has two zeros modulo 5, namely 1 and 3.

    There is also another reduction theorem which is sometimes useful in shortening the task of finding zeros modulo p, and it is based on the Little Theorem of Fermat and the Divisor Theorem in J[λ].

THEOREM 10.6. If f(λ) is a monic polynomial of degree n over J, then the zeros modulo p of f(λ) are precisely the zeros modulo p of the polynomial h(λ) where

[image: images]

and deg (h(λ)) < p or h(λ) = 0.

    The unique polynomials g(λ) and h(λ) from J[λ] come as a result of the Divisor Theorem, and since every element of J/(p) is a zero of λp − λ we see that
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for every r in J.

    Example 2. Find the zeros modulo 5 of the polynomial 2 + λ5 + 2λ7. Dividing λ5 − λ into this polynomial we obtain
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Multiplying by 3 and reducing modulo 5 we get the polynomial

[image: images]

and so the zeros modulo 5 of the element 2λ7 + λ5 + 2 are 3 and 4 (or − 1 and − 2 since any representative of a residue class mod 5 identifies that class).

    Corollary 10.6.1. The element f(λ) of F[λ], F = J/(p), has no zeros in J/(p) if and only if f(λ) and λp − λ are relatively prime in F[λ].

    This hinges upon the fact that the polynomial λp − λ of F[λ] has each of the p elements of J/(p) as a zero. Hence

[image: images]

in F[λ] so that it is quite clear that f(λ) can have no zeros in J/(p) if and only if f(λ) and λp − − are relatively prime in F[λ].

    Switching back to the polynomial domain of J we pose a little problem.

    Problem. If f(λ) is a polynomial of degree n over J, determine the number of primes p such that f(λ) has a zero modulo p. (Clearly n must be positive before a problem exists.)

    Solution. There are infinitely many such primes. For suppose

[image: images]

has zeros modulo only the m primes p1, …, pm. We can show that this leads to an impossible situation.

    Form the integer
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then for an arbitrary c in J we have
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where
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and
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Thus for any integer c, g(λ) is a polynomial such that
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and we see that g(λ) has no zeros modulo any of the m primes p1, …, pm. From this we conclude that g(λ) has no zeros modulo any prime p, for, if r is an integer such that
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then
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and we see that p must be one of the primes p1, …, pm. Since these have already been ruled out we know that g(λ) has no zeros modulo any prime in J.

    Now a polynomial of positive degree with such a property cannot exist, for this condition implies that
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for every c in J. Why is this? Well, if
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where m has a prime factor p, then c is a zero mod p of g(λ). Thus if g(λ) has no zeros modulo any prime, then m cannot have any prime factors, and 1 and − 1 are the only such elements of J. But consider the polynomial

[image: images]

it is of degree 2n but has every element of J as a zero. This is impossible, and we have proved the solution statement correct.

        Exercise 10.2

    1. Find the zeros modulo p of

[image: images]

when (a) p = 3; (b) p = 5;(c) p = 7; (d) p = 11.

    2. Find the zeros mod 3 of the polynomial 2λ4 + λ3 + λ + 4.

    3. Factor the polynomial λ3 + λ + 16 as an element of (J/(2))[λ].

    4. Find all of the zeros in J/(3) of λ9 − λ. Factor the polynomial over J/(3).

    5. Show that the polynomial f(λ) = λ3 + λ2 + λ + 1 has zeros modulo 2 and modulo 3. Form the polynomial g(λ) used in the problem at the end of the section.

    6. Find the zeros mod 7 of 3λ3 − 6λ2 + 5λ − 3.

    7. Find the zeros mod 13 of λ4 + 11.

    8. Find the zeros mod 11 of 2λ4 + 8λ + 9.

    9. Find the zeros mod 5 of 3λ3 + 239λ2 + 5λ + 242.

    10. Show that, for any prime p of the form 8k + 1, the polynomial λ4 + 1 has four zeros modulo p. (Consider λ8k − 1 and its factors.)

    11. Show that f(λ) = λ2 + 1 has a zero mod p if and only if p is a prime of the form 4k + 1. (See Chapter 4.)

    12. Combine Problem 11 and the problem of this section to get a proof that J contains infinitely many primes of the form 4k + 1.

    13. By considering λp − λ prove that

[image: images]

    14. Let f(λ) = aλ2 + bλ + c and show that f(λ) has a zero modulo the odd prime p if and only if the polynomial λ2 − (b2 − 4ac) has a zero mod p. (Read the section on quadratic residues in the preceding chapter.)

    15. Use Problem 14 to determine if:

    (a) 3λ2 + 8λ − 6 has a zero mod 13.

    (b) 5λ2 + 7λ + 15 has a zero mod 11.

    (c) λ2 - 10λ − 7 has a zero mod 17.

    10.3 Zeros Modulo a Prime Power

    If q = pn, where p is a prime and n > 1, then we know from Theorem 10.3 that a polynomial f(λ) has a zero modulo pn − 1 if it has a zero modulo q. In this section we shall study the converse question: Can a zero modulo q be constructed from a zero modulo pn − 1 for f(λ)? We will develop a step-up procedure for lifting a zero mod pn − 1 of f(λ) up to a zero mod pn of f(λ) when such a zero mod pn exists. This method is based on the concept of the formal derivative.

DEFINITION 10.1. If f(λ) is a polynomial over J,
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then the formal derivative of f(λ) is the polynomial
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    This concept (mentioned earlier for polynomials over R) can be defined for any polynomial ring.

    Lemma 10.1. If g(λ) = (λ − a) f(λ) in J[λ], then
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    More general statements about the formal derivative of a product can be proved, but this simple statement is sufficient for our aims.

    Denote f(λ) as

[image: images]

then
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Therefore
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and
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Then
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and adding f(λ) to this yields

[image: images]

    Example 1. Find the derivative of
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two ways.

    (1) g(λ) = −4 + λ2 − 2λ3 + y4 so that
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    (2) Set f(λ) = 2 + λ + λ3. Then
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so that
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    Now we use Lemma 10.1 to derive Taylor’s expansion for an element of J[λ]. (Note that D2f(λ) = D(Df(λ)) and so forth for repeated differentiations.)

THEOREM 10.7. If g(λ) is an element of degree n from the polynomial domain of J, then
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where a is in J and
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    This is in reality an extension of the Remainder Theorem, which states that
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    Since the degree of the quotient f(λ) is n − 1 we apply the induction hypothesis to get

[image: images]

Then we use the lemma above repeatedly to get
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(Note that Dnf(λ) = 0 since f(λ) is of degree n − 1.) Therefore, substituting a for λ, we get
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so that collapsing all of this information back into
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yields
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or
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where the bm are the prescribed elements of J.

    Of course the expansion does not depend upon the concept of forma differentiation for its existence here, but the derivative provides a conveniem method for computing the coefficients in the expansion.

    Example 2. Find the expansion of λ3 − 1 = f(λ) in powers of λ + 1.

    (1) Df(λ) = 3λ2, D2f(λ) = 6λ, and D3f(λ) = 6. Evaluating these for a = −1 we get

[image: images]

    (2) Dividing λ + 1 into λ3 − 1 yields
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dividing λ + 1 into λ2 − λ + 1 yields
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and dividing λ + 1 into λ − 2 yields

[image: images]

    Working back up the stack we get
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and
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    Using Taylor’s expansion for a polynomial we are able to prove the following step-up theorem.

THEOREM 10.8. Let f(λ) be a polynomial over J. If r is a zero mod pn of f(λ), then it is expressible as
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where
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and
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    From this theorem we see that a zero mod pn of f(λ) is obtained by combining a zero mod pn − 1 of f(λ) with a zero mod p of a linear polynomial. Thus a zero mod pn, when it exists, is a stepped-up version of a zero mod pn − 1 of f(λ).

    To prove the theorem we take r, a zero mod pn of f(λ), and write it as
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Writing f(λ) in powers of λ − s,
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we see that
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for some integer w since
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Therefore we have the two congruences,
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and
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since
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From

[image: images]

we get
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so that the congruence
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becomes
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Hence dividing by pn − 1 yields
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    The converse of the theorem is true also since the steps are reversible. Let s be a zero mod pn − 1 of f(λ), and let t be an element of J such that
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where
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Then the element
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is a zero mod pn of f(λ) as the above expansion of f(λ) in powers of λ − s shows.

THEOREM 10.9. If s is a zero mod pn − 1 of f(λ), if t is a zero mod p of the linear polynomial f(s)/pn − 1 + λDf(s) then r = s + tpn − 1 is a zero mod pn of f(λ).

    Example 3. Find the zeros mod 25 of

[image: images]

    First we find the zeros mod 5 of f(λ) by substitution: f(1) = 8, f(−1) = 4, f(2) = 25, f(−2) = 5. Thus 2 and −2 are the zeros mod 5 of f(λ), and we will try to step them up to zeros mod 25 of f(λ).

    (1) For s = 2 we have Df(s) = 25 since
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Then the linear polynomial
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has five solutions for s − 2 and p − 5 since modulo 5 this polynomial reduces to the polynomial
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which has, trivially, the solutions 0, 1, 2, 3, and 4 modulo 5. Giving t these values we get five distinct zeros modulo 25 for f(λ):
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and
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    (2) For s = −2 we have f(−2) = 5 and Df(−2) = 1. This time the linear polynomial

[image: images]

is not so trivial, being 1 + λ. It has the one solution 4 mod 5 so that s = − 2 steps up to r = −2 + 4(5) = 18.

    Because of Theorem 10.8 we conclude that the classes determined by 2, 7, 12, 17, 18, and 22, are all of the zeros mod 25 of f(λ).

    However, the student should not jump to the erroneous conclusion that each zero mod pn − 1 of f(λ) can be stepped up to a zero mod pn of f(λ). This is far from being true.

    Example 4. Determine the zeros modulo 9 of the polynomial
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    It is easy to see that f(λ) has exactly one zero modulo 3, namely s = 1. We compute
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Thus to step s = 1 up to a zero modulo 9 we need a zero modulo 3 of
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Since 1 + 3λ has no zeros modulo 3 we conclude that the step-up process cannot be performed. Hence f(λ) = λ2 + λ + 1 has no zeros modulo 9.

    From Example 3 we see that a polynomial over a ring with divisors of zero (in this case J/(25)) can have more than n zeros, where n is the degree of the polynomial.

THEOREM 10.10. An element f(λ) in the polynomial ring of a ring with divisors of zero can have more than n zeros, where n = deg (f(λ)).

    Some interesting bounds on the number of zeros mod m a polynomial f(λ) can have, have been obtained. See Chapter III of Introduction to Number Theory by T. Nagell.

        Exercise 10.3

    1. Find the derivatives of the following in two ways:

    (a) g(λ) = (λ − 7)(2λ2 + 3λ − 10).

    (b) g(λ) = (λ + 2)(λ3 + λ2 + λ + 1).

    2. Expand the polynomial

[image: images]

in two ways in powers of (a) λ − 1; (b) λ + 3; (c) λ + 2.

    3. Try to step 2 and 7, zeros mod 25 of
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up to zeros mod 125.

    4. Find the zeros mod 25 of f(λ) = λ4 − 1.

    5. Find the zeros mod 49 of f(λ) = 3λ3 − 6λ2 + 5λ − 3.

    6. Find the zeros mod (13)3 of f(λ) = λ4 + 11.

    7. Find the zeros mod 121 of f(λ) = 2λ4 + 8λ + 9.

    8. Find the zeros modulo 27, modulo 81, and modulo 243 of f(λ) = λ3 + 3λ + 9.

    9. Prove that the elements bm, m = 1, …, n, are elements of J.

    10. Develop the Taylor expansion for an element f(λ) of the polynomial ring of a commutative ring S with identity.

    11. Show that, if f(λ) has m distinct zeros modulo pn − 1, then it cannot have more than pm zeros modulo pn. Use this and the basic bound on the number of zeros of a polynomial over a field to obtain an upper bound on the number of zeros mod pn of the polynomial f(λ).

    12. Define the formal derivative of a polynomial in the polynomial ring of the commutative ring S with identity 1. Extend Lemma 10.1 to this ring.

    13. Prove
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and
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    14. What is formal differentiation anyway, a mapping, a relation, a binary operation, or what? (Consider the set {(f(λ), Df(λ)): f(λ) in J[λ]}.)

    15. Let H and K be two mappings of the commutative ring S onto itself such that
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Show that the mapping L = HK − KH has the same property. (Note: The image of s relative to L is L(s) = H(K(s)) − K(H(s)).)

    10.4 Zeros Modulo a Composite

    If the composite m is a power of a single prime p, then we already know how to find all of the zeros modulo m of a polynomial f(λ) by lifting up the zeros mod p to zeros mod p2, etc. In this section we complete our discussion of zeros modulo a composite by proving and illustrating the following basic result.

THEOREM 10.11. Let m = m1m2 where m1 and m2 are positive, relatively prime integers. If ri is a zero mod mi of f(λ) and if r is the unique integer mod m such that
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then r is a solution mod m of f(λ).

    We know from the Chinese Remainder Theorem that since (m1, m2) = 1 there is a unique integer r modulo m = m1m2 such that
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and
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Considering f(r) modulo m1 we see that
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similarly
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Thus f(r) is a multiple of both m1 and m2, and since (m1, m2) = 1 this means that f(r) is a multiple of m. Hence r is a zero modulo m of f(λ).

    Example 1. Find a zero modulo 50 of the polynomial

[image: images]

    Earlier we found the zeros mod 25 of f(λ) to be 2, 7, 12, 17, 18, and 22, and it is easy to see that 1 is the only zero mod 2 of f(λ). Thus we are able to construct six zeros modulo 50 from the resulting six pairs:

    [image: images]

    The numbers are so simple here that the values of r can be found very quickly by trial and error. However, a straightforward routine for finding r modulo m is given in Chapter 3 in the section on linear congruences.

    An obvious question to ask at this point is whether all zeros modulo m of f(λ) are obtainable in this way. The answer is positive and is supplied by Theorem 10.3. If r is a zero modulo m = m1m2 of f(λ), then

[image: images]

implies
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and
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and surely r can be reduced modulo the factors to yield
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Thus
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and
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so that r reduces to zeros r1 and r2 of f(λ) modulo m1 and m2, respectively. Moreover since (m1m2) = 1 we know that distinct zeros modulo m of f(λ) reduce to distinct pairs of zeros modulo m1 and m2. For, if r and s are zeros modulo m of f(λ) such that
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and
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then certainly we must have

[image: images]

Thus r and s are the same zeros modulo m of f(λ) in that they determine the same residue class modulo m. (In other words r′ and s′ are equal in J/(m).) This is the basis for the next result on the number of zeros modulo m.

THEOREM 10.12. If f(λ) has n1 zeros modulo m1 and n2 zeros modulo m2, where (m1, m2) = 1, then f(λ) has n1n2 zeros modulo m.

    By the preceding argument we know that each zero mod m of f(λ) is obtained from a pair of zeros, one modulo m1 and the other modulo m2, of f(λ). Furthermore we know that all such pairs give rise to zeros mod m of f(λ). Counting the number of such pairs we conclude that f(λ) has n1n2 zeros mod m.

    Example 2. Find the zeros modulo 350 of the polynomial
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    Checking f(λ) for zeros mod 7 we see that f(λ) has exactly one zero modulo 7, namely 4, since
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and λ2 + 1 is irreducible over J/(7). Therefore we conclude from the results of Example 1 that f(λ) has six zeros modulo 350. We shall now find one of these by finding r such that
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Then
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for some p and q in J, and
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Now we see that
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so that
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by multiplying by 43. Thus we can take
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and
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and so
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Reducing this modulo 350 yields the simpler representative −3 for this residue class, which is a zero mod 350 of f(λ).

    Example 3. Establish an upper bound for the number of zeros modulo 1225 of f(λ) = λ5 + 100λ2 + 99.

    First we factor 1225 as

[image: images]

Over J/(5) f(λ) has at most 5 zeros so that it has at most 25 zeros modulo 25 since each zero mod p can be stepped up to at most p zeros mod p2. Similarly f(λ) has at most 5 zeros mod 7 and at most 35 zeros mod 49. Hence f(λ) has not more than 875 = 25(35) zeros modulo 1225.

        Exercise 10.4

    1. Find the remaining zeros modulo 350 in Example 2.

    2. Find the zeros mod 100 of f(λ) = λ4 − 1 (see Problem 4, Section 10.3).

    3. Find the zeros mod 245 of f(λ) = 3 λ3 − 6λ2 + 5λ − 3 (see Problem 5, Section 10.3).

    4. Find the zeros mod 4(13)3 of f(λ) = λ4 + 11 (see Problem 6, Section 10.3).

    5. Find the zeros mod 847 of f(λ) = 2λ4 + 8λ + 9 (see Problem 7, Section 10.3).

    6. Find the zeros mod 490 of f(λ) = λ3 + 477.

    7. The polynomial f(λ) = λ3 + 3λ2 + λ + 3 has six zeros in J/(50) as we saw in Example 1. What does this mean about the factorization of f(λ) in S[λ], where S = J/(50)? Write out some different factorizations of f(λ) over S.

    8. Develop an upper bound for the number of zeros in J/(4900) of a polynomial f(λ) of degree six. Generalize.

    10.5 Galois Fields

    The complementary problem to the finding of the zeros of the polynomial f(λ) in J/(p) is the problem of determining the irreducible polynomials over J/(p). We know that an irreducible polynomial m(λ) in the domain F[λ] of the field F determines a field, namely F[λ]/(m(λ)), which is an extension of F. Moreover, if F is a finite field, then so is F[λ]/(m(λ)). Therefore if we could find all finite fields which contain F (or a subfield isomorphic with F), then we would have, in a sense, found all of the irreducible polynomials of F[λ]. Thus we change the problem of studying the irreducible polynomials of (J/(p))[λ] to the problem of determining all of the finite fields of characteristic p.

THEOREM 10.13. If F is a finite field, then F contains pn elements, where p is the characteristic of F.

    In Chapter 7 we proved that a finite integral domain has characteristic a prime, so that we know F has characteristic p for some prime p. Now consider F as an additive group: It is finite and Abelian and every element, except zero of course, has additive order p. Using the theory of finite Abelian groups we conclude that F contains pn elements, for some positive integer n. For if the order of F is divisible by any other prime p1 then by the Sylow Theorem F must contain some elements whose additive orders are p1. Since this is not possible we know that F contains pn elements.

    Corollary 10.13.1. F is an extension of J/(p).

    It was noted in discussing the characteristic that an integral domain of characteristic p contains a subsystem generated by its multiplicative identity which is isomorphic with J/(p). Hence F contains J/(p) in the sense of isomorphism so that F is an extension of J/(p).

    Example 1. Show that finite fields other than the fields J/(p) exist.

    This is done easily by exhibiting an irreducible polynomial of degree two or higher from the polynomial domain of some J/(p). Surely λ2 + λ + 1 is irreducible over J/(2) so that (J/(2))[λ]/(λ2 + λ + 1) is a field of four elements which can be identified by the possible remainders 0, 1, λ, and λ + 1. The operation tables of this field are as shown.
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    Now we turn our attention to the multiplicative group F′ of nonzero elements from F. Since the order of F is q = pn we know that the multiplicative group F′ contains q − 1 elements.

THEOREM 10.14. Every element of the field F of q = pn elements is a zero of the polynomial
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from F[λ].

    Let x be an element of F′. Then the order of x, the minimal positive integer m such that
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is a factor of q − 1, the order of F′ since m is the order of the subgroup of F′ generated by x (see Chapter 6). Since m is a factor of q − 1, say
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then certainly
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so that x is a zero of λq − λ.

    Corollary 10.14.1. The multiplicative group F′ of the nonzero elements of the finite field F of order q = pn is a cyclic group.

    Denote by r the largest of the multiplicative orders of the elements of F′. Then F′ contains an element u such that
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but no lower power of u equals 1. Now we claim that, if x is any element of F’ then
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For otherwise F′ contains an element t whose order k is a prime power which does not divide r. Then the order of ut is greater than r, which contradicts the choice of r. (See the sections on finite Abelian groups in Chapter 6.) Thus every element of F′ is a zero of the polynomial
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and since this polynomial has at most r zeros in a field we know that
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    On the other hand we know from the theorem above that
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Thus r = q − 1 and the elements of F′ are precisely the powers
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and F′ is cyclic.

    Example 2. Find a generator of the group F′ in Example 1.

    The nonzero elements of Example 1 form a group of order three. We see that both λ and λ + 1 serve as generators since
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and
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    Theorem 10.14 is the key to classifying the finite fields since it suggests that we work with the polynomials of the form λq − λ, q = pn, over J/(p) and investigate their splitting fields. It turns out that for each prime p and each positive integer n there is exactly one (in the sense of isomorphism) finite field of order q = pn, and it is the splitting field of the polynomial λq − λ.

DEFINITION 10.2. The Galois Field GF(pn), where p is a prime and n is a positive integer, is the splitting field of the polynomial f(λ) = λq − λ, q = pn, of (J/(p))[λ].

    When n = 1 we know from the Little Theorem of Fermat that GF(p) is the field J/(p) since each of the p elements of J/(p) is a zero of the polynomial
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The general situation follows the same pattern.

THEOREM 10.15. The Galois field GF(pn) contains pn = q elements.

    First we wish to show that GF(pn) has at least q elements, and this requires showing that f(λ) = λq − λ has q distinct zeros in GF(pn). This is accomplished by using the formal derivative on the polynomial f(λ) in the polynomial domain of GF(pn). For, if
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and t is a zero of g(λ) also, then
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has t as a zero. But
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since
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and the polynomial Df(λ) = −1 has no zeros. Hence the splitting field of
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must contain at least q = pn elements since there are q different zeros of f(λ).

    Denote these q zeros by
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From
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we get
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and
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(Here we again use the fact that
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Furthermore, if ai ≠ 0, then
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implies
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Thus we see that the q zeros of f(λ) form a field F, and since f(λ) factors into linear factors in F[λ],
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we conclude that F is a root field of f(λ). But the splitting field GF(pn) of f(λ) is the smallest root field of f(λ), so from
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we conclude that
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Thus GF(pn) contains pn elements.

    Corollary 10.15.1. For each prime p and each positive integer n there exists a field F of pn elements, and Fis isomorphic with GF(pn).

    The existence of F is a consequence of the fact that the splitting field of
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exists and contains q = pn elements. And F is isomorphic with GF(pn) since the splitting field of a polynomial is unique up to an isomorphism.

    Example 3. Find the Galois field GF(9).

    Since GF(9) is in the sense of isomorphism the only field of order nine we find an irreducible polynomial
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    of degree two over J/(3) = F. Then the field F1 = F[λ]/(m(λ)) is the field GF(9). Denote the coset λ + (m(λ)) by x; then the elements of F1 can be written as
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Since x is a zero of m(λ) we have
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and using this we compute
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Thus we see that the element x + 1 is a generator of the multiplicative group of nonzero elements of F1. From these computations we conclude that
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for k = 1, 2, …, 8, so that the nine elements of F1 are zeros of
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    Hence f(λ) splits completely over F1 so that F1 is a splitting field of f(λ). Thus F1 and GF(9) are isomorphic.

        Exercise 10.5

    1. Construct the operation tables for the field F1 of Example 3.

    2. Show that λ2 + λ + 2 is irreducible over F = J/(3), and construct the operation tables of F2 = F[λ]/(λ2 + λ + 2). Denote the coset containing λ by t.

    3. Show that λ2 + 2λ + 2 is irreducible over F = J/(3), and construct the operation tables of F3 = F[λ]/(λ2 + 2λ + 2). Denote the coset containing λ by w.

    4. Show that in the polynomial domain of J(3) the polynomial λ9 − λ factors as
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    5. In the field F1 (Problem 1) show that x + 1 is a zero of λ2 + λ + 2 and that 2x + 1 is the other zero of this polynomial. On the other hand show that 2t + 1 from F2 (Problem 2) is a zero of the polynomial λ2 + 1.

    6. Show that x + 2 from the field F1 (Problem 1) is a zero of λ2 + 2λ + 2, and the element w + 1 in F3 is a zero of λ2 + 1.

    7. By checking and comparing the tables obtained in Problems 1, 2, and 3 show that the three fields F1, F2, and F3 are isomorphic.

    8. Find generators of the multiplicative groups of the fields F1, F2, and F3.

    9. Let m(λ) be an irreducible polynomial of degree n in F[λ], where F = J/(p). By considering the G.C.F. of m(λ) and λq − λ, q = pn, show that m(λ) is a factor of λq − λ in F[λ]. (Note that F[λ]/(m(λ)) is a field of order q.)

    10. By considering λ2 − λ show that F[λ] contains exactly ten monic irreducible polynomials of degree two when F = J/(5).

    11. Show that λ2 + 1 is a factor of λ81 − λ in the polynomial domain of J/(3). What does this show about the degrees of the nonlinear factors of λq − λ when q = pn? (Note that λ8 − 1 = (λ2 + 1)(λ6 − λ4 + λ2 − 1).)

    12. Let S be a commutative ring of characteristic p. Show that, if a and b are elements of S and q = pn, then
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Use induction on n.

    10.6 Automorphisms of a Galois Field

    Since an automorphism of GF(pn) leaves the zero element unchanged we need only to look at the nonzero elements when investigating automorphisms of GF(pn). Already we know that these elements form a multiplicative group which is cyclic of order pn − 1. Now we look at the properties of the generators of this cyclic group since an automorphism of GF(pn) will also be an automorphism of this cyclic group and so map generators onto generators.

THEOREM 10.16. Let w denote a generator of the multiplicative group of nonzero elements of GF(pn). Then, when n > 1, w is a zero of an irreducible polynomial m(λ) of degree n from the polynomial domain of GF(p).

    Form the pn elements of GF(pn) of the form
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where the ai are in GF(p). Since there are p choices for each ai there are certainly pn such expressions, and we can show that no two of them are equal. For suppose two such elements are equal. By subtracting one from the other we get an equation
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    where r < n, br ≠ 0, and the bi are in GF(p). This equation can be solved for wr:
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    where m < n − 1 and the ci are in GF(p). But such an equation implies that GF(pn) contains not more than pn−1 elements since it means that all powers of w can be expressed in the form
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where the di are in GF(p), and there are only pm +1 choices for the coefficients di. But this contradicts the fact that GF(pn) contains pn distinct elements, so that we have proved that the pn expressions
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are all distinct. This means that w is a zero of some polynomial m(λ) of degree n over GF(p) since one of these expressions equals zero.

    Furthermore the argument above shows that m(λ) is irreducible over GF(p). For, if
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    then w is a zero of one of these, and we again obtain the equation
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where n > r > m and the ci are in GF(p). Since this equation leads to a contradiction of the number of distinct elements in GF(pn) we conclude that m(λ) is irreducible over GF(p).

    Example 1. In Example 3 of the previous section the field GF(9) was discussed. There we took GF(9) as the field F[λ]/(λ2 + 1) where F = J/(3). In that example x denoted the coset of the ideal (λ2 + 1) which contained λ, and we saw that x + 1 was a generator of the multiplicative group of nonzero elements of GF(9). Taking w as x + 1 we see that w is a zero of
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since
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and
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in GF(9). The nine elements of GF(9) can be written as
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and
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These are the pn = 9 expressions used in the proof of Theorem 10.16.

    Note that this example illustrates the fact that not every zero of an irreducible polynomial of degree n over GF(p) is a generator of the multiplicative group of nonzero elements of GF(pn). For the element x above is a zero of λ2 + 1 which is certainly irreducible over GF(3), but the powers of x are
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Thus x generates a proper subgroup of the multiplicative group.

    What about the other zeros of the irreducible polynomial m(λ) which has the generator w as a zero? Are they generators of the multiplicative group of nonzero elements of GF(pn) also? The answer is positive, but to prove it we need the following extension of the binomial expansion.

    Lemma 10.2. If a1, …, am are elements in a commutative ring of characteristic p, then for q = pn,
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The proof involves a double extension of the binomial expansion
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First,
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so, by the induction hypothesis,
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and
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Hence
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    Now consider the expression
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By the above
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and applying the second induction hypothesis to the second term on the right we get
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completing the second induction. This proves the lemma.

THEOREM 10.17. If w is a generator of the multiplicative group of nonzero elements of GF(pn), n > 1, then the zeros of the monic irreducible polynomial m(λ) over GF(p) which has w as a zero are wp, …, wt, where t = pn−1.

    From the fact that w is a zero of
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we get the equation
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Raising zero to the pth power yields
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Using the Little Theorem of Fermat we can replace aip by ai in GF(p), obtaining
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Hence wp is a zero of m(λ). Continuing this process proves the theorem.

Not only are the n elements wk, k = 1, p, p2, …, pn−1, the n zeros of m(λ), but they are all generators of the cyclic group of nonzero elements of GF(pn) (although there are still other generators in general). This follows easily from the fact that the cyclic group generated by w is of order pn−1, an integer relatively prime to powers of p.

THEOREM 10.18. If w generates the cyclic group of nonzero elements of GF(pn), then wk is also a generator when k = 1, p, p2, …, or pn−1.

    Note that
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If
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then km is a multiple of pn − 1, and since k is relatively prime to pn − 1 this means that m is a multiple of pn − 1. Thus wk generates a subgroup H of order at least pn − 1, and since this is the order of the whole group of nonzero elements we conclude that wk is a generator of that group.

    Example 2. Show that w3 is a generator of the multiplicative group in Example 1.

Rewriting the computations of Example 4 in the previous section we have
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From these calculations we obtain
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Thus w3 is a generator of this group of order eight, as are w5 and w7 also.

    Now we can determine the automorphism group of GF(pn).

THEOREM 10.19. The automorphism group AGF(pn) of GF(pn) is a cyclic group of order n.

    Let A be an automorphism of GF(pn). Since it fixes 1 it also fixes 2 = 1 + 1, 3 = 2 + 1, etc., so that the elements of GF(p) are all fixed by A. Using this we see that a generator w of the multiplicative group of nonzero elements of GF(pn) is mapped onto a zero of m(λ), where m(λ) is the irreducible polynomial of degree n over GF(p),

[image: images]

which has w as a zero. For
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acted upon by A becomes
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since A preserves the arithmetic of GF(pn) and leaves the elements of GF(p) unchanged. Thus wA is a zero of m(λ) also, so that by Theorem 10.17,
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where k is some power of p. This means that we can identify the automorphisms of GF(pn) by looking at the n elements
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since each automorphism is identified completely by its effect on the generator w. Since the only possible images of w are the n elements wk for k = 1, p, …, pn−1 we know then that the automorphism group AGF(pn) contains at most n elements.

    On the other hand, using Lemma 10.2 we see easily that AGF(pn) contains at least n elements since the mapping
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is an automorphism of GF(pn). If x and v are two elements of GF(pn), then
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by the lemma, and certainly
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Thus Am preserves the arithmetic of GF(pn), and since
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if and only if x = 0, this means that Am is an automorphism of GF(pn). The n mappings A1 A2, …, An−1, and An = E, the identity mapping, are all different since each of them sends w onto a different zero of m(λ). So we conclude that the group AGF(pn) is of order n and contains exactly the elements A1, A2, …, An. Furthermore we see that

[image: images]

since
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that
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Hence the automorphism group of GF(pn) is a cyclic group of order n.

    Corollary 10.19.1. The elements of GF(p) are the only elements of GF(pn) which are left unchanged by all automorphisms of GF(pn).

    If x is left fixed by every element of AGF(pn), then it is certainly left unchanged by A1. Hence
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so that
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Thus x is a zero of the polynomial λp − λ, and the p zeros of that polynomial make up the field GF(p).

    Example 3. Find the automorphism group of GF(9).

    Using the notation of Examples 1 and 2 we see that GF(9) has two distinct automorphisms which are determined by the two possible images of w, namely w and w3. The identity mapping sends w onto w, so let us consider the mapping A which sends w onto w3. Then we have the following:
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The elements 0, 1, and 2 are fixed by A.

    Checking a few arithmetic calculations we have:

    [image: images]

The group AGF(9) is a cyclic group of order two and contains the elements E and A.

        Exercise 10.6

    1. Factor λ8 − λ over GF(2), find the two irreducible cubics, extend GF(2) to GF(8), and find all of the generators of the multiplicative group of nonzero elements of GF(8).

    2. Select a generator w from Problem 1, and form the polynomial

    [image: images]

Show that m(λ) is one of the two irreducible cubics found in Problem 1.

    3. Find the automorphism group of GF(8).

    4. Find all irreducible factors of λ15 − 1 over GF(2). (Note that a quartic can be reducible even if it has no linear factors.) Find a generator w of the multiplicative group of nonzero elements of GF(16), and describe the elements of GF(16) in terms of powers of w.

    5. Show that the set of elements of GF(16) which are left fixed by the automorphism A2,
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is a subfield of GF(16) which is isomorphic with GF(4).

    6. Continue the calculations of Example 3 with the following:

    (a) 2w(w + l)(w + 2).

    (b) (w + 1)(2w + 1) + (2w)(w + 2).

    7. Prove that GF(pm) is isomorphic with a subfield of GF(pn) if and only if m is a factor of n. (Consider the polynomials λm − λ and λn − λ over GF(p).)

    8. Prove that a cyclic group of order n contains a cyclic subgroup of index m if and only if m is a factor of n.

    9. Relate Problems 7 and 8 by showing that, if B is the subgroup of index m in the group AGF(pn), then the set of elements in GF(pn) fixed by the automorphisms in B is a subfield of GF(pn) which is isomorphic with GF(pm).

    10. If n is a prime what can be said about the number of subfields of GF(pn)? (Look at the subgroups of AGF(pn).)

    11. An irreducible polynomial f(λ) of F[λ] of degree m, where F = GF(pn), is said to belong to the exponent r if and only if r is the least positive integer such that f(λ) is a factor of λr − 1 in F[λ]. Prove that f(λ) belongs to r if and only if every zero of f(λ) has multiplicative order r, in which case r is a factor of pnm − 1.
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            11

Modules and Vector Spaces


    IN THIS CHAPTER we digress from the study of rings to introduce a new type of algebraic system, the module, and in particular a variety of module called the vector space. The concept is of considerable importance and use since it links various abstract algebraic systems with that intuitive, visual, and familiar subject, coordinate geometry. This connection enables the geometry to be generalized and abstracted by using the knowledge of the various algebraic systems, and from the algebraic viewpoint this geometric tie-up leads to suggested procedures, problems, conjectures, etc., which in turn can lead to a better understanding of the algebraic systems. Although we naturally make some use of this interplay, our investigation is restricted to the development of little more than enough material to provide for the study of a new type of ring in the following chapters. Thus the chapter can be considered as, effectively, a continuation of our study of rings.



    11.1 Definitions and Examples

    Most students today encounter the classic example of a module in their elementary physics classes. There a vector quantity is presented as a “directed number” and these elements are used in the study of force, velocity, acceleration, etc. Such a quantity is presented geometrically as a line segment in a plane (or in three-space) with an arrowhead indicating direction and the length, according to some scale, representing the magnitude. The totality of such directed line segments, or vectors, in a plane emanating from a fixed point O (the origin) form a plane vector space. Here two vectors are added according to the parallelogram rule (Fig. 11.1).

