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How to Use This Book

Painless statistics? It might sound impossible, but it’s not. Statistics is easy . . . or at least it can be with the help of this book!

Whether you are learning statistics for the first time, or you are revisiting ideas you may have forgotten, this book is for you. It provides a clear introduction to statistics that is both fun and instructive. Don’t be afraid. Dive in—it’s painless!

Painless Icons and Features

This book is designed with several unique features to help make learning statistics easy.

[image: images] PAINLESS TIP

You will see Painless Tips throughout the book. These include helpful tips, hints, and strategies on the surrounding topics.

[image: images] CAUTION—Major Mistake Territory!

Caution boxes will help you avoid common pitfalls or mistakes. Be sure to read them carefully.

[image: images] MATH TALK

These boxes translate “math talk” into plain English to make it even easier to understand statistics.

[image: images] REMINDER

Reminders will call out information that is important to remember. Each reminder will relate to the current chapter or will reference key information you learned in a previous chapter.

[image: images] BRAIN TICKLERS

There are brain ticklers throughout each chapter in the book. These quizzes are designed to make sure you understand what you’ve just learned and to test your progress as you move forward in the chapter. Complete all the Brain Ticklers and check your answers. If you get any wrong, make sure to go back and review the topics associated with the questions you missed.

PAINLESS STEPS

Complex procedures are divided into a series of painless steps. These steps help you solve problems in a systematic way. Follow the steps carefully, and you’ll be able to solve most statistics problems.

EXAMPLES

Most topics include examples. If you are having trouble, research shows that writing or copying the problem may help you understand it.

ILLUSTRATIONS

Painless Statistics is full of illustrations to help you better understand statistics topics. You’ll find graphs, charts, and other instructive illustrations to help you along the way.

SIDEBARS

These shaded boxes contain extra information that relates to the surrounding topics. Sidebars can include detailed examples or practice tips to help keep statistics interesting and painless.

Chapter Breakdown

Chapter One gives you a painless introduction to statistics, with an example that shows you where data comes from, what you can do with it, and what it can do for you.

Chapter Two is all about data, the object of study in statistics. You’ll learn about the different types of data and how to represent and visualize it with charts and graphs.

Chapter Three shows you the power of statistics. You’ll see how questions about large sets of data can be answered by considering just a handful of representative numbers using descriptive statistics like the mean and standard deviation.

Chapter Four introduces you to the important distributions you’ll encounter when working with data and shows you how you can use properties of those distributions to make analyzing that data as painless as possible.

Chapter Five focuses on a single distribution of data: the normal distribution. Normally distributed data pops up everywhere in the world—from test scores to biological measurements and so much more—so knowing how to work with the normal distribution is key to applying your statistical knowledge.

Chapter Six introduces you to probability, the mathematics of likelihood. A firm grasp of basic probability helps you put your data in context and is essential to understanding important ideas in statistics, like sampling and inference.

Chapter Seven extends your study of probability into conditional probability. You will learn how to analyze the impact that events can have on each other, another central theme in applying statistical knowledge.

Chapter Eight develops the basics of statistical sampling and sampling distributions, which allow you to use statistics to understand entire populations by just looking at a small sample of the data.

Chapter Nine shows you how to construct and interpret confidence intervals, which are important statistical tools that allow you to make educated guesses about unknown quantities while accounting for the uncertainty inherent in the process.

Chapter Ten teaches you about statistical significance: what it is, what it isn’t, and how you can measure it.

Chapter Eleven gives you the basic statistical tools you need to tackle bivariate data, like scatterplots, correlation, and linear regression.

Chapter Twelve puts your statistical knowledge in context by helping you interpret and understand the statistical claims you’ll see and hear all around you.




Chapter 1

An Introduction to Data

Statistics is the study of data. Data is everywhere, and statistics can help you collect it, categorize it, analyze it, and interpret it. Data comes in many forms—it can be a series of stock prices, the number of touchdowns, or a list of favorite ice creams—but for all these forms, you can use statistics to help make sense of the data. It can be hard to understand a large set of numbers, but with statistics, working with data can be painless.

An Example of Working with Data

How can data help you make decisions and better understand your world? Here’s a simple example that illustrates what statistics can do for you and just how painless it can be.

Example:

Imagine that you live in one city and work in another. To get from home to work, you have two different commuting options. Commute A involves riding three different trains and making two transfers. Commute B involves riding just one train, but it also involves a slightly longer walk from the station to your job.

Unsure of which commute is better, you try both for a while and record how long it takes you to get from home to work. In other words, you collect some data.








	
Commute


	
Length of Commute (in minutes)





	
A


	
32, 43, 26, 27, 42, 30, 42, 44, 31, 30, 27, 46





	
B


	
34, 36, 40, 41, 37, 35, 37, 41, 39, 37, 36, 41, 37, 40, 39







These are your two data sets. A data set is a set of information, and in this example, the information comes in the form of numbers. Each individual number in these data sets is a data point, and each data point represents the length of a commute in minutes. There are 12 data points in the first data set and 15 data points in the second set. The variable n is used to indicate the size of a data set. In the first set, n = 12, and in the second set, n = 15.

So, what can you do with this data? Naturally, you might be interested in knowing which commute is better, but how can you compare the 12 numbers in the first data set with the 15 numbers in the second data set? This is where statistics come in.

A statistic is a number that captures some feature or characteristic of a data set. A good statistic communicates an important or useful piece of information about the data, and the beauty of a statistic is that it’s just a single number. Instead of trying to think about the entire data set all at once, you can focus only on the statistic.


[image: images] PAINLESS TIP

A statistic is a way of thinking about an entire data set by considering just one number. This makes it easier to understand and analyze your data set.



There are many different statistics you can use to help make sense of data. The first one you should know is a familiar statistic that describes where the “center” of the data is.

The Center of a Data Set

One of the first steps toward understanding a data set is determining where its center is. A common way to measure the center of a data set is by finding the mean of the data. The mean of a set of numbers is the sum of all those numbers divided by the size of the data set. The mean is often referred to as the average because, in a sense, the mean can be thought of as an average representative of the data set. For example, people around the world typically range in height from 1 foot tall to 7 feet tall, but the mean height is around 5.5 feet. You might think of an average person being around 5.5 feet tall.


[image: images] PAINLESS TIP

The word average has different meanings in different contexts. Sometimes average refers to the mean; other times it refers to other statistics (such as the median), as discussed further in Chapter 3.



To compute the mean of a data set, simply follow these painless steps.


Step 1:Add all the values in the data set.

Step 2:Divide that sum by the number of values in the data set.



The mean you get by adding up all the numbers in a set and dividing by the number of values is also known as the arithmetic mean of a set of numbers.

For example, to find the mean of the set of commute times for Commute A, first add up all the numbers in that data set:


32 + 43 + 26 + 27 + 42 + 30 + 42 + 44 + 31 + 30 + 27 + 46 = 420



Then divide the sum by 12, the number of values in the set:


[image: ]



The result is 35, so the mean of this data set is 35 minutes. The unit is minutes because each data point in the set was measured in minutes. So in the calculation of the mean, you divided a sum of minutes, 420, by a pure number, 12.


[image: images] PAINLESS TIP

Don’t be afraid to use your calculator! You are expected to use technology to help with calculations in statistics, especially when the data sets are large. Many calculators have statistics capabilities that allow you to enter in a list of numbers and compute the mean with a single command.



Here’s the computation of the mean for the second data set. First, add up all the numbers in the data set, and then divide that sum by 15 (the number of values in the set):


[image: ]



Therefore, the mean commuting time for Commute B is 38 minutes.


[image: images] CAUTION—Major Mistake Territory!

The mean of a data set is not necessarily a data point in the set. For example, the mean of the second data set is 38 minutes, but 38 is not a number in that data set. The mean can be thought of as an average member of the data set, but it’s not required to be a member of the set.



If your ultimate goal is to compare the two commutes, the means that you just calculated allow you to do exactly that. Each data set is now represented by a single number, so instead of trying to compare all the numbers in the first set with all the numbers in the second set, you can just compare the means. This tells you that, on average, Commute A takes 35 minutes and Commute B takes 38 minutes, so Commute A is, on average, shorter than Commute B.

The mean is an example of a summary statistic. A summary statistic is just what it sounds like: it summarizes the data in a single number. This frees you from the burden of having to think about all the data at once. You’ll encounter more summary statistics (that describe other features of data) in the next section and in Chapter 3, but first try the following Brain Ticklers to practice computing the means of data sets.


[image: images] REMINDER

Comparing two numbers is much easier than comparing two large data sets. This is one of the benefits of using statistics.




[image: images] BRAIN TICKLERSSet # 1


1.Compute the mean of each of the following data sets.

a.34, 18, 21, 65, 9, 11, 18, 52

b.17, 27, –14, 3, 0, –25, –28, –3, 32

c.5, 5, 5, 5, 5, 5, 5, 5

2.Create a data set with n = 5 that has mean 10.

3.Suppose a data set with n = 4 has mean 100. A new data point is added to the data set, and the new mean is 101. What is the new data point?

4.Suppose a data set has mean 100, and you know that one data point is 75. Explain why there must be another data point in the data set that is greater than 100.

(Answers are on page 14.)





The Spread of a Data Set

Now that you’ve compared the means of the two sets of commute times, you might be tempted to conclude that Commute A is better because, on average, it is shorter than Commute B. This is a reasonable conclusion to draw, but there’s more to this story, and more summary statistics will help tell it.

As a statistic, the mean captures some information about the data but not all of it. Other summary statistics capture other features that might also be important to understanding the data. For instance, take another look at the two data sets of commute times. This time, the data points are arranged in order from smallest to largest.








	Commute A:

	26, 27, 27, 30, 30, 31, 32, 42, 42, 43, 44, 46




	Commute B:

	34, 35, 36, 36, 37, 37, 37, 37, 39, 39, 40, 40, 41, 41, 41






Ordering the data like this makes it easy to spot the smallest and largest numbers in each data set. These are also useful statistics. For example, Commute A has a minimum time of 26 minutes and a maximum time of 46 minutes, while Commute B has a minimum time of 34 minutes and a maximum time of 41 minutes. This says something useful about the data.

Range

The range of a data set is the difference between the largest number in the set and the smallest number in the set. For example, the range of the data from Commute A is 46 − 26 = 20 minutes, while the range of the data from Commute B is 41 − 34 = 7 minutes. Range offers a second opportunity to compare the data sets. Comparing the ranges shows that the data from Commute A is more spread out than the data from Commute B.

Range is another summary statistic, and it captures something different about the data than the mean does. The mean measures the central tendency of a data set, that is, what the center of the data set looks like. The range measures the dispersion, or spread, of a set of data. These two different kinds of summary statistics form a powerful combination. Knowing where the center is as well as how far the data extends gives you a lot of information about the nature of the data.