    It is quite easy to see that the resulting algebraic system is an Abelian group, especially by using the methods of analytic geometry. In this analysis of the plane relative to a fixed pair of perpendicular axes through O and an arbitrary unit, each vector v is assigned a unique pair of real numbers which are called the components of v. These numbers are precisely the coordinates of the arrowhead of the vector (Fig. 11.2).


[image: images]

Figure 11.1
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Figure 11.2



    Using this scheme we see that the parallelogram definition of addition can be couched in terms of the coordinates of the vectors. Thus, if u and v are coordinatized as (x1, y1) and (x2, y2), respectively, then u + v is the vector with coordinates (x1 + x2, y1 + y2) (Fig. 11.3).

    Thus in considering a plane vector space and vector addition we are effectively studying the Abelian group (V, +) where V = Re × Re and addition is defined by the equation
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That this system is an Abelian group is quite obvious. (Note that the addition symbol is used in two different ways here.)


[image: images]

Figure 11.3



    In dealing with vector quantities in physical problems another binary operation is used, namely, scalar multiplication. The geometrical illustration of this operation is indicated in Fig. 11.4. In terms of the system (V, +) this scalar multiplication is a mapping from Re × V onto V defined by
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for each k in Re and (x, y) = v in V. Scalar multiplication combines with vector addition as follows:
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and
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for real numbers a and b and vectors u and v.

    Actually we have made considerable use of just such an intertwining of an Abelian group with a ring in our earlier investigations of groups and rings. That intertwining was based on the Associative Law and “exponentiation,” and related an Abelian group (G, ⊕) with the ring J. If g is in G and n is in J, then the scalar multiplication (*) was defined by

[image: images]

and
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Figure 11.4



    Here again the four binary operations (addition in G, symbolized by ⊕, addition and multiplication in J, and scalar multiplication) are related closely:
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and
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for integers a and b and elements u and v of G. (Compare with the properties of the plane vector space above.) These properties were discussed and used in Chapters 6 and 7.

    Abstracting from these two familiar examples we define a module as a combination of an Abelian group and a ring.

DEFINITION 11.1. An Abelian group (G, ⊕) is a left module over the ring (S, +, ·) with identity 1 if and only if there exists a mapping called scalar multiplication (*) from S × G onto G such that
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and
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for a and b in S and u and v in G.

    G is referred to as a left S-module.

    It is convenient and customary to reduce the number of symbols denoting the four binary operations above to two by distinguishing between the elements of G and S. Thus the scalars (i.e., elements of S) will be denoted by italics and the elements of G by bold face letters. Then the symbols
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can only stand for scalar products, whereas
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must denote sums in G and cannot be confused with
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which are sums in S. Then the axioms above take the forms
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and

[image: images]

Note that a + x and xy are undefined.

    Example 1. An additively written Abelian group G is a left J-module by our discussions of associativity, exponentiation, and scalar multiplication.

    Example 2. The additive group of S[λ] for a ring S with identity is a left S-module. Here the scalar multiplication is given by
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for a in S.

    Since S[λ] is an extension of S this example is a special case of the following.

    Example 3. If the ring T is an extension of the ring S with identity 1 and if 1 is the multiplicative identity of T also, then the additive group of T is a left S-module. Here the scalar multiplication is just the multiplication of T and the properties 11.1, 11.2, and 11.3 follow from the usual Distributive and Associative Laws.

    This situation can be essentially reversed in some very important instances.

    Example 4. The additive group of the ideal (m) of J is a left J-module. Here again the scalar multiplication is just the multiplication of J.

    In fact the additive group of any ideal of a ring S with identity forms a left S-module. Indeed the additive groups of some subrings of S which are not ideals also form left S-modules, and this leads to the concept of left ideal which will be discussed later.

    In all of the examples considered thus far the adjective “left” has been of little significance, and in fact we shall soon dispose of it completely. However, the distinction is an important one, especially when S is a non-commutative ring, so in the work that follows the scalar multiplication is understood to be on the left unless explicit instructions to the contrary are given. (A corresponding treatment of right S-modules can be carried out, but since the resulting theory is completely dual to that for left S-modules we shall not bother discussing the concept here. There exists also a theory of two-sided S-modules, which stems from the concept of ideal in 5, but this is a more advanced topic which we do not treat.)

These examples indicate that any general theory of modules would have to include development of both a theory of Abelian groups and a theory of rings with identity elements. Since we are attempting only to introduce some of the basic concepts we shall restrict our attention to special types of modules.

DEFINITION 11.2. A vector space over a field F is a left F-module.

    The following notation is used for vector spaces. V(F) denotes an abstract vector space over the field F, V is the space, u, v, w, …, are the vectors or elements of K, and a, b, c, …, are the scalars or elements of F.

    There are many examples of vector spaces, but for reasons that will become clearer in later sections the following is of considerable importance in our work.

    Example 5. Denote by Cn(F) the set of all ordered sets of n elements of the field F, where n is an arbitrary but fixed positive integer. These n-tuples (or mappings from the first n positive integers onto F) are denoted by
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Vector addition and scalar multiplication are defined by abstracting from the discussion at the start of this section; if
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then
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and
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for a in F. This vector space is referred to as the coordinate n-space of F.

    When F is the real field and n = 2, then this is the first space discussed in this section.

    We conclude with a simple but basic result which relates certain key elements of the ring S and the S-module G.

THEOREM 11.1. If z is the identity of the S-module G and −v is the inverse of v, then
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and
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    To prove (i) we write
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Adding —v yields
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    To prove (ii) we write
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Adding —v yields
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    The proof of (iii) is left as an exercise

        Exercise 11.1

    1. Using the ordered pair technique show that the vectors in the plane form an Abelian group.

    2. Draw a diagram illustrating the Associative Law for addition of plane vectors. Prove the Associative Law geometrically.

    3. Show that, if u and v are two plane vectors from O which do not lie entirely on a single line through O, then each vector w is expressible uniquely in the form
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Associate this with the coordinatization of the plane.

    4. Let G be the set J × J. Interpret the elements of G as plane vectors and thereby obtain a geometrical illustration of a J-module.

    5. Consider the collection of all segments of great circles on a sphere which emanate from a fixed point O. Can this be made into an S-module for some ring S? Explain. Can it be projected onto a plane vector space?

    6. Describe addition of vector quantities in three-space.

    7. Is there any physical reason for studying spaces of “dimension” greater than three?

    8. Write out all of the axioms for a vector space V(F).

    9. Show that Cn(F) satisfies each of the requirements listed in Problem 8.

    10. Define a right S-module, and give two examples.

    11. Show that the set Pn(F) of all polynomials from F[λ] of degree less than n or no degree form a vector space relative to the operations of Example 2. How does it compare with Cn(F)?

    12. Prove (iii) of Theorem 11.1.

    13. Let M(F) be the set of all functions from the field F to F. Let H and K be two such functions and define H + K and aH by their images:
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and
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Show that M is a vector space over F.

    14. Let Mb(F) be the set of all elements H from M(F) in Problem 13 such that

[image: images]

Show that Mb(F) is a vector space over F relative to the operations defined above.

    15. Show that the additive group of the domain F[λ] is a left F[λ]-module when the scalar multiplication is defined by using the formal derivative: If f(λ) and g(λ) are in F[λ], f(λ) = a0 + a1λ + … + anλn, then
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    16. Let G be an S-module. Show that the mapping which is called scalar multiplication describes a homomorphism Ha of G onto a subgroup of itself for each a in S,
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Use this idea to generalize the concept of module to non-Abelian groups.

    17. Show that the complex field C = Re[λ]/(λ2 + 1) is a vector space of “dimension” two over Re. (See Problem 3.)

    18. Show that a quadratic extension of the rational field R is a vector space of “dimension” two over R.

    19. Let G be an S-module, let S have no proper left ideal, and let a and x be elements of S and G, respectively. Show that
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where z is the zero of G, if and only if a = 0 and/or x = z.

    11.2 Subspaces

As the student should expect, the study of modules and vector spaces involves the investigation of subsystems and homomorphisms. This is again the generalized number theoretic approach to the study of the structure of an algebraic system which we have illustrated earlier in our analysis of other systems. Roughly speaking the subsystems are the “factors” of the whole system.

DEFINITION 11.3. A nonempty subset M of the S-module G is a submodule if and only if the element
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is in M for each a and b in S and u and v in G.

    It is quite easy to see that a submodule M of the left S-module G is also a left S-module. Since
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for u and v in M, we see that the binary operation (which is written as addition) of G induces a binary operation on M, and this operation is associative and commutative by inheritance from G. Moreover the equations
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and
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show that −u and z are in M when u is in M. Hence (M, +) is a group, a subgroup of (G, +). Since the properties of scalar multiplication are also inherited by M we conclude that M is a left S-module.

THEOREM 11.2. A submodule M of the left S-module G is also a left S-module.

    Example 1. Let M be the set of all elements (a1, a2, a3) of C3(R) with a1 = 0.

Since
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with
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we conclude that M is a submodule of C3(R). Since C3(R) is a vector space the set M is called a subspace.

DEFINITION 11.4. A submodule M of a vector space V(F) is a subspace.

    Example 2. Let (G, +) be an Abelian group; then G is a J-module (as we saw earlier) and each subgroup M of G is a submodule of the J-module G. For, if u and v are in M and a and 6 are positive integers, then
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where (u + … + u) and (v + … + v) denote the sum of a u’s and the sum of b v’s, respectively. Obviously these are in M, and we see from this that M is a submodule.

    Example 3. Let M be an ideal of the ring S with identity. Now the additive group (S, +) can be interpreted as a left S-module since the requisite properties follow from the Associative and Distributive Laws for S. Then the elements of M form a submodule of (S, +) since
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is surely in M when a and b are in S and u and v are in M.

    Now that we have some idea of what a subspace (or a submodule) is, we pose a problem which will be the subject of our investigations in the ensuing sections of this chapter.

    Problem. Determine some or all of the subspaces of the vector space V(F).

    The problem is stated only for vector spaces since the counterpart for modules is considerably more difficult. As a matter of fact we will restrict our attention to just a certain type of vector space.

    As a first step in the investigation of this problem we describe two methods for obtaining a subspace of the vector space V(F).

    Method 1: Building a subspace from a nonempty collection T of vectors of V(F). This method is a very simple one, basically. We select finitely many elements from T, say t1, t2, …, tm, and m elements a1, …, am from F, and form
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If t is in T, nothing more needs to be done, but if t is not in T, then we enlarge T to include this element.

DEFINITION 11.5. The element t is a linear combination of elements from T. The collection of all linear combinations of elements from T is denoted by (T).

    For example, if the set T of a vector space V(F) with F = J/(3) consists of two vectors, t1 and t2, then the set (T) consists of
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These are not necessarily all distinct.

    If T is an infinite set, then (T) consists of all linear combinations involving a single vector, all linear combinations involving two vectors, all linear combinations involving three vectors, etc. From the definition we see that a linear combination of vectors always involves just a finite collection of vectors.

THEOREM 11.3. If T is a nonempty subset of V(F), then (T) is a subspace of V(F).

    Let u and v be two vectors from (T). Then by the definition of (T) we know that u and v are linear combinations of elements from T,
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and
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where the ai and bi are in F and the ti and t′i are vectors from T. Certainly
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where a and b are in F, is also a linear combination of elements from T. Hence au + bv is in (T) so that (T) is a subspace of V(F).

DEFINITION 11.6. A subspace U of the vector space V(F) is spanned by the set T of vectors from V(F) if and only if U = (T). Sometimes we say that T generates U.

    Of course each subspace U of V(F) has at least one spanning or generating set, namely the set U. More important, however, are the minimal generating sets, and these are studied in the next section.

    Method 2: Building subspaces from subspaces of V(F). From our studies of other algebraic systems we should expect subspaces to intersect in subspaces, and that is indeed what happens. Moreover we can combine two subspaces to build a larger space (and basically we are back to the first method).

THEOREM 11.4. If K is a nonempty class of subspaces of V(F), then I(K), the set of elements of V(F) which are common to all of the subspaces in K is a subspace of V(F).

    Let u and v be in I(K) and a and b be in F. Then u, v, and hence au + bv are all elements of each element of K. That is, if U is in K, then u and v are in U so that au + bv is also in U since it is a subspace of V(F). Therefore au + bv is in every subspace in K so that au + bv is in I(K). Thus we see that I(K) is a subspace of V(F). (Note that I(K) is not empty since every subspace of V(F) contains the zero vector z.)

    Example 4. Let V(F) be the familiar three-dimensional real vector space of vectors emanating from the origin O. Then any two planes through O correspond to subspaces of V(F), and their intersection is (in general) a line through the origin. The vectors in this line form a subspace just as the vectors in a plane through O determine a subspace.

THEOREM 11.5. If U and W are subspaces of V(F), then the set
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is a subspace of V(F).

    The subspace U + W is called the sum of U and W and is easily seen to be the subspace spanned by the set union of U and W. To show that U + W is a subspace we note that, if u and v are in U + W, then
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where ut is in U and wi is in W. Then
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and this is in U + W since
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is in U and
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is in W.

    This definition of the sum of two spaces can obviously be extended to enable a finite collection of subspaces to be summed. What is not so obvious is that the concept can be extended to an infinite collection of subspaces of V(F).

DEFINITION 11.7. If K is a collection of subspaces of the space V(F), then the sum of subspaces in K is defined to be the subspace spanned by the set union of the elements of K and is denoted by ∑(K).

    Example 5. Let V(F) be the polynomial domain of F considered as a left F-module. Denote by Fλn the set of all polynomials of the form aλn,
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    This set is quite obviously a subspace of V(F) for each positive integer n since
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so take K to be the collection of all Fλn with n even. Then the subspace ∑(K) is the collection of all oolvnomials of the form
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Note also that the subspace consisting of all polynomials of degree less than n or of no degree can be written as
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    As in the discussions of other subsystems a proper subspace of V(F) is a subspace U ≠ V(F), and the set (z) is the trivial subspace of V(F).

    In certain specific spaces or types of spaces there are many, many other ways for singling out subspaces, and more are being discovered every day.

A very common method for distinguishing subspaces of the coordinate n-space Cn(F) involves a system of linear equations. If (a1, …, an) and (b1, …, bn) are two vectors of Cn(F), then the set of all vectors
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such that
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and
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form a subspace of Cn(F). This subspace is the subspace of Cn(F) orthogonal to the subspace spanned by (a1, …, an) and (b1, …, bn).

    Example 6. Find the subspace of C3(R) which is orthogonal to the subspace spanned by (1, 1, 2) and (2, 2, 3).

    From the equations
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and
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we conclude that
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    Then
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and
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imply that x1 = −x2, so that the orthogonal subspace consists of the vectors of the form
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where x2 is an arbitrary element of R. Since
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we see that this collection is indeed a subspace of C3(R).

    If we switched to the real field instead of the rational field R we could describe this situation geometrically. The two vectors (1, 1, 2) and (2, 2, 3) determine a plane through the origin, and the orthogonal subspace consists of the vectors on the line through the origin which is perpendicular to this plane.

        Exercise 11.2

    1. Find two different, proper, nontrivial subspaces U and W of C3(R), and describe the sets U ∩ W, U + W, and U ∪ W.

    2. Show that the following pairs of vectors from C3(R) span the same subspace:
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(Show that u1 and v1 are in ({u2, v2}), etc.)

    3. Show that the two nonzero vectors (a1, a2) and (b1, b2) of C2(F) each span the same subspace if and only if a1b2 − a2b1 = 0.

    4. Let V(F) be the polynomial domain of F. Is the set consisting of zero and all of the polynomials of even degree a subspace of V(F)? Explain.

    5. Let U be the set of all differentiate functions in the space V(Re) of all continuous mappings of Re to Re. (Here the functions are added coordinate-wise so that for functions u and v,
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a, b, and c real numbers.) Is U a subspace?

    6. Which of the following subsets of Cn(F) are subspaces?

    (a) All (a1, …, an) with a1 = 1.

    (b) All (a1, …, an) with an ≠ 0.

    (c) All (a1, …, an) with a1 + a2 + … + an = 0.

    (d) All (a1, …, an) with a1 = a2 = … = an.

    (e) All (a1, …, an) with a1 + a2 + … + an ≠ 0.

    7. Determine all of the subspaces of C2(J/(3)).

    8. Determine all of the subspaces of C3(J/(2)).

    9. In C3(J/(3)) find all of the vectors in the subspace spanned by (1, 2, 1) and (2, 2, 1).

    10. Describe the subspace of C3(Re) which is orthogonal to the subspace spanned by (1, 1.9999, 0) and (−2.733111, 14, 0). Describe geometrically.

    11. Describe the subspace of C3(F), where F is the complex field, which is orthogonal to the subspace spanned by (i, 1, 0) and (0, 0, 1). Find the intersection of the two subspaces and compare with the results of Problem 10.

    12. How are the subspaces U and W of V(F) related if U + W = the union of U and W?

    13. Show that, if U and W are subspaces of V(F), then v in U + W is uniquely expressible as v = u + w with u in U and w in W if and only if U ∩ W = {z}.

    14. Prove that U + W = (U ∪ W) when U and W are subspaces of V(F).

    15. Prove that the subspace spanned by the n vectors v1, …, vn of V(F) is precisely the intersection of all of the subspaces of V(F) which contain these vectors.

    16. Let U and W be two subspaces of V(F). Show that U + W equals the intersection of all of the subspaces of V(F) which contain both U and W.

    17. After working Problems 15 and 16 compare Method 1 and Method 2.

    18. Is there anything in this section which cannot be extended to left S-modules? Explain.

    19. Describe the algebraic system formed by the subsets of V(F) and the binary operations of set intersection and subspace addition.

    11.3 Linear Independence and Bases

    In the previous section the concept of spanning or generating set of a subspace U of V(F) was defined. This concept combines with the idea of the sum of subspaces so that we can say that every subspace U ≠ {z} in V(F) is the sum of a collection of minimal subspaces of V(F).

DEFINITION 11.8. A subspace W ≠ {z} of V(F) is minimal if and only if it contains no subspaces of V(F) except W and {z}.

    A minimal subspace of V(F) is easily described. It is precisely the set of all scalar multiples of a single nonzero vector v of V(F) and is denoted as (v). This is the counterpart here of the cyclic subgroup in group theory and the principal ideal in ideal theory. The geometric example of a minimal subspace is a line through the origin.

THEOREM 11.6. A nonzero subspace U of V(F) is the sum of a collection of minimal subspaces.

    Let T be a generating set of U, and form the minimal subspace (t) for each t ≠ z in T. Then U is the sum of these minimal subspaces. To prove this we note that, since t is in T, which is a subset of U, certainly (t) is a subset of U. Thus the sum of all the subspaces is in U since it (the sum) consists of linear combinations of the t’s. But since U = (T) we know that each element of U is a linear combination of the t’s. Thus U equals the sum of the minimal subspaces generated by the individual elements of a spanning set for U.

    Now a subspace in general has many different spanning sets. The plane vector space, for example, is spanned by any collection of two or more vectors which do not lie in the same line through the origin. Thus there is no possibility that this decomposition of a subspace into the sum of a collection of minimal subspaces is at all unique. However, when the subspace U is spanned by a finite set of vectors we are able to show that the number of minimal subspaces which sum to U in an irredundant way is unique.

    Heuristically we proceed as follows to pick out an irredundant collection of minimal subspaces which sum to U, when U is spanned by the n vectors u1, …, un. First we consider the subspace (v1) with v1 = u1 ≠ z. This consists of all vectors of the form a1v1 for a1 in F and is obviously a minimal subspace since a subspace W ≠ (z) which contains bv1 must also contain
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Now, if (v1) ≠ U, then one of the n – 1 vectors u2, …, un is not in (v1), for, if all of the spanning vectors are in (v1), then all of their linear combinations are in (v1) also. This could only happen if (v1) = U.

    We select from the ui and label as v2 an element not in (v1) and form the subspace
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The elements of this subspace are linear combinations of v1 and v2 and so are in U. Thus (v1) + (v2) ⊆ U.

    If U ≠ (v1) + (v2) we select another vector from the vectors of the spanning set which are not in (v1) + (v2), label it as v3, and form the subspace
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Continuing in this way we eventually obtain m vectors v1, v2, …, vm such that
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and m ≤ n.

    But what about the “irredundancy” we mentioned earlier? Well, each vector u of U is now representable uniquely in the form
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with ai in F (and obviously every such linear combination is in U). For, if u were expressible as
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with the bi different from the ai for some i, then, subtracting, we get
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or
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Then, if r is the largest subscript, 1 ≤ r ≤ m, such that cr ≠ 0, we have
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But this equation means that the vector
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is in the subspace
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which contradicts the way the elements vi were selected. Hence the elements of U can be expressed in a unique fashion as linear combinations of the m generators v1, …, vm.

    For a more formal development we restate this idea of irredundancy in terms of vectors and then proceed with an induction proof.

DEFINITION 11.9. The m vectors v1, …, vm of a vector space V(F) are linearly independent (and form a linearly independent set) if and only if the equation
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implies that a1 = a2 = … = am = 0 in F. Vectors which are not linearly independent are said to be linearly dependent.

    This concept is easily seen to be equivalent to the idea of irredundancy discussed above.

THEOREM 11.7. If the subspace U ≠ (z) of V(F) is spanned by the m linearly independent vectors v1 …, vm, then each vector u of U is uniquely expressible in the form
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Conversely if each element of U is expressible uniquely in terms of m vectors v1, …, vm, then these m vectors are linearly independent.

    If the vectors v1, …, vm are linearly independent, then the two equations
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and
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lead to the equation
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which implies that
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Hence the expression for u in terms of the v, is unique.

    Conversely if each element of U is uniquely expressible in terms of the m vectors v1, …, vm, then these vectors are certainly linearly independent.

For the equation

[image: images]

and the uniqueness of this representation enable us to conclude from
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that
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THEOREM 11.8. If the subspace U ≠ (z) of V(F) is spanned by the vectors u1, …, un, then U is spanned by a linearly independent subset of these n vectors.

    If n = 1, then U is precisely the minimal subspace (v1), so we proceed by induction on n. Let U′ be the subspace spanned by u2, …, un. Then the induction hypothesis enables us to conclude that U′ is spanned by a linearly independent subset {v2, …, vm} of these. Now we look at the set of vectors {u1, v2, …, vm}. This set spans U, for each element u of U is a linear combination of the n vectors u1, u2, …, un, and, since each ui for i = 2, …, n is a linear combination of the vectors v2, …, vm, we see that u is a linear combination of u1 v2, …, vm by substituting.

    If the m vectors u1, v2, …, vm are linearly independent then nothing more needs to be done. But if they are dependent, then there is an equation
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with not all of the bi equal to zero. In particular b1 ≠ 0 for otherwise we would have a contradiction of the linear independence of the v2, …, vm. Since b1 ≠ 0 we can solve this equation for u1,
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and this means that the linearly independent vectors v2, …, vm span the subspace U. Thus in either case U is spanned by a linearly independent subset of the n generating vectors u1 …, un.

    This is precisely the same idea which was discussed earlier, viz., if U is the sum of a collection of n minimal subspaces, then U is the irredundant sum of a subcollection of m of these minimal subspaces, m ≤ n. Now we wish to show that the positive integer m is unique.

THEOREM 11.9. If the subspace U of V(F) is spanned by the m linearly independent vectors v1 …, vm, then no linearly independent set of vectors of U can contain more than m vectors.

    Let the r vectors w1, …, wr be linearly independent vectors from U, and consider the m + 1 vectors w1, v1, v2, …, vm. Since w1 is expressible in terms of the vi (as is every vector of U) we have the relation
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Since w ≠ z (no vector of a linearly independent set of vectors can be the zero vector) we see that the ai are not all zero. So suppose a1 ≠ 0. (This involves no loss of generality since we can relabel the vectors if necessary.) Then we can solve for v1 in terms of w1, v2, …, vm,
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and from this we conclude that the m vectors w1, v2, …, vm span U since this equation permits us to replace v1 by a combination of w1, v2, …, vm. Moreover the m vectors w1, v2, …, vm are linearly independent since an equation
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with the bi not all zero leads to contradictions.

    (1) If bi ≠ 0, then w1 is expressible as a linear combination of the m − 1 vectors v2, …, vm, which contradicts the unique expression above for w1 in terms of the m vectors v1, v2, …, vm.

    (2) If b1 = 0, then we have, adding 0v1,
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with the bi not all zero, which contradicts the independence of the m vectors v1, …, vm.

    Thus we conclude that the m vectors w1, v2, …, vm are linearly independent and span U.

    Now we repeat essentially the same process with the vector w2 and the linearly independent set w1, v2, …, vm which spans U. Since w2 is in U there exist scalars c1 …, cm such that

[image: images]

and the ci are not all zero since w2 ≠ z. Moreover, and this is a very important point which did not occur in the previous step, the scalars c2, …, cm cannot all be zero since that would mean that c1 ≠ 0 and
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contradicting the linear independence of the r vectors w1 …, wr. Thus some scalar from c2, …, cm must be nonzero, and we take this to be c2 (relabeling if necessary). Then we can solve for v2,
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and from this we deduce that the m vectors w1, w2, v3, …, vm span the subspace U. Also these vectors are linearly independent since an equation
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with the bi not all zero leads to contradictions.

    (1) If b2 = 0, then w2 is expressible in terms of the m −1 vectors w1, v3, …, vm, which contradicts the above unique expression for w2 in terms of w1 v2, …, vm.

    (2) If b2 = 0, then we have, adding 0v2,
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with the bi not all zero, which contradicts the linear independence of w1, v3, …, vm.

    We can repeat this procedure to replace v3 (relabeling if necessary) by w3 and obtain the linearly independent spanning set w1 w2, w3, v4, …, vm. In fact for r no larger than m we can replace r of the v’s (labeling them as v1, v2, …, vr for the sake of simplicity) by the r w’s to obtain the linearly independent spanning set for U,
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However, if r is larger than m, we arrive at the following contradictory situation: the m spanning vectors v1 …, vm are replaced by the m vectors w1, …, wm, which also span U. Then wm + 1 is expressible as a linear combination of the m vectors w1 …, wm,
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and the di are not all zero since wm + 1 ≠ z. But this means that
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which contradicts the linear independence of the r vectors w1 …, wr. Hence we conclude that r cannot be larger than m.

    Corollary 11.9.1. If U ≠ (z) is a finitely generated subspace of V(F), then any linearly independent subset of vectors in U can be embedded in a linearly independent generating set for U.

    Let w1 …, wn be linearly independent in U. We know that U has a linearly independent spanning set {v1, …, vm}, and by the above argument n of the v’s can be replaced by the w’s to obtain a linearly independent generating set for U which includes w1 …, wn.

    Corollary 11.9.2. If {v1, …, vm} and {w1 …, wn} are two linearly independent spanning sets for the subspace U of V(F), then m = n.

    Since U has the linearly independent spanning set v1 …, vm we know from the theorem above that no linearly independent subset of U can contain more than m vectors. Hence n is no larger than m. And since U is spanned by the n independent vectors v1 …, vn we know that m is no larger than n. Thus n = m.

DEFINITION 11.10. A linearly independent spanning set of the subspace U of V(F) is a basis of U.

THEOREM 11.10. If U is a finitely generated nonzero subspace of V(F), then U has a finite basis {v1 …, vm} and all the bases of U contain exactly m elements.

    This is just a reformulation of the preceding results.

    Example 1. Show that the space C4(F) has a basis of 4 elements.

    Write v1 = (1, 0, 0, 0), v2 = (0, 1, 0, 0), v3 = (0, 0, 1, 0), and v4 = (0, 0, 0, 1).

Then for an arbitrary element v = (a1, a2, a3, a4) of C4(F) we can write
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Hence the four vectors v1, v2, v3, v4 span C4(F). To show that they are linearly independent, suppose that
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Then
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which means that
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and so the vi are linearly independent.

    Example 2. Show that the vectors w1 = (1, 1, 1, 1), w2 = (1, − 1, − 1, 1), and w3 = (1, 2, 2, 1) of C4(R) are linearly dependent.

    We wish to show that there are nonzero scalars a1, a2, and a3 such that
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Checking components we see that a1, a2 and a3 must satisfy the two distinct equations
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and
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Clearly a1 = 3, a2 = −1, and a3 = −2 satisfy these conditions so that the vectors are dependent. Any two of these vectors form a basis for the subspace spanned by the three.

        Exercise 11.3

    1. Let v be a nonzero vector of V(F), and show that (v) = {av: a in F} is a minimal subspace of V(F). Show by example that this result is not true in general for left S-modules. (Consider the additive group of integers as a J-module.)

    2. Find a smallest set of minimal subspaces of C4(R) which sum to the subspace U spanned by the vectors:

    (a) (−1, −2, −3, 0), (6, 0, 2, 4), (2, 4, 2, 4), (3, 5, 3, 1).

    (b) (1, 1, 1, 1), (1, 2, 1, 2), (2, 1, 2, 1), (1, 0, −2, 0).

    (c) (1, 0, 0, 0), (2, −1, 1, −1), (1, 1, −1, 1), (2, −2, 2, −2).

(Reread the discussion following Theorem 11.6.)

    3. Let U denote the subspace of C4(R) spanned by V1 = (1, 0, 0, 0), v2 = (0, 1, 0, 0), and v3 = (0, 0, 0, 1). Show that U has a basis which includes the two vectors w1 = (2, 3, 0, −1000) and w2 = (101, 102, 0, 103). (Use the replacement procedure of Corollary 11.9.1)

    4. Find a basis for Cn(F).

    5. Show that n + k vectors in Cn (F) are linearly dependent when k is positive.

    6. Show that a linearly independent set of vectors cannot contain the zero vector.

    7. Let the subspace U of V(F) have the basis {v1, v2, v3}. Show that the three vectors
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form a basis for U also. Compare this with the fact that the three vectors (1, 1, 1), (0, 1, 1), and (0, 0, 1) form a basis of C3(F).

    8. Show that any three vectors not in the same plane form a basis for the real three-dimensional vector space.

    9. Let v be a vector of V(F) which is not in the subspace U. Show that, if {v1, …,  vm} is a basis for U, then the m + 1 vectors v, v1 …, vm are linearly independent. Illustrate geometrically.

    10. If the subspace U of C6(J/(5)) has a basis of three elements, then how many vectors does U contain? What is the answer when U has a basis of m elements in Cn(J/(p))?

    11. Consider the real field as a vector space over R and show that 1, [image: images], [image: images], and [image: images] are linearly independent “vectors.” Compare this with the coset representation of the field R[λ]/(λ4 − 10λ2 + 1).

    12. Prove that every nonempty subset of a linearly independent set of vectors from V(F) is also linearly independent. State the negative of this theorem.

    13. An infinite set of vectors from V(F) is linearly independent if and only if every finite nonempty subset is linearly independent. Extend Problem 12 to this case.

    14. Show that the “vectors” 1, λ, λ2, λ3, λ4, etc., of the F-space F[λ] are linearly independent.

    15. Show that the results of this section extend to S-modules when S is a sfield.

    16. Let U be a subspace of V(F) with a basis of n elements. Show that each proper nonzero subspace of U has a basis with fewer than n elements.

    11.4 Dimension and Isomorphism

    The role of V(F) in the preceding section was very minor since our attention was on the finitely generated subspace U. Obviously, then, to carry these results over to V(F) we must assume that it is finitely generated, and we do this by restricting our attention to finite dimensional vector spaces. This concept is based on the work of the previous section.

DEFINITION 11.11. The vector space V(F) has finite dimension if and only if it possesses a finite spanning set. The dimension of V(F), denoted by dim(V), is the number of elements in a basis of V(F). V(F) is infinite dimensional if and only if it is not finite dimensional.

    If V(F) is the trivial space consisting of the zero vector only, then we say it has dimension 0. However, we are primarily interested in spaces of positive dimension n, and we know from our earlier results that this concept is uniquely defined for each finitely generated space. To indicate that the space V(F) has dimension n we write Vn(F).

    The results in the previous section enable us to write down the following facts about Vn(F).

    (1) Vn(F) contains n linearly independent elements V1 …, vn such that each element v of Vn (F) is expressible uniquely as
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These vectors form a basis for Vn(F).

    (2) If the m vectors w1, …, wm of Vn(F) are linearly independent, then m is no larger than n and Vn(F) has a basis which includes the wi.

    (3) Any n linearly independent vectors of Vn (F) form a basis for Vn(F).

    (4) If the n vectors w1, …, wn of Vn(F) generate Vn(F), then they are linearly independent.

    What else can we find out about Vn(F)? Presumably one purpose in narrowing our attention down to finite dimensional spaces was to isolate a type of module in which we could determine all of the submodules. Thus we should devote some attention to the subspaces of Vn(F).

THEOREM 11.11. A proper subspace U of Vn(F) has dimension m less than n.

    If U has finite dimension m, then by property (2) above we know that m is less than n. Hence we need only to show that U is finite dimensional, and this is rather trivial. If U = (z), then U has dimension 0, so suppose U ≠ (z). Then U contains a nonzero vector u1 which all by itself forms a

linearly independent subset of U. Thus U contains linearly independent sets of vectors, so we consider the number of elements in each such set. This collection of positive integers is bounded by n (property (2)) and so contains a maximal element m. Therefore U contains a linearly independent set of vectors u1 u2, …, um and these span U; for, if u from U is not a linear combination of u1 …, um, then the m + 1 vectors u1, u2 …, um are linearly independent, contradicting the maximality of m. So we see that U has dimension m.

    As an application of this we can prove the following result which relates the dimensions of the sum and intersection of two subspaces of Vn(F).

THEOREM 11.12. If U and W are subspaces of Vn(F), then

[image: images]

    We note that U ∩ W is a subspace of both U and W whereas U, W, and U ∩ W are all subspaces of U + W. So U ∩ W has a basis v1 …, vk which can be extended to a basis of U (by property (2)) by incorporating i additional vectors: v1 …, k; u2 …, ui. Similarly this basis of U ∩ W can be extended to a basis of W by incorporating j additional vectors:
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Thus
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and
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Now we claim that the k + i + j vectors
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form a basis for U + W so that
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    Suppose these vectors are dependent; then we would have
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But such a relation implies one of the following.

    (a) Some ur is in W, which contradicts the choice of the wr.

    (b) Some wr is in U, which contradicts the choice of the wr. or

    (c) There is a linear relation among the basis elements of U ∩ W, of U, or of W, contradicting the idea of a basis.

    So we conclude that the k + i + j vectors are linearly independent. Since they are easily seen to span U + W we conclude that the theorem is true.

    Geometrically interpreted this theorem implies that two planes through the origin intersect in a line (dimension one) or a plane (dimension 2).

    Example 1. In C3(R) the subspace U consists of all vectors of the form (a1, 0, a3) and W is spanned by (1, 2, 1) and (3, 1, 2). Find U ∩ W and U + W.

    U has a basis u1 = (1, 0, 0) and u2 = (0, 0, 1), and Whas a basis wx = (1, 2, 1) and w2 = (3, 1, 2). Then, if v is in the intersection we have
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Equating components yields the scalar equations

[image: images]

and
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From the second we see that

[image: images]

and substitution leads to
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and
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Hence
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so that U ∩ W is spanned by the vector v1 = (5, 0, 3). Then v1 and u1 span U and v1 and w1 span W. Finally v1, u2, and W1 span C3(F) since they are linearly independent. For suppose
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then we have the scalar equations
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The second yields c = 0, which together with the third implies a = 0, and clearly
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    Now to study the subspaces of Vn(F) we can use a basis for Vn(F), and this we know is a set of n vectors v1 …, vn of Vn(F) such that each vector v of the space is expressible uniquely as
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Because of this uniqueness the vector v is determined completely by two things, the basis {v1 …, vn} and the ordered set of scalars (a1 …, a2). Thus we see that this basis establishes a one-to-one correspondence between the elements of Vn(F),
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and the elements of Cn(F),
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(And a different basis for Vn(F) would establish a different correspondence.) Since this is precisely the correspondence between plane vectors and ordered pairs of real numbers which was described at the beginning of the chapter, the student should not be surprised to learn that this correspondence is an isomorphism.

DEFINITION 11.12. A one-to-one mapping H from a vector space V(F) onto a vector space U(F) is an isomorphism if and only if
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for a and b in F and v and w in V(F).

    Here vH denotes the image in U(F) of v under the mapping H. We see that H is compatible with the addition and scalar multiplication of V(F) and U(F); the corresponding binary operations are denoted by the same symbols.

THEOREM 11.13. Each basis {v1 …, vn} of Vn(F) determines an isomorphism H of Vn(F) with Cn(F) which is given by
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    As we noted above this mapping is one-to-one onto because of the uniqueness of the expression for a vector in terms of a basis. That H is compatible with the binary operations is easily shown. Let
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then
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so that
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Hence for a and b in F and u and v in Vn(F) we have
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since
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and
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    Basically this isomorphism depends on relating the arbitrary basis {v1 … vn} of Vn(F) with the very special, so-called canonical basis of Cn(F) which consists of the n vectors
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In particular we have
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    This theorem certainly does not mean that Cn(F) is the n-dimensional vector space over F (although this impression is sometimes given by careless expositors). It does mean, however, that we can find all of the subspaces of Vn(F) by finding the subspaces of Cn(F).

THEOREM 11.14. Let H be an isomorphism from V(F) onto U(F). If V is a subspace of V(F), then V″ = {vH: y in V′} is a subspace of U(F), and, conversely, if U′ is a subspace of U(F), then U″ = {v: vH is in U′} is a subspace of V(F).

    We shall prove only the first part of the theorem. Let u′ and v′ be two elements of V″ then V contains unique elements u and v such that u′ = uH and v’ = vH. Then an + bv is also in V′ since V′ is a subspace, so that
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is in V″. Hence V″ is a subspace of U(F).

    The second part is proved similarly.

    Example 2. Let v1, v2, and v3 form a basis for V3(R), and find a basis for the subspace U spanned by the three vectors
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    We switch over to C3(R) via H, replacing v1, v2, and v3 by the canonical basis of C3(R). Then we wish to find a basis for the subspace U′ spanned by (1, −2, 3), (2, 3, 2), and (7, 0, 13). Since the first two are obviously linearly independent we can take them as at least a part of a basis for U’. Then we check to see if (7, 0, 13) is dependent on these by considering
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Checking components we get
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solving, we find that b = 2 and a = 3. Thus U′ has the basis (1, −2, 3) and (2, 3, 2) so that u1 and u2 form a basis for U.

    Here we have used the fact that linearly independent sets of vectors correspond to linearly independent sets of vectors under an isomorphism. This is an easily proved theorem.

    In the next section we will determine all of the subspaces of Cn(F). This is done by formalizing the method of elimination commonly used for solving systems of linear equations. Using such a device we obtain a unique basis for each subspace of Cn(F), and this naturally describes all of the subspaces of Cn(F). Once we know these we effectively know all of the subspaces of Vn(F).

        Exercise 11.4

    1. Classify all of the vector spaces mentioned in the set of problems in Exercise 11.1 by dimension; in Exercise 11.2; in Exercise 11.3.

    2. By considering various collections of the canonical basis vectors for Cn(F) show that Cn(F) has a subspace of every possible dimension less than n.

    3. Show that C5(F) contains at least ten subspaces of dimension three; at least ten of dimension two; at least five of dimension one. Generalize.

    4. Illustrate Theorem 11.12 in C4(J/(3)).

    5. Describe how the three alternatives arise in the last part of the proof of Theorem 11.12.

    6. Let H be an isomorphism from V(F) onto U(F). Show that H maps the zero vector of V(F) onto the zero vector of U(F). (Remember that z = 0v.)

    7. Let H be an isomorphism from V(F) onto U(F). Show that the n vectors v1, …, vn of V(F) are linearly independent if and only if the n vectors V1, …, vnH of U(F) are linearly independent. (Note that the equation a1v1 + … + anvn = z maps onto the equation a1vH + … + anvn = zH.)

    8. Show that the mapping H,
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is an isomorphism of C2 (F) onto itself.

    9. Show that the mapping Hk,
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where k is an arbitrary but fixed nonzero element of F, is an isomorphism of C3 (F) onto itself.

    10. Show that the mapping H,
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is an isomorphism of C3 (R) onto itself.

    11. Show that two different bases of vn(F), say {vv, …, vn} and {u1, …, un}, define an isomorphism H of Vn(F) onto itself with
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    12. Can an isomorphism between two n-dimensional vector spaces be described as a matching of bases? Explain. (See Problem 11.)

    13. Let {V} be a collection of finite dimensional vector spaces over the field F. Describe an equivalence relation on this set.

    14. If the field F is considered as a vector space over a subfield F0, then the dimension of this vector space over F0 is called the degree of F over F0 and is denoted by [F:F0]. Find the degree of R[λ]/(λ3 + 1) over R. Find the degree of R[λ]/(λ2 − 2) over R.

    15. Let F1 F2 and F3 be fields with F1 a subfield of F2 and F2 a subfield of F3. Show that [F3:F1] = [F3 = F2][F2 = F1. Illustrate with F1 = R, F2 = R[λ]/ (λ2 − 2), and F3 = F2[λ]/(λ2 − 3).

    16. If R is extended n times by means of irreducible quadratic polynomials to F, then [F: R] = 2n. Show that F contains no subfield obtained by extending R by means of an irreducible cubic. What does this imply about the problem of doubling a cube by means of straight-edge and compass constructions?

    17. Let the subspace U of C4(R) have basis {(1, 0, 0, 0), (0, 1, 0, 0)}. Find two different subspaces V and W of C4(R) of dimension two such that
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    18. If G is a left S-module what (if any) of the preceding theory breaks down when S is a division ring? An integral domain? A ring with zero divisors?

    11.5 Row Echelon Form

    Our intention now is to describe all of the subspaces of Cn(F) by determining a unique (i.e., canonical) basis for each subspace. In doing this we shall develop a program for reducing any finite set of spanning vectors of a subspace U of Cn(F) to the canonical basis of U. Our program or routine (which is not itself unique) is based on the familiar elimination method for solving a set of linear equations.

    When we write down a set of vectors from Cn(F), say v1 …, vm, we are ordering them by listing or counting them. Since each vector of Cn(F) is itself an ordered set of n elements from F we are really dealing with a doubly ordered set of elements when we consider the m vectors v1, …, vm. Since the ordering of the n components of the vectors of Cn(F) is horizontally written from left to right we can write the second ordering vertically, from top to bottom:
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This doubly ordered set of mn elements from F is called an m-by-n array over F (and it can be defined more formally as a function from Jm × Jn onto F, where Jr denotes the first r positive integers).

    The double ordering of this array, which we denote by A, is fully indicated by the double subscripts attached to the elements of A. The first subscript on ars, the r or row subscript, describes the vertical ordering, and the second subscript, the s or column subscript, describes the horizontal ordering. Then the element a12 lies in the first row and second column, whereas a32 l lies in the third row and second column. (Strictly speaking a comma should separate the two subscripts so that a12 could not be misinterpreted as the twelfth component in a vector from C13(F). However, the context of the usage renders this cumbersome precaution unnecessary in general.)

    Thus we see that a collection of m vectors

[image: images]

from Cn(F) can be stacked up to give an m-by-n array A over F:
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Conversely an m-by-n array A over F can be sliced into m rows of n components each, thus yielding m vectors from Cn(F). These m vectors are the row vectors of A, the subspace V(A) of Cn(F) spanned by these row vectors is the row space of A, and the dimension of V(A) is the row rank of A.

    Now to obtain a unique basis for a subspace of Cn(F) spanned by the m vectors v1, … vm we stack these vectors to form an m-by-n array A over Fand reduce A to a unique form by means of the following simple operations.

DEFINITION 11.13. The elementary row operations on an m-by-n array A are the mappings of the set F(m, n) of all m-by-n arrays over F onto itself defined by:

    (1) I(i, j): interchange of row i and row j.

    (2) M(i, k): multiply row i by k ≠ 0 in F.

    (3) E(i; k, j): add to row i the scalar product of k and row j.

    Example 1. If A is the 3-by-4 array over R,
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then

    (1) 7(1, 2) applied to A yields the array
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    (2) M(2, −1) applied to A yields the array
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    (3) E(3; −9, 1) applied to A yields the array

[image: images]

    This last example illustrates a key use of the elementary operations, the introduction of zeros into the arrays.

    A very important feature of these row operations is that they are reversible.

THEOREM 11.15. If A is an m-by-n array over F, then
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for all allowable i, j, and k.

    For example, using the array of Example 1,
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    In other words the two mappings I(2, 1) and I(1, 2) combine by function composition to yield the identity mapping on the set of all 3-by-4 arrays over R.

    Corollary 11.15.1. If the m-by-n array B is obtained from the m-by-n array A by means of an elementary row operation E, then V(A) = V(B).

    Since B = EA we see that each element of V(B), the row space of B, is a linear combination over F of the row vectors of A. For each row of B is either a multiple of a row of A, or a linear combination of two rows of A. Thus
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    However, by the theorem above there is an elementary row operation E′ such that
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so that by the same argument we have V(A) ⊆ V(B). Hence V(A) = V(B). This result can obviously be extended from one elementary row operation to any finite collection of elementary row operations.

    Corollary 11.15.2. If A and B are two m-by-n arrays over F such that one is obtainable from the other through a finite collection of elementary row operations, then V(A) = V(B).

    Corollary 11.15.3. The row rank of an array is unchanged by the elementary row operations.

    What use can we make of these results? Consider the following example.

    Example 2. Let A be the 3-by-3 array over R,
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Then,
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    Thus we see that the row space of A is C3 (R), and this means that the three vectors v1 = (1, 2, 3), v2 = (4, 5, 6), v3 = (6, 5, 6) are linearly independent. In fact we have displayed above eight different bases for the space C3((R).

    Now we wish to devise a program which will lead in a finite number of applications of elementary row operations to an array A over F, to a canonical or unique basis for the row space V(A). The process we are going to describe permits the reduction of A to its reduced row echelon form in not more than nm applications of elementary row operations when A is an m-by-n array over F. In practice the number of steps is usually substantially less than nm.

    The idea is to reduce the array A as nearly as possible to an array made up of the canonical vectors. Since the stacking of this basis illustrated by the array A7 of Example 2 is an easily remembered one, with the l’s running in echelon down the diagonal, we select this form as an ideal (which is rarely attained). Thus we decide to try to get a one in the upper left corner, and we look at the first column of A. If

[image: images]

then there is absolutely no way (or need) of getting a one into the one-one position. However, if there is a nonzero element in the first column, then we can shift it into the one-one position by an interchange of rows (one operation). In this new array the element k in the one-one position can be changed into a 1 by multiplying the first row by l/k (another elementary operation). Finally the rest of the elements in column one can be reduced to zeros by adding suitable multiples of row one to the other m — 1 rows (possibly m − 1 more steps, but not more than m  − 2 steps if the first interchange had to be made). Thus in at most m steps the m-by-n array A has been replaced by an array whose first column looks like this

[image: images]

where a is either 0 or 1.

    We move on to column two and repeat exactly the same procedure provided all of the elements in column one are zeros. If all of the elements in columns one and two are zeros we move on to column three and repeat exactly the same procedure. Unless all components of A are zero we eventually obtain (in at most m applications of the appropriate elementary row operations) an array A1 with a 1 in the first row and only zeros below and to the left of it (provided there are any elements to the left of it). This completes phase 1 of the reduction.

    Phase 2 involves getting a 1 in the second row, without altering the 1 or the O’s described in phase 1, so that the element immediately above this 1, the elements to the left of this 1, and the elements below this 1 are all zero. If we delete row one and apply phase 1 to the (m − l)-by-n array remaining we can get the 1 and the zeros to the left and below it in at most m − 1 steps. Then one more step (back in A1) reduces the element immediately above this 1 in row two to 0. Hence in at most m steps we complete phase 2.

    Continuing this process (or by induction) we see that by means of at most mn elementary row operations the m-by-n array A can be reduced to an array of the following form.

DEFINITION 11.14. An m-by-n array B is in reduced row echelon form if and only if the following conditions hold :

    (1) Either all of the elements of a row are 0 or the leftmost nonzero element is 1.

    (2) If brs ≠ 0 in B and r ≠ 1, then row r − 1 contains a nonzero element to the left of column s.

    (3) If brs = 1 is the leftmost 1 in row r, then all other elements of column s are 0.

    Example 3. The following are in reduced row echelon form:
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    The discussion preceding the definition shows that every array over F can be changed into an array in reduced row echelon form in a finite number of steps. Moreover an effective algorithm or routine is described there.

THEOREM 11.16. An m-by-n array over F can be altered to an array in reduced row echelon form by means of not more than mn elementary row operations.

    Example 4. Reduce to reduced row echelon form the array
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The array A6 is in reduced row echelon form.

        Exercise 11.5

    1. Exhibit five vectors from the row space of the array A over R,
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    2. How many different 4-by-3 arrays can be concocted from the four vectors (1, 2, 1), (3, 4, 3), (7, 8, 9), and (1, −2, 11) of C3(R)? How are their row spaces related? Why?

    3. Consider a column from an m-by-n array over F. Is it an ordered set? How is it related to Cm(F)?

    4. Show that an elementary row operation applied to an array A yields an isomorphism of the row space V(A) onto itself.

    5. If A is the 3-by-4 array over R of Problem 1, compute (a) I(2, 3)A; (b) I(1, 3)A; (c) M(3, −2)A; (d) E(3; −7, 1)A; (e) E(1; −6, 2)A.

    6. Change each of the following 3-by-3 arrays over R to reduced row echelon form:

[image: images]

and

[image: images]

    7. Is an m-by-n array consisting only of zeros in reduced row echelon form? Explain.

    8. If an m-by-n array A is in reduced row echelon form and m exceeds n, then what can be said about the bottom m − n rows of A?

    9. What does the word “echelon” mean? Justify its use here.

    10. Solve the three linear equations

[image: images]

and

[image: images]

by elimination, and compare the procedure with the reduction of the array

[image: images]

to reduced row echelon form. Work over R.

    11. Describe the reduced row echelon form of an m-by-n array if its row space is Cn(F).

    12. Show that the row rank of the m-by-n array A equals the number of leftmost 1’s in the rows of the reduced row echelon form of A.

    13. Use the elementary row operations to define an equivalence relation on the set F(m, n) of all m-by-n arrays over F.

    14. Describe all possible 2-by-3 arrays over J/(2) which are in reduced row echelon form.

    11.6 Uniqueness

    When we change an array A into reduced row echelon form by means of elementary row operations we are effectively selecting a very special basis for the row space of A. In the first place the number of leftmost 1’s (the echelon of 1’s) in a reduced row echelon form array is the row rank of the array. This number is also the number of nonzero rows in the array in reduced row echelon since by definition a nonzero row has a leftmost 1. Thus the row rank of the array is certainly no greater than the number of leftmost 1’s. On the other hand the column in which a leftmost 1 lies contains nothing else but zeros by part (3) of Definition 11.14. Hence no row with a leftmost 1 can be written as a linear combination of the other rows in an array in reduced row echelon form since 1 is certainly not equal to a linear combination of zeros.

THEOREM 11.17. If the m-by-n array A over F is in reduced row echelon form, then the number of leftmost 1’s in A is the dimension of V(A), the row space of A.

    If we look at the array A over R,

[image: images]

we see that A is in reduced row echelon form. Looking at the zeros above and/or below the echelon 1’s we see that the two nonzero rows are clearly linear independent.

    Thus we see that in changing an array A to reduced row echelon form B we are in reality selecting a basis for V(A), namely, the nonzero rows of B, which is as much like the canonical basis of Cn(F) as any we can find. Now from its definition the canonical basis for Cn(F) is unique, so we should ask whether this special basis for V(A) is unique. This question is answered positively by showing that, if two m-by-n arrays over F in reduced row echelon form have equal row spaces, then the arrays are themselves equal. (Note that two m-by-n arrays, as doubly ordered sets, are equal if and only if all of the corresponding components are equal in F; i.e., ars = brs for each r = 1, …, m and each s = 1, …, n.)

THEOREM 11.18. Let A and B be two m-by-n arrays over F, both in reduced row echelon form. Then V(A) = V(B) if and only if A = B.

    If A = B, then trivially V(A) = V(B) since the two row spaces are spanned by exactly the same vectors, so we need only to study the converse proposition. In this case our hypothesis states that A and B are m-by-n arrays in reduced row echelon form such that V(A) = V(B), and we wish to prove that A = B. This we do by assuming that A ≠ B and developing a contradictory situation.

    If A and B are not equal, then there is a maximal positive integer k not larger than m such that row k of A differs from row k of B. Then if we denote the rows of A as v1, …, vm and the rows of B as u1, …, um, this integer k is such that, when k ≠ m,

[image: images]

when m ≥ i > k. In other words we are working up from the bottom of the two arrays and we stop when we first reach the level (the kth row) where A and B are not the same.

    Now we compare vk and uk; since they are not equal, at least one of them is different from z, the zero vector of Cn(F). Therefore there is a leftmost 1 in one of these vectors so that we know there exists a positive integer p, not larger than n, with the following properties:

    (1) akp and bkp are not both zero.

    (2) All components in the vectors vk and uk which are to the left of column (or position) p equal zero.

    (Note that the second condition is to be ignored if p = 1.)

    Thus we look at the two vectors

[image: images]

and

[image: images]

and label the leftmost nonzero column as column p. Since at least one of the pth components is nonzero we can assume, as a notational convenience, that

[image: images]

(Remember that A and B are in reduced row echelon form.)

    Consider, then, the vector uk; since it is in V(A) = V(B) we know that it can be written as a linear combination of the row vectors of A,

[image: images]

with c1, …, cm in F. Since vi = ui when i is larger than k we can form the following vector equation from the preceding equation:

[image: images]

Thus the vector u is expressed in two different ways. From the first expression for u in terms of uk, …, um we conclude that u has no nonzero components left of position p since none of the vectors uk, …, um do. Then we look at the second expression for u,

[image: images]

Since vk has 1 as its pth component, we know from part (2) of Definition 11.14 that Vk − 1, …, V1 all have leftmost 1’s farther left than column p. Because of the isolation of these leftmost 1’s as the only nonzero elements in their columns, we conclude from the above-determined nature of u that

[image: images]

Thus

[image: images]

    To understand this argument better look at the following array:

[image: images]

If the vector u = (0, 0, 0, a, b) were expressed as a linear combination of the four rows of this array,

[image: images]

we see by looking at the leftmost three components that

[image: images]

    Consider now the equation

[image: images]

Since V(A) = V(B) we know by the preceding theorem that the row rank of A equals the number of nonzero rows in A (which is in reduced row echelon form) which equals the row rank of B which equals the number of nonzero rows of B. From vk ≠ z we know that the array B must have at least k nonzero rows, reading down from the top. Hence

[image: images]

so that in the preceding equation

[image: images]

This implies that the m − k vectors ciui, i = k + 1, …, m, are not all zero, so among these we choose a nonzero vector as ctut. In particular this means that

[image: images]

    Since ut is not a row of zeros it has a leftmost 1, say in column q. Then all other elements of column q in array B are zero. But the vectors ut and vt are equal since t is larger than k, so we see that all elements of column q of A, except the element in row t, are also zero. In particular this means that the element of

[image: images]

in column q is zero. But this yields the equation

[image: images]

since from the equation

[image: images]

we know that the element in column q is −ct. Thus we have the impossible situation where

[image: images]

This contradiction proves the theorem.

    Example 1. Determine all of the two-dimensional subspaces of C3(J/(2)).

    A two-dimensional subspace V has a basis of two vectors which we can stack up to yield a 2-by-3 array A. Then V = V(A), the row space of A, and changing A to an array in reduced row echelon form yields a unique basis for V. Thus if we list all possible 2-by-3 arrays of row rank two in reduced row echelon form over J/(2), we describe all of the two-dimensional subspaces of C3(J/(2)). First we locate the leftmost or echelon 1’s; these can lie in columns 1 and 2, 1 and 3, or 2 and 3. Then we allow for all possible variations in the column which does not contain a leftmost 1. From these observations we conclude that the following arrays are the ones we seek:

[image: images]

Thus the space C3(J/(2)) has seven distinct two-dimensional subspaces.

DEFINITION 11.15. A basis for a subspace V of Cn(F) is a canonical basis for V if and only if the basis can be stacked up to yield an array in reduced row echelon form.

    Corollary 11.18.1. Each subspace V of Cn(F) has a unique canonical basis.

    From Theorem 11.16 we know that V has a canonical basis which can be obtained by stacking up an arbitrary basis of V to form an m-by-n array A and changing it to the reduced row echelon form B. Unstacking B provides a canonical basis for V, and this basis is unique since B is unique by Theorem 11.18.

    Since all of the subspaces of Cn(F) have dimension less than or equal to n we can describe in a unique fashion all of the subspaces of Cn(F) by listing or describing all of the different n-by-n arrays over F which are in reduced row echelon form. (Any zero rows which appear can be ignored when the array is unstacked to provide the canonical basis of a subspace.) Thus we have in a sense specified all of the subspaces of Vn(F) since Vn(F) is isomorphic with Cn(F).

        Exercise 11.6

    1. Let V be the subspace of C3(R) spanned by V1 = (1, 2, 3), v2 = (−4, 2, −2), and v3 = (4, 0, 4). Find the canonical basis of V.

    2. Let V1 = (0, 1, 0, 0, 3, 7), v2 = (0, 0, 1, 0, 9, 2), and v3 = (0, 0, 0, 1, 5, −1) be vectors in C6(R). Show that v = (0, 7, 9, 0, 5, 6) = c1v1 + c2v2 + c3v3 certainly implies that c3 = 0.

    3. Show that the three vectors of Problem 2 form the canonical basis of a subspace of C6(R).

    4. How many subspaces of dimension 2 has a three-dimensional space over J/(2)? (See Example 1.)

    5. Determine the number of subspaces of V3((J/(2)).

    6. List the canonical bases for five different subspaces of dimension 3 in C4(R).

    7. Test the following sets of vectors to see if they are linearly independent or not:

    (a) (3, 1, 11), (−2, 7, 8), (7, −1, 19) in C3(R).

    (b) (3i, i, 11i), (2, −7, −8), (7 + 7i, −1 − i, 19 + 19i) in C3(C).

    (c) (0, 2, 1, 4), (2, 2, 4, 0), (4, 2, 3, 4) in C4(J/(5)).

    8. Determine the number of subspaces of dimension 2 in C5(J/(7)).

    9. If an m-by-n array A over F is increased to an m-by-(n + k) array B by attaching k additional columns to A, show that the row rank of B is at least as large as the row rank of A.

    10. Let V be an m-dimensional subspace of Cn(F) with canonical basis {v1, …, vm}. In the canonical basis {e1, …, en} of Cn(F) eliminate those ei whose leftmost 1 is in the same column as a leftmost 1 of one of the vi. Show that the remaining ej form the canonical basis of a subspace U such that U + V = Cn(F) and U ∩ V = (z). Illustrate, using the vectors of Problem 3.

    11. Let U and V be subspaces of Cn(F) generated by the sets of vectors {v1 …, vm} and {u1, …, uk}, respectively. Show how one can tell by examining the canonical bases of U and V whether U ⊂ V, U = V, or V ⊂ U.

    11.7 Systems of Linear Equations

    One problem always encountered in elementary mathematics courses is that of “ solving a system of linear equations.” This problem involves answering the following questions:

    (1) If V1, …, vm are m elements of Cn(F), does Cn(F) contain a vector u of the form
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such that

[image: images]

for j = 1, 2, …, m, where

[image: images]

    (2) If the answer to question (1) is positive, what is u?

    Answering these questions is known as solving a system of m linear equations in n − 1 unknowns x1, …, xn − 1. The standard “answer ” to the problem is furnished by an algorithm which produces a vector u if it exists or an impossibility if no such vector u exists. This algorithm is just the one used in the previous sections to change an array to reduced row echelon form.

    Looking at the set of equations above we see that, if v = (a1, …, an) is in the subspace V spanned by the m vectors, then

[image: images]

since this is just a linear combination of the m equations. Conversely, if {u1, …, uk} is a basis for the subspace V generated in Cn(F) by the vectors v1, …, vm, then, if

[image: images]

is a vector such that

[image: images]

for j = 1, 2, …, k, where

[image: images]

we see that this vector u satisfies the original set of equations since the vectors v1, …, vm of V are just linear combinations of these basis vectors. Thus we can simplify the original set of m equations without altering the solutions (if solutions exist at all). This simplification is effected by choosing as the basis {u1, …, uk} of V its canonical basis.

    Example 1. Solve the following system in R:

[image: images]

    The 4-by-5 array

[image: images]

is called the array of the system and its row space V(A) is the subspace V of C5(R) mentioned above. Changing A to reduced row echelon form yields

[image: images]

and we have the much simpler system

[image: images]

and

[image: images]

to consider. The last equation obviously puts no restrictions on x4 so that taking an arbitrary value t for x4 yields the solution vector u = (t − 6, t − 6, 2t + 20, t, − 1) in C5(R). Then for the various values of t we get all of the solutions of the original system.

    This illustrates how the process reveals the solutions when they exist. But what happens if no solutions exist?

    Example 2. Solve over R the system

[image: images]

    The array of this system is

[image: images]

which reduces to

[image: images]

Then the original system of equations can be replaced by the following system

[image: images]

Since the last equation is an impossibility in R we conclude that this system has no solution. (Such a system is sometimes called inconsistent.)

        Exercise 11.7

    1. Write out the array of the following linear system over R:

[image: images]

Transform the array of the system into an array in reduced row echelon form. Solve the simplified system.

    2. Solve the following system (by the method of this section) over R:

[image: images]

    3. Solve the following system over R:

[image: images]

    4. Solve over J/(3):

[image: images]

    5. Show that the system of

[image: images]

has no solution over R.

    6. Describe how the method of this section could be used to solve a linear system with the aid of an electronic computer.

    7. Can the method of this section be used to solve a linear system without explicitly writing any arrays? Explain.

    8. The inner product of two vectors v = (a1, …, an) and u = (b1, …, bn) of Cn(F) is defined to be (u, v) = a1b1 + … + anbn. Find as many properties of this binary operation on Cn(F) as you can. (Is it commutative, associative, distributive over addition, etc.?)

    9. Let U be a subspace of Cn(F), and define Û to be the collection of all v in Cn(F) such that (u, v) = 0 for every u in U. Show that Û is a subspace of Cn(F). (Û is the orthogonal complement of U in Cn(F).)

    10. Find the orthogonal complement (Problem 9) of the subspace U of C5 (R) spanned by the three vectors u1 (1, 1, 1, 1, 1), u2 = (1, 2, 3, 4, 5), and u3 = (5, 4, 3, 2, 1). (Find the canonical basis for U.)

    11. How are dim (U) and dim (Û) related in Cn(F)?

    12. Interpret the inner product in C3(Re) geometrically. What is the orthogonal complement of a line through the origin?

    13. Consider the m linear homogeneous equations:

[image: images]

Show that, if the m-by-n array A = (ars) has row rank k, then the “solution space” of all (x1, …, xn) in Cn(F) has dimension n − k. (Transform A to reduced row echelon form, and then write down the resulting linear homogeneous equations. Check Problem 9.)

    14. Find the canonical basis for the subspace of solutions of the following homogeneous systems over R:

[image: images]

    11.8 Column Rank

    Up to this point we have treated a doubly ordered set or array as a stack of vectors. Thus a 3-by-4 array over F was considered to be a stack of three vectors from C4(F). Now it is quite clear that we can slice this 3-by-4 array vertically and treat it as an ordered collection of four vectors from C3(F), where the vectors from C3(F) are written as columns instead of rows.

    Example 1. The array

[image: images]

can be considered as the ordered set of row vectors v1 = (1, 2, 3, 4), v2 = (5, 6, 7, 8), and v3 = (8, 7, 6, 5) from C4(F), or as the ordered set of column vectors

[image: images]

from C3(F).

    This somewhat different view of the array A suggests that we should consider the column space and column rank of A by describing and investigating elementary column operations. We do this by effectively reducing the situation to one which has already been handled.

DEFINITION 11.16. The n-by-m array AT obtained from the m-by-n array A by writing the rth row of A as the rth column of AT is called the transpose of A. If A = (ars), then AT = (brs) with brs = asr.

    If

[image: images]

then

[image: images]

DEFINITION 11.17. The column rank of A is the row rank of AT. The array A is in reduced column echelon form if and only if AT is in reduced row echelon form.

    Example 2. The following arrays

[image: images]

are in reduced column echelon form since their transposes

[image: images]

are in reduced row echelon form.

    The row rank of AT is 2 so that the column rank of A is 2. Similarly the column rank of B is 3.

    The elementary column operations are quite obviously the counterparts of the elementary row operations:

    (1) The interchange of two columns.

    (2) The multiplication of a column by a nonzero scalar.

    (3) The addition of a scalar multiple of one column to another column.

    Since these are the counterparts of the elementary row operations it is quite evident that when applied to an array A they do not affect the column rank (or dimension of the column space) of A.

    Now, however, we consider another question: How are the row rank and column rank of A related? We shall show them to be equal, and for this we need to verify that an elementary column operation on A changes A into an array B with the same row rank as A. (In general the row space of A differs from the row space of B; we wish only to show them isomorphic.)

THEOREM 11.19. If the array B is obtained from the array A by means of an elementary column operation, then A and B have the same row rank.

    Since such operations are clearly reversible it is only necessary to prove that the row rank of B is not less than the row rank of A. We shall do this only for the most complicated type of column operation.

    Suppose c times column i is added to column j of A to get B, and suppose i < j. Then we can show that, if every collection of k rows of B is linearly dependent, so is every collection of k rows of A. (Thus if B has row rank k − 1, the row rank of A is no larger than k − 1.) Consider a typical row of A,
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then the corresponding row of B is

[image: images]

where ej is the jth vector of the canonical basis of Cn(F).

    Then a relationship among k row vectors of B would be expressible in the form

[image: images]

We look at the components of this equation:

[image: images]

    Clearly the expressions for components i and j lead to the conclusion that

[image: images]

Hence we have the same linear relationship among the corresponding k row vectors of A:

[image: images]

    This effectively proves the theorem for this type of elementary column operation. The other two types are easier to deal with so we leave them for the student to practice on.

    As a consequence of this result we can prove that the row rank of A equals the column rank of A by considering the case when A is in reduced column echelon form (since changing A to this form does not affect the row rank). First we write out the explicit description of the reduced column echelon form of an array.

THEOREM 11.20. An array A of column rank r is in reduced column echelon form if and only if:

    (1) Columns 1, 2, …, r are the nonzero columns of A.

    (2) The uppermost nonzero element in each column is 1, and the other elements in the row in which it appears are all zeros.

    (3) If the uppermost 1 in column i appears in row j, then ars = 0 for r < j and s > i.

    This is just a description of the transpose of an array in reduced row echelon form.

    From this description of an array A in reduced column echelon form we see that, if A has column rank r, then the row space of A is spanned by r canonical basis vectors ei, and so A has row rank r. This observation suffices to prove the next statement.

THEOREM 11.21. The row rank of an array A equals the column rank of A.

    Consequently we speak hereafter of the rank of A.

    Example 3. Reduce the following array A over R to reduced column echelon form B, and write each row of B as linear combinations of the first r (for rank) rows of B:

[image: images]

    Add 2 times column one to column two and −1 times column one to column three, yielding

[image: images]

Now multiply column two (of A1) by [image: images], and then add −1 times the new column two to column one, yielding

[image: images]

This array is in reduced column echelon form, and obviously

[image: images]

The rank of A is two. Note that the top two rows of B are the canonical basis vectors e1 and e2 of C3(R).

        Exercise 11.8

    1. Give three examples of 3-by-5 arrays over R which are in reduced column echelon form.

    2. Give two examples of 3-by-4 arrays over R which are in both reduced row and column form.

    3. Transform the five arrays of Problem 6, Exercise 11.5, into reduced column echelon form.

    4. By using column and row operations intermixed the rank of an array can often be found quite quickly. Illustrate.

    5. Complete the proof of Theorem 11.19.

    6. Define two m-by-n arrays A and B over F to be equivalent if and only if B can be obtained from A by means of a finite sequence of elementary row and column operations. Show that this is an equivalence relation on the set of all m-by-n arrays over F. Show that two such arrays are equivalent if and only if they have the same rank. Devise the “simplest” representative for each equivalence class (see Problem 2).
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Linear Transformations and Matrices


    As we have seen in our study of groups and rings (both abstract and specific) a useful and important concept in the investigation of algebraic systems is that of homomorphism. In this chapter we begin the study of the homomorphisms of vector spaces, especially finite dimensional vector spaces. For finite dimensional vector spaces we are able to describe all the homomorphisms in a manner quite similar to that used in the previous chapter to describe all the sub-spaces of an n-dimensional vector space.

    These homomorphisms, known commonly as linear transformations, can often be represented by doubly ordered sets of scalars which are usually referred to as matrices. The theory of linear transformations and matrices has been widely used throughout mathematics and the physical sciences and is today being used in many other areas of intellectual activity (such as game theory, linear programming, biometrics, econometrics, etc.). From an algebraic viewpoint the theory contributes models and methods, as well as problems, to the continuing study of mathematical systems.

    For the most part our attention is devoted to the homomorphisms of a vector space onto itself (endomorphisms). This restriction (which involves little loss of generality because of certain isomorphisms) permits us to form a ring from the linear transformations on a vector space. Thus we arrive at a very rich and significant corner of ring theory.

    Many of the results in this and the next chapter regarding matrices and linear transformations on finite dimensional vector spaces can be extended in some degree to the corresponding mappings of infinite dimensional vector spaces and of general S-modules. These topics are treated in advanced books dealing with functional analysis and with the abstract theory of rings (e.g., Introduction to Functional Analysis, by A. E. Taylor, and Lectures in Abstract Algebra, volumes I and II, by N. Jacobson).



    12.1 Homomorphisms and Linear Transformations

    In the preceding chapter the concept of isomorphism of vector spaces was discussed and used. An isomorphism, as we remember from our study of other algebraic systems, is just a special case of the more general concept of homo-morphism, and the definition of homomorphism can be obtained easily from that of isomorphism by simply omitting the restriction, one-to-one. A homo-morphic image of a system is rather like a shadow or a cross section of the system (and anyone who is familiar with blueprints and their uses in engineering work knows that such images can be quite informative).