[image: images] PAINLESS TIP

A single statistic offers a single piece of information about a data set, so using different statistics together creates a fuller picture of the data. Depending on the nature of the data, just a few important pieces of information can be enough to tell you what you want to know.



Pairing these statistics with a visual representation of the data can make the information even clearer. The illustrations that follow are dot plots of the two data sets of commute times. A dot plot is a visual representation of the frequency of the data: for each data point in the data set, a dot is placed over its corresponding number. For example, there are two 30s in the data for Commute A, so there are two dots above the 30 in the dot plot on the left. Likewise, since there are four 37s in the data for Commute B, there are four dots above 37 in the dot plot on the right.

[image: ]

Figure 1–1

[image: ]

Figure 1–2

Visualizing data in plots and graphs is a great way to understand the data; you’ll learn about different ways to picture data throughout this book. Visualizations can also help put the summary statistics in context. For example, the mean is located near the center of each dot plot (an X has been added to indicate the location of the mean), so you can see where the “center” of the data is. Also, you can see that the dot plot for Commute A is much wider than the dot plot for Commute B, which is what the range tells you about the data.

So, how does the range help you answer the question “Which commute is better?” Comparing the means showed that Commute A is, on average, shorter than Commute B, but the larger range of the data for Commute A shows that there is more variation in those commute times than in the times for Commute B. With Commute A, you may have a commute of 26 minutes, which is much shorter than average, but you also might have a commute of 46 minutes, which is much longer than average. On average, you will probably get to work faster with Commute A than with Commute B, but there’s a chance you might get there very early or very late with Commute A.

With Commute B, your average commute time is slightly longer, but there’s less variation in your commute times. According to the data, the commute is never longer than 41 minutes or shorter than 34 minutes. These commute times are more steady and predictable.

Range gives you an idea of the variation in a data set (i.e., how much the data varies), but there are summary statistics that capture this variation more precisely. These are statistics that measure deviation.

Deviation

In everyday language, the word deviation is associated with being different from what is typical. In statistics, it has a similar meaning: a data point’s deviation from the mean is how far that number is from the mean of the data set. If you think of the center of the data set as its average, then deviation is a measure of how far from average a data point is.

For example, the first data point for Commute A is 32 minutes. Since the mean commute time is 35 minutes, the 32-minute commute differs from the mean commute by 3 minutes. This deviation can be computed by subtracting the data value from the mean: 35 − 32 = 3 minutes. You can also subtract the mean from the data value, but in this case, you get a negative number because the value is less than the mean: 32 − 35 = −3 minutes. In statistics, you usually want to think of deviations as distances, so you want them to be positive numbers. Taking the absolute value of the deviation will guarantee that your deviations are never negative.

The absolute value of a number is its distance to 0. For example, the distance from 7 to 0 is 7, so the absolute value of 7, denoted│7│, is 7. Similarly, the distance from –3 to 0 is 3, so the absolute value of –3, or│−3│, is 3. In short, the absolute value of a number is what you get when you ignore its sign.

In the case of the data point 32, the absolute value of the deviation is 3, so it doesn’t matter if you compute it as |32 − 35| = |−3| = 3 or |35 − 32| = |3| = 3.

This is an example of computing the deviation of an individual data point, but you can also measure the deviation of an entire data set. The trick is to compute all the individual deviations and then find their mean. This statistic is called the mean absolute deviation (MAD), which measures the average distance to the mean in a data set. It is also simply called the mean deviation.

To compute the mean absolute deviation for a data set, follow these painless steps.


Step 1:Compute the mean of the data set.

Step 2:Calculate the absolute value of each individual data point’s deviation from the mean. This will form a new data set.

Step 3:Compute the mean of this new data set of deviations.



For example, to compute the mean absolute deviation of the data set from Commute A, recall that the mean is 35, so you’ve already completed the first step. Next, you need to calculate the absolute value of each individual data point’s deviation from the mean.


32, 43, 26, 27, 42, 30, 42, 44, 31, 30, 27, 46

Commute A Data



The deviation for the first data point is 35 − 32 = 3; for the second point, it’s 35 − 43 = −8 (which you take the absolute value of to get |−8| = 8); for the third point, it’s 35 − 26 = 9; and so on. This yields a new set of numbers—the deviations from the mean of the original set:


3, 8, 9, 8, 7, 5, 7, 9, 4, 5, 8, 11



Finally, find the mean of this new data set. To do so, add up all the individual deviations, and then divide by the number of deviations:


[image: ]



Thus, the mean absolute deviation of the data from Commute A is 7 minutes. As with the mean of this data set, the unit of mean absolute deviation is also minutes, since all the individual deviations are measured in minutes and the sum is divided by a pure number.

The mean deviation says that, on average, a data point is 7 minutes away from the mean. So in Commute A, the average commute time is 35 minutes, but also on average, a commute will take 7 minutes, more or less, than 35 minutes.

This can sound confusing at first: is the average commute time 35 minutes, or 35 − 7 minutes, or 35 + 7 minutes? Remember, however, that the two statistics measure different features of the data. The mean says that the center of the data is at 35, but not every commute will be 35 minutes long. The commute times are spread out around the center, and the mean deviation measures that spread.

Just as means provide a useful way to compare and contrast two data sets, so do mean deviations. Here’s the data for Commute B, this time ordered from least to greatest.


34, 35, 36, 36, 37, 37, 37, 37, 39, 39, 40, 40, 41, 41, 41

Commute B Data



The mean of this data set, as calculated earlier in this chapter, is 38. So the next step in computing the mean deviation is calculating the absolute value of the difference between each data point and 38:


4, 3, 2, 2, 1, 1, 1, 1, 1, 1, 2, 2, 3, 3, 3



Finally, compute the average of these individual deviations, which is


[image: ]



So, the mean absolute deviation of the data set for Commute B is 2 minutes, which is considerably less than the mean deviation for Commute A. What does that say about the data? With Commute A, since the average deviation from the mean is 7 minutes, it would not be unusual for a commute to take around 35 + 7 = 42 minutes. With Commute B, however, such a long commute would be much less likely, even though the average commute time is longer. This is because with Commute B, the average deviation from the mean of 38 minutes is only 2 minutes.

Notice that this all fits with the visualization of the data from the dot plots. For Commute A, the spread of the data around the mean is much wider, while for Commute B, the data is clumped together closer to its mean. This spread around the mean is what deviation is meant to represent, and mean absolute deviation is a simple statistic for capturing this characteristic of the data. In Chapter 3, you’ll learn about a more common way to measure the deviation of a data set, the standard deviation. Calculating standard deviation is a little more complicated than calculating mean deviation, but the idea is exactly the same: it’s just a way to measure how far, on average, data is from the center.


[image: images] BRAIN TICKLERSSet # 2


1.Compute the mean absolute deviation of each of the following data sets.

a.10, 20, 30, 40, 50, 60, 70, 80, 90, 100

b.17, 27, –14, 3, 0, –25, –28, –3, 32

c.5, 5, 5, 5, 5, 5, 5, 5

2.Construct a data set with n = 10, a mean of 20, and a MAD of 0.

3.Construct a data set with n = 10, a mean of 20, and a MAD of 3.

4.Suppose the MAD of a data set is 5 and that one of the data points has an individual deviation of 1. Explain how you know that some other data point must have an individual deviation greater than 5.

(Answers are on page 14.)





Interpreting Data

After recording a few weeks’ worth of commute data and computing some summary statistics, what can you do with all this information? One obvious answer is that you can use it to decide which commute you should use to get to work in the future. Assuming future commutes are similar to past commutes, you can use the data you’ve collected and analyzed to draw inferences about what future commutes will be like and then make decisions based on those inferences. This is an example of a very common application of statistics, that is, trying to understand a large set of data (a data set of all possible commute times) by studying a small sample of the data (like your commute times from the past few weeks). You’ll learn more about this kind of sampling and inference making later in this book.

If the goal is to make an inference, then which commute is better? Ultimately, that’s up to you to decide, but summary statistics like mean and deviation have helped clarify the answer for you. Would you rather have a commute that is, on average, shorter but less predictable (like Commute A), or would you rather have a commute that is, on average, longer but more predictable (like Commute B)? As is often the case in statistics, there isn’t necessarily a right or wrong answer. If you don’t like surprises, you might choose the more predictable Commute B. If you’re willing to risk occasionally being late for a shorter-on-average commute, you might choose Commute A. What works best for you depends on your needs and preferences.

Another reason statistics rarely provide clear right or wrong answers is that there’s always more to the story than what your data tells you. When you apply statistics to study data, you may find that there are often other factors that haven’t been accounted for. What hasn’t been considered in analyzing these two commutes? Well, different commuting methods may have different costs. A person might have good reason to avoid multiple train transfers or long walks outside. Maybe there’s a big penalty for being late or a big reward for being early. As useful as statistics like the mean and deviation are in comparing these two commutes, there’s a lot of information they don’t capture about the situation. It’s important to remember that when you are interpreting data and drawing conclusions.

The data you collect and the statistics you choose to compute will always tell only part of the story. Choosing to work with some data (like commute times) and ignoring other data (like commute prices) impacts the kinds of analysis you can do and the kinds of conclusions you can safely draw. Replacing a large data set for a few statistics is a good trade in that it makes analyzing data more convenient, but it invariably leaves out some information. It’s important to always be mindful of those choices, and those trade-offs, when working with data.


[image: images] REMINDER

Every choice you make in statistics, from what data you collect to what techniques you apply, leaves some information behind. Math is often seen as a right-or-wrong discipline, but when you apply statistics to analyze data, conclusions are rarely clear-cut.



The commute times example illustrated how a few simple statistics can help you make sense of data. Knowing about the center and spread of a data set can help you make an informed decision about your morning commute, your investment opportunities, and much more. Throughout this book, you’ll learn many more techniques for organizing, representing, analyzing, and interpreting data and for applying statistics the painless way.


[image: images] BRAIN TICKLERSSet # 3


1.Suppose you want to invest your money in an automobile company, and you decide to buy stock in whichever company has the highest stock price. Why might stock price not be the best data to focus on?

2.High schools are often ranked and compared based on the number of students who take Advanced Placement courses. What information might not be captured when focusing on this particular data?

3.If you wanted to use statistics to better understand your family’s eating habits, what kinds of data might you collect?

(Answers are on page 15.)





Brain Ticklers—The Answers

Set #1, page 5


1.a. 28.5

b.1

c.5

2.There are many possible sets you could create. Examples include: {8, 9, 10, 11, 12}; {0, 0, 0, 0, 50}; {10, 10, 10, 10, 10}.

3.105

4.If all the numbers in the data set were less than 100, then the mean of the data set would have to be less than 100. So, if one number in the data set is less than the mean, some number in the data set must be greater than the mean for the data set to “average out” to 100.