DEFINITION 12.1. The mapping A from vector space V(F) to vector space W(F) is a homomorphism or linear transformation from V(F) to W(F) if and only if

[image: images]

for any a and b in F and any u and v in V.

    Here we are using the same symbolism for the corresponding binary operations of both spaces, so that in V(F) we write

[image: images]

whereas in W(F) we write

[image: images]

The image of the vector u under the mapping is denoted by uA so that we are employing the right-hand function notation in this chapter (unless stated otherwise in an example).

    Since linear transformations are mappings the equality of two linear transformations has been dealt with already.

THEOREM 12.1. Two linear transformations A and B from V(F) to W(F) are equal if and only if vA = vB for every v in V.

    We recall that the mappings A and B are subsets of the product set V x W with the property that each element v of V appears exactly once as the first element in an ordered pair element of each subset. The theorem therefore is just a restatement of set equality for these subsets.

    As a result of this theorem we can describe a linear transformation A from V(F) to W(F) by describing the image vA of each v in V. Naturally the mapping which is thus uniquely defined must be shown to be compatible with the binary operations of the vector spaces involved.

    Example 1. Let c be an arbitrary but fixed element of the field F. The mapping Ac from V(F) to V(F) defined by the image

[image: images]

is a linear transformation since

[image: images]

Ac is the scalar linear transformation from V(F) to V(F) determined by the scalar c. This mapping is easily seen to be an automorphism of V(F) except when c = 0.

    Example 2. Consider the additive group of R[λ] as a vector space V(R). Then a familiar linear transformation from V(R) to V(R) is provided by the formal derivative D,

[image: images]

when

[image: images]

(Here we use the more common left operator notation for D.) This linear transformation is not an automorphism since it maps all of the elements of R onto 0.

    Example 3. The mapping A from C2(Re) to C2(Re) described by

[image: images]

is a linear transformation of the plane vector space which is frequently used as a test for symmetry.

    Example 4. A linear transformation often used in the study of plane analytic geometry is a “rotation about the origin.” Such a mapping A from C2(Re) to C2(Re) is defined for the fixed real number c as

[image: images]

where

[image: images]

and

[image: images]

This mapping describes the effect of rotating a vector (a1, a2) counterclockwise about the origin through an angle whose radian measure is c. (Alternatively, A can be thought of as a mapping which rotates the reference system of axes clockwise through an angle whose radian measure is −c.)

    Example 5. In solid analytic geometry collections of points are frequently studied by “projecting” them onto one of the coordinate planes. This corresponds to a linear transformation A from C3(Re) to C3(Re) defined by

[image: images]

for all (a1, a2 a3) in C3(Re). If

[image: images]

then

[image: images]

so that A is indeed a linear transformation.

    In this last example we note that the image vectors (a1 a2, 0) form a subspace which is isomorphic with C2(Re). Moreover the vectors of C3(Re) which are mapped onto z = (0, 0, 0), namely the vectors (0, 0, a3), form a subspace of C3(Re). We see rather easily that this is always the case.

THEOREM 12.2. Let A be a linear transformation from V(F) to W(F). Then the set

[image: images]

is a subspace of W(F), and the set

[image: images]

is a subspace of V(F).

    Let uA and vA be two elements from VA. Then for a and b in F,

[image: images]

so that a(u A) + b(v A) is in VA. Hence VA is a subspace of W(F).

    Let u and v be elements of NA; then

[image: images]

so that

[image: images]

Therefore

[image: images]

and we see that au + bv is in NA. Hence NA is a subspace of V(F).

DEFINITION 12.2. The subspace VA of W(F) is the image space (or range space) of the linear transformation A. The subspace NA of V(F) is the null space (or kernel) of the linear transformation A.

    If VA = W(F), then we say that A is a mapping from V onto W. If VA ≠ W(F), then we say that A is a mapping into W. And if we wish to allow for either of these possibilities we speak of A as a linear transformation from V(F) to W(F). However, we can always say that A is a mapping from V onto VA, the image space.

THEOREM 12.3. The linear transformation A from V(F) onto VA is an isomorphism if and only if NA, the null space, consists of the zero vector only.

    A is an isomorphism if and only if A is one-to-one. If A is an isomorphism from V(F) onto VA, then NA can contain only one element, and since the only subspace of V containing a single element is (z) we conclude that NA = (z). Conversely, suppose NA = (z) and let

[image: images]

in VA. Then

[image: images]

so that u − v belongs to NA in V(F). Therefore

[image: images]

and the mapping A is one-to-one. So A is an isomorphism from V(F) onto VA.

    In the next section we will see that, when dim (V(F)) = n, then

[image: images]

        Exercise 12.1

    1. Describe the effect of Ac (Example 1) on C2(Re) when c = 2; when [image: images] when c = −1. Illustrate geometrically.

    2. How does the adjective “linear” arise in describing a homomorphism A from V(F) to W(F)? (Consider the condition (au + bv)A = a(uA) + b(vA).)

    3. Determine the null space and the image space of each of the examples in this section. Are any of the homomorphisms isomorphisms?

    4. Show that D in Example 2 is a linear transformation.

    5. Draw geometric illustrations of Examples 3, 4, and 5.

    6. What kind of symmetry does the linear transformation of Example 3 provide a test for? Describe the linear transformations involved in other such tests.

    7. Show that the mapping A from R[λ] to R[λ] defined by

[image: images]

is a linear transformation of the system as a vector space over R. Describe NA and VA.

    8. Generalize Theorem 12.2 as follows:

    (a) If A is a linear transformation from V(F) to W(F) and if U is a subspace of V, then UA = {uA: u in U} is a subspace of W.

    (b) If A is a linear transformation from V(F) to W(F) and if W’ is a subspace of W, then the set

[image: images]

is a subspace of V, called the preimage of W’.

    Illustrate using the space and mapping of Example 2.

    9. Let A be a linear transformation from V(F) to W(F). Generalize the linearity condition of the definition to show that A takes any linear combination of vectors V1, …, vn of V onto the same linear combination of vectors V1A, …, VnA, in W.

    10. Let A be the linear transformation from C2(R) to C2(R) which maps (1, 2) onto (3, 4) and (5, 6) onto (7, 8). Determine (a1, a2)A. (Ans. [image: images](−4a1 + 5a2, −6a1 + 7a2).)

    11. Show that a linear transformation A maps a linearly dependent set of vectors in V(F) onto a linearly dependent set in VA. From this deduce the fact that dim (VA) is never larger than dim (V(F)) by proving that a linearly independent set of vectors in VA is the image of a linearly independent set of vectors in V.

    12. An S-homomorphism from left S-module G to left S-module H is defined by the same linearity condition that we used in Definition 12.1. Give an example of a J-homomorphism from J[λ] to J[λ] (see Problem 7).

    13. To generalize the linear transformation of Example 1 to an S-homomorphism when S is noncommutative we must assume what about c?

    12.2 Bases and Matrices

    When we match the linearity of a linear transformation with the linear properties of a spanning set we see that a linear transformation A from V(F) to W(F) is determined completely by the effect of A on a spanning set for V.

THEOREM 12.4. Let A be a linear transformation from V(F) to W(F). Then A is completely determined by its effect on a spanning set for V(F).

    This is certainly a corollary of Theorem 12.1 and the idea of a spanning set. By that theorem the mapping A is determined completely when the image v A of every v in V is known. Then if

[image: images]

    we see by extending the linearity property of A through an induction argument that

[image: images]

    Hence vA is known from the images viA.

    Now when we have one of those very special generating sets, a basis, then we can work backward along this line of argument and invent linear transformations.

THEOREM 12.5. Let v1, …, vn form a basis for Vn(F) and let w1, …, wn be n arbitrary vectors from W(F). There is a unique linear transformation A from Vn(F) to W(F) such that

[image: images]

    The mapping A is defined quite simply by specifying that

[image: images]

    and then extending this to all elements in V by using linearity. Each element v of V(F) is uniquely expressible as

[image: images]

    so we define

[image: images]

    It is quite trivial to show that the mapping A so defined by linearity over all of V is a linear transformation. If

[image: images]

then

[image: images]

so that

[image: images]

Of course if A is given as a linear transformation from Vn(F) to W(F) such that

[image: images]

then we know from the linearity of A that, if

[image: images]

in V(F), then

[image: images]

Thus the mapping defined above through linearity is the only linear transformation from Vn(F) to W(F) which sends vi onto wi for i = 1, …, n.

    From these two theorems we see that every linear transformation from Vn(F) to W(F) is determined by a basis {v1, …, vn} of Vn(F) and a set of n elements w1, …, wn in W(F). For through linearity a linear transformation A from Vn(F) to W(F) is determined by the n images viA = wi. And conversely n elements in W and linearity over F determine a linear transformation from Vn(F) to W.

THEOREM 12.6. If A is a linear transformation from Vn(F) to W(F), then dim (VA) is no larger than n.

    Let v1, …, vn form a basis for Vn(F). Then their images v1A, …, vnA span VA since v in V is expressible as

[image: images]

so that

[image: images]

Since the dimension of VA is the number of elements in a minimal spanning set (unless VA = (z) in which case it has dimension 0) we conclude that dim (VA) is bounded by n.

    This does not mean that the space W(F) has dimension no larger than n. In fact W(F) need not have finite dimension.

    Example 1. Select w1, …, wn as n arbitrary polynomials in R[λ]. Then the mapping A from Cn(R) to R[λ], defined by linearity from

[image: images]

where e1, …, en is the canonical basis of Cn(R), is a linear transformation from an n-dimensional space into an infinite dimensional space.

    The above procedure shows us how to get one linear transformation from Vn(F) to W(F) out of one collection of n vectors w1 …, wn from W(F). Now let us consider an arbitrary but finite set of vectors from W. We select a maximal linearly independent set {w1 …, wm} from this collection (relabeling if and when convenient). These m vectors form a basis for the subspace Wm(F) spanned by the original finite collection. How can we describe a linear transformation A from Vn(F) to Wm(F) in terms of the basis vectors v1, …, vn of Vn and the basis vectors w1 …, wm of Wm?

    Consider the images

[image: images]

as elements of Wm they are uniquely expressible in terms of the vectors w1 …, wm:

[image: images]

Since A is uniquely determined by the images vi A, which are uniquely determined by the scalars aij we see that A is uniquely determined by the array (ars), which has n rows and m columns.

DEFINITION 12.3. The n-by-m array (ars) associated above with the linear transformation A is the matrix of A relative to the bases {v1, …, vn} for Vn and {w1…, wm} for Wm.

    We raise the obvious question of whether an arbitrary n-by-m array (brs) over F is the matrix of some linear transformation B from Vn(F) to Wm(F), relative to the given bases. By using the preceding theorems we can show that the answer to this is positive. The n-by-m array (brs) assigns exactly one vector of Wm to each basis vector vi of Vn, so that the equations

[image: images]

together with linearity, define a unique linear transformation B from Vn to Wm. For this reason no distinction is made hereafter between an array and a matrix.

THEOREM 12.7. A basis {v1 …, vn} for Vn(F) and a basis {w1…, wm} for Wm(F) establish a one-to-one correspondence between the linear transformations from Vn to Wm and the n-by-m matrices over F.

    By this result we could actually list all of the linear transformations from V3(F) to V2(F) where F = J/(2). Since a 3-by-2 array contains six positions and since there are two choices for each position we see that there are 26 different homomorphisms from V3(j/(2)) to V2(J/(2)). We will not bother to write them out.

    This tie-up between linear transformations and arrays can be strengthened even more.

THEOREM 12.8. If the n-by-m matrix(ars) corresponds to the linear transformation A from Vn(F) to Wm(F), then VnA is isomorphic with the row space of (ars).

    The correspondence between A and (ars) is spelled out by the equations

[image: images]

The n vectors v1A …, VnA span VnA, and the n row vectors

[image: images]

of (ars) span the row space of that array. The relation

[image: images]

establishes a homomorphism B from VnA to the row space of (ars), through linearity, and this homomorphism is an isomorphism since the null space of B is the zero space of Wm. For suppose

[image: images]

then

[image: images]

maps onto (0, …, 0), implying that

[image: images]

for i = 1, 2, …, m. Hence the vector

[image: images]

    Corollary 12.8.1. The dimension of VnA equals the rank of (ars).

    Isomorphic spaces have the same dimension.

    Because of this result the dimension of VnA is often called the rank of A.

Then A and its matrix have the same rank.

    Example 2. Let the linear transformation A from C3(R) to C3(R) be determined by the canonical basis and the array

[image: images]

Describe NA and the image space.

    Checking the discussion preceding Theorem 12.7 we see that the effect of A on the basis vectors is given by the rows of the array:

[image: images]

and

[image: images]

    In this particular example the row space of the array is not just isomorphic with the image space, it is the image space, and Cn(R)A has the canonical basis

[image: images]

This is seen by changing the array to reduced row echelon form.

    The null space NA consists of vectors (x1, x2, x3) such that (x1, x2, x3)A = (0, 0, 0). This means that

[image: images]

or, switching to components,

[image: images]

Since the array has been transposed in this new system of equations we see that the method of elimination of solving for x1, x2 and x3 is essentially that of reducing the array to reduced column echelon form. Carrying this out we get

[image: images]

so that NA consists of all vectors of the form (2x3, −x3, x3). That is, NA is the subspace spanned by the vector (2, −1, 1), and so we see that

[image: images]

If we wish to find the image of a vector such as (1, 2, 5) we need only to evaluate

[image: images]

And to find what vectors, if any, are mapped onto some vector, such as (2, 3, 2), we solve for x1x2 and x3 such that

[image: images]

This reduces to solving the system

[image: images]

    We wish to emphasize that the correspondence between an n-by-m array over F and a linear transformation from Vn(F) to Wm (F) is specified entirely by the bases selected for these spaces. Relative to one choice of bases the linear transformation A corresponds to an array (ars), but relative to a different choice of bases A generally corresponds to a different array. More will be said about this in a later section.

    Example 3. Find matrices for the linear transformation A from C3(R) to C2(R) which sends (1, 1, 1) onto (1, 1), (1, 2, 1) onto (1, 2), and (1, 1, 2) onto (1, 2), and (1, 1, 2) onto (2, 2).

    Using the methods developed in the previous chapter we check and see that v1 = (1, 1, 1), v2 = (1, 2, 1), and v3 = (1, 1, 2) form a basis for C3(R), and w1 = (1, 1) and w2 = (1, 2) form a basis for C2(R). Then

[image: images]

and

[image: images]

so that relative to this choice of bases, A is described by the 3-by-2 array

[image: images]

    However, if we select the canonical basis e1, e2, e3 for C3(R) while retaining the above basis for C2(R), then we get a different description of A. To find this new array we have to determine the effect of A on e1, e2, and e3, and to do this we write these vectors in terms of v1, v2, and v3:

[image: images]

implies, switching to components (the usual procedure in working with coordinate spaces), that

[image: images]

From these we conclude that

[image: images]

and that

[image: images]

    Similarly we determine that

[image: images]

so that

[image: images]

and

[image: images]

Hence, relative to this new choice of bases A corresponds to the matrix

[image: images]

        Exercise 12.2

    1. Let the linear transformation A from C3(R) to C2(R) be determined by the canonical bases of those spaces and the 3-by-2 array

[image: images]

Find the images (1, −1, 7)A, (0, −2, 8)A, and (1, 1, 1)A.

    2. In the preceding problem find three vectors of C3(R) which map onto (2, 2).

    3. Find the null space of the linear transformation of Problem 1.

    4. In Example 2 find all vectors which map onto (2, 3, 2).

    5. Using the canonical basis for C2(Re) find the matrix describing the rotation of 30 degrees counterclockwise about the origin.

    6. Find matrices describing the linear transformations of Examples 3 and 5 in the preceding section. How many possible answers are there?

    7. Discuss the number of linear transformations from Cn(J/(p)) to Cm(J/(P)).

    8. The linear transformation A from C2(R) to C2(R) sends (1, 2) and (3, 4) onto (-1, 0) and (0, 3), respectively. Find two different matrices describing A, using the canonical basis in one case.

    9. The linear transformation A from C3(R) to C2(R) sends v1 = (1, 2, 3) onto w1 = (1, 2), v2 = (2, 2, 3) onto w2 = (2, 1), and v3 = (-1, 1, 1) onto w3 = (3, 3). Find two different descriptions (i.e., matrices) of A.

    10. Let A be a linear transformation from Vn(F) to W(F). Show that

[image: images]

(Select a basis {u1, …, uk} for NA and extend it to a basis {u1, …, uk; v1 …, vg} for Vn. Then v1A …, VgA form a basis for VnA.

    11. Let the n-by-m array (ars) correspond to the linear transformation A from Vn(F) to Wm(F). Show that NA is isomorphic with the subspace of Cn(F) which is orthogonal with the column space of (ars). (See Example 2.)

    12. Complete Example 2.

    13. Let A be an automorphism of a quadratic field

[image: images]

Consider F as a vector space over R and find a matrix describing A. Do this for all automorphisms of F.

    14. The Galois field GF(p2) is a vector space of dimension p over GF(p) = J/(p), and an automorphism of this field is a linear transformation of it as a vector space. Find matric descriptions of the automorphisms of GF(4); of GF(8).

    12.3 Addition

    Up to this point we have been considering individual linear transformations. Now we raise our sights a bit and look at the set L(V(F); W(F)) of all linear transformations from V(F) to W(F). If we can make this collection into an algebraic system of a type already known to us, then we will be able to utilize the theory developed earlier. Moreover the discovery and development of a new example or variety of examples of an abstract system often lead to an extension of the general theory by suggesting new avenues of approach and new problems.

    Since the basic binary operations of the vector spaces V(F) and W(F) are addition and scalar multiplication we should naturally attempt to extend these to the set L(V(F) ; W(F)). And since linear transformations, by Theorem 12.1, are determined by the images which they map vectors onto we use these images to define addition and scalar multiplication in L(V; W).

    Addition. Let A and B be two linear transformations from V(F) to W(F). Then the sum A + B is defined to be the mapping from V to W determined by the images

[image: images]

    This brings in yet another use of the symbol +, but it seems fairly safe to do this since the variation in symbols and the explicit indications for the elements in F, V, W, and L(V; W) serve to show which addition is actually being used.

THEOREM 12.9. The mapping A + B is a linear transformation from V(F) to W(F).

    Let a and b be elements of F and u and v be vectors from V. Then

[image: images]

by the definition of A + B, and since

[image: images]

and

[image: images]

we see that

[image: images]

Working in W(F) and using the properties of a vector space we see that

[image: images]

By definition we have

[image: images]

and assembling these facts we see that

[image: images]

Hence A + B is a linear transformation from V(F) to W(F).

    Since addition in L(V; W) is based on the addition in the Abelian group W we should expect the system formed by L( V; W) and this binary operation to be quite nice. Consider the following equations:

[image: images]

for v in V and A, B, and C in L(V; W);

[image: images]

for v in V and A + B in L(V; W).

    From these we conclude that L( V; W) forms a commutative semigroup relative to addition. In fact much more can be said.

THEOREM 12.10. The system {L(V; W), +} is an Abelian group.

    Consider the mapping Z defined by

[image: images]

where Z denotes the zero of W. From

[image: images]

we conclude that Z is in L( V; W), and it follows easily that Z is the additive identity of L(V; W) since

[image: images]

Moreover the mapping −A from V to W defined by

[image: images]

is an element of L(V; W), and

[image: images]

since

[image: images]

So we see that the system {L(V; W), +} is an Abelian group.

    Scalar Multiplication. If a is an element from F and A is a linear transformation from V(F) to W(F), then a A, the scalar multiple, is the mapping from V to W defined by the images

[image: images]

    The idea here is to make L(V; W) into a vector space over F, and the following equations show that this is accomplished.

[image: images]

for a, b, c in F, v in V, and A in L(V; W). Hence a A is in L(V; W).

[image: images]

for a and b in F, v in V, and A in L(V; W).

[image: images]

for a in F, v in V, and A and B in L(V; W).

[image: images]

for a and b in F, v in V, and A in L(V; W).

[image: images]

for v in V and A L(V; W).

THEOREM 12.11. The system consisting of the set L(V; W) of all linear transformations from V(F) to W(F) and of the binary operations of addition and scalar multiplication, defined above, is a vector space over F.

    Theorem 12.10 shows that (L, +) is an Abelian group, and equation (12.3) shows that a A is in L(V; W) and hence that scalar multiplication is a mapping from F × L to L. From equations (12.4) through (12.7) we conclude that

[image: images]

    for a and b in F and A and B in L( V; W). Hence this system, which we denote simply by L(V; W), is a vector space over F.

    We can get a better description of what is happening by restricting our attention to finite dimensional vector spaces Vn(F) and Wm(F), selecting arbitrary but fixed bases for these spaces, and looking at the n-by-m matrices which correspond to the elements of L(V; W). For convenience we take n = 3 and m = 3 and the sets {v1, v2, v3} and {w1, w2, w3} as bases for V3

and W3, respectively. Then two linear transformations A and B are determined by their effect on v1 v2, and v3:

[image: images]

and, more concisely,

[image: images]

for i = 1, 2, 3. Thus A and B are described by the 3-by-3 matrices

[image: images]

and (brs), respectively. The effect of A + B on the basis vectors vi is quite obvious:

[image: images]

for i = 1, 2, and 3. Hence the matrix of A + B is

[image: images]

which is clearly obtainable by adding the corresponding components of the matrices (ars) and (brs). Also, since

[image: images]

for i = 1, 2, and 3, we see that the matrix of aA is

[image: images]

    Thus the previous results for the vector space L(V; W) and the correspondence between linear transformations and matrices enable us to make F(n, m), the set of all n-by-m matrices over F, into a vector space over F.

    Addition. The sum of two elements from F(n, m) is obtained by adding the corresponding components, so that

[image: images]

    Scalar Multiplication. The product of a in F and (ars) in F(n, m) is defined to be the matrix (brs) where

[image: images]

for r = 1, …, n and s = 1, …, m.

    These definitions are chosen so that the natural one-to-one correspondence, relative to a particular basis for Vn(F) and a particular basis for Wm(F) which was discussed in the preceding section, is compatible with the addition and scalar multiplication in L(Vn; Wm) and F(n, m). Consequently the system consisting of F(n, m) and the two binary operations defined above is a vector space over F since it is an isomorphic image of the vector space L(Vn; Wm).

THEOREM 12.12. The system consisting of all n-by-m matrices over the field F is a vector space of dimension nm over F relative to componentwise addition and scalar multiplication.

    The isomorphism discussed above shows that F(n, m) is a vector space, but the theorem follows quite easily from looking at the coordinate vector space Cnm(F) of dimension nm. We break a vector of this space into n ordered pieces of m components each by counting (from left to right) the first m components, the next m components, etc. Then we stack these up in an orderly fashion and thereby obtain an element of F(n, m). Since the procedure is reversible we see that the system {F(n, m), +, ·} is just Cnm(F) written in a folded style.

    Example 1. We illustrate the above by looking at C6((R).

    From an arbitrary element

[image: images]

of this space we form the 3-by-2 array

[image: images]

so that by letting these two elements correspond we obtain an isomorphism between C6(R) and R(3, 2). The vector v can also be broken and stacked to yield the 2-by-3 array

[image: images]

so that C6(R) is also isomorphic with R(2, 3).

    For particular elements

[image: images]

of C6(R) we have

[image: images]

and

[image: images]

Written in terms of 3-by-2 matrices this simple arithmetic becomes

[image: images]

and

[image: images]

    Example 2. Describe a simple basis for the vector space F(n, m).

    Take the canonical basis for Cnm(F) and rewrite it as a basis for F(n, m). This yields the basis, which we will call the canonical basis of F(n, m), denoted by E11, …, E1m, Enm where Eij is the n-by-m matrix with 1 in the (i, j)-position and zeros everywhere else. These matrices are sometimes called matric units. In R(2, 2) the four matric units are

[image: images]

and

[image: images]

        Exercise 12.3

    1. Let A be a rotation of the plane vector space through an angle of 120 degrees about the origin and B a rotation of 30 degrees. Describe A + B and illustrate geometrically.

    2. Let A be the linear transformation of Problem 1 and describe 2A, −A, −3A, and [image: images].

    3. Show that the vector space L(Vn(F); Vn(F)) has dimension n2 over F and contains a subspace isomorphic with Vn(F).

    4. Show that the m matric units Ei1, …, Eim of F(n, m) span a subspace Ui of dimension m. Show furthermore that the space F(n, m) is expressible as the sum

[image: images]

and that this sum is irredundant in that each element A of F(n, m) is uniquely expressible as

[image: images]

with Ai in Ui.

    5. Illustrate Problem 4 with R(3, 4).

    6. Find the rank of the matrices A, B, and A + B when A and B are the following elements of R(3, 3):

[image: images]

    7. Let A and B be two n-by-m matrices. Prove that the rank of A + B never exceeds the rank of A plus the rank of B. Show by example that the rank of A + B can be zero.

    8. Let A and B be linear transformations from V(F) to W(F). Show that the image space V(A + B) is contained in the sum VA + VB but that in general V(A + B) ≠ VA + VB. (What happens when B = −A)

    9. Find the null spaces of the linear transformations from C3(R) to C3(R) which correspond, relative to the canonical basis, to the matrices of Problem 6.

    10. Let A and B be linear transformations from Vn(F) to Vn(F). Prove that the dimension of the null space of A + B is at least as large as

[image: images]

(Use Problem 7, the relation between NA and VnA, and the correspondence between matrices and linear transformations.) Illustrate with Problem 9.

    11. A linear transformation from V(F) to F (considered as a vector space over F) is a linear functional, and the vector space L(V(F); F) is the dual space of V(F). Show that L(Vn(F); F) is isomorphic with Cn(F) by using a matric description of L(Vn(F); F).

    12.4 Multiplication

    In many of our previous dealings with functions (or mappings) we were able to use function composition to form new mappings. Thus if A is a mapping from set U to set V and if B is a mapping from set V to set W, then the composite mapping AB from set U to set W is defined by the images

[image: images]

Naturally we should consider the question of whether or not the composite of two linear transformations is a linear transformation, and it is quite easy to verify that this “product” is a linear transformation.

THEOREM 12.13. If A belongs to L(U(F); V(F)) and B belongs to L(V(F); W(F)), then the product defined by the images

[image: images]

is an element of L(U(F); W(F)).

    We know that the composite AB is a mapping from U to W so all we need to show is that it is linear. Let u and v be two elements of U(F) and a and b be in F. Then

[image: images]

by definition,

[image: images]

since A is linear,

[image: images]

since B is linear, and

[image: images]

by definition, so that

[image: images]

Hence AB is a linear transformation from U(F) to W(F).

    Note that in general the product BA is not defined even though AB is.

    Example 1. Let U(F) be C3(Re), V(F) be C2(Re), and W(F) = C1(Re). Then, if A projects (a1 a2, a3) onto (a1 a2) and B projects (a1 a2) onto a1, AB projects (a1, a2, a3) directly onto ax (see Fig. 12.1).


[image: images]

Figure 12.1



    By restricting our attention to finite dimensional vector spaces this concept of multiplication of certain linear transformations enables us to define the product of certain matrices. For the sake of simplicity we take U(F), V(F), and W(F) to have dimension 3, 3, and 2, respectively. If {u1 u2, u3}, {v1 v2, v3}, and {w1 w2} are bases for U, V, and W, respectively, and if A and B are in L(U; V) and L(V; W), respectively, we can describe A, B, and AB with matrices.

    From

[image: images]

and

[image: images]

we see that

[image: images]

    In the same way we get

[image: images]

and

[image: images]

and the matrices corresponding to A, B, and AB are

[image: images]

and

[image: images]

So how can we “multiply” A and B to get C? First we note the following facts:

    (1) Elements from row 1 of A appear only in row 1 of C, and similarly for rows 2 and 3.

    (2) Elements from column 1 of B appear only in column 1 of C, and similarly for column 2.

    Thus it appears that row i of matrix A is combined with column j of matrix B to produce the (i, j)-element of matrix C. Closer inspection reveals that, for example, row 2 of A and column 1 of B,

[image: images]

respectively, combine to yield the scalar

[image: images]

which is the element in row 2 and column 1 of C.

    Matric Multiplication. The product of the n-by-m matrix (ars) from F(n, m) and the m-by-t matrix (brs) from F(m, t) is the n-by-t matrix (crs) from F(n, t) with

[image: images]

for r = 1, …, n and s = 1, …, t. If (ars), (brs), and (crs) are denoted by A, B, and C, respectively, then we write

[image: images]

    This definition is abstracted from the preceding discussion and is made so that the matrix C, which corresponds to the composite linear transformation AB, is precisely the product of the matrices A and B which correspond to A and B.

    In the definition above we see that the component

[image: images]

of AB = C is determined by row r of the left factor A, namely

[image: images]

and column s of the right factor B, namely

[image: images]

In fact the multiplication of A and B depends entirely upon a rule for combining two vectors of the coordinate space Cm(F), one written as a row vector and the other as a column vector:

[image: images]

(This scalar is called the inner product of the two vectors involved; it can be interpreted as the matric product of a 1-by-m matrix and an m-by-1 matrix.)

    Example 2. Multiply the following matrices over the rational field:

[image: images]

    Since the number of columns in the left factor must equal the number of rows in the right factor, the only product which can be formed from these matrices is

[image: images]

    We loosen the ties between linear transformations and matrices somewhat, and indicate an important aspect of matric theory, by pointing out that the very nice properties of the field F are not utilized in the definition of matric multiplication. In fact we need only to have the products of certain components in A with certain components in B defined and the sums of certain of these products defined. Thus, if A and B are doubly ordered sets of elements,

[image: images]

such that the elements

[image: images]

are defined, then the product AB = (crs) is defined.

    Example 3. Describe the product B1A1 of the two matrices

[image: images]

where

[image: images]

and

[image: images]

    The product B1A1 is defined since the matric products b1a1, b1a2, b2a1, and b2a2 are all defined. This is basically the same arithmetic problem as Example 2 and serves to illustrate the method of partitioned matrices wherein “large” matrices are broken or partitioned into doubly ordered sets of “smaller” matrices.

    Much of the theory of matrices over a field F extends quite readily to matrices over a ring S (i.e., doubly ordered sets of elements from S), and some portions of the theory can be extended even more. This allows some of the methods which we will discuss in the next sections and chapter to be quite useful in situations involving finite (and sometimes infinite) doubly ordered sets.

    Getting back to matrices over the field F we again emphasize the association between the product of matrices and the product of linear transformations.

THEOREM 12.14. If A and B are linear transformations from L(Vn(F) ; Vm(F)) and L(Vm(F) ; Vt(F)), respectively, and if A and B are the n-by-m and m-by-t matrices associated with these mappings by fixed bases of the spaces, then the product AB corresponds to the product mapping AB.

    The preceding discussion when n = 3, m = 3, and t = 2 was completely indicative of the general situation. For the bases (u1, …, un} of Vn, {v1, …, vm} of Vm, and {w1, …, wt} of Vt we have

[image: images]

and

[image: images]

where

[image: images]

Then

[image: images]

and

[image: images]

In fact the theorem is true since we defined the product AB by working backwards from the desired conclusion.

    Example 4. Define “product” of two elements of Cn(F), using the idea of matric product and of transpose.

    If u = (a1, …, an) and v = (b1, …, bn), writing the elements of Cn(F) as row vectors or 1-by-n matrices, there are two “products” which can be defined easily. The first was mentioned earlier:

    (1) u ○ v = uvT = a1b1 + … + anbn.

    (2) u * v = uTv.

    The first is a mapping from V × V to F (where V denotes Cn(F)) and the second is a mapping from V × V to F(n, n), the set of n-by-n matrices over F. The first “product” is the inner product (sometimes called the scalar product) of two coordinate vectors. Note that the transpose of the 1-by-n array v = (b1, …, bn) is the n-by-1 array

[image: images]

        Exercise 12.4

    1. Let A and B be the linear transformations from V(F) = F[λ] to V(F) defined by the following and linearity:

[image: images]

Describe AB and BA. Illustrate by computing the images of

[image: images]

    2. If A and B are from L(U; V) and L(V; W), respectively, show that NA is a subspace of the null space NAB.

    3. Illustrate geometrically the result of a rotation of the vector space C2(Re) through an angle of 30 degrees followed by a dilation of 2 (i.e., a doubling in length).

    4. Write out the matrices associated with the linear transformations of Problem 3, and check the appropriate matric product.

    5. What happens to the composite linear transformation of Problem 3 when the order in which the transformations are made is reversed? How do AB and BA from Problem 1 compare?

    6. If B is the linear transformation of Problem 1, describe B2 = BB, B3 = BB2, and B4 = BB3.

    7. If A is the rotation of Problem 3 describe the linear transformation A13.

    8. Compute all of the “products” described in Example 4 when u and v are selected in all possible ways from the canonical basis vectors of C3(R).

    9. Compute AB, A2, and A3 for the following matrices over R:

[image: images]

    10. Compute BBT and AAT for the matrices of Problem 9.

    11. Work Problems 9 and 10 with the elements of the matrices interpreted as being in J/(7) ; in J/(8).

    12. Calculate the number of arithmetical computations necessary to multiply two n-by-n matrices over F together.

    13. Describe how the method of partitioning matrices into matrices whose components are smaller matrices can be used to enable a computing machine of relatively small storage capacity to multiply two large matrices. (The products of the smaller matrices could be stored on tape or cards and then fed back into the machine at the appropriate time.)

    14. Form two 2-by-2 matrices A and B whose components are 2-by-2 matrices over R. Compute the product AB in two ways.

    15. Write out matrices describing Example 1.

    16. Let C be the linear transformation from V(R) = R[λ] to V(R) defined by linearity and the following

[image: images]

Show that C2 is a linear functional, mapping R[λ] onto R.

    17. Determine all 2-by-2 matrices B over R such that

[image: images]

    18. Determine a and b in R such that

[image: images]

    19. The infinite collection of polynomials 1, λ, λ2, λ3, λ4, …, of R[λ] form a basis for R[λ] as an R-space since it has no linearly dependent finite subset. Describe “infinite dimensional” matrices which reflect the effects of linear transformations A and B from problem 1 and C from Problem 16.

    20. Define the products of the matrices in Problem 19 as a generalization of the regular matric multiplication. Illustrate by carrying out the multiplications. What would be the difficulty in handling such matrices in general?

    12.5 Rings of Linear Transformations and of Matrices

    The composition of linear transformations discussed previously is not in general a binary operation on L(V(F); W(F)). If A and B are elements from L(V; W), then the product AB is defined if and only if the image space VA is a subspace of V. For the image

[image: images]

is defined if and only if VA is a subspace of V. Thus if we wish to study an algebraic system whose elements are linear transformations and which has the binary operation suggested by function composition, then we must look to the set L(V; V). Hereafter the set L(V(F) ; V(F)) of all linear transformations from V(F) to V(F) is denoted by L(V(F)), the set of linear transformations on V(F).

THEOREM 12.15. The system consisting of L(V(F)) and the binary operations of addition and multiplication defined by the images

[image: images]

for all v in V and A and B in L(V(F)), is a ring with identity.

    This ring, denoted by L(V) or L(V(F)), is the ring of linear transformations on V(F). To show that it is a ring we note first that we have proved already that (L(V), +) is an Abelian group. Thus we need only to check the multiplication.

    (1) Multiplication is associative. If A, B, and C are in L(V), then

[image: images]

and

[image: images]

so that

[image: images]

for every v in V. Since the images determine the mapping we conclude that

[image: images]

    (2) Multiplication is distributive over addition. If A, B, and C are in L(V), then

[image: images]

for every v in V. Therefore

[image: images]

Similarly,

[image: images]

for every v in V so that

[image: images]

The identity mapping I defined by

[image: images]

is in L(V(F)) since

[image: images]

for a and b in F and u and v in V(F). And

[image: images]

for A in L(V) since

[image: images]

and

[image: images]

    Thus we see that L(V(F)) is a ring with identity.

    Example 1. In the ring L(V2(R)), let A and B be identified by their effect on a basis {v1 v2}:

[image: images]

Then the products AB and BA are identified by the images

[image: images]

Thus we have

[image: images]

so that since A ≠ B we conclude

[image: images]

Hence the ring L(V2(R)) is noncommutative.

    If we define the linear transformation C of V2(R) by

[image: images]

then we see that

[image: images]

and

[image: images]

Therefore

[image: images]

but

[image: images]

where Z is the zero element of L(V2(R)), so we see that this noncommutative ring has one-sided (nonzero) divisors of zero.

    Example 2. Let A and B be elements of L(V3(R)) which, relative to the basis {v1, v2, v3}, are defined by

[image: images]

and

[image: images]

Then

[image: images]

and

[image: images]

so that

[image: images]

Also,

[image: images]

and

[image: images]

so that

[image: images]

Thus A and B have left and right inverses in the ring of linear transformations on V3 (R).

    These examples certainly indicate that these rings are quite a bit more complicated than any ring we have investigated heretofore. As a matter of fact these rings serve as models for the study of general abstract rings.

THEOREM 12.16. If A and B are in L(V(F)), then

[image: images]

    The first statement follows from the fact that a linear transformation maps the zero vector z onto z. So if v is in NA, then (by definition of null space)

[image: images]

implying that v is in NAB

    Since VA is a subspace of V we see from

[image: images]

that (VA)B = VAB is a subspace of VB.

    Corollary 12.16.1. If A is in L(V(F)), then

[image: images]

    This follows by induction on part (2) of Theorem 12.16.

    Example 3. Let V(F) = F[λ], and define A by linearity and the images

[image: images]

Then we see that

[image: images]

is an infinite chain of proper subspaces. The elements of VAm are all of the polynomials over F in λk, where k = 2m, and for p(λ) = 1 + λ + λ2 we have

[image: images]

    As a consequence of Theorem 12.14 and Theorem 12.15 we know that the set Fn of all n-by-n matrices over F is a ring relative to matric addition and matric multiplication. For a fixed but arbitrary basis of Vn(F) the one-to-one correspondence so determined is an isomorphism from L(Vn(F)) onto the ring Fn.

THEOREM 12.17. The algebraic system consisting of Fn the n-by-n matrices over the field F, and matric addition and matric multiplication, is a ring which is an isomorphic image of L(Vn(F)).

    The ring Fn is the complete (or total) matric ring of order n over F.

    More generally the set Sn of all n-by-n matrices (arrays or doubly ordered sets) with components in the ring S is also a ring, the complete matric ring of order n over S. We will not attempt to give a general proof of this fact since we will be dealing principally with matrices over fields. The following computation indicates the general procedure, however.

    Let A = (ars), B = (brs), and C = (crs) be three elements from Sn. Then the element in the (r, s)-position of (AB)C is of the form

[image: images]

and the element in the (r, s)-position of A(BC) is of the form

[image: images]

The Distributive and Associative Laws of S enable us to conclude that these two elements are equal. So we see that

[image: images]

in Sn.

THEOREM 12.18. The set Sn of all n-by-n matrices over the ring S is a ring relative to the binary operations of matric addition and matric multiplication.

    The remainder of the proof is omitted, but not because it is difficult. Rather it is one of those proofs which when given in full detail are distracting rather than convincing. The student should be able to satisfy himself of its validity without too much trouble.

THEOREM 12.19. The ring Sn has an identity element if S has an identity element.

    Denote the identity element of S for addition by 0 and for multiplication by 1. Then the n-by-n matrix

[image: images]

with crs = 1 when r = s, and crs = 0 when r ≠ s, is the multiplicative identity of Sn. For suppose A = (ars); then

[image: images]

with brs = ar1c1s + ar2c2s + … + arncns, so that

[image: images]

    In the same manner we show that

[image: images]

and therefore In is the multiplicative identity of Sn.

    As a matter of fact the converse of this theorem is true. Let the ring Sn have the identity element B such that

[image: images]

Now we form a very special element A of Sn as follows:

[image: images]

where a11 is an arbitrary nonzero element of S and all other components of A are zero. Then, writing B = (brs), we have upon forming AB and looking at the (1, 1)-component,

[image: images]

Hence

[image: images]

is S so that b11 is a right identity in S for the arbitrary element a11 of S. Forming BA we see upon checking the (1, 1)-position that

[image: images]

Hence b11 is the multiplicative identity of S.

THEOREM 12.20. If matric ring Sn over the ring S has a multiplicative identity, then S must have a multiplicative identity.

    Example 4. Describe the elements of R2, the ring of all 2-by-2 matrices over the rational field, which commute with every element of R2.

    Let A = (ars) be a 2-by-2 matrix which commutes with every element of R2. Then A commutes with the four special matrices of R2, the matric units E11. E12, E21, and E22. From the equations

[image: images]

we conclude that

[image: images]

Hence A is a diagonal matrix of the form

[image: images]

From the equations

[image: images]

we see that

[image: images]

Thus

[image: images]

    Such matrices are called scalar matrices, and it is easily verified that the scalar matrices of R2 commute with all elements of R2.

        Exercise 12.5

    1. For V(R) = R[λ] show that the mapping E defined by linearity and

[image: images]

is in L(V(R)). Describe the linear transformations E2; Em; E − I; Em − I; ED; DE. (D denotes the formal derivation mapping.)

    2. Describe a multiplicative inverse for the linear transformation E of Problem 1. Can you define a multiplicative inverse for D?

    3. For the element a of R let Ea be the mapping from V(R) = R[λ] to V(R) defined by linearity and

[image: images]

Show that Ea lies in L(V), and compare Ea − I with aD.

    4. For the elements A and B of R3,

[image: images]

compute A2 + A − I3; AB; BA; and B2.

    5. Write out a matric description of Example 1.

    6. Write out a matric description of Example 2.

    7. For the following 2-by-2 matrices with components in J check the Distributive and Associative Laws:

[image: images]

    8. Using the canonical basis for C2(Re) write out the matric description of the following linear transformations: A, a rotation about the origin through an angle whose measure is a; B, a rotation through an angle b; and AB. Let A and B be the matrices corresponding to A and B. How does the product AB compare with the matrix of AB?

    9. Show that the collection of all 2-by-2 matrices of the form

[image: images]

is a group relative to matric multiplication. (See Problem 8.)

    10. Prove that the scalar matrices of Fn form a subring of Fn which is isomorphic with F. Is a similar result true for Sn?

    11. Show that the product of two diagonal matrices from R3 is also diagonal. Is this true in general?

    12. Establish an isomorphism between R4 and S2 when S = R2. Illustrate.

    13. For the matrices A and B of Problem 7 compute ATBT and compare with (AB)T and (BA)T, where AT is the transpose of A as defined in Chapter 11. What do you conjecture? Test your conjecture on the matrices of Problem 4.

    14. Let A and B be elements of Fn and define a new “product” of A and B by

[image: images]

Describe in terms of the rows of A and the rows of B. Show by example that this binary operation on Fn is not in general associative. (See Problem 13.)

    15. Let V4(R) be the vector space over R of all polynomials over R of degree less than 4 or of no degree. Describe by a matrix D the formal derivative D and show that D4 = Z, where Z is the zero matrix (i.e., all components are zero).

    16. Show that C(A), the set of all elements B of L(V(F)) such that AB = BA, is a subring of L(V(F)). C(A) is called the centralizer of A.

    17. Find the centralizer of the following element A of F3 when F = J/(5):

[image: images]

(See Example 4 and Problem 16.)

    18. Show that the mapping K from the complex field onto a subring of 2-by-2 matrices over the real field given by

[image: images]

a and b in Re, is an isomorphism.

    19. Calculate AB and BA when A and B are the following 2-by-2 matrices over R[λ]:

[image: images]

    20. Let A, B, and C be mappings from V(F) to V(F). Using the definitions of addition and multiplication for L(V(F)) show that: (1)A(B + C) = AB + AC; (2) (B + C)A does not in general equal BA + CA unless A is a linear transformation. (See the article, “Near-rings,” by Berman and Silverman.)

    12.6 Nonsingular Matrices

    Let A be an element of L(Vn(F)). Then from Theorem 12.3 we know that A is an isomorphism from Vn onto Vn (an automorphism of Vn) if and only if the null space of A is the zero space of Vn. In that case the rank of A or the dimension of VnA is also n and the row space of a matrix representing A relative to a particular basis of Vn is the coordinate space Cn(F).

THEOREM 12.21. If the element A of L(Vn(F)) has the zero subspace of Vn(F) as its null space, then L(Vn(F)) contains an element B such that AB = I.

    Let v1, …, vn form a basis for Vn(F). Then the n images v1A, …, vnA form a basis for Vn(F) also. For, if

[image: images]

then

[image: images]

implying that

[image: images]

since the null space of A is (z). From the linear independence of the vi we conclude that

[image: images]

so that the vectors v1A, …, vnA are linearly independent. Now we define a linear transformation B on Vn(F) by using these two bases and linearity:

[image: images]

From the equations

[image: images]

we conclude that

[image: images]

    Corollary 12.21.1. The rank of B equals the rank of A which equals n.

    This is a restatement of the fact that both A and B map a basis for Vn(F) onto a basis for Vn(F).

    Corollary 12.21.2. The null space of B is the zero subspace (z) of Vn(F).

    Let v belong to the null space of B. Since v1A, …, vnA form a basis for Vn there are scalars b1, …, bn such that

[image: images]

Then

[image: images]

implies that

[image: images]

and since the vi are linearly independent,

[image: images]

Hence

[image: images]

    From the corollaries we see that Theorem 12.21 can also be applied to B, so that L(Vn(F)) contains an element C such that

[image: images]

Therefore, from the Associative Law,

[image: images]

and

[image: images]

    Corollary 12.21.3. An element A of L(Vn(F)) of rank n has a (two-sided) inverse B in L(Vn(F)),

[image: images]

    Now we switch over and consider the matric ring Fn.

DEFINITION 12.4. An element A from Fn is nonsingular if and only if Fn contains an element B such that

[image: images]

    The element B is called the inverse of A, and we write B = A−1.

    We know from our knowledge of rings that when an element of a ring possesses a multiplicative inverse, then that inverse is unique. Thus we speak of the inverse.

    Since our definition above is quite obviously drawn from the discussion of linear transformations we can write the last corollary in terms of matrices.

    Corollary 12.21.4. The matrix A of Fn which corresponds to the element A from L(Vn(F)) relative to a certain basis for Vn(F) is nonsingular if A has rank n.

    For if A has rank n, then B exists such that

[image: images]

Using the isomorphism between Fn and L(Vn(F)) determined by an arbitrary basis of Vn(F) we see that the matrix B which corresponds to B is such that

[image: images]

In being the diagonal matrix of 1’s which corresponds to I. Thus A is non-singular.

    We can use the close relationship between Fn and L(Vn(F)) to characterize nonsingularity in terms of the rank of a matrix.

THEOREM 12.22. The matrix A of Fn is nonsingular if and only if it has rank n.

    If A has rank n, then its row space is precisely Cn(F). Selecting an arbitrary basis for Vn(F) of vectors v1, …, vn we define a linear transformation A on Vn(F) by using the rows of A:

[image: images]

Then A is the matrix of A, and by Corollary 12.8.1 the dimension of VnA equals the dimension of Cn(F), the row space of A, which is n. Hence

[image: images]

so that A has rank n. By Corollary 12.21.4 we see that A is nonsingular.

    Conversely, suppose A is nonsingular. Then it has an inverse B such that

[image: images]

If A = (ars), B = (brs), and the vectors v1, …, vn form a basis for Vn(F), then we define linear transformations A and B by

[image: images]

and

[image: images]

Since

[image: images]

we have from the isomorphism between Fn and L(Vn(F)),

[image: images]

Therefore

[image: images]

for i = 1, …, n, and from this we see that

[image: images]

For, if

[image: images]

in VnA, then applying B to this yields

[image: images]

or

[image: images]

Thus

[image: images]

the n vectors

[image: images]

are linearly independent, and dim (VnA) = n. Then from Corollary 12.8.1 we conclude that the rank of the matrix A is n.

    Corollary 12.22.1. The inverse of a matrix A of Fn is nonsingular and of rank n.

    If B is the inverse of A then the equation

[image: images]

shows that A is the inverse of B. Thus B is nonsingular and of rank n.

    This characterization of the concept of nonsingularity or invertibility in terms of rank enables us to use the methods from the previous chapter to determine whether or not an element A of Fn has an inverse.

    Example 1. Determine whether the following element of R3 has an inverse:

[image: images]

    Using elementary row operations we change the array to its reduced row echelon form, viz.,

[image: images]

Hence A is of rank 3 and so has an inverse.

    In the next chapter we shall develop a simple program for finding the inverse by using these same elementary row operations.

    Example 2. Find the inverse of the following element from R2:

[image: images]

Obviously the rank of this matrix is 2, so we write

[image: images]

and

[image: images]

Then checking the components of these matrices we get the following four equations:

[image: images]

Solving these yields [image: images], and [image: images]. We check these calculations by evaluating BA:

[image: images]

        Exercise 12.6

    1. Describe the linear transformation B on C2(Re) such that AB = I when:

    (i) A sends (a1, a2) onto (a1, a2)A = (a1 cos b − a2 sin b, a1 sin b + a2 cos b).

    (ii) A sends (a1, a2) onto (a1, a2)A = (aa1, aa2), a ≠ 0.

    (iii) A sends (a1, a2) onto (a1, a2)A = (a(a1 cos b − a2 sin b), a(a1, sin b + a2 cos b)), a ≠ 0.

    2. Describe the transformations of Problem 1 by matrices A and B, relative to the canonical basis of C2(Re), and check that AB = BA = I2.

    3. Determine the matrices A and B of A and B in Problem 1(iii) relative to the basis v1 = (1, 1) and v2 = (−1, 1) when b is 30 degrees and a = 2. Compute AB and BA. Illustrate geometrically.

    4. Determine the rank of the element A of L(V3(R)) if the images of the basis vectors v1, v2, v3 of V3(R) are

[image: images]

and

[image: images]

(Check the matrix of A.)

    5. Decide whether the following element of R3 is nonsingular:

[image: images]

    6. If A is a linear transformation on V4(R) of rank 4, if v1, v2, v3, and v4 form a basis for V4, and if

[image: images]

and

[image: images]

then find a possible description of v4A.

    7. Find the inverse of the following element of R2:

[image: images]

    8. Consider the matrix of Problem 7 over J/(5) and find its inverse.

    9. Find the inverse over R of the matrix

[image: images]

    10. Let A and B be two nonsingular elements of Fn. Show that AB is nonsingular by computing the products (AB)(B−1A−1) and (B−1A−1)(AB). What kind of system does the set of nonsingular matrices from Fn and matric multiplication form?

    11. Show that (AB−1) = B−1A−1. (See Problem 10.)

    12. Let A be the linear transformation on V(F) = F[λ] defined by linearity and the images

[image: images]

Show that the null space of A is the zero subspace of V but that VA ≠ V. What prevents this from happening in finite dimensional cases?

    12.7 Change of Basis

    From our discussion of an element A of L(Vn(F)) of rank n we know that the n vectors v1A, …, vnA of Vn form a basis whenever the vectors v1, …, vn form a basis for Vn. Thus the application of A to Vn can be viewed as a change of basis for Vn. Conversely, if the n vectors v1, …, vn and the n vectors w1, …, wn form bases for Vn(F), then the linear transformation C on Vn(F) defined by linearity and the images

[image: images]

is clearly of rank n since VnC = Vn. This means that we can speak interchangeably of changing a basis of Vn(F) and applying an element of rank n from L(Vn(F)) to Vn(F).

    Throughout this chapter we have made considerable use of the isomorphism between Fn and L(Vn(F)) which is established through an arbitrary basis {v1, …, vn} for Vn(F). What happens to this correspondence when another basis for Vn(F) is selected? In other words, if the matrix A corresponds to the linear transformation A relative to the basis {v1, …, vn} and the matrix A1 corresponds to A relative to the basis {w1, …, wn} of Vn(F), how are the two matrices A and A1 related? Well, we know that changing the basis corresponds to applying a linear transformation C of rank n to Vn(F), where C is defined by

[image: images]

Furthermore, with the two bases for Vn(F) we can associate a third matrix D with A, where D describes the mapping A from space Vn with basis {w1, …, wn} to space Vn with basis {v1, …, vn}. We shall compute D in two different ways.

    From

[image: images]

and

[image: images]

we see that

[image: images]

and

[image: images]

Then the image wiA of wi can be obtained in two different ways in terms of the vi by using A and C:

    Method 1. Replace wi by viC. Then

[image: images]

    Thus wiA is expressible in terms of the v’s as

[image: images]

    Method 2. This time we find wiA in terms of the w’s first, and then express the w’s in terms of the v’s. So

[image: images]

when the w’s are expressed in terms of the v’s. Rearranging these terms to find the coefficients of the v’s we have

[image: images]

    Comparing these two expressions for the images of the w’s under A we conclude from the uniqueness of the matrix D (relative to the particular bases) that

[image: images]

Looking at the definition of matric multiplication we see that this equation implies

[image: images]

or, since C is nonsingular,

[image: images]

This proves the next statement.

THEOREM 12.23. If A and A1 are the matrices which correspond to the element A of L(Vn(F)) relative to the bases {v1, …, vn} and {w1, …, wn}, respectively, of Vn(F), then there exists a nonsingular matrix C in Fn such that

[image: images]

Moreover C is the matrix, relative to the v’s, of the linear transformation C defined by viC = wi for i = 1, …, n.

    Now we shall illustrate our proof with an example.

    Example 1. Let A be the linear transformation on the real plane which can be described as the projection on the x-axis. Then the point (a1, a2) maps onto (a1, 0) and

[image: images]

Relative to the canonical basis of C2(Re) the element A corresponds to the matrix

[image: images]

since

[image: images]

and

[image: images]

Relative to the basis w1 = (1, 1) and w2 = (−1, 1) the linear transformation A is described by the matrix

[image: images]

since

[image: images]

and

[image: images]

    Now the matrix C of the theorem is the matrix, relative to the canonical basis, of the linear transformation C defined by

[image: images]

Expressing w1 and w2 in terms of e1 and e2 we get

[image: images]

and

[image: images]

Hence

[image: images]

and we compute the products CA and A1C:

[image: images]

We see that CA = A1C.

    The converse of the theorem is true also.

THEOREM 12.24. If A, B, and C are elements of Fn such that C is nonsingular and

[image: images]

then A and B correspond to the same element A of L(Vn(F)) relative to the appropriate bases for Vn(F).

    To prove this we do little more than reverse the procedure used in proving the previous theorem. First we use A and an arbitrary basis {v1, …, vn} for Vn to define A so that, if A = (ars), then

[image: images]

Now we obtain the basis {w1, …, wn} by using the nonsingular matrix C = (crs):

[image: images]

The vectors w1, …, wn form a basis for Vn since C is nonsingular. Now by the previous theorem the linear transformation A is represented, relative to this new basis of w’s, by the matrix A1, where

[image: images]

But by hypothesis

[image: images]

so we see that

[image: images]

Thus A and B both describe the mapping A, relative to the appropriate bases for Vn(F).

DEFINITION 12.5. Two matrices A and B of Fn are similar if and only if there exists a nonsingular C in Fn such that B = CAC−1.

    The concept of similarity is discussed at some length in the next chapter.

    If we go back and consider an n-by-m matrix A which corresponds to the linear transformation A from Vn(F) to Wm(F) relative to certain bases of these spaces we get a completely analogous result. In this case there are two bases to be changed, that of Vn(F) and that of Wm(F). Let {v1, …, vn} and {v1C, …, vnC} be two bases of Vn(F) and {w1, …, wm} and {w1H, …, wmH} are two bases of Wm(F).

    (C and H are elements from L(Vn(F)) and L(Wm(F)) of rank n and m, respectively.) Then the linear transformation A is described in terms of the various bases as follows:

[image: images]

and

[image: images]

    The transformation C is described by

[image: images]

and H from L(Wm(F)) is described by

[image: images]

    Now we determine two other formulations for the scalars drs.

    Method 1. Replace viC by its expression in terms of the v’s.

[image: images]

Thus each (viC)A is expressible in terms of the w’s as

[image: images]

    Method 2. This time we express (viC)A in terms of wjH first.

[image: images]

So each (viC)A is expressible in terms of the w’s as

[image: images]

    Comparing these expressions we get

[image: images]

for r = 1, …, n and s = 1, …, m. In terms of the n-by-m matrices D = (drs), A = (ars), and B = (brs), the n-by-n matrix C = (crs), and the m-by-m matrix H = (hrs), we have

[image: images]

Since C and H are nonsingular matrices we have proved one part of the following theorem.

THEOREM 12.25. Two n-by-m matrices A and B over F correspond to the same element A of L(Vn(F); Wm(F)) relative to the appropriate bases for Vn(F) and Wm(F) if and only if Fn and Fm contain nonsingular elements C and H, respectively, such that

[image: images]

    The remainder of the proof is very much like the proof of Theorem 12.24 so we shall not bother writing it out.

DEFINITION 12.6. The n-by-m matrices A and B over F are equivalent if and only if Fn and Fm contain nonsingular matrices C and D respectively, such that CAD = B.

    The concept of equivalence of matrices is considered in the next chapter. We show there that two n-by-m matrices are equivalent if and only if they have the same rank. Basically this is due to the fact that all vector spaces over F of dimension r are isomorphic.

        Exercise 12.7

    1. Let A be the linear transformation on C2(R) such that the matrix of A relative to the canonical basis is

[image: images]

Find the matrix B of A relative to the basis w1 = (1, 1), w2 = (−1, 1) in two ways.

    2. Let A be the projection of C3(Re) onto C2(Re) given by (a1, a2, a3)A = (a2, a3). Find the matrix A of A relative to the canonical bases of the two systems, and then find the matrix B of A relative to the basis v1 = (1, 1, 1), v2 = (0, 1, 1), and v3 = (0, 0, 1) for C3(Re) and the basis w1 = (1, 1) and w2 = (−1, 1) for C2(Re) in two ways.

    3. Show that similarity of matrices defines an equivalence relation on Fn.

    4. Show that equivalence of matrices defines an equivalence relation on the set F(n, m) of all n-by-m matrices over F.

    5. Show that the sum of two nonsingular matrices can be singular.

    6. Show that two elements of Fn are certainly equivalent if they are similar.

    7. Prove that all nonsingular matrices of Fn are equivalent with the identity matrix In and hence with each other. (Note that, if A is nonsingular, then A−1AIn = In.)

    8. Compare the result in Problem 7 with the fact that all vector spaces of dimension n over F are isomorphic.

    9. Show that, if A and B are similar matrices, then they have the same rank.

    10. Prove that the converse of Problem 9 is false by considering the matric equation

[image: images]

and showing that a, b, c, and d do not exist in R such that the resulting matrix is nonsingular.

    12.8 Ideals and Algebras

    Thus far little has been said about the subrings of Fn (or of L(Vn(F))) and nothing has been said about those very important subrings, the ideals. We recall that the subring T of a ring S is an ideal if and only if the products at and ta are in T whenever t is in T and a is in S.

THEOREM 12.26. The only ideals of the complete matric ring Fn are the zero ideal {Z} and the entire ring Fn.

    Let T be an ideal of Fn different from the zero subring {Z}. Then T contains an element A ≠ Z so that the matrix A = (ars) has a component, say a11, which is not equal to 0 in F. We multiply the following matrices:

[image: images]

where ba11 = 1, bIn is a scalar matrix, and E11 is the indicated unit matrix. Because of all the 0’s in E11 this product, which is in T, equals E11.

    Example 1. Suppose A is the following matrix from R2:

[image: images]

Then

[image: images]

    Of course if the nonzero component of A were aij we would consider the product

[image: images]

and conclude that it equals Eij. In any case, if T ≠ {Z} is an ideal of Fn, then T contains a matric unit Eij.

    From the equations

[image: images]

we conclude that T ≠ {Z} contains all n2 matric units of Fn. Hence T ≠ {Z} contains all elements of Fn and T = Fn, proving the theorem.

    Corollary 12.26.1. The ring L(Vn(F)) of all linear transformations on Vn(F) has no nontrivial ideals.

    This follows from the isomorphism between Fn and L(Vn(F)).

    From the structural view of rings this result classifies the complete matric rings over a field as basic building units in ring theory, along with fields, sfields and complete matric rings over sfields. This does not mean that every ring is constructed in some unique way from just these basic systems, but there is a sizable class of rings which are so constructed.

DEFINITION 12.7. An algebra (or linear algebra) over the field F is a system M with the following properties:

    (1) M is a vector space over F.

    (2) M is a multiplicative semigroup.

    (3) Multiplication in M is bilinear in that

[image: images]

and

[image: images]

for a and b in F and u, v, and w in M.

    The dimension of M is the dimension of M as a vector space.

    We note that there are three cases of multiplication and two cases of addition involved here. In an algebra we have the field product, ab; the scalar product, av; the ring product (in M), uv; the field sum, a + b; and the vector sum, u + v.

    Example 2. The ring Fn is an algebra of dimension n2 over F.

    The fact that Fn is a vector space of dimension n2 over F was noted previously when we discussed addition. And we know that Fn is a semigroup relative to matric multiplication. So consider the bilinearity; it follows from the Distributive Laws and the fact that scalar matrices commute with every element of Fn.

    Example 3. The ring L(Vn(F)) is an algebra of dimension n2 over F. This follows from the isomorphism between Fn and L(Vn(F)), but look at the argument for bilinearity:

[image: images]

for v in Vn (F) and A, B, and C in L(Vn(F)).

    Example 4. The ring L(V(F)) is an algebra over F.

    Everything except the bilinearity was proved in previous sections, and the argument in Example 3 makes no use of dimension. Hence L(V(F)) is an algebra over F.

    The close relation between algebras and the rings of linear transformations is indicated by the following analogue of Cayley’s Theorem for groups.

THEOREM 12.27. IfM is an algebra over F, then the mapping K defined by

[image: images]

for each v in M, where Av is the linear transformation of V(F) = M given by

[image: images]

is a homomorphism from M to L(V(F)). If M has a multiplicative identity, then K is an isomorphism.

    First, we see that Av is a linear transformation on M (treated as our vector space V(F)) due to the bilinearity of multiplication in M:

[image: images]

for a and b in F and u, v, and w in M. Also we see that Av ≠ Au if u ≠ v when M has a multiplicative identity e since the images of e are

[image: images]

    To prove that K is a homomorphism we must show that the three basic binary operations of M and L(V(F)) are compatible:

    [image: images]

    We consider them in order given.

    (1) (u + v)K = Aw where w = u + v. For x in M we have the image

[image: images]

Since linear transformations are determined by their images we conclude that

[image: images]

    (2) (au)K = Aw where w = au. Consider the image of x, x in M:

[image: images]

Since x is arbitrary this implies

[image: images]

    (3) (uv)K = Aw where w = uv. Considering the image x of M under this linear transformation we see that

[image: images]

Therefore

[image: images]

    From these we conclude that K is a homomorphism from M to L(V(F)). If M has an identity, then distinct elements of M go onto distinct linear transformations so that M is isomorphic with a subring of L(V(F)).

    Corollary 12.27.1. An n-dimensional algebra M over F with a multiplicative identity is isomorphic with a subring of Fn.

    This is a result of the theorem above and the isomorphism between Fn and L(Vn (F)). The subring of Fn which is obtained in this fashion is the right regular representation of M.

    (Using left multiplications defined by

[image: images]

for a fixed v in M, yields the left regular representation which is anti-isomorphic with M since, for w = uv,

[image: images]

This means that Aw = Av Au.)

    Example 5. To exhibit the matrices of the right regular representation of the algebra M of dimension n over F we select a basis {v1, …, vn} for M as a vector space. Then we multiply each basis vector on the right by all basis vectors and express the products in terms of the v’s.

    Take M to be the quadratic field consisting of all real numbers of the form

[image: images]

Then M has the basis v1 = 1 and [image: images] Form the products

[image: images]

and

[image: images]

From the first two we get the matrix

[image: images]

which corresponds to 1. From the second pair we get

[image: images]

which corresponds to [image: images]. Then we have the matric description of [image: images] as

[image: images]

Note that A2 = 2I2.

    A finite dimensional linear algebra is called semisimple if it contains no ideal except the zero ideal which consists entirely of nilpotent elements. (We recall that an element r of a ring S is nilpotent if

[image: images]

for some positive integer n.) The theory of semisimple rings (the Wedderburn structure theory) is rather well-developed. For example, if M is a semisimple algebra of dimension m over the complex field C, then M can be expressed irredundantly as

[image: images]

where the Mr are ideals of M which are isomorphic with complete matric rings over C.

        Exercise 12.8

    1. Let M be all of the elements of R2 of the form

[image: images]

Show that M is a subring of R2. Show that the set N of all elements of M of the form

[image: images]

is an ideal of M of nilpotent elements.

    2. Show that the domain F[λ] is a linear algebra over F.

    3. Find the right regular representation of the complex field by 2-by-2 matrices over the real field.

    4. Show that, in the right regular representation of the algebra of quaternions over R, the basis elements 1, i, j, and k correspond to the following 4-by-4 matrices:

[image: images]

and

[image: images]

respectively. These matrices are sometimes used to define the quaternions. Check the products AtAj and AtAj.

    5. Find the right regular representation of the field F = R[λ]/(λ3 − 2) by 3-by-3 matrices over R. (Take the coset representatives 1, λ, and λ2 as a basis for the algebra F.)

    6. Write out the following products of matric units from R3: E11E11E11, E11E12, E11E13, E11E21, E11E31, E21E11, E31E11.

    7. Show that the set S of all elements of Fn with only zeros in their first rows is a subring of Fn. Show also that SFn = S, where SFn = {AB: A in S and B in Fn}.

    8. Let N be the set of all matrices A = (ars) in Fn such that ars = 0 if r is equal or greater than s. Show that N is an algebra of dimension [image: images] over F. Show also that the nth power of every element in TV is the zero matrix.

    9. Show that the product of any n elements of N (Problem 8) is the zero matrix.

    10. Use the right regular representation to embed the algebra R2 in R4 . (Take matric units as the basis elements for R2.)

    11. Describe all algebras of dimension 2.
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            13

Elementary Theory of Matrices


    In our study of the ordinary integer we developed the idea of a factorization into primes, and this idea was extended to the elements of other rings such as polynomial domains and quadratic domains. We were able to show that these expressions for elements were unique (up to units) in general although in dealing with algebraic integers it was necessary to introduce ideal numbers. In this chapter we investigate some of the basic factorization theorems for an element of a matric ring (usually over a field).

    The study of factorizations in a matric ring is complicated by a number of items. Since matrices do not in general commute (relative to multiplication, of course) the order in which factors appear in a product is of great significance. There is no obvious model of a noncommutative ring to use in the study of matric ring, so suggestions for various factorizations of matrices arise through different views and uses of matrices. (The ones we discuss are mainly suggested by the effect of a change of basis for Vn and Wn on the relation between Fn a and L(Vn(F); Wn(F)).) Furthermore the matric ring Sn has divisors of zero (when n exceeds 1) whether S has such elements or not, and in fact every matrix which is not a unit is a divisor of zero.

    The concept of factorization in a matric ring is necessarily rather different from the factorizations we have studied previously. For example we shall prove that an element A of Fn is expressible as a product

[image: images]

where B is nonsingular (a unit) in Fn and H is in reduced row echelon form. Furthermore this factorization is unique up to a unit in that if

[image: images]

where B′ is a unit and H′ is in reduced row echelon form, then H′ H′.

    This can be looked at in the following way also. If an equivalence relation is defined on a matric ring through its units, then select a unique (i.e., canonical) representative of each equivalence class in the resulting partition. We shall say more about this idea at the end of the chapter.



    13.1 Special Types of Matrices

    A variety of special types of matrices have cropped up at various points in our work in the previous chapters. Since our work in this chapter utilizes these and some others, we start by compiling a list with examples and elementary properties of some of the basic classes of elements in the ring Fn.

    (1) The identity matrix of Fn, which we will generally indicate by I unless we wish to emphasize the fact that it is an n-by-n matrix by writing In, is the matrix (ars) with

[image: images]

and zero otherwise. Then

[image: images]

for every A in Fn.

    (2) The scalar matrices of Fn are scalar multiples of I. The matrix (ars) is scalar if and only if

[image: images]

and

[image: images]

Then of course

[image: images]

    The scalar matrices of Fn form a subring which is isomorphic with F, the correspondence being

[image: images]

    (3) The diagonal matrices of Fn are somewhat more complicated than scalar matrices, but the scalar matrices are special examples of diagonal matrices. The matrix (ars) is diagonal if and only if

[image: images]

    Example 1. The following elements of R2 are diagonal but not scalar:

[image: images]

    The diagonal elements of Fn form a subring DFn which is a commutative ring with identity and divisors of zero (when n exceeds 1). To show this we note that the sum of two diagonal matrices is clearly diagonal since the addition is made by adding corresponding components. Consider the product

[image: images]

when A = (ars) and B = (brs) are diagonal. Then C = (crs) with

[image: images]

which equals zero if r = ≠ s. Hence C is diagonal also.

    (4) The matric units Eij of Fn are the n2 elements which make up the “simplest” basis for Fn considered as a vector space over F. Eij has 1 as its (i, j)-component and zero elsewhere.

[image: images]

The elements E11, E22 …, Enn are in the subring of diagonal matrices, and they are clearly divisors of zero. Moreover they form a basis for the subring DFn of diagonal rings considered as a vector space over F.

    Example 2.

[image: images]

    (5) The triangular matrices form a larger subclass of Fn . The matrix (ars) is (upper) triangular if and only if

[image: images]

(Note : This says nothing about the component ars when r ≤ s.)

    Let A = (ars) and B = (brs) be two triangular matrices of Fn and consider

[image: images]

Then

[image: images]

and if r exceeds s we have the following situation:

[image: images]

and

[image: images]

Hence each factor in the sum expressing crs is zero when r exceeds s so that

[image: images]

and C is triangular.

    From this it is easy to show that the triangular matrices in Fn form a ring TFn which, as a vector space over F, has the basis E11, E12, …, E1n, E2n, …, E2n, …, Enn.

    (6) The matrix A of Fn is nilpotent of index m if and only if

[image: images]

but

[image: images]

    The matric units Eij. i ≠ j are all nilpotent of index 2. The matrix A = (ars) with

[image: images]

is nilpotent of index no larger than n. (Such a matrix is called strictly triangular.)