Set #2, page 11


1.a. 25

b.16 [image: ] or 16.67

c.0

2.{20, 20, 20, 20, 20, 20, 20, 20, 20, 20}

3.There are several possibilities. Examples include: {17, 17, 17, 17, 17, 23, 23, 23, 23, 23} and {15, 16, 17, 18, 19, 21, 22, 23, 24, 25}.

4.MAD is the average deviation from the mean, so MAD is itself an average. If all the individual deviations were less than 5, the mean of those deviations would be less than 5. Therefore, if the mean of those deviations is 5 and one of the individual deviations is less than 5, then at least one individual deviation must be greater than 5.



Set #3, page 13


1.Stock price may not be the best indicator of the overall worth of a company. Different companies issue different amounts of stock, so stock price alone doesn’t indicate the total value of a company. Plus, when it comes to investing, it might be more important to know things like how much revenue a company generates, how much debt it owes and if the stock pays dividends, among many other factors.

2.This particular data ignores other advanced, but non-AP, courses students might be taking. It also ignores the different kinds of opportunities that are available to students, such as in the arts, sports, or technical trades.

3.For this type of analysis, there are dozens of characteristics you could collect data about. Examples include how much money is spent on groceries per week, how much money is spent at restaurants, the average amount of calories per meal, the number of calories from vegetables, the number of meals and snacks per day, and so on.






Chapter 2

Data and Representations

Statistics is all about working with data, so you need to understand what data is. In this chapter, you’ll learn about different types of data and how to work with them. You’ll also learn about different ways of visualizing and representing data, which can help make analyzing and interpreting data painless.

Types of Data

Data is information. The information can be about people, places, or processes, and it can come in the form of numbers or characteristics. All these different kinds of information are different types of data, and there are two important types of data you should be familiar with.

Quantitative Data vs. Categorical Data

The data sets that were discussed in Chapter 1 were commute times, so the data came in the form of numbers. That is an example of quantitative data. Quantitative data is numeric information, like times, heights, prices, and test scores. This is a very common type of data in the application of statistics, and most of the examples you’ll see in this book involve quantitative data.

However, data isn’t always quantitative. Suppose that, instead of recording how long their daily commute is, you asked people the method they use to commute to work each day. In this scenario, the information you’re looking for isn’t a number; it’s a mode of transportation (by car, by bus, by bike, and so on). This is an example of categorical data. Categorical data indicates the category, or categories, individuals belong to.

Even though categorical data isn’t necessarily quantitative in nature, you can still use numbers to help understand it. For example, you might represent this categorical data in a table.








	
Commute Method


	
Percentage





	
Car


	
32%





	
Bus/Train


	
40%





	
Bike


	
16%





	
Walk


	
12%







A table is a way to represent the information and is helpful in understanding and interpreting the data. The table above, for example, shows what percentage of individuals fall into each category. You’ll learn other ways to represent categorical data later in this chapter.

Whether the data is quantitative or categorical, it’s always important to understand who the information is about. Data often describes people, but it can also describe objects or things (such as products, countries, or organizations). These objects or things are referred to as the individuals described by the data. When you encounter data, you should always ask the question, Who is being described by the data? Here’s a simple example to get you thinking about the kinds of questions you should ask yourself when analyzing categorical data.

Example 1:

Refer to the following table, which represents some categorical data.








	
Favorite Movie Type


	
Percentage





	
Action/Adventure


	
24%





	
Comedy


	38%





	
Horror


	14%





	
Romance


	16%





	
Documentary


	  8%







This data tells you about the kinds of movies people like, but you should ask yourself, Who were the individuals being asked about their favorite movie type? What this data means, and how it can be used, depends on the answer to this question. If this information came from American high school students, you might draw one conclusion from the data, but if it came from Canadian grandparents, you might draw a different conclusion.

Knowing who the data represents is part of understanding how the data is defined. Each characteristic captured in data is a variable, and it is very important to understand exactly what defines a variable. In the example from Chapter 1, does commute time start when you walk out your front door, or does it start when you step on the train? When it comes to commute type, does working from home count as walking to work? When discussing movie preferences, is Thor: Ragnarok considered an action movie or a comedy? Understanding the details of your data is essential to making proper sense of it.


[image: images] PAINLESS TIP

When you start working with a data set, make sure you understand which individuals are described by the data and how the variables that make up the data are defined.



Populations and Samples

Sometimes when working with data, you collect all the information that exists about a subject and use statistics to analyze and study it. Usually, though, you can’t actually collect all the data about a particular subject because there’s just too much of it. In these situations, you instead study samples of data.

Imagine you are interested in understanding the movie preferences of all American adults. It isn’t possible to ask every single American adult about movie preferences, so instead you might ask a small group of people what their preferences are. The goal is to use statistics to understand the smaller data set in hopes of understanding the larger one. In this situation, the smaller group is called a sample, and the larger data set that the sample comes from is the population. The data points you look at are observations. Similar to how a zoologist might observe a small group of wild animals to understand how the entire population behaves, you can think of each data point or sample as an observation of what an individual’s movie preferences are.


[image: images] CAUTION—Major Mistake Territory!

A population and a sample are not one and the same! If you are working with the entire set of data, that’s the population. If you are working with a smaller set of data that represents the population, that’s a sample. It’s always important to distinguish between a population and a sample when applying statistical techniques.



Just as it’s important to understand who the data describes and how the data is defined, it’s equally important to understand where your samples came from. You’ll learn much more about using samples to understand populations in Chapter 8.

Numerical information that represents a sample is called a statistic. Numerical information that represents a population is called a parameter.


[image: images] BRAIN TICKLERSSet # 4


1.Is the following data quantitative or categorical?

a.The grade point averages of high school students

b.The political affiliation of adult American women

c.The available vacation days of federal employees

2.Consider a large corporation as a set of individuals to be studied. First, provide an example of a quantitative variable that relates to this set of individuals. Then, provide an example of a categorical variable for this set of individuals.

3.Suppose you were collecting data on the average amount of money held in savings accounts by Americans. What differences might you expect to see in the data if the individuals were American college students versus American adults between the ages of 45 and 55?

(Answers are on page 41.)





Representations of Data

Representing and visualizing data effectively is an important step toward understanding it. Here are some of most common and useful ways to represent data.

Pie Charts and Bar Charts

You can’t browse the Internet without encountering pie charts and bar charts. These graphs are simple ways of representing categorical data, and they help you compare categories to each other and to the whole.

In a pie chart, each “slice of pie” represents a category. Here’s an example that shows you what a pie chart representing categorical data looks like.

Example 2:

Recall the following data about commute methods.








	
Commute Method


	
Percentage





	
Car


	
32%





	
Bus/Train


	40%





	
Bike


	16%





	
Walk


	12%







Now, here’s that same data presented in a pie chart.

[image: ]

Figure 2–1. Method of Commute to Work

This pie chart helps you see that the amount of people who take the bus or train is comparable to the amount of people who drive a car. It also lets you easily see that those two categories cover almost three-quarters of all of the data. The vast majority of people represented here use one of those options to commute to work.

A bar chart is another way to visualize categorical data. A bar chart is a graph where the categories are listed across the horizontal axis and the height of each bar indicates the frequency of each category. The frequency could be given as a count or as a percentage.

Example 3:

Suppose a survey is conducted to determine how adult Americans get their news. Here’s a bar chart that shows the results of that survey.

[image: ]

Figure 2–2

The height of each bar indicates the number of survey respondents who get their news primarily through each category. This bar chart tells you that 50 respondents get their news primarily from websites, 36 respondents from social media, 90 respondents from TV, 16 respondents from radio, and 8 respondents from print. This is an example of count data since the bar graph shows the count of data points in each category.

The title of this bar chart includes n = 200, which indicates that a total of 200 American adults were surveyed. You can also determine this by adding together the counts, which are just the heights of the bars. In this example, 50 + 36 + 90 + 16 + 8 = 200. This works because each data point in the data set is in exactly one category.

Instead of showing raw counts, a bar chart can also show percentages. To find the percentage of data in each category, just divide the raw count in each category by the total number of values in the data set, which in this case is 200. Doing this changes each value from a frequency to a relative frequency. The height of each bar now shows the frequency of each value relative to the entire data set.

[image: ]

Figure 2–3

Notice that the overall shape of the bar chart is still the same as the one prior. Since you are dividing each count by the same amount, each bar is getting scaled by the same factor, so their relative sizes are unchanged. In a bar chart that indicates frequency, like this one, the heights of the bars will add to 1, or 100%.


[image: images] CAUTION—Major Mistake Territory!

A lot of errors are made because graphs and charts are mislabeled or misread. Make sure your graph and axes are labeled appropriately when making a visualization of data, and make sure you read carefully when interpreting one.



Dot Plots and Histograms

Bar charts and pie charts are useful in visualizing categorical data. For visualizing quantitative data, dot plots and histograms are the most commonly used graphs. Here’s an example that will walk you through these two important statistical tools.

Example 4:

Imagine that 1,000 Americans are randomly selected, and a data set of their ages (in years) is created. This initial data set is filled with 1,000 numbers from a minimum value of 1 (for infants age 1) to a maximum value of 99. (People do live to age 100 and beyond, and an infant could technically be 0 years old. However, to keep things simple, assume the lowest age is 1 and the highest age is 99.) With 1,000 data points ranging from 1 to 99, each age in the data set may appear many times. The number of times a particular value appears in a data set is called its frequency.

One way to represent this data visually is with a dot plot. Chapter 1 introduced some simple dot plots. In a dot plot, the different possible values the data can take are listed along the horizontal axis, and above each value, one dot is placed for every data point in the set that matches that value. Here’s a dot plot of the data set of the ages of 1,000 Americans.

[image: ]

Figure 2–4. Age of 1,000 Americans

The number of dots above each possible data value is equal to the frequency of that value in the set. For example, there are 17 dots above the 20 because age 20 appears 17 times in the data set. Notice that a dot plot shows count data.

You can also present this data as a frequency histogram. A frequency histogram is similar to a dot plot except that instead of stacks of dots, bars are used to indicate the frequency of each data value.

[image: ]

Figure 2–5. Age of 1,000 Americans

Like in a dot plot, the horizontal axis of the histogram lists all the values the data can take and the vertical axis represents the frequency with which each value occurs. In a histogram, the height of the bar indicates the frequency of that value. For example, the bar above 20 has a height of 17, which means the age 20 appears 17 times in the data set. Likewise, the bar for 90 has a height of 1, which means there is only one 90-year-old in the data set.


[image: images] PAINLESS TIP

A histogram looks like a bar chart, but the horizontal axis is a number line, which fixes the order of the bars. You can’t rearrange the bars in a histogram the way you can in a bar chart.



Dot plots and histograms are useful in showing how your data is distributed over the possible values it can take. The range of the data is represented along the horizontal axis, and the vertical axis shows how the data is dispersed from the minimum to the maximum value. In the age histogram, you can see that there are more younger people than older people represented in this data set because the bars at the left end are higher than the bars at the right end.

You can modify a histogram by grouping nearby data together into bins. For example, when considering the ages of 1,000 Americans, perhaps you are more interested in knowing how many people are in their 20s and 30s and so on, rather than knowing their exact ages. By grouping the data into bins, each bar in the histogram will represent a group of data values instead of a single data value. Choosing an appropriate bin size can make a histogram easier to interpret and analyze.


[image: images] PAINLESS TIP

The bins in a histogram typically have equal widths; otherwise, they might present a misleading picture of the data.



Here’s a histogram that shows the age of 1,000 Americans data grouped into bins of width 10.

[image: ]

Figure 2–6. Age of 1,000 Americans

The first bar in this histogram represents the first bin of width 10, which includes all the ages greater than or equal to 0 and less than 10. If the variable x represents age, the first bin contains all the ages x where 0 ≤ x < 10. The second bar in the histogram represents the second bin of width 10, which is all the ages 10 ≤ x < 20, the third bin is 20 ≤ x < 30, and so on. Depending on how the bins are defined, you might include the lower limit in the bin and exclude the upper limit, or vice versa. Either method is valid as long as each data point is only counted once. For example, you can’t have an age of 20 appearing in both the 10 to 20 bin and the 20 to 30 bin.

As with bar charts, if you add up the heights of the bars in a frequency histogram, you get the total number of data points in the data set. In this example, the height of each bar is the raw count of ages in that bin: 130 for the first bin, 140 for the second bin, and so on. When you add all these up, you get 1,000, the total number of ages in the data set.

Sometimes it’s useful to have a histogram that shows the percentages of data that appear in each bin instead of the raw counts. This is known as a relative frequency histogram. The height of each bar shows the frequency of the data relative to the size of the entire set. In a relative frequency histogram, the horizontal axis is the same (as that in a histogram that shows raw counts), but the vertical axis starts at zero and goes up to 1 (or 100%).


[image: images] REMINDER

In a frequency histogram, if the heights of the bars show counts, then the sum of the heights of all the bars is equal to the total size of the data set. In a relative frequency histogram, where the heights of the bars show percentages, the sum of the heights will equal 1, or 100%.



Here’s a relative frequency histogram of the ages data set.

[image: ]

Figure 2–7. Age of 1,000 Americans

In this relative frequency histogram, the first bar has a height of 0.13 because there are 130 ages less than 10 in the data set and [image: ]. In other words, 13% of the data lies in the first bin. The second bar has height 0.14 because it represents [image: ], or 14%, of the overall data, and so on. Relative frequency histograms are useful because they immediately put the data in context. The statement “13% of people are under age 10” is easier to interpret than “130 people are under age 10” because in order to make sense of the second statement, you would need to know how many total people are in the data set.

A percentage, like 54%, can also be written as a pure number, 0.54. That’s because “percent” means “out of one hundred.” Thus, 54% really means “54 out of 100,” which is [image: ] = 0.54. These two representations, frequency histograms and relative frequency histograms, are often used in statistics, so it’s important to be comfortable with both.

Now that you know how to analyze frequency histograms and relative frequency histograms, it’s important to learn how to create your own histograms. To create a histogram, follow these painless steps.


Step 1:List all the values your data can take along the horizontal axis, and label that axis with the name and unit of the data.

Step 2:Decide how you want to group the data, and choose an appropriate bin size. Determine the frequency for each bin.

Step 3:Label the vertical axis with counts (if you are plotting a frequency histogram) or percentages (if you are plotting a relative frequency histogram).

Step 4:Draw a bar over each value with the appropriate height.




[image: images] PAINLESS TIP

Many graphing calculators will plot histograms for you. If you are able to enter a list of data into your calculator, you can probably create a histogram by graphing it, so explore your calculator’s plotting and statistics capabilities. Remember, everyone uses calculators and computers when working with statistics. Don’t be afraid to use yours!



Example 5:

Imagine that a pair of six-sided dice was rolled 1,000 times and the sum of the two dice was recorded each time. To create a histogram of that data, you would first count the number of occurrences of each sum, which you could organize in a table like this.








	
Sum of Two Dice


	
Number of Occurrences





	
2


	
  20





	
3


	
  60





	
4


	
  95





	
5


	
105





	
6


	
150





	
7


	
160





	
8


	
130





	
9


	
115





	
10


	
  90





	
11


	
  45





	
12


	
  30







Now, just follow the painless steps for creating a histogram. This is count data (since you are counting the occurrences of each sum), so in Step 3, use counts. This will result in a frequency histogram, as shown here.

[image: ]

Figure 2–8

This histogram captures and displays many important features of the data. First, notice that the bars of the histogram start at 2 and end at 12 on the horizontal axis. This is because the range of the data is from 2 to 12. (the smallest number on a six-sided die is 1 and the largest is 6, so the minimum possible sum is 2 and the maximum possible sum is 12). You can also see that the bar above the 7 is the highest. This indicates that 7 was the most frequently occurring sum in the 1,000 rolls. Lastly, there is a symmetry present in this histogram. You can imagine drawing a vertical line through the 7, which would split the histogram into two halves that were roughly mirror images of each other. All of these important features of the data are immediately recognizable from the histogram, which shows you how valuable a good visualization of data can be. You’ll learn a lot more about interpreting the shape of data in Chapter 4.

Other Common Representations of Data

A time plot is a representation that plots quantitative data against a time axis. Time plots are very useful in visualizing how a quantity (for example, a company’s stock price) changes over time.

[image: ]

Figure 2–9

In a time plot, the data comes from measuring the same quantity across a period of time. It is a great way to examine trends in data. You might use a time plot to visualize corporate profits, the number of new infections recorded at a hospital during an outbreak, or the number of successful graduates produced by a school district, just to name a few examples.

A stem plot (sometimes known as a stem-and-leaf plot) is a way to organize small, quantitative data sets. Suppose a biology class earns the following grades on an exam.


75, 58, 90, 97, 92, 82, 66, 78, 90, 85, 91, 67, 71, 82, 89, 68, 75, 67, 73

Biology Exam Scores



The data can be organized in a stem plot as follows.

[image: ]

Figure 2–10

Here each data value is separated into a “stem” (in this case, the tens digit) and a “leaf” (the ones digit). The first column shows the stems, and the corresponding row shows each leaf associated with that stem. For example, the first row represents the scores of 90, 90, 91, 92, and 97; the second row represents 82, 82, 85, and 89; and so on.

A stem plot is a simple way to organize a small data set that shows you how the data is ordered and distributed. The stem plot orders the data for you and provides information about individual frequencies. Also, the rows of a stem plot are like horizontal versions of the bars of a histogram, showing you where data is clustered.

All the examples of data so far have been single-variable data, which occurs when a single kind of information is recorded about an individual (such as the commute time for a person, the age of an adult American, or the price of a stock). This kind of data is described as univariate, or “one variable.” In contrast, bivariate data is information that comes in pairs. Bivariate data is also known as two-variable data since each data point is information about two variables. Examples of bivariate data include the height and shoe size for a person, the runs scored and wins for a baseball team, or the population size and gross domestic product for a nation.

A scatterplot is a useful way to visualize bivariate data. In a scatterplot, each axis represents one of the variables and a point is plotted for each ordered pair of information.


[image: images] MATH TALK!

An ordered pair, often denoted (x, y), is a single mathematical object that represents two pieces of information. Each piece of information can be thought of as a coordinate of the ordered pair.



Example 6:

For seven major American cities, data was collected regarding the size of the population and that city’s police budget, as outlined in the following table.









	
City


	
Population


	
Police Budget





	
Atlanta


	
0.52 million


	
$0.25 billion





	
Chicago


	
2.7 million


	
$1.78 billion





	
Detroit


	
0.66 million


	
$0.32 billion





	
Houston


	
2.4 million


	
$0.90 billion





	
Minneapolis


	
0.44 million


	
$0.19 billion





	
New York City


	
8.6 million


	
$11.04 billion





	
Los Angeles


	
4.1 million


	
$1.74 billion







This is bivariate, or two-variable, data because for each individual city, there are two distinct pieces of information: population size and police budget. Each data point can be thought of as an ordered pair. For example, the ordered pair for Atlanta is (0.52 million, $0.25 billion), while the ordered pair for Chicago is (2.7 million, $1.78 billion), and so on. You can then plot each of those points in a scatterplot. In this scatterplot, the horizontal axis represents population and the vertical axis represents police budget.

[image: ]

Figure 2–11. Police Budget vs. Population

Scatterplots are useful for seeing trends and relationships in bivariate data. This scatterplot can help you notice a relationship between the population of a city and the size of its police budget. It can also suggest how some cities are similar to each other while others are quite different. A good data visualization makes it easier to ask interesting questions about your data. What questions do you have after seeing this scatterplot? You’ll learn about statistical tools that can help make sense of bivariate data later in this book.


[image: images] BRAIN TICKLERSSet # 5


1.Below is a bar chart that shows classmates’ favorite ice cream flavors.

[image: ]

Favorite Ice Cream

a.Which flavor is most popular?

b.How many people were surveyed for this data?

c.What percentage of people like coffee ice cream best?

2.Here’s a relative frequency histogram that shows the results of many rolls of a six-sided die.

[image: ]

Roll of a Six-Sided Die

a.Which occurred more frequently: a 1 or a 6?

b.Which occurred more frequently: a die roll less than 4 or a die roll of 4?

c.Explain why it isn’t possible to say how many times the die was rolled in collecting this data set.

d.After seeing this histogram, what might you suspect about the die that was rolled?

3.Consider the following data.

49, 32, 20, 29, 10, 11, 31, 34, 16, 20, 14, 32, 27, 20, 14, 23

a.Make a stem plot of this data.

b.What occurs more frequently: numbers in the 10s, 20s, 30s, or 40s?

c.Which individual data value occurs most frequently?

4.Phoenix, Arizona, has a population of 1.7 million people and a police budget of $0.909 billion. Plot this point in the appropriate location on the following scatterplot of police budget vs. population.



[image: ]

Police Budget vs. Population

(Answers are on pages 41–42.)



Discrete Data vs. Continuous Data

The majority of examples of quantitative data so far have been examples of discrete data. Discrete data is data that can only take certain values. For example, the variable “number of siblings” can only take whole number values, like 0, 1, 2, 3, etc. You can’t have 2.7 siblings. The number of courses you are enrolled in, the number of states a company does business in, and the number of different stocks owned are all examples of discrete variables.