    (7) The matrix A is idempotent if and only if A2 = A ≠ Z.

    The n matric units Eii are all idempotent as is E11 + E12.

    (8) The nonsingular matrices are the units of Fn. The matrix A is non-singular if and only if matrix B exists in Fn such that

[image: images]

The matrix B is called the inverse of A and denoted by A−1. The matrix A−1 is unique and nonsingular (when it exists). The matrix A−1 exists if and only if A has rank n (as we proved in the previous chapter).

    The nonsingular matrices of Fn do not form a subring (even when Z is included) since the sum of two nonsingular matrices is not in general nonsingular:

[image: images]

The set of all nonsingular matrices in Fn is, however, a group relative to matric multiplication as we see easily from

[image: images]

This is called the general (or full) linear group of degree n over F, GLF(n).

    An element of Fn having rank less than n is called singular, and we shall see that the product AB of two elements in Fn is nonsingular if and only if A and B are both nonsingular.

    (9) An elementary matrix of Fn is one which is obtainable from the identity matrix by applying either an elementary row or an elementary column operation to I. The elementary matrices are of three types:

    (a) The interchange of two rows (or two columns) of I produces a matrix whose technical description is

[image: images]

This elementary matrix can be obtained by interchanging row i and row j (or column i and column j) of I. In F3, I23 has the following appearance:

[image: images]

    (b) The multiplication of row i (or column i) of I by the scalar k # 0 produces the elementary matrix

[image: images]

    Mx (k) = /+(*- \)EH.

In F3 the matrix M3(7) has the appearance

[image: images]

    (c) The addition of k: times row i to row j, i ≠ j (or of k times column j to column i) produces from I the matrix

[image: images]

    If F3 the matrix A13(9) looks like the following:

[image: images]

THEOREM 13.1. An elementary matrix of Fn is nonsingular, and its inverse is also an elementary matrix.

    An elementary matrix is obtained from I by an elementary row operation which, as we know, does not alter the row rank. Since I has rank n we see that an elementary matrix has rank n and so is nonsingular.

    (i) The inverse of Iij is Iij. Consider

[image: images]

using the Distributive Law we get

[image: images]

so that

[image: images]

    (ii) The inverse of Mi(k) is Mi(K−1) since

[image: images]

    (iii) The inverse of Aij(k) is Aij(−k) since

[image: images]

when j ≠ i.

    (10) A bordered matrix is an element of Fn which is obtainable from a matrix with fewer rows and/or columns by tacking on a sufficient number of rows and/or columns of zeros at the bottom and/or right side.

    Example 3. The following matrix A is obtainable by bordering the matrix B :

[image: images]

    The purpose in introducing this idea is to include (to a large extent) the study of rectangular matrices in the study of square matrices. We note, for example, that, if C and D are n-by-m and m-by-t matrices with n larger than m and t, then the n-by-n bordered matrices C1 and D1 can be formed,

[image: images]

where Z1, Z2, Z3, and Z4 are n-by-(n − m), (n − m)-by-t, m-by-(n − t), and (n − m)-by-(n − t) matrices of zeros only. Then

[image: images]

so that the bordering preserves the product (as a bordered matrix).

        Exercise 13.1

    1. Let F/(2). Write out the addition and multiplication tables for DF2, the ring of 2-by-2 diagonal matrices over F.

    2. Extend the tables of Problem 1 to the operation tables for TF2, the ring of triangular matrices.

    3. Prove that TFn as a vector space over F, has dimension [image: images]

    4. Show that the product of any three strictly triangular elements of F3 is the zero matrix Z. Generalize.

    5. Prove that a triangular matrix is nonsingular if and only if the elements of the main diagonal, al1, a22, …, ann, are all nonzero. (Look at the row space.)

    6. Write out a nonsingular, triangular, nondiagonal matrix in R3 and find its inverse. What seems to be true about the inverse of a triangular matrix?

    7. Show that the nonsingular elements of DFn form a multiplicative group.

    8. Show that the nonsingular elements of TFn form a multiplicative group. Compare with the group of Problem 7.

    9. Let A be an element of Fn which is both idempotent and nonsingular. Prove that A = I

    10. Prove that a nilpotent matrix A of index m is singular in Fn. (Assume A-1 exists and show that this leads to a contradiction to the choice of m.)

    11. Show that a singular matrix of Fn need not be nilpotent unless n = 1. (Consider E11.)

    12. Write out examples of the elementary matrices in R4, and find their inverses.

    13. Show that

[image: images]

Illustrate in R4

    14. Rewrite the following as bordered matrices in R4, and find their product by using the bordered matrices.

[image: images]

    15. Form an element A of R3 by using the first nine digits. Compute the products I13A, AI13, M2(-4)A, AM2(-4), A12(3)A, and AA12(3). Describe the effects on A in each case.

    16. An element A of Fn is symmetric if and only if A = AT and skew if and only if AT = -A. Show that, if the characteristic of F is not 2, then each A in Fn is expressible uniquely as the sum of a symmetric and a skew matrix. (Note that (2A = (A + AT) + (A  − AT).)

    17. Show that, for each A in Fn, the products AAT and ATA are symmetric matrices.

    18. Prove that, if A and B are symmetric elements of Fn, then: (1) A + B is symmetric; (2) AB is symmetric if and only if AB = BA. (Note that (AB)T = BTAT.)

    13.2 A Factorization

    Consider the product C = AB when A and B are elements of Fn. The first row of C is obtained by using the first row of A and all of the columns of B. Thus

[image: images]

Now look at the n vectors vl, …, vn of Cn(F) where
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These are clearly the row vectors of B. Form the linear combination
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and look at the n components of v; they are precisely the scalars
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In other words, the vector v from the row space of B is precisely the first row of AB.

THEOREM 13.2. The row space of AB is a subspace of the row space of B, and the column space of AB is a subspace of the column space of A.

    The argument above for row 1 extends easily to row i prove the first part of the theorem. The same argument applied to the rows of CT = BTAT takes care of the second statement, which can also be proved directly by considering an arbitrary column of C and showing that it is a linear combination of columns of A.

    Corollary 13.2.1. The rank of AB does not exceed the rank of either factor.

    From the theorem above, the rank of AB (i.e., the dimension of the row space of AB) is no larger than the rank of B since the row space of AB is a subspace of the row space of B. Considering column spaces we see that the rank of AB (i.e., the dimension of the column space of AB) is no larger than the rank of A. This proves the corollary.

    Corollary 13.2.2. The product AB is nonsingular if and only if A and B are both nonsingular.

    If A and B are nonsingular, then so is AB since (AB)1 = B-1A-1. Consider the converse. If AB is nonsingular, then AB has rank n, so that by the preceding result A and B both have rank n and are nonsingular.

    Now consider the matrix A. Forming n linear combinations of the rows of A corresponds to multiplying A on the left by an appropriate n-by-n matrix. Since applying an elementary row operation to A consists of replacing the n rows of A by a certain set of n linear combinations of rows of A, we see that these operations can be carried out by multiplying A on the left by the appropriate matrices. These appropriate matrices are, as we should expect, the elementary matrices.

    (1) The matrix IijA is the matrix obtained from A = (ars) by interchanging row i and row j For
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and the matrix

[image: images]

has only zeros in row i and row j, whereas EijA has row j of A as its row i (all other components are zero) and EjiA has row i of A as its row j (and all other components are zero). Then IijA has row j of A as its row i and row i of A as its row j.

    (2) The matrix Mi(k)A, k ≠ 0, is just the matrix obtainable from A by multiplying row i of A by k. For
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The matrix EiiA has row i of A as its row i and all other components equal to zero.

    (3) The matrix Aij(k)A, for i ≠ j, is obtainable from A by adding k times row i to row j. For

[image: images]

and EjiA has row i of A as its row j.

    (The elementary row operations are, speaking technically, certain elementary automorphisms on the coordinate space Cn(F). The elementary matrices are the matrices of these automorphisms relative to the canonical basis of Cn(F). The matrix Iij is the description, relative to the canonical basis for Cn(F), of the automorphism which interchanges ei and ej while fixing the other vectors of the canonical basis.)

THEOREM 13.3. The effect of applying an elementary row operation to an element A of Fn is obtainable by multiplying A on the left by an appropriate elementary matrix.

    This simple result enables us to rewrite all of our results on reduced row echelon form in terms of products of matrices. In particular we obtain the following unique factorization theorem.

THEOREM 13.4. An element A of Fn is expressible in the form

[image: images]

where B is nonsingular and H is in Hermite form. Furthermore this factorization is unique up to a unit of Fn

DEFINITION 13.1. An element H = (hrs) of Fn is in Hermite form if and only if:

    (1) H is triangular.

    (2) All elements of row i are zero if hii = 0.

    (3) If hii ≠ 0, then hii = 1 and all other elements of column i are equal to 0.

    This is just a rearrangement of the reduced row echelon form designed to emphasize the diagonal. A matrix in one form can be changed easily to the other by interchanging the proper rows.

    Example 1. The matrix

[image: images]

is in reduced row echelon form, whereas

[image: images]

is in Hermite form.

    Since a matrix in reduced row echelon form can be changed into Hermite form by interchanging certain rows we conclude that the theorem is just a restatement of our earlier results on arrays and reduced row echelon form. The statement that the factorization
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is unique up to a unit means that, if

[image: images]

where B1 is nonsingular and H1 is in Hermite form, then

[image: images]

    Example 2. From the equation

[image: images]

we see that the nonsingular matrix B in the above factorization need not be unique. For here A = H is in Hermite form and B = I and B1 = I + E21 are both non-singular so that

[image: images]

yielding two different factorizations. However, BB1-1 is nonsingular so that the factorization is unique up to units (i.e., nonsingular factors).

    What are some of the consequences of this factorization (or reduction to Hermite canonical form)?

    Corollary 13.4.1. A nonsingular matrix is expressible as the product of a finite, ordered set of elementary matrices.

    A matrix can be changed to reduced row echelon form by applying in the proper order some finite collection of elementary row operations. Furthermore the (row) rank of the original matrix equals the rank of the final form, so that, if A is nonsingular, then the reduced row echelon form is I. Then
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where the Ei are the elementary matrices corresponding to the elementary row operations, so that
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Since the inverses of elementary matrices are also elementary matrices we see that A is expressible as the product of a finite, ordered set of elementary matrices. (The ordering is significant since multiplication is not commutative.)

    Corollary 13.4.2. An automorphism on Vn(F) can be effected by a finite succession of elementary automorphisms.

    An elementary automorphism is one which corresponds to an elementary matrix relative to some basis for Vn(F).

    Corollary 13.4.3. If A is a nonsingular element of Fn, then the rank of AB equals the rank of B.

    Multiplying B on the left by A is the same as applying a finite succession of elementary row operations to B. Since such row operations have no effect on the dimension of the row space of B, the conclusion of the corollary follows.

    Now this theory enables us to find the rank of a matrix A in a finite number of steps by reducing A to row echelon or Hermite form, as we saw previously. It also provides us with a simple routine for finding the inverse of A (when it exists) at the same time. This routine involves nothing more than multiplying together the elementary matrices which correspond to the elementary row operations being applied, although no such multiplication ever needs to be carried out. The method is as follows.

    Write A and I side by side to form an n-by-2n matrix,
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Then we reduce A by means of elementary row operations to canonical form, and carry out each operation on the rows of C. In finitely many steps we arrive at the n-by-2n matrix

[image: images]

such that

[image: images]

    How does this happen? Well, each step of the reduction of A to H corresponds to left multiplication by an elementary matrix. Thus H is arrived at after multiplying A by certain elementary matrices on the left,
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so that

[image: images]

But we were applying these row operations to the rows of C, yielding

[image: images]

In particular, if H = I, then B = A and B−1 = A−1, and the next theorem is proved.

THEOREM 13.5.   If elementary row operations reducing A to Hermite form H are applied to the n-by-2n matrix C = (A, I) the resulting matrix is (H, B−1) where
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    Example 3. Find the inverse of the following element of R3:
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Then

[image: images]

so that

[image: images]

and

[image: images]

    A−1 can be expressed as the product of other elementary matrices; e.g.,

[image: images]

We note again that in finding A−1 by using the n-by-2n matrix C it is unnecessary to write down the elementary matrices as we have here. It is only necessary to apply the corresponding row operations to C.

        Exercise 13.2

    1. Let
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be two elements of R3. Express the rows of AB as linear combinations of the row vectors V1, v2, and v3 of B. Express the columns of AB as linear combinations of the column vectors of A.

    2. Find the Hermite factorizations (Theorem 13.4) of the two matrices of Problem 1.

    3. For the matrix A of Problem 1 write out the products E11A, E21A, E13A, AE13, AE22, AE12. Describe the results.

    4. What can you say about (a) row i of (I − Eii)A? (b) row i of EijA?

    5. Prove that, if A is nonsingular, then the rank of AB equals the rank of B. (Consider the row space of AB and of B = A−1(AB).)

    6. Give geometrical descriptions of the effects of the elementary matrices I12, M1(k), M2 (k), A12(k), and A21(k) on C2(Re).

    7. Discuss the elementary matrices as representations of elementary automorphisms on Vn(F). (See Problem 6.)

    8. Show that every nonsingular element of F2 is expressible as a product of matrices I12, M1(k), and A12(l). What does this mean, geometrically? (See Problem 6. Note that
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etc.)

    9. Find the inverse in R3 of
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Also find two different expressions for A as the product of elementary matrices.

    10. Use the result of Problem 9 to solve the following linear system:
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(Rewrite this set of equations as
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where u = (x1, x2, x3) and v = (3, 2, 1), and consider A−1(AUT) = A−1vT.)

    11. Consider the homogeneous linear system
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where A is in Fn and u = (x1, …, xn) and z = (0, …, 0) are in Cn(F). Show that the set of such vectors u form a subspace of Cn(F), the solution subspace, whose dimension is n minus the rank of A. (Consider BAuT = BzT when B is a nonsingular matrix such that BA is in Hermite or reduced row echelon form.)

    12. Consider the linear system
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where A is in Fn and u = (x1, …, xn) and v = (bl, …, bn) are in Cn(F). Show that, for given A and v, there exists a solution vector u if and only if A and the n-by-(n + 1) augmented matrix C = (A, vT) have the same rank. (Consider PAuT = PvT, where P is nonsingular and PA is in Hermite or reduced row echelon form.)

    13. Take A and B to be the matrices of Problem 1, and discuss the solution vectors of the following systems:

[image: images]

    13.3 On the Right Side

    As we rioted previously the column vectors of the product AB are linear combinations of the column vectors of A. This means that an elementary column operation on A can be effected by multiplying A on the right by the appropriate elementary matrix. Furthermore multiplying A on the right by an elementary matrix yields a matrix obtainable from A by an elementary column transformation. Now it is possible to go through a discussion of such matters without utilizing the material on elementary row operations and their relations with the elementary matrices, but this repetition can be avoided (as we saw earlier) by using the concept of the transpose of a matrix.

    We recall that the matrix B = (brs) is the transpose of A = (ars) if and only if
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B is denoted by AT.

THEOREM 13.6. The mapping T,
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is an anti-isomorphism of the complete matric algebra Fn onto itself.

    (An anti-isomorphism preserves the addition but reverses the order of multiplication.)

    It is very easy to show that (A + B)T = AT + BT so we shall consider only the multiplication here. Let
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then
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Now the (i, j)-element of AB is
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so that the (i, j)-element of (AB)T is
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Also the (i, j)-element of BTAT is
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so that, substituting for the c’s and d’s we have
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This shows that

[image: images]

    When we look at the elementary matrices we see that their transposes are also elementary matrices.

THEOREM 13.7. The transpose of an elementary matrix is again an elementary matrix.

    This depends upon the rather obvious fact that
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Then

(1)

[image: images]

(2)

[image: images]

and

(3)

[image: images]

    Corollary 13.7.1. The matrix A of Fn is nonsingular if and only if AT is nonsingular.

    A is nonsingular if and only if it is expressible as the product of a finite set of elementary matrices, and similarly for AT. Such an expression for one (A or AT) is obtainable from such an expression for the other by taking transposes.

    Corollary 13.7.2. The effect of performing an elementary column operation on A is obtainable by multiplying A on the right by some elementary matrix. Conversely the product AE, E an elementary matrix, can be obtained by performing an elementary column operation on A.

    The result of applying an elementary column operation to A is obtained by performing an elementary row operation of AT, yielding EAT, and taking the transpose of this. The result is
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and ET is an elementary matrix.

    Conversely, if E is elementary then the transpose of AE is ETAT, and ET is elementary. Since ETAT is obtainable by applying an elementary row operation to AT we see that AE is obtainable by applying an elementary column operation to A.

THEOREM 13.8. An element A of Fn can be expressed in the form
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where B is nonsingular and HT is in Hermite form. Furthermore this factorization is unique up to a unit of Fn.

    This is just a restatement of Theorem 13.4, as applied to AT. By that theorem AT is uniquely expressible as

[image: images]

where C is nonsingular and D is in Hermite form. Then taking transposes we have
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where H = DT and B = CT.

    Example 1. Find the unique H of the above theorem for the following element of R3:
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    We form AT and apply elementary row transformations:
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Thus
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Furthermore,

[image: images]

    The Hermite factorization of Theorems 13.4 and 13.8 can be considered in another light.

DEFINITION 13.2. Let A and B be two elements of Fn. Then B is right equivalent with A if and only if Fn contains a nonsingular matrix C such that
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    Since the nonsingular matrix C is a product of a finite collection of elementary matrices we see that B is right equivalent with A if and only if B is obtainable from A by means of a finite number of elementary column operations.

THEOREM 13.9. Right equivalence is an equivalence relation on Fn.

    (1) A = AI and I is certainly nonsingular, so that each element of Fn  is right equivalent with itself.

    (2) If A = BC, C nonsingular, then
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    C−1 nonsingular, so that the relation is symmetric.

    (3) If A = BC and B = DE, C and E nonsingular, then A = D(EC) and EC is nonsingular.

This proves the theorem.

    Therefore the relation of right equivalence partitions Fn into nonempty, overlapping equivalence classes. Each of these equivalence classes contains exactly one matrix whose transpose is in Hermite form. For by Theorem 13.8 each element of Fn is right equivalent with exactly one matrix whose transpose is in Hermite form.

    Another such relation was mentioned briefly in Chapter 12 when the subject of changing bases in vector spaces was discussed.

DEFINITION 13.3. Two elements A and B of Fn are equivalent if and only if Fn contains nonsingular matrices C and D such that A = CBD.

    This relation on Fn utilizes both the elementary row operations and the elementary column operations.

THEOREM 13.10. Equivalence of matrices is an equivalence relation on Fn.

    The proof is almost identical with the proof of Theorem 13.9.

    Now we ask, what is the simplest matrix that A can be reduced to by using both row and column operations? Certainly we can reduce A to a matrix H such that both H and HT are in Hermite form, and this means that H is a diagonal matrix with only 1’s and 0’s on the diagonal. By interchanging rows and interchanging columns (if necessary) the 1’s can be listed first in the main diagonal, running down from top left to bottom right. Since all of this is accomplished through multiplication (left and right) by nonsingular matrices we see that the rank of the original matrix A equals the rank of the final matrix, and this is clearly the number of 1’s on the main diagonal.

    This discussion leads to our next theorem.

THEOREM 13.11. A matrix A of Fn of rank r is equivalent with the matrix
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    First we reduce A to Hermite form,
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    which is triangular with only 1’s and 0’s on the main diagonal. Moreover, if hii of H = (hrs) is 1, then all other elements in column i equal zero, and all elements of row i are zero if hii = 0. This means that the only nonzero elements of H not on the main diagonal must lie in rows which have 1 on the main diagonal. For example, in
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    the element h is unrestricted. Now we apply elementary column operations, using the columns having 1 in the main diagonal, to reduce all elements off the main diagonal to zero. In the above example we multiply H by A21 (–h), getting
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    Finally, to obtain the form described in the theorem we do some interchanging of rows and columns. In the example above we interchange rows 2 and 3, getting
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    and then interchange columns 2 and 3 in H2, for
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    Corollary 13.11.1. Two elements of Fn are equivalent if and only if they are of the same rank.

    If A and B are of rank r, then by the above theorem there exist non-singular matrices C, D, H, and K such that
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Then
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    so that A and B are equivalent.

    The converse follows from the fact that matrix CBD has the rank of B when C and D are nonsingular.

    Corollary 13.11.2. If A is a linear transformation from Vn(F)  to Wn (F) of rank r and if A is an element of Fn of rank r, then bases can be selected for Vn and Wn so that A is the matrix of A relative to these bases.

    Let B be the matrix of A relative to bases {v1, …, vn} for Vn and {w1, …, wn} for Wn. Then B has rank r, since A does, so that B and A are equivalent. Hence there exist nonsingular matrices C and D such that
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These nonsingular matrices correspond to changes of bases in Vn and Wn, and relative to the new bases A is the matrix of A.

    The canonical form of the theorem above can be used in solving linear systems. The matric equation
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A in Fn and u and v in Cn (F), can be rewritten
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or
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with
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    and
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        Exercise 13.3

    1. Write out the transposes of I41,  M2(7), A42(3), and A24( – 3) in R4.

    2. Prove that EijT = Eji.

    3. Prove that (A + B)T = AT + BT and that (AT)T = A.

    4. Let A be nonsingular. Show that (AT)−1 = (A−1)T.

    5. Let
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be elements of R3. Find the Hermite factor (Theorem 13.8) of each.

    6. Find the inverse of
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in R3 by performing elementary column operations on the 6-by-3 matrix
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in such a way as to reduce A to I.

    7. State a condition which is both necessary and sufficient for two elements of Fn to be right equivalent.

    8. Define left equivalence on Fn, and prove that it is an equivalence relation. Describe a unique representative of each equivalence class in Fn.

    9. Prove Theorem 13.10.

    10. Reduce the matrices of Problem 5 to the canonical form described in Theorem 13.11.

    11. Reduce the following element of R4 to the canonical form of Theorem 13.11:
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    12. Let A of Fn have rank r. Prove that, if s is an arbitrary integer between r and n, then Fn contains an element B of rank s such that BA = A. (Write CAD = Ir; then Is Ir = Ir and C−1 IsC  = B.)

    13. If A of Fn has rank r, then n – r is called the nullity of A. Sylvester’s Law of Nullity states that the nullity of AB is no larger than the sum of the nullities of A and B and no smaller than the nullity of either A or B. Prove the first part of this theorem by showing that the rank of AB is never less than r + s – n = s – (n – r), where r and s are the ranks of A and B. (The rank of AB equals the rank of (CAD)(D−1B) where C and D are nonsingular matrices such that CAD = Ir.)

    14. Let A be an element of L(Vn(F); Wn (F)). Show that bases can be selected so that A is represented by Ir, where r is the rank of A.

    15. If A = CBD = C1 BD1 where C, C1, and D1 are nonsingular elements of Fn, is it necessary that C = C1 and  D = D1? Explain and illustrate.

    16. Let A be an element of Fn. Form the 2n-by-2n matrix
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where Z and I are the additive and multiplicative identities, respectively, of Fn. Show that, if elementary row operations are applied to the first n rows of C and elementary column operations are applied to the last n columns in such a way that A is reduced to Ir and C to
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then BAD = Ir.

    17. Solve
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for u = (x1, x2, x3), v = (3, 2, 1), and
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by finding nonsingular C and D such that
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Describe the system of linear equations which can be solved using these results.

    13.4 Over a Polynomial Domain

    It is possible to extend the results of the preceding sections on matrices over a field to matrices over certain rings with only minor changes. In this section we develop the factorization theorem of Section 13.2 for matrices of Sn , where S is the polynomial domain of a field F. Then a matrix A from this ring Sn is expressible in the form
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where B is a unit of Sn and H is in Hermite form, and the factor H is unique.

    Here there are still three types of elementary matrices:

    (1) The matrix Iij obtained by interchanging row i and row j of I.

    (2) The matrix Mi(k) obtained by multiplying row i of I by the nonzero element k of F. (Note that k is in F!)

    (3) The matrix Aij(m) obtained by adding m times row i to row j, where m is any element of S = F[λ] and i ≠ j.

    The restriction that k in Mi(k) be a nonzero element of F is made so that these elementary matrices of Sn have inverses in Sn. (Naturally B is the inverse of A in Sn if and only if AB = BA = I.)

    These elementary matrices correspond to elementary row operations just as in our discussion of Fn. For A in Sn:

    (1) The matrix IijA is obtainable by interchanging row i and row j of A.

    (2) The matrix Mi(k)A is obtainable by multiplying row i of A by the nonzero element k of F.

    (3) The matrix Aij (m)A is obtainable by adding m times row i to row j of A, m in S = F[λ] and i ≠ j.

    Using these elementary row operations we can reduce A to a matrix H in Sn of the following form:

    (i) H is triangular.

    (ii) The diagonal elements h11,…,  hnn of H = (h rs) are either zero or monic polynomials.

    (iii) If hii = 0, then all components in row i equal zero.

    (iv) If hii ≠ 0, then every nonzero element of column i has degree less than deg (hii).

    This is the Hermite form of a matrix in Sn, S = F[λ].

    The reduction of a matrix A in Sn to this form is quite like the corresponding reduction in Fn. Consequently we shall skip the general discussion, which is just a repetition of the discussion of the reduction of an array to echelon form, and consider an example.

    Example 1. Reduce the following element to Hermite form over the polynomial domain of R:
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We see that H is in Hermite form. Furthermore A can be expressed as
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where B is a unit in Sn since it has an inverse.

THEOREM 13.12. An element A of Sn S = F[λ], is expressible in the form
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where B is a product of elementary matrices and H is in Hermite form. Moreover the factor H is unique.

    If H were not unique, then we would have
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where C is a product of elementary matrices and K is in Hermite form. Then
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and we can obtain H from K by performing certain elementary row operations on K. Now we treat H and K as 5-by-5 matrices with the same last two rows but different third rows. (This example will illustrate the basic argument without involving excessively clumsy notation.) The rows of H are
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    and the rows of K, u1, …, u5, are of the same form, with
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    Now if v3 ≠ u3, then both h33 and k33 cannot be zero, so we will take h33 ≠ 0.

    The question is this: Can we obtain v3 from the rows u1, u2, u3, u4, u5? That is, are there polynomials a1, …, a5 in  S such that
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Certainly we can rule u1 and u2 out of the picture because of the triangular form of H and K. So we are left with
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Again we use the zeros below the diagonal to show that
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For otherwise we would have the nonzero polynomial
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Thus
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    Now consider
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and look at the fourth components:
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If K44 ≠ 0, h34 ≠ k34,  and a4 ≠ 0, then we consider degrees (of the polynomials):
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    But such an equation is impossible since h34 and k34  both have degrees less than the degree of k44 (part (iv) of definition of Hermite form). Hence we see that
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and, similarly, that h35 = k35. Then u3 = v3, and from this we conclude that H and K cannot be different. So we see that the Hermite factor H is unique.

    Theorems very much like this have been proved for matrices over certain other rings (and undoubtedly more such theorems will be proved in the future). We shall not attempt to extend this idea further but will instead sketch a simple application.

    Example 2. Consider the following system of differential equations:

[image: images]

 where F1, F2, and F3 are functions of the real variable x possessing second derivatives. Formally this system can be written as
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or
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We see that
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Moreover,
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where
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since
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and so forth. Here
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    just as DF1 denotes the derivative of F1. Then the system has been reduced to the simpler system (by reversible reductions so that the systems have the same solutions)
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    This system is solved by dealing with the third equation and finding F3, substituting this in equation two and then finding F2, and finally substituting in the first equation and finding F1. These details are omitted here.

    Later we shall find that Theorem 13.12 can be used in finding the characteristic polynomial of an element of Fn.

        Exercise 13.4

    1. Find the inverse of each of the following over the polynomial domain of R:
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    2. Write out the following matrices of S3 when S = R[λ]: A21 (λ3 − λ + 1); A3(λ); M2(−1); I13.

    3. Find the Hermite factor of
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    4. Let A be the element of Sn, S = F[λ]. Show that, by using both elementary row and elementary column operations, A can be changed to a matrix B = (brs) such that b11 is the G.C.F. of all the components in A. Illustrate with the matrix A of Problem 3.

    5. Continuing the work of Problem 4 show that a matrix A over F[λ] can be reduced by elementary row and column operations to a diagonal matrix D = (drs) where dii is a factor of djj  if j exceeds i and dii ≠ 0. Proceed as follows:

    (a) Get the G.C.F. of the set of all components of A in the upper left corner.

    (b) Reduce all other elements in row 1 and in column 1 to zero.

    (c) Ignore the top row and left column and repeat steps (a) and (b) on the resulting (n — l)-by-(/z — 1) matrix.

    (d) Continue until a diagonal matrix is obtained. (The nonzero diagonal elements are the invariant factors of A.)

    6. Reduce the matrix A of Problem 3 to the diagonal form of Problem 5. What are the invariant factors of A?

    7. Simplify the following system of differential equations:
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where F1, F2 and F3 are functions of the real variable x. What assumptions need to be made about the Fi?

    8. If the functions F1, F2, F3 of Example 2 are assumed to be polynomial functions, find F1 F2, and F3.

    9. How would you justify the procedure in Example 2?

    10. List some rings S which are neither fields nor polynomial domains of fields such that Theorem 13.12 can be extended (in some reasonable form) to Sn. (Consider some of the quadratic domains, sfields, etc.)

    11. What would the Hermite form for matrices with components in J be? For matrices with components in J(m)?

    12. Describe the elementary matrices in Jn.

    13. Reduce the matrix
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to Hermite form over J by using appropriate elementary row operations. Is this form unique? Why?

    14. How would you link left S-modules with the matric rings Sn?

    13.5 Determinants

    Most students are exposed to some of the simpler facts about determinants in their high school and first-year college algebra courses. There the determinant is commonly introduced as a tool for solving a system of n linear equations in n unknowns. This is a rather unfortunate situation since determinants are not particularly well adapted to such a task, so that students are inclined to regard the subject with no little skepticism. But properly regarded the concept of determinant provides an important and useful link between the elements of Sn and S when S is a commutative ring.

    Since the student is expected to have had some slight knowledge of the subject we shall present an inductive definition of determinant without a discussion of the “general” solution of a pair of “indefinite” linear equations in two unknowns. Let S be a commutative ring (which can be thought of, for the most part, as a field F or its polynomial domain). Then the elements of S can be considered as 1-by-1 matrices so that S1 = S, and we define the determinant of such a matrix to be the single component. Thus
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Stepping up to S2, where the matrices have four components, we define
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    Before going on we consider the question of why such an expression should be studied.

    Example 1. Show that the matrix A of R2 is nonsingular if and only if
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    A is nonsingular if and only if A can be reduced to I by elementary row operations. Taking a11 ≠ 0 (otherwise we can interchange rows) we divide row 1 by a11 and then add −a21 times row 1 to row 2. The resulting row 2 is
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and certainly A is nonsingular if and only if the second component
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DEFINITION 13.4. If A is an element of Sn, where S is a commutative ring,

then
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and
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where Aij denotes the (n − 1)-by-(n − 1) matrix obtained from A by eliminating row i and column j.

    The matrix Aij is called a minor of A, and equation (ii), defining the determinant of an element of Sn in terms of determinants of elements in Sn − 1, is called the expansion of det A by minors of row 1. Then the expansion of the determinant of an element of S3 is
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    Because of the inductive nature of the definition we see that the determinant of an element A of Sn is a uniquely determined element det A of S. Thus we have a mapping from Sn to S defined by
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and we shall study the properties of this mapping.

    Example 2. Show that the determinant of an element of S2 can be expressed in terms of the minors of row 2.

    From
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we get
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since
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    This suggests that we can release det A, for A in Sn, from its dependence on the first row.

THEOREM 13.13. If A is in Sn, then
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for each i from 1 to n.

    Such an expression for det A is called the expansion by minors of row i.

    The proof is by induction on n, and we see that the example above serves as a starting point. Then our induction hypothesis states that the determinant of an element of Sn − 1 can be expanded by minors of any row, and we consider the defining expansion of det A:
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where Bi = A1i for i = 1, …, n. Now the matrices Bi are in Sn − 1 so that the determinants of the B’s can be expanded by any row desired.

    We select as i an arbitrary but fixed element from the integers 2, …, n. Then we expand each det Bj by minors of row (i − 1) of Bj since row (i − 1) of Bj involves the elements of row i in A. From the expansions of each det Bj in terms of its row (i − 1) we obtain an expansion of det A as a sum of n(n − 1) terms. The algebraic signs in this expansion must be watched carefully, for, if Bj = B = (brs), then, expanding by row (i − 1),
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But the elements brs are also elements of A so that for B = B1 we have

[image: images]

    Now we can regroup these terms to produce
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by selecting the n − 1 terms involving the factor aij, for each j. The element aij appears in row (i − 1) of all the B’s except Bj, and the coefficient of aij is seen to be (−1)i + j times the expansion of det Aij by minors of the first row.

    To illustrate we take n = 4 and i = 3. Then
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The matrix A11 is
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so that, expanding by row (i − 1) = 2, we get
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and
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Similarly
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where
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where
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and
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where
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    Assembling the three terms involving a31, we get
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and from
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we conclude that the coefficient of a31 is the determinant of A31 since
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In the same way we show that the coefficient of a32 is −det A32, of a33 is det A33, and of a34 is −det A34. Hence
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    This theorem allows a choice of rows to be made in evaluating a determinant, and this is quite useful.

    Example 3. Evaluate the determinant of the following element of R3:
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    We expand about row 3 so that
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and det A33 can be expanded about row 2 so that
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    Corollary 13.13.1. If A is a triangular matrix then
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    We proceed, as in the example, to expand det A by row n which conveniently contains n − 1 zeros. Then
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Since Ann is a triangular element of Sn − 1 we conclude (from the induction hypothesis) that
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    Corollary 13.13.2. If the matrix A contains a row of zeros, then det A = 0.

Expand about the row of zeros.

    Corollary 13.13.3. det (Mi(k)A) = k det A.

    Here Mi(k) is the elementary matrix of Sn formed by adding (k − 1)Eii to I. As in Fn the matrix Mi(k)A is the matrix obtainable by multiplying the elements of row i by k. Then expanding about row i yields

[image: images]

    Note: Since det Mi(k) = k, by Corollary 13.13.1, we can write
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    This last result suggests that we should determine what effect the elementary row operations on A have on det A.

THEOREM 13.14. det (Aij(k)A) = det A, i ≠ j and k in S.

    In other words we wish to show that, if matrix B is obtained from A by adding k times row i to row j, then A and B have equal determinants. Since this is easy to verify in S2 we proceed by induction on n. For A and B in Sn we express det B in terms of row m where m differs from both i and j. (Naturally we need only consider the case for n larger than 2.) Then the minors of row m in B are obtainable from the corresponding minors of row m in A by adding k times one row to another. Therefore, by the induction hypothesis,
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so that
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    Corollary 13.14.1. det (Aij(k)A) = (det Aij(k))(det A) when i ≠ j and k is in S.

    By Corollary 13.13.1 the determinant of Aij(k) is 1 since that matrix is triangular (upper or lower).