Continuous data is data that can take any value between whole numbers. How long a patient waits for a hospital bed, the circumference of your skull, or the amount of iron in your blood are all examples of continuous variables. This kind of quantitative data is not restricted to taking whole number values.

Sometimes it is convenient to round continuous data. In Chapter 1, all the commute times were given as whole numbers, even though theoretically a commute could be 28.65 minutes or 31.174 minutes long. In this case, not much information was lost by rounding to the nearest whole number, and the data was easier to work with as a result. Similarly, the age data from earlier in this chapter was rounded. No one was considered 13.5 years old. However, it can also be useful to work with continuous data that can take all possible values, as shown in the following example.

Example 7:

Suppose you wanted to analyze customer service at your company. One quantitative variable you could look at is how long a customer has to wait on hold before speaking to a representative. This is continuous data. A customer could wait 1.2 minutes, 1.5 minutes, or 2.7 minutes.

You could display this continuous data using a frequency histogram. Here’s an example using bins of size 1, showing the amount of time callers wait to speak to a customer service representative.

[image: ]

Figure 2–12

Assuming x is the wait time of the caller, the bins here are defined to be 0 ≤ x < 1, 1 ≤ x < 2, and so on. Thus, around 29 people waited less than 1 minute to speak to a representative, 13 people waited at least 1 minute but less than 2 minutes, etc. As with any histogram, if you add up the heights of the bars, you get the total number of data points. In this case, there are 50 callers represented in this data.

Using a histogram in this way almost makes this continuous data appear to be discrete data. The bins in this histogram make it look like the possible data values are whole numbers, such as 1 minute, 2 minutes, etc. However, you can also model or represent continuous data with a smooth curve. Here’s an example of a smooth curve modeling this wait time data (first overlaid on the histogram and then shown by itself).

[image: ]

Figure 2–13

[image: ]

Figure 2–14

The smooth curve better captures the continuous nature of the data in that every wait time, even those between whole numbers, has a height associated with it. Similar to how in a histogram the height of the bar indicates how many data values are represented, with a smooth curve, the area under the curve represents the amount of data values. Again assuming that x is the wait time for a caller, the area under the curve between x = 0.5 and x = 2.5 would represent the number of callers who waited between 0.5 minutes and 2.5 minutes. Graphically, that would be represented like this.

[image: ]

Figure 2–15

Using known mathematical properties of this particular curve, you can calculate this area to be around 19.4, which means that, according to this model of the data, around 19.4 people waited between 0.5 minutes and 2.5 minutes to speak to a representative. Of course, this is an approximation: You can’t measure 19.4 people. The smooth curve doesn’t match the data exactly, but because it’s a close fit, it can be used to model and approximate the data. The virtue of this is that you can use known properties of curves and established mathematical techniques to compute areas, which tell you about the amount of data in certain ranges. You’ll see much more of this in Chapter 5 in the discussion of the normal distribution.

The smooth curve in Figure 2–15 shows the distribution of data among its possible values, but another way to represent data is to plot the cumulative distribution. In a cumulative distribution graph (also known as a cumulative distribution function), the horizontal axis represents the possible data values, the vertical axis represents the cumulative frequency of the data, and the height of the curve indicates the percentage of data less than or equal to that data value.

[image: ]

Figure 2–16. Cumulative Distribution Function

In this example, point A has coordinates (4, 0.27), which means that 27% of the data is less than or equal to 4. Point B has coordinates (7, 0.89), which means that 89% of the data is less than or equal to 7. Notice that as you move to the right in a cumulative distribution, the graph approaches 1 in height because as you move to the right, you include more and more of the data. So eventually you’ll reach 100%. Knowledge of cumulative distributions will help you (and your calculator) perform calculations in Chapter 5.


[image: images] BRAIN TICKLERSSet # 6


1.Are the following variables continuous or discrete?

a.Number of students in a class

b.Volume of water in a reusable water bottle

c.Temperature of an oven

d.Amount of cars parked in a garage

2.Determine which of the following words—quantitative, categorical, univariate, bivariate, continuous, discrete—apply to each of the following data. Note that more than one word can apply to each data.

a.The number of cars owned by each American family

b.The amount of sleep per day and the amount of screen time per day for a group of high school students

c.Favorite genre of music among teenagers

3.Here is some data modeled by a smooth curve. The data ranges from 0 to 5.

[image: ]

Is more of the data less than 2.5 or greater than 2.5?

(Answers are on page 42.)





Brain Ticklers—The Answers

Set #4, page 20


1.a. Quantitative

b.Categorical

c.Quantitative

2.Examples of quantitative variables include yearly revenue (measured in dollars); number of employees (measured in people); and net worth (measured in dollars). Examples of categorical variables include industrial sector (such as technology, food service, or automotive) and primary sales region (Northeast, South, and so on).

3.You might expect higher savings among older Americans, as they have had more time to earn and save money. Of course, there would be exceptions.



Set #5, pages 34–35


1.a. Chocolate

b.30

c.10%

2.a. 6

b.A die roll less than 4. The sum of the heights of the three bars for 1, 2, and 3 is greater than the height of the single bar above the 4.

c.This is a relative frequency histogram. It shows percentages, not counts. So it isn’t possible to tell exactly how many times the die was rolled.

d.The die does not seem to be fair. It seems weighted to produce higher numbers (4, 5, and 6) more frequently than lower numbers (1, 2, and 3).

3.a. [image: ]

b.Numbers in the 20s occur most frequently.

c.20

4.[image: ]

Police Budget vs. Population



Set #6, page 40


1.a. Discrete

b.Continuous

c.Continuous

d.Discrete

2.a. Quantitative, univariate, discrete

b.Quantitative, bivariate, continuous (both variables)

c.Categorical, univariate

3.Less than 2.5. The amount of data between 0 and 2.5 is represented by the area of this region under the curve.



[image: ]

The area of this region appears to be much greater than the area of the region between 2.5 and 5.




Chapter 3

Descriptive Statistics

As you saw in Chapter 1, statistics can help you understand a data set by capturing its important features in a few simple numbers called summary statistics. These are also known as descriptive statistics because they describe the data. In this chapter, you’ll learn how simple descriptive statistics can be used to understand the key characteristics of quantitative data: center and spread.

Measures of Center

The center is an important feature of a data set. The center gives you an idea of what “average” data looks like. Since data is often clustered around its center, and even symmetric about its center, knowing about the center is a good first step toward understanding the data as a whole.

There are three descriptive statistics that help you think about the center of a data set: mean, median, and mode. Each of these offers a slightly different measure of central tendency of a set of data.

Mean

As you saw in Chapter 1, the mean of a data set is the sum of all the values in the set divided by the number of values in the set. The mean is also frequently referred to as the average, and it can be thought of as an “average” member of the data set. Here are a couple of quick examples to remind you how to calculate the mean of a data set.

Example 1:

Suppose a student asked each of her classmates how many siblings they have and recorded their answers.


1, 0, 1, 2, 5, 1, 0, 2, 3, 1, 2, 0

Number of Siblings Among Classmates



To compute the mean of this data set, you would sum the twelve values and then divide that sum by 12:


[image: ]



The mean of this data set is 1.5 siblings, so in a sense, the “average” person in class has 1.5 siblings. Of course, no one has 1.5 siblings: “number of siblings” is a discrete variable and can only take integer values.


[image: images] REMINDER

The mean doesn’t have to be a member of the data set.



Example 2:

A week’s worth of stock prices for Company A’s stock are recorded.


$34.62, $43.09, $40.78, $37.24, $36.99

Stock Prices for Company A



The mean of this data is:


[image: ]



Since stock price is usually reported to the nearest cent, you would round the result and report that the mean stock price this week was $38.54. Again, you can see how the mean gives you a sense of the average behavior of a data set. Throughout the week, the stock price rose and fell, but on average it was around $38.54.


[image: images] REMINDER

The unit of the mean is the same as the unit of the data itself.



For a data set that contains n values of a variable x, the mean can be expressed by the following formula:


[image: ]




[image: images] MATH TALK!

The expression ∑x is read “sigma x” or “the sum of all x.”



In math and statistics, the Greek capital letter ∑ is an instruction to add up a set of numbers, so ∑ x is the sum of all the values of x, that is, all the values in the data set. Since n is the size of the set and multiplying by [image: ] is the same as dividing by n, this formula gives you the mean: the sum of all the values divided by the number of values.

Means are often denoted using bar notation. The mean of the data set can be written as x̅ (which is read as “x bar”), so you might also see the formula written this way:


[image: ]




[image: images] REMINDER

This kind of mean is also known as the arithmetic mean because it involves adding up numbers. This name distinguishes it from other kinds of means in mathematics that involve other operations, like multiplying and dividing.



Median

The mean is the most common measure of center, but the median provides another important measure of center of a data set. While the mean can be thought of as an “average” data value, the median can be thought of as the middle data value. If you order your data from least to greatest, the median will be the number in the middle.

Example 3:

Imagine that you want to find the median times for the commute data (which you first saw in Chapter 1). Here’s the data from Commute B, arranged in order from least to greatest.


34, 35, 36, 36, 37, 37, 37, 37, 39, 39, 40, 40, 41, 41, 41

Commute B Times



To find the median, simply locate the middle number. Since there are 15 numbers in this data set (n = 15), the middle number is the 8th number in the list, which is 37.


[image: ]



Now if you try the same thing with the data from Commute A, you run into a problem.


26, 27, 27, 30, 30, 31, 32, 42, 42, 43, 44, 46

Commute A Times



There are an even number of values in this data set (n = 12), so there is no number exactly in the middle. When this happens, the median is defined as the mean of the two numbers closest to the middle. In this case, the median is the mean of 31 and 32 (the 6th and 7th numbers on the ordered list), which is [image: ] = 31.5. Thus, 31.5 minutes is the median of this data set.


[image: images] PAINLESS TIP

Just as with the mean, the median doesn’t have to be a member of the data set. In this example, the values in the data set are all whole numbers, but the median is not a whole number.



Here’s a summary of the painless steps for finding the median of a data set.


Step 1:Rearrange the data set in order from least to greatest.

Step 2:Determine whether n is odd or even. If n is odd, find the number in the middle of this ordered list, and that is the median.

Step 3:If n is even, there is no single middle number. So calculate the mean of the two middle values, and that is the median.



The median measures the center of a data set in a different way than the mean. As the middle number, the median basically divides the data into two parts of equal size: one of those parts lies below the median and the other part lies above the median. This gives the median a very important property when it comes to understanding data. In a data set, approximately 50% of the data is below the median and 50% of the data is above the median.

Like the mean, the median can also serve as an average representative of a data set. If you research home prices in your area, you might find that when the “average” price of a home is mentioned, it’s the median, not the mean, that is being discussed. This is because the median can be a more useful measure of center for home price data.