    Corollary 13.14.2. If row j of A equals k times row i of A, i ≠ j, then det A = 0.

    For the matrix B = Aij(−k)A has a row of zeros.

    Corollary 13.14.3. The determinant of the elementary matrix Iij, i ≠ j, is −1.

    We can write
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From the corollaries above we have
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    Corollary 13.14.4. det (IijA) = −det A when i ≠ j.

    We see from the preceding proof that
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so that by using the properties set forth in Corollaries 13.13.3 and 13.14.1 we have
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    Looking back through these simple corollaries we see that

[image: images]

whenever E is an elementary matrix of Sn and A is arbitrary in Sn. In the next section we shall extend this very important multiplicative property to any two matrices whose components are in a field F or a polynomial domain F[λ].

    These corollaries can be used to simplify the problem of calculating the determinant of a matrix A by permitting us to calculate the determinant of a “simpler” matrix, viz., one with lots of zeros in it.

    Example 4. Evaluate det A for the following element of R3:
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    We see that
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Then
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and
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since
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and
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    We can prove quite easily by induction that det A is linear in each component of the matrix A. In fact det A consists of the sums and differences of the n! products formed from all possible selections of n components of A with exactly one from each row and each column.

    Example 5. Write out the complete expansion of det A when A = (ars) is an element of S3.
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        Exercise 13.5

    1. Evaluate the determinant of A  in Example 4 through repeated application of Definition 13.4.

    2. Display the minor expansions of det A  for rows 2 and 3 when A  is the matrix of Example 4.

    3. Let A = (ars )  be an element of S4. Write out the minors A24  and A41.

    4. Find the determinants of the following matrices over R:

    [image: images]

    5. Find the determinant of each of the matrices of Problem 4 when the components lie in J/(7).

    6. Let a, b,  and c  be arbitrary elements of S  and show that the following element of S3,

[image: images]

has det A = (a − b)(b − c)(c − a).  (This is the Vandermonde determinant. What would the statement be in Sn?)

    7. A monomial matrix  in Fn is one in which exactly one nonzero element appears in each row and in each column (e.g., I and Iij). Show that the product of two monomial matrices is again monomial. Prove by induction that the determinant of a monomial matrix is either the product of the nonzero components or the negative of that product. (Compare with Corollary 13.14.4.)

    8. Extend the definitions of elementary matrices and elementary row operations in Fn to Sn where S  is a commutative ring with identity 1. Note that the matrix Mt(k)  does not have an inverse unless k  of S  has a multiplicative inverse.

    9. Determine the complete expansion of the determinant of A over S = R[λ] for
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What are the zeros of the resulting polynomial? What is noticeable about the matrix of Rn which is obtained by replacing λ by a zero of det A?

    10. Verify that det I12 = −1 for I12 in S2.

    11. Prove by induction that the complete expansion of det A for A =  (ars) in Sn consists of the sums of the n! products of the form
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where
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the components of A, where (i1, i2, …, in) is a permutation of the integers 1, 2, …, n and where e is 1 or −1.

    12. The permutation (i1, i2, …, in) is even if and only if the product m = ((i1 − i2) (i1 − i3) … (i1 − in))((i2 − i3) … (i2 − in) … ((in − 1 − in)) equals ((1 − 2)(1 − 3) … (1 − n))((2 − 3) … (2 − n) … (2 − n))…((n − 1 − n)). (So the permutation  i1 = 2, i2 = 3, i3 = 1 is an even permutation of (1, 2, 3) since ((2 − 3)(2 − 1))(3 − 1) = −2 = ((1 − 2)(1 − 3))(2 − 3). But the permutation i1 = 1, i2 = 3, i3  = 2 is odd or not even since ((i1 − i2) (i1 − i3) (i2 − i3) = +2 in this case.) Show that the sign affixed to the product
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of det A, A in S3, is plus if (i1, i2, i3) is an even permutation and is minus otherwise.

    13. From Problems 11 and 12 how would you characterize det A?

    14. What is the degree of the polynomial
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of F[λ] when A and I are in Fn?

    15. Let A be an element of Sn where S = F[λ]. Show that det A equals det H or −det H where H is the Hermite factor of A,
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    16. Find the expansion of the determinant of A over R[λ] for
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by finding the Hermite factor of A.

    13.6 Determinant of a Product

    In this section we restrict our attention to determinants of matrices from Sn where S is either a field F or the polynomial domain of a field. For these we can prove that
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when A and B are in Sn. The proofs are quite simple.

THEOREM 13.15. Let S be a field or the polynomial domain of a field. Then for A and B in Sn we have
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    The proof is based on the Hermite factorization of an element in Sn, and this accounts for the particular rings S which we have specified here.

    (1) If S is a field F we can write
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where C is a product of finitely many elementary matrices of Fn. Then by Corollaries 13.13.1, 13.13.3, and 13.14.4 we have
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If A has rank n, then
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otherwise H contains a row of zeros. So if A has rank n, then
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and
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so that
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    If A has rank less than n, then H has a row of zeros. Therefore HB has a row of zeros, so, by Corollary 13.13.2,
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Then
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But
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so that
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This completes the argument when S is a field.

    (2) If S is the polynomial domain of a field, then the above argument has to be altered somewhat (although the following argument actually takes care of Case (1) also). Now the Hermite factor H of A can be reduced to diagonal form (see Exercise 5, page 567) through multiplication on the right by the appropriate elementary matrices, and we can write
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    where C and E are products of elementary matrices and D is a diagonal matrix. If the diagonal elements of D are denoted by dii, i = 1, 2, …, n, then D can be factored as
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Therefore Corollaries 13.13.3, 13.14.1, 13.14.3, and 13.14.4 can be applied a finite number of times to justify the following equations:
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and
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Thus we see that
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    This theorem tells us that, when S  is a field or the polynomial domain of a field, then the mapping from Sn to S  given by
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is compatible with the binary operations of multiplication in Sn and S.

    Corollary  13.15.1. The determinantal mapping F  from Sn to S  is a homomorphism from the multiplicative semigroup Sn onto the multiplicative semigroup S. Moreover A of Sn is mapped onto 0 of S  if and only if the Hermite factor of A  contains a row of zeros.

    This corollary is immediate from the above proof.

    The potential usefulness of such a mapping is rather apparent when we compare the features of S  and Sn .  Here S  is an integral domain, and Sn (for n  larger than 1) possesses divisors of zero and has noncommutative multiplication. We shall have occasion to use this mapping in the next section when we encounter the topics of characteristic value, characteristic polynomial and characteristic vector.

THEOREM 13.16. The matrix A of Fn is nonsingular if and only if
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    Since the determinant of an elementary matrix of Fn is nonzero we see that det A  is different from zero if and only if the Hermite factor of A  has rank n.  Since the rank of the Hermite factor of A  equals the rank of A  we see that det A ≠ 0 if and only if A  has rank n  (i.e., A  is nonsingular).

    From this we should suspect that det A  can be used in finding the matrix A−1  when it exists. The method of cofactors for finding A−1  depends on determinants.

DEFINITION 13.5. The element
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    where Aij is the (n  − 1)-by-(n − 1) minor of A  of Sn obtained by eliminating

    row i and column j of A, is the cofactor of Aij in A = (ars). The transpose of the matrix (a′rs) is the adjoint of A, denoted by adj A.

    Example 1. Find adj A in R3 when
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and
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    Thus column 1 of adj A is
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and further computation yields
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Note that
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and
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    This illustrates the next theorem.

THEOREM 13.17. If A is in Sn, then
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    This is a consequence of the minor expansion for det A:
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for each i = 1, …, n. On the other hand when i ≠ j the element
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is nothing but the determinant, expanded by minors of row i, of a matrix having row i and row j equal. Since such a matrix has determinant zero we see that the product A(adj A) is the scalar det A times the identity matrix I.

    Example 2. Illustrate the above argument in R3.

    The element
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is the expansion by minors of row 1 of the determinant of
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For
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and so forth. Certainly
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    Corollary 13.17.1. If A is in Fn and det A ≠ 0, then A−1 = (brs) where
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    This follows from the theorem when the equation is divided by det A, leaving
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Hence
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    Example 3. Find A−1 for the matrix A of Example 1.

    There we found
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    Note that the method of cofactors involves the evaluation of n2 determinants of matrices in Sn − 1 as well as the evaluation of det A. This sharply restricts the usefulness of the method except for small values of n or for very special matrices.

    From this corollary we have a fairly useless method for solving certain linear systems over F. If a system of n linear equations in n unknowns x1, …, xn is written as
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where A = (ars) u = (x1, …, xn) and v = (b1, …, bn), then the system has a unique solution if and only if A−1 exists, and we can write
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Then
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where a′ij is the cofactor of aij in A. This is known as Cramer’s Rule, and it is frequently written as
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where Bi is the matrix obtained by replacing column i of A with the column vector vT. Then the expansion of det B by minors of column i is
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    Expansion by minors of a column has not been discussed up to now, but the validity of such an expansion for the determinant of an element in Fn is easily proved by considering the transpose of a matrix as we now show.

THEOREM 13.18. Let A be an element of Sn where S = F or F[λ]. Then det A = det AT.

    Since A can be expressed in the form
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where the Ei are elementary matrices and H is in Hermite form, we have
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and
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Now H and HT are both triangular (one upper and the other lower) so that
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so consider the elementary matrices. The matrices Iij and Mi(k) are symmetric,
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and the transpose of Aij(k) is Aji(k). Hence the factors of det A and det AT are equal so that
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    Corollary 13.18.1. The determinant of A in Sn, S = F or F[λ], can be expanded by minors of any column of A.

    For this is just the expansion of det AT (= det A) by minors of a row of AT.

        Exercise 13.6

    1. Let A and B be elements of S2. Prove by direct computation that det AB = det A · det B.

    2. Let N be the set of all elements A of Fn such that det A = 0. Show that N is a subsemigroup of the multiplicative semigroup Fn with the property that AB is in N if and only if A and/or B is in N. Show also that Fn = N [image: images] G, where G is the full linear group.

    3. Compute the adjoint of an element A of S2, and find the product A(adj A).

    4. Explain why the row-column method of multiplying matrices leads to the definition of adj A as the transpose of (a′rs).

    5. Compute the inverse of matrix A in Problem 4, Section 13.5, by the method of cofactors.

    6. Solve the linear system
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over R by using Cramer’s Rule. Solve by elimination also and compare methods.

    7. Let A be in Fn. Show that det (adj A) = (det A)n − 1.

    8. For A and B in Fn show that
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What does this say about row-by-row multiplication of matrices?

    9. How are det A and det A−1 related?

    10. An element A of Sn, S = F[λ], is unimodular if and only if det A is a unit of S.

    (a) Prove that A is unimodular if and only if its Hermite factor H is I.

    (b) Prove that A is unimodular if and only if it is expressible as the product of a finite collection of elementary matrices from Sn.

    (c) Prove that A is unimodular if and only if Sn contains B such that AB = BA = I.

    11. Let A be an element of R3 of rank 2. Show that A possesses a nonzero cofactor.

    12. An m-by-m minor of A of Fn is obtained by eliminating n − m rows and columns from A. Show that A has m linearly independent row vectors if it has an m-by-m minor whose determinant is nonzero.

    13. Show that, if the determinants of the three matrices
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are all zero, then the two vectors (a1, b1, c1) and (a2, b2, c2) of C3(F) are linearly dependent.

    14. Generalize Problem 13 and show that, if the matrix A of Fn contains m linearly independent row vectors, then A must contain an m-by-m minor whose determinant is different from zero. (Show that the elementary row operations on m linearly independent rows of A do not affect the ranks of the m-by-m minors which can be obtained from these rows.)

    15. The determinantal rank of A in Fn is defined to be the largest m such that A has an m-by-m minor with nonzero determinant. Conclude from Problems 12 and 14 that the determinantal rank of A equals the rank of A.

    16. The matrix A of Fn is orthogonal if and only if AT = A−1. What is the value of det A when A is orthogonal? Give two examples of orthogonal matrices in R3.

    17. Show that the matrix of a rotation of C2(Re) about the origin is orthogonal.

    18. Show that the orthogonal matrices of Fn form a multiplicative group.

    19. A matrix A of Jn is unimodular if and only if det A = 1 or −1 (see Problem 10). Show that the unimodular matrices of Jn form a multiplicative group (the unimodular group).

    13.7 Characteristic Polynomial

    In Chapter 12 we saw that matrices A and B of Fn correspond to the same linear transformation in L(Vn(F)) relative to some bases for Vn(F) if and only if Fn contained a nonsingular matrix C such that
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    This is clearly a special case of the relation of equivalence for matrices in Fn since C−1 is nonsingular also, so we naturally ask if C can be selected in such a way that B is particularly simple. (Remember that a matrix A of Fn is equivalent with a diagonal matrix Ir.) That is, in the language of vector spaces, can a basis be selected for Vn(F) in such a way that the matrix of a specified element of L(Vn(F)) is in a particular form? We will investigate this question in the remaining sections of this chapter.

DEFINITION 13.6. The element B of Fn is similar to A if and only if there exists a nonsingular matrix C such that
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    In other words, two matrices are similar if and only if each corresponds to the same linear transformation relative to the appropriate bases for Vn(F).

THEOREM 13.19. Similarity is an equivalence relation on Fn.

    The proof is like that of Theorem 13.9.

    Now what special type of matrix should we select as a possible representative of each equivalence class in the resulting partition? Because of the canonical form (viz., Ir) relative to the equivalence relation of equivalence of matrices we might hope that each element of Fn is similar to a diagonal matrix.

    Example 1. In F2 show that A = I + E12 is not similar to a diagonal matrix.

    Assume that C is a nonsingular matrix such that CAC−1 is diagonal. Then
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where
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so that
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Hence a = fa, a + b = fb, c = gc, and c + d = gd. Now a and c cannot both be zero, but, if a ≠ 0, then
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implies
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which with a + b = fb implies a = 0, an impossibility. Also c ≠ 0 and c = gc imply that g = 1 so that
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and c = 0. Thus we see that the matrix C does not exist.

    This example shows that we cannot expect an element of Fn to be similar in general to a diagonal matrix. So we step down a notch and ask if each matrix over F is similar to a triangular matrix.

    Example 2. If A is an element of F2, when is it similar to a triangular matrix?

    To answer this question we utilize the connection between matrices and linear transformations (we will use this connection a great many times in the next few pages). There exists a nonsingular C such that
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if and only if V2(F) has a basis of vectors V1 and v2 such that
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and
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where A is the linear transformation on V2 defined by the matrix A and a basis for V2, say u1 and u2. This is equivalent to the conditions that V2 contains a one-dimensional subspace (v2) which is in the nullspace of the linear transformation A − cI since
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And this is equivalent to saying that the matrix of A − cI relative to the basis of vectors u1 and u2, namely
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is a singular matrix. Thus we see that the matrix A is similar to a triangular matrix if and only if F contains an element c such that
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That is, A is similar to a triangular matrix in F2 if and only if the polynomial
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of F[λ] has a zero in F. From this we conclude that a 2-by-2 matrix over the complex field is similar to a triangular matrix.

    The results for F2 are quite typical of the general situation, and we shall prove that A of Fn is similar in Fn to a triangular matrix if and only if the polynomial det (A − λI) is decomposable into linear factors in F[λ].

DEFINITION 13.7. The polynomial det (A − λI) in F[λ] is the characteristic polynomial of A, and its zeros are the characteristic values of A.

    Example 3. The characteristic polynomial in R[λ] of
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is det (A − λI) = λ2 − 3λ + 1. Since this polynomial is irreducible over R we conclude that A is not similar to a triangular matrix in R2.

THEOREM 13.20. If A and B are similar matrices in Fn, then A and B have the same characteristic polynomials {and characteristic values).

    If A and B are similar in Fn, then a nonsingular C exists such that
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Then
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so that
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Since
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we have
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    Corollary 13.20.1. Each element of L(Vn(F)) has a characteristic polynomial in F[λ], namely, the characteristic polynomial of the matrix corresponding to the linear transformation relative to any basis for Vn(F).

    Relative to different bases for Vn(F) a particular linear transformation has similar describing matrices. Hence there is a unique characteristic polynomial associated with each element of L(Vn(F)), and this is called the characteristic polynomial of the linear transformation. Naturally the zeros of this polynomial are the characteristic values of the linear transformation.

    So consider the triangularization problem: For a given linear transformation A (described by a matrix, say) on Vn(F) find basis vectors V1, …, vn for Vn such that
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Then the matrix (ars) is triangular,
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and we see that the diagonal elements of the triangular matrix (ars) of A are precisely the characteristic values of A. In other words, if an element B of Fn is similar to a triangular matrix A of Fn, A = (ars), then
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    Thus the complete factorization of the characteristic polynomial of a matrix is a necessary condition for the matrix to be similar to a triangular matrix.

THEOREM 13.21. An element A of L(Vn(F)) is representable by a triangular matrix from Fn only if the characteristic polynomial of A factors completely in F[λ].

    In the next section we shall see that this necessary condition for the triangularization of a matrix is also sufficient. Now for some examples.

    Example 4. Show that the following element of R3 is not similar in R3 to a triangular matrix:
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    To find the characteristic polynomial of A we reduce the matrix A − λI to a convenient form over F[λ] by means of elementary row transformations:
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Then
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where B is the minor obtained from A1 by eliminating row 3 and column 1.

Hence
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and since λ2 + 5 is irreducible over R we conclude that A cannot be triangularized.

    Relative to the characteristic value 1 we can however make an alteration in the appearance of A. Interpret A as the matrix of a linear transformation A on C3(R) relative to the canonical basis, so that
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Then the linear transformation A − 1I = A − I has a nontrivial nullspace U, and from equations
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and
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we see that u = e2 − e3 is in U. Selecting the basis e1, e2, and u for C3(R) we get a somewhat simpler matrix for A:
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The change of basis is effected by the linear transformation C defined by
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so that the matrix C of C relative to the canonical basis is
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Then
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is precisely the matrix of A relative to the new basis made up from e1, e2, and u.

DEFINITION 13.8. The vector v ≠ z in Vn(F) is a characteristic vector of the element A of L(Vn(F)) if and only if v lies in the nullspace of A − cI for some scalar c.

    Obviously the scalar c must be a characteristic value of A since the existence of v ≠ z in the nullspace of A − cI depends completely upon the rank of A − cI being less than n. And the rank of A − cI is less then n if and only if c is a zero of the characteristic polynomial of A. Thus to each characteristic value of A there corresponds at least one characteristic vector in Vn(F).

    Example 5. Show that several linearly independent vectors of Vn(F) can correspond to the same characteristic value for some linear transformations.

    The linear transformation I on Vn(F) has exactly one characteristic value, viz., c − 1. At the same time every nonzero vector of Vn is a characteristic vector of I.

    It is possible to speak of the characteristic vectors of a matrix A of Fn through the usual association between the elements of L(Vn(F)) and Fn relative to a basis for Vn(F). The linear transformation A associated with A has certain characteristic vectors and these can be considered as characteristic vectors of A relative to the given basis for Vn(F). However, other linear transformations, possibly operating on other vector spaces, can also be associated with A so that one must be careful in speaking of characteristic vectors of a matrix A to specify the space Vn and its basis.

        Exercise 13.7

    1. Write out the proof of Theorem 13.19.

    2. Show that the two matrices A = I + E12 and I of R2 have the same characteristic polynomial and characteristic values. What do you conclude from this?

    3. Let A be the following element of R2,
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    (i) Find the characteristic polynomial of A.

    (ii) Find the characteristic values of A.

    (iii) Relative to the canonical basis for C2(R), find a characteristic vector for A.

    (iv) Find C in R2 such that CAC−1 is triangular.

    4. Find the characteristic polynomial of the following matrices over the complex field:
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    5. Find the characteristic values of the matrices in Problem 4.

    6. The matrices of Problem 4 define linear transformations of C3(F) relative to the canonical basis. Find the characteristic vectors of these. (Consider the system of linear equations in unknowns x1, x2, and x3 of F, given by
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where v = (x1, x2, x3).)

    7. Show that different elements of L(Vn(F)) can have the same characteristic polynomial.

    8. Reduce the matrix
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to diagonal form over R by finding C such that CAC−1 is diagonal.

    9. Show that A and AT have the same characteristic polynomial.

    10. Prove that the characteristic polynomial of the matrix A of Fn is a polynomial of degree n with leading coefficient (−1)n.

    11. Let p(λ) = (−1)nλn + cn − 1λn − 1 + … + c1λ + c0 be the characteristic polynomial of A = (ars) of Fn. Prove that
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where e = 1 or − 1. (The element a11 + a22 + … + ann is the trace of A.)
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    12. Illustrate Problem 11 using the results of Problem 4.

    13. A mapping K from Fn to some set S is a similarity invariant if K(A) = K(B) whenever A and B are similar. Prove that the following mappings are invariants of similarity:

    (a) K1(A) = det (A − λI), all A in Fn.

    (b) K2(A) = det A, all A in Fn.

    (c) K3(A) = trace A, all A in Fn.

    (d) K4(A) = m, where m is the dimension of the subspace of Fn (as a vector space over F) spanned by the matrices I, A, A2, ….

    14. Show that nonsimilar matrices sometimes have the same trace, the same determinant, and the same characteristic polynomial.

    15. Show that a matrix A from R2 with trace A = 3 and det A = 2 is similar to the diagonal matrix 2E11 + E22 by considering the characteristic polynomial of A.

    16. Prove the converse of Problem 15.

    17. Show that the vector v of Cn(F) is a characteristic vector, relative to the canonical basis of Cn, of the matrix A of Fn if and only if
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    18. Show that, if A has n linearly independent characteristic vectors v1, …, vn in Cn(F), then the matrix P formed by stacking these n row vectors is a nonsingular matrix of Fn such that PAP−1 is diagonal.

    13.8 Triangularization and Diagonalization

    Now we are able to develop necessary and sufficient conditions for a matrix A of Fn to be similar to a triangular matrix or to a diagonal matrix. First we prove the converse of Theorem 13.21.

DEFINITION 13.9. The subspace U of Vn(F) is A-invariant (i.e., invariant under the linear transformation A) if and only if u A is in U when u is a vector of U.

    We see in the triangularization described earlier that the subspace (vn) of dimension 1 is necessarily -invariant since
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is certainly in (vn) for each a in F.

THEOREM 13.22. If U = (u) is a nonzero A-invariant subspace of Vn, then A induces a linear transformation A1 on the quotient space Vn/U and the characteristic polynomial of A is (c − λ)m(λ) where m(λ) is the characteristic polynomial of A1 and u A = cu.

    Since u ≠ z we can choose n − 1 other vectors of Vn(F) such that
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form a basis for Vn(F). Then the n − 1 cosets
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form a basis for the (n − 1)-dimensional vector space Vn/U which consists of the cosets
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    Addition and scalar multiplication in Vn/U are defined in the obvious way:
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and
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Then the mapping A1 is defined by
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all v’ in Vn/U. Of course we must show that this definition is independent of the particular representative v of the coset v’= v + U, so choose w from the coset v’. Then
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so that
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Since acu is in U (and this is why U must be A-invariant) we see that wA is in the coset vA + U. This means that A1 is not dependent on any particular coset representative so that A1 is a genuine mapping from Vn/U to Vn/U.

    We see that A1 is also linear. Consider
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Since (av + bw)A = avA + bwA in Vn we get
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so that A1 is linear.

    A look at the matrix of A relative to the basis vectors v1, …, vn is quite revealing:
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Thus the bottom row of the resulting matrix (ars) is (0, 0, …, 0, c). Moreover, from
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in Vn/U we see that the resulting matrix of A1 is precisely the (n − 1)-by-(n − 1) minor Ann of (ars) which is obtainable by slicing row n and column n from (ars) From this we conclude that
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by expanding by minors of row n.

    Example 1. Let the linear transformation A on C3(R) be defined by the matrix
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relative to the canonical basis of C3(R). Find an A-invariant subspace of C3(R).

    Form the determinant p(λ) of
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Obviously 1 is a characteristic value of A;
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so that, by inspection, we have
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    Hence for
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we have
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    Taking {e1, e2, u} as a basis for C3(R) we get the following matrix for A:
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The linear transformation A1 induced on the quotient space C3(R)/U, U = (u), by A has the basis
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then
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and
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The resulting matrix for A1 is the minor
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Computing the determinant of B − λI yields
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    Using Theorem 13.22 we obtain the converse of Theorem 13.21 quite easily.

THEOREM 13.23. If the characteristic polynomial p(λ) of the linear transformation A on Vn(F) reduces completely in F[λ], then a basis can be selected for Vn(F) so that the resulting matrix A corresponding to A is triangular.

    For the characteristic value cn of A the linear transformation A − cnI has a nontrivial nullspace (for a matrix of this mapping is singular). Choose vn ≠ z in this nullspace. Then
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so that U = (vn) is A-invariant. Now consider the quotient space Vn/U and its induced linear transformation A1. The dimension of Vn/U is n − 1 and the characteristic polynomial of A1 is p(λ)/(cn − λ). Therefore the induction hypothesis applied to Vn/U and A1 yields a matrix representing A which is indeed triangular. That is, Vn/U has a basis of n − 1 vectors v’i, i = 1, …, n − 1, such that A1 is triangularly represented. Then selecting an arbitrary vector vi in the coset v’i we obtain a basis {v1, …, vn − 1, vn} such that A is represented by a matrix A in triangular form. Moreover, if A = (ars) then the minor Ann is the matrix describing A1 relative to the above basis for Vn/U.

    Example 2. Reduce the following element of R3 to triangular form by similarity transformations,
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    The characteristic polynomial is
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When we consider the space C3(R) and its canonical basis we get the linear transformation A:
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    The linear transformation A − I has the nullspace U spanned by u = e1 − e3 since the matrix
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tells us that (e1A − e1) − (e3A − e3)= z, and that no other such relation exists.

Then e1, e2, and u form a basis for C3 such that A is represented by
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The change of basis is given by the linear transformation C,
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and its matrix C relative to the canonical basis has the property
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    Now we consider the minor
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which is the matrix of the linear transformation A1 induced on C3/U by A, relative to the basis vectors e’1 and e’2. The characteristic polynomial of A1 is
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The matrix
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has rank 1 so that C3/U contains the vector v’= e’1 − e’2 such that
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Then back in C3 we select the basis e1, {v = e1 − e2, and u = e1 − e3}:
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so that relative to this basis A is described by the triangular matrix

[image: images]

Moreover, from the equations
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we get a nonsingular matrix K,
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such that
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    So we see that for the triangularization problem the concept of characteristic vector is quite important since it enables us to prove the existence of a chain of invariant subspaces.

    Corollary 13.23.1. If the characteristic polynomial of the element A of L(Vn(F)) factors completely in F[λ], then Vn(F) contains n A-invariant subspaces U1, U2, …, Un such that

    (1) U1 ⊃ U2 ⊃ … ⊃ Un.

    (2) Ui is of dimension i.

    This is just another way of stating the theorem. The concept of characteristic vector is also useful in deciding whether a matrix is similar to a diagonal matrix.

THEOREM 13.24. The element A of L(Vn(F)) is representable by a diagonal matrix if and only if A has n linearly independent characteristic vectors in Vn(F).

    If A has n linearly independent characteristic vectors v1, …, vn, then
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and relative to the basis for Vn provided by these vectors, A is represented by
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Conversely, if the vectors u1, …, un form a basis for Vn(F) with the property that A corresponds to the diagonal matrix
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relative to this basis, then certainly these vectors are characteristic vectors of A.

    Corollary 13.24.1. If the linear transformation A of L(Vn(F)) can be represented by a diagonal matrix of Fn, then the characteristic polynomial of A factors completely in F[λ].

    A diagonal matrix is a special type of triangular matrix.

    Now we know from Example 1 of the previous section that even though the characteristic polynomial of the matrix A does factor completely in F[λ] it is possible that A is not similar to a diagonal matrix. But, if A has n distinct characteristic values in F, then A is similar to a diagonal matrix.

    Corollary 13.24.2. If the matrix A of Fn has n distinct characteristic values in F, then A is similar to the diagonal matrix having these values on the main diagonal.

    Now A corresponds to the element A of L(Vn(F)), and for each of the characteristic values c1, …, cn we know that A has a characteristic vector vi,
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since A − ciI a singular matrix. Then these n vectors v1, …, vn are linearly independent as we shall show.

    (1) v1 and v2 are linearly independent, for, if v1= av2, then
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so that
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But this is impossible since
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    (2) Suppose v1, …, vk are linearly independent and consider vk + 1 = v.

If
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then
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Now c = 0 implies that the vectors v1, …, vk are dependent, whereas c ≠ 0 permits v to be eliminated, yielding
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Since c − ci ≠ 0, i = 1, …, n, this last equation contradicts the independence of v1, …, vk. So we conclude that the characteristic vector v is independent of v1, …, vk.

    Then by induction we have v1, …, vn linearly independent so that they form a basis for Vn(F).

    Example 3. Find a nonsingular matrix C such that CAC−1 is diagonal when
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    The characteristic polynomial of A is −(λ − 1)(λ + 1)(λ − 4). Switching to C3(R) and using its canonical basis we get the following characteristic vectors:

    (1) For c1 = 1, v1 = (1, 0, −2)= e1 − 2e3.

    (2) For c2 = −1, v2 = (1, −1, 1)= e1 − e2 + e3.

    (3) For c3 = 4, v3 = (2, 3, 2)= 2e1 + 3e2 + 2e3.

Then
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        Exercise 13.8

    1. Let A be the matrix A of Problem 4 in the previous set of exercises. Find a matrix D such that DAD−1 is triangular. Do the same for matrices B and C of Problem 4.

    2. Show that the matrix

[image: images]

of R4 is similar to a diagonal matrix.

    3. Let the linear transformation A be a rotation of 3-space C3(Re) about the x3-axis. Describe the A-invariant subspaces of C3(Re). Is a subspace of an A- invariant subspace always A-invariant?

    4. Write a matric description of the linear transformation A of Problem 3.

    5. Prove that the intersection of two A-invariant subspaces of V(F) is also A-invariant.

    6. Let U be a nonzero subspace of Vn(F), and let the m vectors v1, …, vm lie in m linearly independent cosets of U in Vn/U. Show that the m vectors are linearly independent in Vn(F). (From a1v1 + … + amvm = z we get a1(v1 + U) + … + am(vm + U) = z + U)

    7. Find a matrix C in R4 such that CAC−1 is diagonal, for the matrix A of Problem 2. (See Example 3.)

    8. Show that the matrices
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are not similar over F = J/(7).

    9. Compute CAC−1 over R when
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    10. Consider the system of differential equations
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where the Fi are differentiable functions of the real variable x. Show that this system can be written formally as
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or
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where v = (F1, …, Fn) and B is the operator matrix having D’s on the main diagonal. Let C be a real matrix such that CAC−1 is diagonal, and discuss the system
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Illustrate for n = 2.

    11. Let p(λ) = λ4 + a3λ3 + a2λ2 + a1λ + a0 be an element of F[λ]. Show that p(λ) is the characteristic polynomial of the matrix
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by reducing the matrix A − λI to the form

[image: images]

with A1= A21(λ)A32(λ)A43(λ)(A − λI). Generalize. (The matrix A is the companion matrix of p(λ).)

    12. Using the results of Problem 11 list three matrices in F4, F = J/(11), which are similar to diagonal matrices.

    13. Let p(λ) = (λ − c1)(λ − c2 ) … (λ − cn) be the characteristic polynomial of A from Fn. Show that, if the characteristic values are all distinct, then
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    14. Let (A; F) be the subring of Fn generated by the powers of A and the scalar matrices. Compare the polynomial ring of F with the polynomial ring of (A; F). How does this permit the substitution (i.e., specialization) of A for λ?

    13.9 Nilpotent Matrices and Transformations

    We know that a matrix A of Fn whose characteristic polynomial decomposes into a product of linear factors over F is similar to a matrix B having the properties:

    (1) The elements below the main diagonal of B are all zeros.

    (2) The elements on the main diagonal of B are the characteristic values of A.

    In this section we work with the elements above the main diagonal of B in order to obtain a unique representative of the equivalence class to which A and B belong.

    First we note from Corollary 13.24.2 that we need only to consider the case when A has fewer than n distinct characteristic values. For, if there are n distinct characteristic values, then A is similar to a diagonal matrix which is clearly unique up to the arrangement of the diagonal elements.

    If (λ − c)e is a factor of p(λ) = det (A − λI) but (λ − c)e + 1 is not, then c is a characteristic value of A of multiplicity e, where e is a positive integer. Then by a very slight adjustment of the proof of Theorem 13.23 we can prove that A is similar to a triangular matrix B in which the like characteristic values of A are clustered together on the main diagonal.

THEOREM 13.25. If c1, …, cm are the distinct characteristic values of A, ci of multiplicity ei, then A is similar to a triangular matrix B with the last em elements on its main diagonal equal to cm, the next em − 1 elements equal to cm − 1, etc.

    The proof is almost identical with the proof of Theorem 13.23.

    So let A be similar to a triangular matrix B having the last e = em elements of its main diagonal equal to c = cm, a characteristic value of A of multiplicity e. Then B corresponds to a linear transformation A on Vn(F) relative to a basis {v1, …, vn} of Vn(F), and if we denote the last e vectors of this basis, viz., vn − e + 1, …, vn, as u1, …, and ue, respectively, then these vectors form a basis for an A-invariant subspace U = Um of Vn(F). Moreover,
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and A induces a linear transformation Am on U whose matrix Bm is the lower left corner of the matrix B. Now we come to the reason for this arrangement:

    Lemma 13.1. Am − cI is a nilpotent linear transformation on Um of index e or less.

    For the matrix Bm − cI is a strictly triangular e-by-e matrix. Hence
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    Example 1. If

[image: images]

then
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and C3= Z.

    But what is especially nice about a nilpotent linear transformation? The following results will answer that question.

    Lemma 13.2. If H is a nilpotent linear transformation on Vn(F), then Vn(F) contains nonzero vectors v1 …, vk such that the nonzero vectors of the form viHr form a basis for Vn(F).

    (It is understood that
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is of the prescribed form also.)

    The proof is by induction on n, the dimension of the space vnF. Since the only nilpotent linear transformation on V1(F) is the zero mapping, the lemma is obviously true when we use any v1 ≠ z in V1 (F). So we assume as our induction hypothesis the statement of the lemma for a vector space of dimension less than n.

    Now consider the subspace VnH of all vectors v H, v in Vn. Since Hm = Z for some m, it is obvious that VnH has dimension less than n. For Vn = Vn implies that
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Applying the induction hypothesis to the linear transformation H on VnH we obtain vectors u1, …, us different from z such that the collection of nonzero vectors of the form ViHr is a basis for VnH. Now since ui is in VnH we know that Vn contains a vector vi such that
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Then the nonzero vectors of the form viHr are linearly independent in Vn. To show this we take a special case (which serves merely to simplify the notation). Let u1, u1H, u2, u2H and u3 form a basis for VnH. If
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ai in F, then operating on this by H yields
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since
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Therefore
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implying that
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since the elements of a basis are linearly independent. Then the first equation above becomes
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or
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so that
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for the same reason.