Example 4:

Imagine a neighborhood with 100 homes: 90 of which cost $100,000, and 10 of which cost $2,000,000. The median home price is $100,000, but the mean home price is $290,000. In this neighborhood, the vast majority of houses cost $100,000, so the median is much more representative of the cost of an “average” house than the mean.


[image: images] CAUTION—Major Mistake Territory!

Be careful when using the word “average”; it can mean different things in different contexts. Usually when people say “average,” they are talking about the mean, but sometimes they are referring to the median. When you encounter the word “average,” make sure you know exactly what it refers to.



In this example neighborhood, the handful of very expensive houses has a big impact on the mean home price, pushing it up from $100,000 to nearly $300,000. This is an example of how the mean can be sensitive to large data values. Here’s another simple example that shows how the mean can be sensitive to large data values while the median can be much less sensitive to these large values.

Example 5:

Consider this small list of numbers.


1, 2, 3, 4, 5, 6, 7, 8, 9



The mean and median of this list are both 5. Now, add a very large number to the list.


1, 2, 3, 4, 5, 6, 7, 8, 9, 1000



Adding this new number changes the mean from 5 to 104.5, a dramatic increase. The median, however, only changes from 5 to 5.5. The median is much less sensitive to extreme data values than the mean. Put technically, the median is resistant to extreme observations, unlike the mean, which is nonresistant. The fictional neighborhood from Example 4 is another example of the resistance of the median as a measure of central tendency. The few very expensive houses drove the mean price up but didn’t have an outsized impact on the median.

Mean and median form a useful one-two punch when it comes to measuring the center of a data set. Often, the mean and median of a data set will be close to one another, which tells you something useful about the data. When they are not close together, that tells you something important too. You’ll learn more about this in Chapter 4 when you study different distributions of data.

Mode

The mode is the third “m”-word in measures of central tendency. The mode is the most frequently occurring member of a data set.

Example 6:

You have two possible commuting methods (Commute A and Commute B). From the data recorded for each commute, you would like to know the most frequently occurring time. Here’s the Commute B data.


34, 35, 36, 36, 37, 37, 37, 37, 39, 39, 40, 40, 41, 41, 41



In this data, the mode is 37. It occurs four times in the data, and nothing occurs more frequently. Now, here’s the data set for Commute A.


26, 27, 27, 30, 30, 31, 32, 42, 42, 43, 44, 46



In this data set, there are three modes: 27, 30, and 42 all occur twice, and nothing occurs more frequently.

As with the median, finding the mode of a data set is easier when you arrange the data in order. Some representations of data make finding the mode easy, as seen in the following two examples.

Example 7:

You have the same commuting data from Example 6, but this time, you’d like to visualize the data in dot plots and use those visualizations to determine the mode. The dot plots contain information about the frequency of the data, which is exactly what the mode conveys to you.

[image: ]

Figure 3–1

[image: ]

Figure 3–2

In the dot plot on the right, the tallest stack of dots sits above the 37, which is the mode of the data set from Commute B. On the left, there are three stacks of 2 dots (above 27, 30, and 42), corresponding to the three modes of the data from Commute A.

Example 8:

A teacher has the following data set of students’ biology exam scores and would like to determine the mode of these scores.


75, 58, 90, 97, 92, 82, 66, 78, 90, 85, 91, 67, 71, 82, 89, 68, 75, 67, 73



At first glance, it’s not immediately obvious which value is most frequent. However, a stem plot can make the mode much easier to find.

[image: ]

Figure 3–3

When the data is organized in a stem plot, it’s easy to see that 67, 75, 82, and 90 each appear twice and no other value appears more often.

Mode is less often used as a measure of central tendency for data sets, but it can convey useful information about the nature of data. If you run a company and see that existing customers, on average, visit your website 5.4 times per month, knowing that the mode of that data is 0 would be very helpful. It would tell you that even though your website is being used often, many of your customers don’t use it at all.


[image: images] BRAIN TICKLERSSet # 7


1.Find the mean, median, and mode of the following data sets:

a.100, 200, 300, 400, 500, 600, 700, 800, 900, 1000

b.8, 3, 7, 2, 3, 4, 6, 3, 108, 2, 6, 3, 1

c.7, 7, 7, 7, 7, 7, 7, 7

2.Create a data set of positive numbers with n = 5 that has a mean of 10 and a median of 3.

3.The mean of the data set {a, b, c, d, e} is 10, and the median is 6.

a.What is the mean of the data set {a + 3, b + 3, c + 3, d + 3, e + 3}?

b.What is the median of the data set {a + 3, b + 3, c + 3, d + 3, e + 3}?

c.What is the mean of the data set {2a, 2b, 2c, 2d, 2e}?

d.What is the median of the data set {2a, 2b, 2c, 2d, 2e}?

4.The mean of the data set {a, b, c, d, e} is 10. The mean of the data set {a, b, c, d, e, f} is 20. What is f?

5.Consider the following histogram.



[image: ]

a.What is the mode of this data set?

b.What is the size of the data set?

c.How many elements in this data set are less than or equal to 2?

(Answers are on page 68.)



Measures of Spread

Once you understand the center of quantitative data, you next want to understand the spread. The spread, or dispersion, of data is how the data is distributed over its different possible values. Where is the data clustered or concentrated? How far does it extend? Together with the center, knowing the spread helps you better understand the data as a whole.

Range

The simplest measure of the spread of data is the range. As you learned in Chapter 1, the range tells you how far the data extends in both directions from the center. The range of a data set can be given as either a number or an interval.

Example 9:

Below is a week’s worth of stock prices for Company A. What is the range of this data?


$34.62, $43.09, $40.78, $37.24, $36.99

Stock Prices for Company A



In this data, the minimum value is $34.62 and the maximum value is $43.09. So one way to give the range is as the difference between these values: $43.09 − $34.62 = $8.47. You could also report the range as an interval by saying the range of the data is from $34.62 to $43.09. Either way, the range gives you a sense of how spread out the data is, which is useful information. When you’re investing, knowing the average price is important, but you’ll want to know how high or low the stock prices go too.

When you start to investigate the spread of data, it’s important to consider potential outliers. An outlier is a data point that does not fit in with the overall pattern of the data. When you spot an outlier, you should ask yourself whether that particular data point really belongs with the rest of the data set or if there’s some reason you might wish to exclude it from your analysis.

For example, suppose you recorded a second week’s worth of stock prices.


$38.47, $41.12, $405.70, $39.96, $39.92

Stock Prices for Company A



That third data point looks very unusual; it doesn’t seem to fit with the rest of the data. It’s an outlier, so before you start performing any statistical analysis, you should take a closer look. It’s possible that the company’s stock rose from $41 to $405 in one day, but that’s very unlikely. It’s far more likely that there was a transcription error. Perhaps when copying down the stock price, someone wrote $405.70 instead of $40.57. If that’s the case, you don’t want to include $405.70 in your data set. That extreme data value will dramatically affect descriptive statistics like the mean and the range and render your analysis useless. Instead, you would want to discard this outlier from the data before moving on. However, outliers aren’t always the result of a data collection error, as seen in the following example.

Example 10:

Suppose that one day while recording data about your daily commute, your train breaks down and you end up stuck on the track for an hour. As a result, your commute time for that day ends up being 100 minutes, which looks very unusual among the rest of the data.


34, 35, 36, 36, 37, 37, 37, 37, 39, 39, 40, 40, 41, 41, 41, 100

Commute B Data with Outlier



This 100-minute commute wasn’t an error in data collection; it is an actual commute time. However, because the circumstances of that commute were so unusual (a train malfunction), you might not wish to include it in your analysis. It isn’t really representative of what the commute is like, and it will dramatically alter statistics like the mean and range. On the other hand, if on subsequent commutes you discover that such a delay isn’t that unusual, then you might want to consider that data point as part of your analysis.

When you spot an outlier, whether you end up discarding or keeping it depends on the nature of your data.


[image: images] PAINLESS TIP

There’s no clear-cut way to handle an outlier. The key is to identify outliers and ask yourself if they really belong in the data set. Often, the best way to answer that question is to try to collect more data and see just how unusual the outlier is.



Quartiles

As you saw earlier in this chapter, the median of a data set splits the data into an upper half and a lower half. Here’s the Commute B data from Example 3, with the median splitting the data set in half.


[image: ]



You can repeat that process and split each half into two halves by finding the upper quartile and the lower quartile.


[image: ]



The lower quartile (or 1st quartile) is the median of the lower half of the data. The upper quartile (or 3rd quartile) is the median of the upper half of the data. Together with the median (also known as the 2nd quartile), the quartiles split the data up into four equal-size parts or quarters. One quarter of the data, or 25%, lies below the 1st quartile, and 25% of the data lies above the 3rd quartile. Notice that since the 2nd quartile is the median, it makes sense that 50% of the data lies below and 50% lies above it.

Here’s a summary of the painless steps for finding the quartiles of a data set.


Step 1:Order the data from least to greatest.

Step 2:Find the middle number. This is the median of the data set (also known as the 2nd quartile).

Step 3:Find the middle number of the data below the median. This is the 1st quartile.

Step 4:Find the middle number of the data above the median. This is the 3rd quartile.




[image: images] REMINDER

When finding quartiles, if there is no middle number, take the mean of the two numbers closest to the middle, just as you would when finding the median.



Once you have the quartiles of a data set, you can compute the interquartile range. This is another simple statistic that captures the spread of data. Interquartile range (IQR) is the distance between the first and third quartile and can be computed using the following formula:


IQR = Q3 − Q1



Q3 (read “Q sub 3”) is the third quartile, and Q1 (“Q sub 1”) is the first quartile. In the case of the Commute B data, the interquartile range is 40 − 36 = 4 minutes. This tells you that 50% of the data is clustered in a range of 4 minutes around the center (here, the median) of the data set.

The interquartile range can also be used to test a data point to determine whether it is an outlier. Here are the painless steps for that test.


Step 1:Compute the interquartile range (IQR) of your data.

Step 2:Multiply the IQR by 1.5.

Step 3:If your data point is more than 1.5 × IQR below the first quartile or more than 1.5 × IQR above the third quartile, then by this criterion, declare the data point a statistical outlier.



You can use this test to establish that a 100-minute commute for Commute B is an outlier. Step 1 was already completed above, determining that the IQR is 4 minutes and the upper quartile is 40 minutes. As per step 2, multiply the IQR by 1.5:


1.5 × IQR = 1.5 × 4 = 6



Finally, following step 3, you see that Q3 + 6 = 40 + 6 = 46. Since 100 > 46, you know that the 100-minute commute is considered an outlier by this test.

The idea behind this outlier test is that half of the data lies in a region between the 1st and 3rd quartiles. So being far away from that region is an indication that a particular data value is extreme when compared to the rest of the data, for example, a 100-minute commute. This test involving IQR gives you one way to quantify what “extreme” means in this context and can inform your decision about whether or not to include that data point in your analysis.


[image: images] REMINDER

There’s no single procedure for identifying and dealing with outliers. Just remember that when you spot some data that looks out of place, you should investigate it more fully to determine whether it’s data you should use or exclude.



With the quartiles, you can give the five-number summary of the data. This is a simple description of a data set using just five numbers: the minimum, the lower quartile, the median, the upper quartile, and the maximum. Here’s the five-number summary of the data from Commute B.

[image: ]

You can tell a lot about the data set from just these five numbers. The median tells you a measure of center. The minimum and the maximum give you the range. The properties of the quartiles tell you about the distribution of the data: roughly half the data lies between 36 and 40, 25% of the data is above 40, and 25% is below 36. You can also turn the five-number summary into a visualization of the data with a box plot.

Box Plots

A box plot (sometimes called a box-and-whisker plot) captures all five elements of the five-number summary: the minimum, the lower quartile, the median, the upper quartile, and the maximum.

Example 11:

1,000 Americans (ages 1 to 99) are randomly selected, and a data set of their ages (in years) is created. Here’s the five-number summary of that data.

[image: ]

To create a box plot for a data set like this, follow these painless steps.


Step 1:Determine the five-number summary for your data set. That’s the minimum, the lower quartile, the median, the upper quartile, and the maximum. (In this example, that summary has already been supplied to you.)

Step 2:Draw a rectangle whose ends are the lower quartile and the upper quartile. Then draw a line inside the rectangle above the median.

Step 3:Draw the “whiskers” from the rectangle that extend to the minimum and maximum of the data set.



Here’s the corresponding box plot.

[image: ]

Figure 3–4. Ages of 1,000 Americans

The rectangle in the middle is the “box.” The sides of the box are the lower quartile (18) and the upper quartile (55), and the line inside the box represents the median (36). The ends of the plot (the “whiskers”) are the minimum (1) and the maximum (99).


[image: images] PAINLESS TIP

When drawing a box plot, make sure to draw it to scale, as the size and position of the box indicate specific statistical information about the data. Also, don’t assume the median automatically goes in the middle of the rectangle.



Box plots provide a simple picture of how a data set is distributed. Because of the way quartiles work, you know that 50% of the data lies in the “box” and 25% lies in each “whisker” or “tail.” Looking at the box plot of age data, you can see that the ages are not evenly spread out. The box is shifted to the left, and since the box contains half the data, this means the majority of the data lies to the left. Since the longer whisker, or tail, extends to the right, this shows you that the upper quartile (the top 75% of the data) is much more spread out than the lower quartile (or the bottom 25%).

Percentiles

Quartiles divide a data set into four parts of equal size. You can divide a data set more generally using percentiles. A common use of percentiles is in describing test data. Here’s a smooth curve that models the scores from an aptitude test.

[image: ]

Figure 3–5. Test Scores

Recall that when data is modeled by a smooth curve, the amount of data in any range is given by the area under the curve. Here the data has been divided into 10 regions of equal area, which means that each region contains 10% of the data.

The marks along the horizontal axis indicate percentiles. The leftmost percentile marked on the axis is the 10th percentile, so the region to the left of this mark contains 10% of the data. Next over is the 20th percentile mark, so 20% of all the data lies to the left of this mark (which also means 10% of the data lies between the 10th and 20th percentiles). The rightmost percentile on the axis is the 90th percentile. This means 90% of the data lies to the left of this marker and 10% lies to the right. So, if you score in the “90th percentile” on a test, that means your score is higher than 90% of all the scores. A score in the 80th percentile is higher than roughly 80% of the data, and so on. Raw scores can be converted to percentiles to make interpretation and comparison of data easier. Knowing your test score is in the 90th percentile means it is higher than 90% of all test scores, which might be more useful information than knowing that your raw test score was, say, 73 out of 105.

In the same way that quartiles divide a data set into four equal parts, percentiles can be used to divide the data into any number of parts of known size. This can be helpful in analyzing and exploring how your data is distributed.


[image: images] BRAIN TICKLERSSet # 8


1.Consider the following data set.

1, 10, 7, –5, 0, –3, 2, –1, 0, 9, 4, 5, 8, 6, 3

a.Find the five-number summary for this data set.

b.Sketch a box plot of this data.

c.Compute the interquartile range. Is –5 an outlier according to the IQR test?

2.What percentiles are equivalent to the upper and lower quartiles?

3.Suppose Company X’s stock price is currently $1,000 per share and Company Y’s stock price is currently $10 per share. Which data set do you suspect would have the larger range: Company X’s stock price over the course of a week or Company Y’s stock price over the course of the same week?

(Answers are on pages 68–69.)





Deviation

The most useful measure of the spread of data is deviation. As you saw in Chapter 1, deviation is a measure of how far data is from the mean of the data set. Each value in a data set has its own individual deviation from the mean, but you can also compute various “average” deviations for an entire data set.

Example 12:

Recall the stock price data for Company A.


$34.62, $43.09, $40.78, $37.24, $36.99

Stock Prices for Company A



This data has a mean of $38.54, so the individual deviations are found by subtracting the mean from each data point:


(34.62 − 38.54), (43.09 − 38.54), (40.78 − 38.54), (37.24 − 38.54), (36.99 − 38.54)

−$3.92, $4.55, $2.24, −$1.30, –$1.55

Deviations of Stock Prices



Since you are subtracting dollars from dollars, the unit of deviation is dollars. In general, the unit of deviation will be the same as the unit of the data. Also, notice that some of these numbers are negative. That’s because some stock prices are below the mean stock price, which is being subtracted from each value. As mentioned in Chapter 1, you usually want deviations to be positive. So you can just take the absolute value of each deviation, which turns any negative numbers into positive numbers.


$3.92, $4.55, $2.24, $1.30, $1.55

Deviations of Stock Prices



This list shows the individual deviations from the mean for each data point in the set, and you can use this to compute an average deviation across the entire data set. Here are two ways to do that.

Mean Absolute Deviation

One way to measure the average deviation from the mean in a data set is to simply take the average of all the individual deviations. This is known as the mean absolute deviation (or just mean deviation), and it was covered in more depth in Chapter 1. Here’s a quick refresher on the painless steps for computing the mean absolute deviation (MAD).


Step 1:Compute the mean of the data set.

Step 2:Calculate the absolute value of each individual data point’s deviation from the mean. This will form a new data set.

Step 3:Compute the mean of this new data set of deviations.



The technical formula for mean absolute deviation is:


[image: ]



This formula might look complicated, but it just captures everything mentioned in the painless steps. Remember that x̅ is just the mean of the data. So for each data value, x, the quantity x̅ − x is an individual deviation from the mean, and taking the absolute value guarantees it’s positive. The ∑ tells you to add up all those individual deviations, and the [image: ] is there to divide by n to give you the average deviation.

In the case of the stock prices from Example 12, the mean absolute deviation is:


[image: ]



This is approximately $2.71 and is simply the average deviation from the mean; thus, on average, each daily stock price differs from the mean stock price by around $2.71. Notice that since each deviation is measured in dollars, the average deviation is also measured in dollars.

Standard Deviation

Although mean deviation is a simple and useful way to measure the deviation of a data set, the standard deviation is far more commonly used in statistics as a measure of the dispersion, or spread, of data. The purpose of standard deviation is the same as that of mean deviation: to measure how far, on average, data is from the mean. However, standard deviation takes a slightly different approach. Instead of averaging the individual deviations, you average the square of the individual deviations and then take the square root of that average.


[image: images] MATH TALK!

“Squaring” a number means multiplying it by itself. This comes from the fact that the area of a square is the side length times itself: for example, the area of a square with side length 5 is 5 squared. That is, 52 = 5 × 5 = 25.



Here are the painless steps for computing the standard deviation of a data set.


Step 1:Compute the mean of the data set.

Step 2:Form a new data set by computing all the individual deviations from the mean.

Step 3:Square each number in this new data set.

Step 4:Compute the mean of this new data set.

Step 5:Take the square root of the mean you found in Step 4. This is the standard deviation.



Here’s an example of these steps put into action.

Example 13:

Here is the stock price data for Company A from Example 12.


$34.62, $43.09, $40.78, $37.24, $36.99

Stock Prices for Company A



The mean (Step 1) is $38.54, and the individual deviations of the stock prices (Step 2) are as follows:


$3.92, $4.55, $2.24, $1.30, $1.55

Deviations of Stock Prices



Now, find the average of the square of each deviation (Steps 3 and 4):


[image: ]



Finally, take the square root of that average to get the standard deviation (Step 5):


[image: ]



A table can help you organize standard deviation calculations. Here’s a table that displays each data value, x, its individual deviation, x̅ − x, and the square of the individual deviation (x̅ − x)2.









	
x


	
x̅ − x


	
(x̅ − x)2





	
34.62


	
−3.92


	
15.37





	
43.09


	
  4.55


	
20.70





	
40.78


	
  2.24


	
  5.02





	
37.24


	
−1.30


	
  1.69





	
36.99


	
−1.55


	
  2.40







Then to compute the standard deviation, you just add up the last column, divide by 5, and take the square root of that result.

The unit of standard deviation is still the same as the unit of the original data. Early in the process of computing standard deviation, the stock prices were squared, producing a unit of “dollars squared.” By taking the square root at the end of the process, however, the unit was converted back into dollars. So, the standard deviation of these stock prices is $3.01.


[image: images] PAINLESS TIP

The fact that the mean and standard deviation are measured in the same units as the data itself makes it easier to use them together to analyze and interpret data. It can also help you make sure your answers make sense in the context of the problem.



The standard deviation of these stock prices, $3.01, is similar to the mean deviation, $2.71, but is a bit higher. It is generally true that the standard deviation of a data set is higher than the mean deviation; that is because standard deviation uses squared deviations from the mean and squaring impacts small and large numbers differently. For example, squaring 3 produces 9, but squaring 6 produces 36. So a deviation that is twice as large produces a squared deviation that is four times as large. In a sense, standard deviation considers large deviations slightly more important than small deviations, whereas mean deviation treats them all the same.

The standard deviation you computed in Example 13 is also known as the population standard deviation and is often represented by 𝜎 (the Greek lowercase letter sigma). Here’s the technical formula for population standard deviation. Note that, in this formula, the mean of the data set is the population mean and is represented by 𝜇, the Greek lowercase letter mu (read “mew”):


[image: ]



This formula may look a bit intimidating, but it’s just capturing the same painless steps outlined earlier in this section. First, find the mean of the data set, 𝜇. Then, make a new list of the individual deviations from the mean, (𝜇 − x). Next, square each of the numbers in that list, (𝜇 − x)2. Then, compute their average, [image: ]. Finally, take the square root, [image: ].