    This example is sufficiently general to justify the conclusion that the collection of nonzero vectors of the form viHr in Vn is linearly independent and spans an H-invariant subspace W.

    Now let v be an arbitrary element of Vn; we claim v is expressible as the sum u + w where u is in the nullspace NH of H and w is in W. To show this we exhibit the general method as applied to the special example above.

    Since VH is in VnH there are scalars bi such that

[image: images]

Now consider
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certainly
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is in W. Hence Vn(F) = W + NH so that vs + 1, …, vk can be selected from NH to extend the basis for W to the desired basis for Vn((F).

DEFINITION 13.10, The components ai + 1 of A = (ars) make up the second diagonal of A. A is in second diagonal echelon form if and only if A has only zero components off the second diagonal and 0’s and l’s on the second diagonal. A maximal string of l’s, ai.i + 1 = 1 for i = j + 1, …, j + k, on the second diagonal is called an echelon of length k.

THEOREM 13.26. If H is a nilpotent linear transformation on Vn(F), then a basis can be selected for Vn(F) so that the matrix describing H is in second diagonal echelon form.

This is a consequence of Lemma 13.2.

    Example 2. The following matrices are in second diagonal echelon form:
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Actually A and B are similar since A = CBC−1 with C = E12 + E23 + E34 + E45 + E51. Furthermore
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so that A2 has an echelon of length 2 in its third diagonal, and A3 has an echelon of length 1 in its fourth diagonal.

    Lemma 13.3. The nilpotent linear transformation H on Vn(F) has a unique (up to permutations of the echelons) describing matrix in second diagonal echelon form.

    The proof is again an induction argument. Each echelon of length k in the second diagonal of the matrix A representing H over Vn corresponds to an echelon of length k − 1 (if k: exceeds 1) in the second diagonal of the matrix A1 representing H over VnH. For we worked backward from the matrix A1 in Lemma 13.2. Furthermore the number of echelons of length 1 in A equals the dimension of the nullspace of H in VnH. Since the echelons of A1 and the nullspace of H in VnH are uniquely determined, the uniqueness of the second diagonal echelon form of A follows.

    Note that an echelon of length k in the second diagonal of A comes from the basis elements v, v H, v H2, …, v Hk of Vn(F). For
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etc.; the key is provided by the essential fact,
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This echelon can be easily shifted to another position in the second diagonal by interchanging the cluster
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(defined by v Hk+1 = z) with another cluster
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(defined by u Hq + 1 = z) in the basis for Vn obtained in Lemma 13.2.

    Thus we conclude that a nilpotent matrix of Fn is similar to a matrix B in second diagonal echelon which is unique up to a rearrangement of the echelons in the second diagonal of B. Therefore the similarity class to which A (and B) belong is identified completely by the echelons in the second diagonal of 5.

    Example 3. Determine all equivalence classes (relative to similarity) of nilpotent matrices in R4.

    The second diagonal of a 4-by-4 matrix contains three elements, a12, a23, and a34. Then the equivalence classes are identified by the following ordered triples:

    (1) (a12, a23, a34 )= (a, b, c) = (1, 1, 1).

    (2) (a, b, c) = (1, 1, 0).

    (3) (a, b, c = (1, 0, 0).

    (4) (a, b, c) = (0, 0, 0).

    (5) (a, b, c) = (1, 0, 1).

    In (1) there is one echelon of length 3, in (2) one echelon of length 2, in (3) one echelon of length 1, and in (5) two echelons of length 1. There are no other possibilities since echelons are separated by one or more zeros.

    Example 4. In R8 there is an equivalence class of similar nilpotent matrices represented by the matrix in second diagonal echelon form with second diagonal

[image: images]

Here we have three echelons, two of length 1 and one of length 3.

THEOREM 13.27. If A is a nilpotent matrix of Fn, then p(λ) = ( − λ)n is the characteristic polynomial of A, and the index of A is r + 1 where r is the maximum of the lengths of the echelons in the canonical representative of A.

    This follows immediately from an inspection of the unique second diagonal echelon form matrix B to which A is similar.

        Exercise 13.9

    1. Let

[image: images]

be the matrix of a linear transformation H on C3(R) relative to the canonical basis.

    (a) Show that H is nilpotent of index 3.

    (b) Find w ≠ z in VH2, V = C3 (R and find u in VH such that uH = w.

    (c) Find v in C3(R) such that v H = u and vH2 = w. Show that v, u, and w form a basis for C3(R).

    (d) Find a nonsingular matrix C such that CAC−1 is in second diagonal echelon form. (Note: v = e1 and C = E11 + E22 + 2E23 + 3E33 are possible answers.)

    2. Prove that a nilpotent element of Fn has index no larger than n.

    3. Prove that a matrix B which is similar to a matrix A that is nilpotent of index w, is itself nilpotent of index m.

    4. Let the space V9H have the basis {u1, u1H, u2H, u3}, where

[image: images]

Write out the second diagonal echelon matrix A of H over V9.

    5. Describe all of the equivalence classes (relative to similarity) of nilpotent matrices of F8.

    6. Write out B2 and A3 for the matrices of Example 2.

    7. Let the matrix A of R4 have the characteristic polynomial (λ − c)4. Show that A is similar to exactly one matrix of the form cl + B, where B is one of the five matrices in second diagonal echelon form described in Example 3. (Note that A − cI is nilpotent.)

    8. Determine the number of nonsimilar matrices of R3 having the same characteristic polynomial −(λ − 2)3. Write out the canonical representative of each.

    9. Let A be a matrix of class (3) of Example 3 and B be a matrix of class (5) of that example. Denote by A and B the linear transformations on V4(R) corresponding to these matrices relative to the basis {v1, v2, v3, v4}. Show that V4A has dimension 1 and V4B has dimension 2. Show also that A2 = B2 = Z.

    10. Let A and B be the linear transformations on V(R) = C5(R) described by the matrices of Example 2 relative to the canonical basis for V. Describe VA and VB; VA2 and VB2; VA3 and VB3. How are the transformations A and B related?

    13.10 Jordan Form

    Now that we have some additional knowledge about nilpotent transformations we consider again the linear transformation A on Vn(F) which has the characteristic value c = cm of multiplicity e = em. Then Vn has a basis {v1, …, vn with the properties:

    (1) A is represented by a triangular matrix relative to this basis.

    (2) u1= vn−e + 1, …, and uc= vn form a basis for an A-invariant subspace U = Um on which A induces a linear transformation Am whose characteristic polynomial is (c − λ)e.

    (3) Am − cI is nilpotent.

    (4) A basis can be selected for Um so that Am − cI is represented by a matrix Bm in second diagonal echelon form.

    (5) Am is represented by cI + Bm relative to this new basis. So we now have a matrix for A of the form

[image: images]

where C is a triangular (n − e)-by-( n − e) matrix, Z1 is an e-by-(n − e) zero matrix, and D is an (n − e)-by-e matrix which we shall shortly replace by a zero matrix. This is done by means of the following lemma.

    Lemma 13.4. Let {v1, …, vm, u, uH, …, uHr − 1} be a basis for the space U(F), and suppose

[image: images]

and

[image: images]

with a1 ` 0 in F. Then v1 can be replaced by w1 such that

[image: images]

and
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form a basis for U.

    We shall find scalars ct in F such that

[image: images]

has the desired properties. Then

[image: images]

since

[image: images]

and we must have

[image: images]

So we select the ci starting with c1:

[image: images]

Thus we can select the desired values for ci by solving for cl then for c2, then for c3 etc. Since v1 = w1 – c1u – … – cruHr-1 it is obvious that V1 can be replaced by w1 in the basis.

THEOREM 13.28. If the linear transformation A on Vn(F) has a characteristic polynomial which factors completely over F, and if c is a characteristic value of A of multiplicity e, then Vn contains two A-invariant subspaces U and W such that

[image: images]

and

[image: images]

    This is just another way of saying that the basis vectors vl …, vn-e described at the beginning of this section can be replaced by vectors W1, …, wn-e (using the lemma just proved) so that the matrix representing A has the form

[image: images]

where Z2 is an (n – e)-by-e matrix of zeros. Then W is the subspace spanned by the n – e vectors wl …, wn-e and U is the subspace Um described earlier.

    Now, how do we use the lemma to get these new basis vectors? First we form the linear transformation H = A – cI. Then the basis for U = Um consists of clusters of vectors of the form

[image: images]

and

[image: images]

Since a1= (c1 – c) ≠ 0 in F, as c1 and cm= c are different characteristic values of A, we can apply the lemma, once for each cluster of vectors u, u H, …, u Hr-1 in the basis for U, to obtain w1 such that

[image: images]

Exactly n — e such steps yield linearly independent vectors wl …, wn-3 such that

[image: images]

with

[image: images]

    for some characteristic value cj, of A. Therefore

[image: images]

for each i = 1, …, n – e, and A is represented over W by the (n – e)-by- (n – e) triangular matrix C1

THEOREM 13.29. Let

[image: images]

be the characteristic polynomial of the element A of L(Vn(F)). Then a basis can be selected for Vn(F) so that the resulting matrix of A has the block form

[image: images]

where each Bi = ciI + Hi, Hi an ei-by-ei matrix in second diagonal echelon form, and the matrices Z1, Z2, etc., are matrices of zeros.

    The matrix A is in Jordan canonical form.

    THEOREM 13.28 enables us to proceed by induction on the order of the space. By that theorem a basis {w1, …, wn-e, U1, …, ue exists for Vn such that

[image: images]

are A-invariant subspaces of dimensions n — e and e, respectively. The matrix representing A over Um is Bm. We consider A over the space W(F) and apply the induction hypothesis. The result is a basis for Vn = W + Um relative to which A is represented by the matrix A in Jordan canonical form, and the theorem is proved.

    Corollary 13.29.1. If the characteristic polynomial of A in Fn factors completely over F, then A factors in Fn as

[image: images]

where B is in Jordan canonical form. This factorization is unique (up to a unit multiple of C).

    The matrix A defines a linear transformation A on Vn(F) relative to an arbitrary basis of Vn Choosing a new basis for Vn(F) in such a way that A is represented by a matrix B in Jordan form, we have

[image: images]

where C is the nonsingular matrix corresponding to the change of basis. The uniqueness of B comes from two things:

    (1) The characteristic values of A and all matrices similar to A are the same.

    (2) The second diagonal echelon form Hi is unique up to a permutation of the echelons.

    Then the diagonal blocks

[image: images]

    can be interchanged, and the echelons within each Hi can be permuted, but these changes in B correspond to changes of basis in Vn(F), which correspond to multiplying the matrix C by nonsingular matrices. Hence the basic features of B are unique, and B is called the Jordan canonical factor of A.

    Example 1. Find the Jordan canonical factor B in R4 of

[image: images]

    Let e1, e2, e3, e4 be the canonical basis elements of V = C4(R) and A be the linear transformation corresponding to A relative to this basis. In U = (e3, e4) we have for H = A – 2I,

[image: images]

Thus v3= e3 and v4= e3 H can replace e3 and e4 in the basis for U (and for V):

[image: images]

so that over U, A is represented now by

[image: images]

    In V we have
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and
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so we select a and b in R and form

[image: images]

so that
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From
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we see that
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and

[image: images]

In the same way we consider

[image: images]

and find that

[image: images]

is a vector such that

[image: images]

    Thus relative to the new basis for V = C4, {v1, v2, v3, v4}, A is represented by the matrix

[image: images]

and V is split into two A-invariant subspaces, W = (v1, v2) and U = (v3, v4).

    Working in W now we select W1= V1 and w2 = v1(A – I) = 2v2. Then

[image: images]

and

[image: images]

so that A is represented, relative to the basis {w1, w2, v3, v4} for V, by

[image: images]

where B1 = 1I + H1 and B2= 2I + H2.

    Example 2. Determine the number of classes of matrices in R5 which have the characteristic polynomial (5 — λ)3(2 – λ)2.

    To solve this we determine the number of nonsimilar matrices B1 = 5I + H1 in R3 and B2 = 2I + H2 in R2, where H1 and H2 are in second diagonal echelon form:

[image: images]

a, b, and c being 1 or 0.

    (1) (a, b) = (1, 1), (a, b)= (1, 0), and (a, b) = (0, 0) are the only possibilities for H2 since (a, b) = (0, 1) and (a, b) = (1, 0) yield similar H’s and B’s.

    (2) c = O or l.

    Thus there are 3 · 2 = 6 equivalence classes of similar matrices having the given characteristic polynomial.

    Now we use the properties of the Jordan canonical form to prove that the subspace of the vector space Fn which is spanned by I, A, A2, …, for a given A in Fn has dimension no larger than n.

THEOREM 13.30 (HAMILTON-CAYLEY THEOREM). If

[image: images]

is the characteristic polynomial of the matrix A of Fn, then

[image: images]

    Here we are really dealing with the polynomial ring S [λ] of the ring S = SA generated by the scalar matrices of Fn and the matrix A. These rings are commutative rings with multiplicative identities, and we wish to show that the element A of S is a zero of the polynomial

[image: images]

where λ is the indeterminate of S[λ].

    First we assume that p(λ) factors completely over F. Then

[image: images]

so that since S is Abelian (making substitution of A, or specialization for A, a homomorphism from S[λ] onto S) we have

[image: images]

    Now A is similar to the matrix B in Jordan form,

[image: images]

So that
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    But B is made up of ei-by-ei blocks

[image: images]

on its main diagonal and zeros off, so that (cj — B)ei has the ei-by-ei matrix

[image: images]

on its main diagonal. To illustrate we use the matrix B of Example 1:
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and
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Clearly
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and this leads us to conclude that
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so that
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    If p(λ) does not factor completely over F, then we extend F to a root field F* of F and work as above in F*. Then

[image: images]

in F*, and since all of the components of these matrices lie in F we see that the result holds in F also.

    Example 3. The matrix

[image: images]

of R2 has characteristic polynomial p(λ) = λ2 – 2λ + 2 (which is irreducible over R). From

[image: images]

we see that

[image: images]

    The Hamilton-Cayley Theorem illustrates one use of the Jordan canonical form (or Jordan factorization) in the study of polynomial rings and functions of matrices.

        Exercise 13.10

    1. Let the linear transformation A on C4(R) = V have the matrix A relative to the canonical basis for C4:

[image: images]

Find a basis for V so that A is represented by a matrix in Jordan form.

    2. Find the Jordan factor B of

[image: images]

over the complex field.

    3. Find the inverse of

[image: images]

in R2.  What do you conclude about the inverse of a matrix in Jordan canonical form? Generalize.

    4. The characteristic polynomial of A is (1 — λ)3 when

[image: images]

Show that (I – A)2 # Z. From this fact determine that B = I + (E12 + E23) is the Jordan factor of A.

    5. By inspecting the matrix

[image: images]

of R4 determine a polynomial m(λ) of degree 3 such that m(B) = Z. Compare m(λ) with the characteristic polynomial of B.

    6. Write out all possible Jordan matrices having the characteristic polynomial

    (a) (−1 −λ)2(1 − λ)(2 − λ).

    (b) (1 − λ)4.

     (c) (1 − λ)2(2 − λ)3(4 − λ)2.

    7. The monic polynomial q(λ) of F[λ],

[image: images]

is satisfied by A of Fn if and only if

[image: images]

Discuss the relation between F, the ring FI of scalar multiples of I in Fn, S = SA, F[λ],and S[λ].

    8. The monic polynomial m(λ) of least degree among the q(λ) satisfied by A is called the minimal polynomial of A.

    (a) Prove that m(λ) is unique for A.

    (b) Prove that m(λ) is a factor of p(λ) = det (A – λI). (Use the G.C.F.)

    9. If A of F6 has characteristic polynomial (3 – λ)6 and minimal polynomial m(λ) = (A – 3)3, what are the possible Jordan factors of A? (There are three nonsimilar answers.)

    10. If p(λ) = (c1 – λ)e1…(cm – λ)em and m(λ) = (λ – c1)…(λ – cm) are the characteristic and minimal polynomials of A of Fn, show that the Jordan factor of A is a diagonal matrix.

    11. The vector space Vn(F) is the direct sum of subspaces U and W if and only if U + W = Vn and U [image: images] W = (z). Show that a nonnilpotent linear transformation A of rank less than n in L(Vn(F)) splits Vn into a direct sum by the following steps:

    (i) Show that there is an m such that

[image: images]

    (ii) Show that A induces a nilpotent linear transformation H on the null-space U of Am.

    (iii) Show that A induces a nonsingular linear transformation C on the quotient space Vn/U.

    (iv) Show that Vn has a basis relative to which A is represented by a matrix of the form

[image: images]

where C is a nonsingular, triangular matrix representing C over Vn/U and H is a matrix in second diagonal echelon form representing H over U.

    (v) Use the method of Lemma 13.4 to show that Vn contains an A-invariant subspace W such that

[image: images]

    12. Show that similar matrices satisfy the same polynomials.

    13. Show that, if c0 I + c1 A + … + Am = Z, then
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Find A-1 for A in Problem 2 by this method.

    14. Let det (A – λI) = (- l)n(λn + b1λn-1 + … +bn-1λ + bn), and let the trace of A = (ars) be

[image: images]

Show that, over a field of characteristic zero:

[image: images]

Combine these results with the Hamilton-Cayley Theorem and the statement of Problem 13 to devise a method (due to J. S. Frame) for finding A’1 and the characteristic polynomial of A.

    15. A subspace U of the n2-dimensional space Fn is nonsingular if and only if every nonzero matrix in U is nonsingular. (The subspace of scalar matrices is one such subspace.) Determine maximal subspaces of this type.

    16. Prove that a matrix A in Fn, F of characteristic zero, can be expressed as the sum A = B + C where tr B = 0 and C is a scalar matrix. Is this decomposition unique? Why is the restriction on the characteristic of F needed (or is it)?

    13.11 Remarks

    Let M be an equivalence relation in Fn; we write AMB if (A, B) belongs to M and AMB otherwise. A collection C(M) of matrices from Fn is a canonical set for M if exactly one element C of C(M) is in each equivalence class [A]M of Fn, and if C is in the class of A, so that AMC, we say that C is the canonical form of A relative to M. In other words, the canonical form C is a uniquely specified M-equivalence class representative. Ideally C should exhibit in as simple a fashion as possible the outstanding features of the matrices in the M-equivalence class it represents. Since this is sometimes a difficult criterion to meet, there are often several different canonical sets for one relation M, each designed to show up certain important features of an equivalence class. Then we can study these features for all of the matrices in the class by treating the particular canonical representative.

    The equivalence relations on Fn of row-equivalence, column-equivalence, two-sided equivalence, and similarity are just a few of the many equivalence relations which are treated in the theory of matrices. These arose in connection with our investigations of subspaces of Vn (F) and of different bases for Vn(F). Other topics involving Vn(F), L(V n(F)), and Fn naturally lead to other equivalence relations and canonical forms.
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        sets, 18

Eratosthenes, sieve of, 96

Euclidean algorithm

        for integers, 97

        for polynomials, 316

Euler-Fermat Theorem, 116

Euler phi-function, ø(n), 111

Even permutation, 575

Expansion by minors, 569, 586

Expansion, Taylor’s, 425

Exponentiation, 79, 210, 264

Extension

        algebraic, 330

        binomial, 265

        quadratic, 360

        radical, 350

        of rings, 276

        of systems, 65

        transcendental, 351

Extent, axiom of, 2

Factor

        common, 96, 397

        composition, 247

        greatest common, 97, 314, 397

        Hermite, 564

        ideal, 187, 393

        integral, 89

        invariant, 567

        Jordan canonical, 605

        polynomial, 310

        of quadratic integer, 368

Factorization, 92

        unique, 93, 318

Fermat’s

        Little Theorem, 118

        method of descent, 149

        Theorem, 151

Field, 250

        algebraic extension, 330

        algebraically closed, 330

        automorphism group of a, 341

        coefficient, 337, 343

        Galois, 436

        prime, 276

        root, 335

        skew, 250

        splitting, 335

Finite

        group, 193

        induction, 34

        ordered set, 298

        set, 49

Form

        canonical, 611

        Hermite, 551, 563

        Jordan canonical, 604

        radix, 84

        rational, 352

        reduced column echelon, 489

        reduced row echelon, 477

        second diagonal echelon, 599

Formal derivative, 327, 339, 424

Formula

        Lagrange’s interpolation, 294, 326

        quadratic, 362

Fraction, 67

        partial — decomposition, 354

Function, 15

        composite, 20

        counting, 111

        negative, 63

        notation, 16, 494

        polynomial, 291

        ring, 289

Functional, linear, 511

Fundamental Theorem of Arithmetic, 93

Galois field. GF(pn), 436

        automorphisms of, 442

Galois group, 343

Galois theory, 331

        Gauss’ Lemma, 323

Gaussian

        domain, 373

        integer, 373

        prime, 377

Generalized

        associative law, 77

        commutative law, 80

        distributive law, 80, 263

        trichotomy law, 80

Generating set, 456

Generator

        of group, 206, 211

        of ideal, 371, 409

        of vector space, 461

Greater than, 39, 73

G.C.F. (greatest common factor), 97, 314, 397

Group, 192

        Abelian, 192

        alternating, 245

        center of, 239, 241

        cyclic, 211

        exponentiation, 210

        finite, 193

        Galois, 343

        general linear, 546

        isomorphic, 203

        order of, 193

        permutation, 203

        quotient, 234

        representation, 197, 203

        solvable, 248

        sub—, 207

        Sylow subgroup of, 245

        symmetric, 195, 198, 207

        unimodular, 582

Hamilton-Cayley Theorem, 607

Hermite factor, 564

Hermite form, 551, 563

Homomorphic image, 168

Homomorphism

        of a group, 234

        of J, 168

        kernel of, 235, 281, 496

        of a ring, 280

        of a vector space, 494

Ideal

        conjugate, 389

        factor, 187, 393

        of J, 174

        of J/(m), 179

        maximal, 184, 297, 395

        numbers, 151, 360

        prime, 413

        principal, 371, 409

        relatively prime, 399

        of ring, 282

        semigroup, 387

        torsion, 287

Idempotent, 23, 199, 267

Idempotent matrix, 546

Identity

        element, 23, 55, 193

        function, 20

        mapping, 20

        matrix, 544

        ring with, 250

        transformation, 518

Image, 16

        homomorphic, 168

        space, 496

        of vector, 494

Inconsistent system, 487

Independence of vectors, 461

Independent set of vectors, 461

Indeterminate, 303

Index of subgroup, 218

Induced operation, 63

Induced partition, 13

Induction

        axiom of, 34

        hypothesis, 34

        mathematical, 33

        princide of mathematical, 34

        second principle of, 44

        set, 276

        third principle of, 45

Inequality, 39

Infinite set, 49

        countably, 162

Inner automorphism, 240

Inner product, 487, 515

Integers

        algebraic, 413

        composite, 92

        Gaussian, 373

        negative, 61

        positive, 61

        prime, 92

        rational, 70

        relatively prime, 104

        ring of, J, 53

        system of, 54

        zero, 61

Integral domain, 250

Interpolation formula of Lagrange, 294, 326

Intersection, set, 4

Into mapping, 18

Invariant

        factors, 567

        similarity, 588

        subspace, 588

Inverse

        element, 55, 69, 193

        mapping, 18

        of matrix, 527

Invertible operation, 23

Irrational number, 76

Irreducible polynomial, 313

Isomorphic

        groups, 203

        rings, 272

        vector spaces, 470

Isomorphism, 64, 70, 272, 470

        anti—, 556

        natural, 416

J, ring of integers, 53

        basis, 380

        ideal of, 174, 184

        quotient system of, 176

J/(m), integers mod m, 163

        ideal of, 179

        quotient system of, 180

Jordan canonical form, 604

Jordan factor, 605

Jordan-Hoelder Theorem, 247

Kernel

        of homomorphism, 235, 280

        of linear transformation, 496

Lagrange’s

        interpolation formula, 294, 326

        Theorem, 217

Larger than, 39, 58

Law

        associative, 35, 38, 77

        cancellation, 41, 201

        commutative, 35, 37, 80

        distributive, 37, 80, 263

        of signs, 72

        trichotomy, 39, 59, 80

Leading coefficient, 305

L.C.M. (least common multiple), 107

Least nsidue, 90

Left

        coset, 215

        ideal, 538

        identity, 23

        module, 450

        regular representation, 539

        S-module, 450

        vector space, 451

        zero, 23

Legendre symbol, 405

Less than, 39

Linear

        algebra, 537

        combination, 455

        congruence, 134

        dependence, 461

        equations, 123, 485

        independence, 461

        order, 13, 40

Linear transformations, 494

        matrix of, 500

        product of, 511

        ring of, 518

        sum of, 505

Loop, 196, 207

Mapping, 16

        compatible, 64

        composite, 20

        identity, 20

        inverse, 18

        natural, 284

        successor, 49

Matric

        addition, 508

        multiplication, 514

        ring, 521

        units, 510, 545

Matrices

        equivalent, 536, 559

        partitioned, 515

        similar, 534, 582

Matrix, 500

        augmented, 555

        bordered, 548

        companion, 596

        diagonal, 544

        elementary, 546

        Hermite, 564

        idempotent, 546

        identity, 544

        inverse of, 527, 546

        Jordan, 604

        monomial, 574

        nilpotent, 546

        nonsingular, 527, 546

        orthogonal, 581

        rectangular, 500

        scalar, 523, 544

        singular, 546

        skew, 549

        strictly triangular, 546

        symmetric, 549

        of transformation, 500

        triangular, 545

        unimodular, 581

        zero, Z, 509

Maximal

        ideal, 184, 297, 395

        normal subgroup, 247

        subgroup, 227

Membership, set, 2

Method

        of descent (Fermat), 149

        of Frame, 611

        of undetermined coefficients, 357

Minimal

        basis, 381

        polynomial, 610

        subspace, 460

Minor of matrix, 569, 581

Minors, expansion by, 569, 580

Modular systems, 415

Module, 450

Modulus, 88

Monic polynomial, 307

Monomial matrix, 574

Multiple, 89, 368

        common, 107

        least common (L.C.M.), 107

        scalar, 79, 261, 506, 509

Multiplication; see Product, 37, 68

        of functions, 20

        of matrices, 514

        scalar, 450

        table, 22

        of transformations, 511

Multiplicity

        of characteristic value, 597

        of zero, 327

Natural

        isomorphism, 416

        mapping, 284

        number, 33

        number system, 33

Near-ring, 525

Negative function, 63

Negative integer, 61

Negative rational, 70, 72

New mathematics, 415

Nilpotent algebra, 540

Nilpotent matrix, 546

Nonsingular matrix, 527, 546

Nonsingular subspace, 611

Nonsingular transformation, 527

Norm, 366, 389

Normal subgroup, 233

Normalizer of subgroup, 246

Notation

        base of, 84, 87

        function, 15

        position, 86

        right hand function, 494

Nullity, Sylvester’s Law, 562

Nullspace, 496

Numbers

        algebraic, 330, 413

        complex, 342

        ideal, 151, 360

        irrational, 76

        natural, 33

        rational, 67

        real, 76

        transcendental, 359

Odd permutation, 575

One-to-one mapping, 18

Onto mapping, 18

Operation

        associative, 22

        binary, 21

        commutative, 22

        distributive, 22

        elementary column, 489

        elementary row, 474

        induced, 63

        invertible, 23

        table, 22

        ternary, 23

        well-defined, 54, 56, 57, 163

Order

        of group, 193

        of group element, 206

        linear, 13, 40

        partial, 13

Ordered

        m-tuple, 298

        pair, 9

        set, 79, 298

        triple, 9

Orthogonal

        complement, 487

        matrix, 581

        subspace, 458

Outer direct product, 219

Pair equality, 9

Partial fractions, 354

Partial order, 13

Partition, 11, 13

Partitioned matrices, 515

Permutation, 20, 195

Permutation representation, regular, 203

Phi-function, ø(n), 111

Polynomial, 300

        characteristic, 584

        domain, S[λ], 307

        extension, 302

        function, 291

        irreducible, 313

        minimal, 610

        monic, 307

        prime, 318

        ring, 302

        zero of, 305

Position notation, 86

Positive integers, 61

Positive rationals, 72

Power set, 11

Pre-image, 497

        problem, 50, 66

Prime

        field, 276

        Gaussian, 377

        ideal, 184, 395, 413

        integer, 92, 95

        quadratic, 368

        relatively, 104

Primitive root of unity, 403

Primitive triple, 144

Principal ideal, 371, 409

Principle of duality, 27

Principle of mathematical induction, 34, 44, 45

Product; see Multiplication

        Cartesian, 10

        of cosets, 222, 233

        direct, 219, 223

        of functions, 20

        of ideals, 187

        inner, 487, 515

        of mappings, 20, 195

        of matrices, 514

        scalar, 253, 261

        of transformations, 511

Projection, 495

Proof by contradiction, 41

Proper

        ideal, 282

        subgroup, 207

        subring, 267

        subset, 3

        subspace, 457

Proposition, 34

Pythagorean triple, 144

Quadratic

        discriminant, 363

        domain, 364

        extension, 360

        formula, 362

        integer, 364

        pure, 403

        Reciprocity Law, 406

        residue, 403

Quaternion group, 256

Quaternions, 252

Quotient, 82, 308

        group, 222, 234

        ring, 285

        space, 588

        system, 176, 180

Radical extension, 350

Radicals, solvable by, 350

Radix form, 84

Range of function, 16

Range of mapping, 16

Range of transformation, 496

Rank

        of array, 491

        column, 489

        determinantal, 581

        of matrix, 527

        of transformation, 501

        row, 474

Rational

        cut, 76

        form, 352

        integer, 70

        number, 67

        number system, R, 68

        quaternions, 253

Re, real number system, 76

Reciprocal, 67

Reciprocity, Quadratic, 406

Recursive definition, 264

Reduction Theorem, 100, 109, 130

Reflexive property, 10

Regular representation, 203, 539

Relation, 10, 14

        equivalence, 52, 67, 89

Relatively prime

        ideals, 399

        integers, 104

        polynomials, 318

Remainder, 82, 308

        Theorem, 309

        Chinese — Theorem, 140

Representation, group, 197, 203

Residue

        class, 162

        least, 90

        quadratic, 403

Right

        coset, 215

        equivalence, 558

        hand function notation, 494

        ideal, 537

        identity, 23

        module, 451

        regular representation, 539

        zero, 23

Ring, 249

        automorphism of, 278

        Boolean, 25

        characteristic of, 270

        commutative, 250

        congruence, 288

        difference, 285

        division, 250

        extension of, 273

        of functions, 289

        homomorphism of, 280

        with identity, 250

        of integers, J, 54

        isomorphism of, 272

        matric, 521

        polynomial, 302

Root field, 335

Rotation about origin, 495

Row

        echelon form, 477

        operation, 474

        rank, 474

        spaa, 474

        subscript, 473

        vectors, 474

S[λ], polynomial ring of S, 307

Scalar, 451

        matrix, 544

        multiplication, 79, 451, 506, 509

        product, 79, 210, 253, 261, 451

        transformation, 495

Second induction principle, 44

Semigroup, 77

        cancellation, 391

        ideal, 387

Semisimple algebra, 540

Series, composition, 247

Set, 2

        denumerable, 50

        difference, 4

        doubly ordered, 473

        empty, 3

        finite, 49

        induction, 276

        infinite, 49

        intersection, 4

        membership, 2

        ordered, 79

        power, 11

        union, 4

        void, 3

Sfield, 250

S-homomorphism, 498

Sieve of Eratosthenes, 96

Signs, law of, 72

Similar matrices, 534, 582

Similarity invariant, 588

Singular matrix, 546

Skew field, 250

Skew matrix, 549

Smaller than, 39, 58

Smallest element, 43

S-module, 450

Solution subspace, 555

Solvable group, 248

Solvable by radicals, 350

Span a space, 456

Spanning set, 456

Specialization, 296, 304

Splitting field, 335

Squares, sum of two, 158

Step-up theorem, 427

Straight-edge-and-compass, 347

Strictly triangular matrix, 546

Structure Theory, Wedderburn, 540

Subdomain, 269

Subfield, 269

Subgroup, 207

        conjugate, 240

        cosets of, 215

        cyclic, 211

        index, 218

        normal, 233, 247

        proper, 207

        Sylow, 245

        trivial, 208

Submodule, 454

Subring, 267

Subscript

        column, 473

        row, 473

Subset, 3

Subspace, 455

        A-invariant, 588

        minimal, 460

        nonsingular, 611

        orthogonal, 458

        proper, 457

        solution, 555

        spanned by, 456

        trivial, 457

Subsystem, 63, 174

Substitution, 296, 304

Subtraction, 56, 258

Successor mapping, 49

Sum; see Addition

        of subspaces, 457

        of two squares, 158

Sylvester’s Law, 562

Sylow subgroup, 245

Sylow Theorem, 245

Symmetric

        group, 195

        matrices, 549

        property, 10

Symmetries, 198

Symmetry group, 198, 207

Synthetic division, 312

System

        abstract, 24

        algebraic, 24

        array of, 485

        concrete, 24

        inconsistent, 487

        of integers, 54

        of linear equations, 485

        mathematical, 24

        modular, 415

        natural number, 33

        quotient, 176, 180

        rational number, 68

        real number, 76

        of residue classes, 163

        theory of, 24

Table

        multiplication, 22

        operation, 22

Taylor’s expansion, 425

Ternary operation, 23

Ternary relation, 14

Third induction principle, 45

Torsion ideal, 287

Total matric ring, 521

Trace of matrix, 587

Transcendental extension, 351

Transcendental number, 359

Transformations, linear, 494

        addition of, 505

        matrix of, 500

        multiplication of, 511

        rank of, 501

        ring of, 518

        scalar, 495

        scalar multiple of, 506

Transitive property, 10

Transitivity, 59

Transpose, 489, 556

Triangular matrix, 545

Triangularization problem, 584

Trichotomy, 39, 59, 80

Triple, ordered, 9

Triple, primitive, 144

Triple, Pythagorean, 144

Trisection of angle, 347

Trivial subgroup, 208

Trivial subspace, 457

Two-sided ideal, 537

Two-sided module, 451

Undetermined coefficients, 357

Unimodular group, 582

Unimodular matrix, 581

Union of sets, 4

Unique factorization

        of Gaussian integers, 373

        of ideals, 399

        of integers, 93

        of matrices, 543, 551, 605

        of polynomials, 318

        of quadratic integers, 409

        restored, 187

        Theorem, 93, 318

Uniqueness, 83

Unit, 368

Unit ideal, 395

Units, matric, 510, 545

Upper bound, 45

Value, absolute, 66

Value, characteristic, 584

Variable, 303

Vectors, 449

        characteristic, 584

        coordinate, 452

        dependent, 461

        linearly independent, 461

        row, 474

Vector space, 451

        basis of, 465

        dimension of, 467

        homomorphism, 494

        isomorphism, 470

        left, 451

Venn diagram, 5

Void set, 3

Wedderburn Structure Theory, 540

Well-defined operation, 54, 56, 57, 163

Well-ordering Theorem, 43

Wilson’s Theorem, 153

Zero (left and right), 23

        divisors of, 166, 250

        ideal, 282

        integer, 61

        matrix, 521

        multiplicity of, 327

        of polynomial, 305

        rational, 72

        vector, 450, 451
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