In practice, the standard deviation is the preferred measure of deviation. Although the formula may seem more complicated than the formula for mean deviation, the standard deviation is more applicable in most mathematical and statistical contexts. The concept of mean absolute deviation is more straightforward than that of standard deviation—mean deviation is just the average distance to the mean for all the data points in the data set—but it is not as widely used.

Although the formula may look complicated, remember that standard deviation, like mean deviation, is simply a way to measure the average distance from the mean for all the data in a set. As such, it’s an invaluable tool in understanding the spread of data, and along with the mean, it’s a statistic you’ll use in every chapter that follows. Although Example 13 showed you how to calculate the standard deviation by hand, usually you will use a calculator or computer program to compute the standard deviation of a data set.

It’s important to understand how to use the formula for standard deviation, but most calculations in statistics are done with calculators or computers. Not only can calculators help with squaring and adding individual deviations, but many calculators have statistical capabilities that allow you to enter a list of numbers and compute standard deviation with a single command. Be sure to familiarize yourself with how your calculator works. It can make computing standard deviation painless!

There’s also a second formula for standard deviation you’ll encounter in statistics called the sample standard deviation. It’s usually represented by an S (which stands for “sample”):


[image: ]



The formula for sample standard deviation looks very similar to the formula for population standard deviation. The only differences are dividing by n − 1 instead of n and writing x̅ instead of 𝜇. The formulas are different because the sample standard deviation has a different purpose than the population standard deviation. The population standard deviation, 𝜎, is used to compute the standard deviaton of a set when you have all of the data. The sample standard deviation, S, is used to estimate the unknown population standard deviation from a particular sample. The context of the problem should make it clear which formula you want to use. You’ll learn much more about this in Chapters 8 and 9, which cover sampling and inference. For now, though, here’s a brief example of when to use the sample standard deviation rather than the population standard deviation.

Example 14:

Suppose you want to study the heights of adult American men. You want to know about the entire population of 100 million adult American men, but you can’t possibly collect all that data. So instead you just study a sample of the population (maybe a data set with the heights of 75 adult American men).

Ideally, you would hope that the statistics of the sample—the mean, the deviation, and so on—would tell you about the statistics of the entire population. This is actually true of the mean. Under the right circumstances, the mean of the sample of 75 adult American men will be a good estimate of the mean of the entire population of 100 million adult American men. However, this is not true of the standard deviation. If you use the formula for 𝜎, the population standard deviation, on the sample of 75 men, this will not be a good estimate of the standard deviation of the entire population. Instead, using S, the sample standard deviation, will provide a better estimate.


[image: images] CAUTION—Major Mistake Territory!

You will usually use your calculator to compute standard deviation. Just be careful about using the correct one: σ for population standard deviation and S for sample standard deviation.




[image: images] BRAIN TICKLERSSet # 9


1.Consider the following two data sets:

Data Set A: 10, 20, 30, 40, 50, 60, 70, 80, 90, 100

Data Set B: 10, 10, 10, 10, 10, 100, 100, 100, 100, 100

Estimate which data set has the higher standard deviation. Then calculate the standard deviations of both sets, and check your estimate.

2.Below are two box plots that represent two data sets (A and B), each of which has 10 data points.

[image: ]

Which has the higher standard deviation?

3.The mean absolute deviation of the data set {a, b, c, d, e} is 5.

a.What is the mean absolute deviation of the data set {a + 3, b + 3, c + 3, d + 3, e + 3}?

b.What is the mean absolute deviation of the data set {2a, 2b, 2c, 2d, 2e}?

4.Suppose you recorded the temperature inside your freezer once every hour for 24 hours and created a data set. In addition, you also recorded the temperature outside once per hour for 24 hours to create a second data set. Which data set do you think would have the higher standard deviation?

5.How would you expect the individual deviation of an outlier to compare to the standard deviation of a data set?

(Answers are on page 69.)





Brain Ticklers—The Answers

Set #7, pages 50–51


1.a. The mean is 550, the median is 550, and there is no mode (all numbers occur with frequency 1).

b.The mean is 12, the median is 3, and the mode is 3.

c.The mean, median, and mode are all 7.

2.There are many possible sets you could create. Two examples are {1, 2, 3, 21, 23} and {1, 2, 3, 4, 40}.

3.a. 13. Shifting all the values by 3 shifts the mean by 3 as well.

b.9. Shifting all the values by 3 shifts the median by 3 as well.

c.20. Doubling all the values doubles the mean.

d.12. Doubling all the values doubles the median.

4.Since a + b + c + d + e = 50 and a + b + c + d + e + f = 120, then f = 70.

5.a. 3

b.50

c.13



Set #8, pages 59–60


1.a. [image: ]

b.[image: ]

c.The interquartile range is 7, so 1.5 × IQR = 10.5. This means that −5 is not an outlier because it is less than 10.5 away from the lower quartile of 0.

2.The upper quartile is equivalent to the 75th percentile, and the lower quartile is equivalent to the 25th percentile.

3.The range of Company X’s stock price will probably be larger. If each company’s stock changed by 1% over the course of the week, Company X’s stock would change by $10, while Company Y’s stock would change by 10 cents. In short, you might expect a higher-priced stock to fluctuate more than a lower-priced one, but of course, there will be exceptions.



Set #9, pages 66–67


1.It is reasonable to hypothesize that Data Set B has the higher standard deviation before any calculations have been performed. The standard deviation of Data Set A is 28.72. The standard deviation of Data Set B is 45. So the estimate was correct.

2.Box plot B has the higher standard deviation. The data is more spread out from the mean.

3.a. 5. Shifting every data point by 3 also shifts the mean by 3, so the deviations remain the same.

b.10. Doubling all the data values doubles the distances to the mean.

4.You would expect a higher standard deviation with the data taken from outside the house. Your freezer should stay at a consistent temperature, which means the data will not vary much. The temperature outside is much more likely to vary over the course of a full day. Since the standard deviation is a measure of how much the data varies about its mean, the standard deviation of the outdoor temperatures should be higher.

5.Since part of being an outlier is being far from the mean, the individual deviation of an outlier should be larger than the standard deviation of a data set, which is an average distance from the mean.






Chapter 4

Distributions of Data

To understand a data set, you need to understand its center, spread, and shape. In this chapter, you’ll learn about the different shapes that data sets can take by exploring the most common distributions of data. Familiarity with these distributions makes understanding the shape of a data set easy and, together with summary statistics that describe center and spread, makes analyzing and interpreting data painless.

The Shape of Data

You can see the shape of a data set by graphing it. As you saw in Chapter 2, a frequency histogram is a graph that displays the values data takes and how often it takes them. A histogram paints a picture of how the data is distributed, that is, how it is spread out among its possible values. This picture of the data distribution helps you understand its important features.

Here is a histogram that shows data distributed along a horizontal axis from 0 to 100.

[image: ]

Figure 4–1

Even without any context, you can still identify features of the data just from the picture. You can see that most of the data is above 50, but there are some low data points in the 20s and 30s as well. Much of the data is clustered near 70, but there is another cluster near 90. With some experience working with data, you might even be able to estimate the mean (here, around 73) and median (here, around 76) of the data just from the shape of a histogram.

Knowing that this is a histogram of physics exam scores allows you to put the shape of the data in context. What does the shape of the data tell you about how students are doing in this class? About how effective the teacher is in teaching this class? About the quality of the exam? The shape of the distribution can lead you to pose useful questions about your data and identify areas for further analysis.

Symmetric Data Distributions

Here’s an example of a histogram that displays one of the most useful features a data distribution can have: symmetry.

[image: ]

Figure 4–2. Histogram of Symmetric Data

Symmetry is easy to spot in a histogram. If you can draw a line through the middle of the data set that splits it into two mirror images of each other, then the data is symmetric.

[image: ]

Figure 4–3. Histogram of Symmetric Data

Symmetric data can come in many forms. Here are some examples of symmetric data distributions, some of which are discrete and some of which are continuous.

[image: ]

Figure 4–4. Examples of Symmetric Data

Data that is symmetric is easier to analyze and understand because it’s made up of two identical parts. Whatever you learn about one half can be applied to the other, so in a sense, you only have to do half as much work to understand the whole data set. As you’ll see later in this chapter, some of the most important data distributions in statistics are symmetric, and symmetry results in lots of useful properties.

Next, here are two continuous data distributions that are both symmetric but differ in an important way.

[image: ]

Figure 4–5. Unimodal and Bimodal Symmetric Data

The distribution on the left has a single peak, while the distribution on the right has two peaks. Remember, when a smooth curve is used to model a data distribution, the height of the graph indicates the frequency of the data, much like the height of the bar does in a histogram. Therefore, a single peak in the curve means that the data has a single mode (or most frequent data point). A data distribution with a single mode is called unimodal. Symmetric unimodal data is some of the easiest data to work with and understand, so being able to recognize and identify it is important. The data set on the right has two peaks, but because of the symmetry of the distribution, the peaks are the same height. So, this data set has two most frequent data points, or two modes, and for that reason it is called bimodal.

Skewed Data Distributions

Of course, not all data is symmetric. Here are some examples of distributions that do not have a line of symmetry down the middle and are therefore asymmetric.

[image: ]

Figure 4–6. Examples of Asymmetric Data

These are examples of skewed data distributions. In a skewed data distribution, the data is stretched out more on one side than on the other.

You can also think of the asymmetry of skewed data as a difference in how the data “tails off” on either side. In the following distribution, the “tail” on the right side of the data set is longer than the tail on the left side.

[image: ]

Figure 4–7. Histogram of Right-Skewed Data

When the tail on the right is longer than the tail on the left, you call the data skewed right or right-skewed. If the tail on the left is longer, then the data is skewed left or left-skewed, as shown below.

[image: ]

Figure 4–8. Histogram of Left-Skewed Data


[image: images] CAUTION—Major Mistake Territory!

When a distribution is skewed left, most of the data appears on the right, and when a distribution is skewed right, most of the data appears on the left. This makes it easy to confuse the definitions of left-skewed and right-skewed data. To avoid this mistake, look for the tail of the data. The longer tail indicates the direction of the skew.



You can also recognize skewed data from its box plot. Here’s the box plot for the right-skewed data set.

[image: ]

Figure 4–9. Box Plot of Right-Skewed Data

Recall that in a box plot, the box shows you where half the data lies. Here, the box is off center, which tells you that the data is skewed. (In fact, more than 75% of the data is on the left side of the graph.) The whisker, or tail, of the box plot is much longer on the right than on the left, again indicating that the data is right-skewed.


[image: images] PAINLESS TIP

Starting with a symmetric distribution of data, if you grab the right end and stretch the data out (away from the center), you get right-skewed data. If you pull on the left end and stretch the data out, you’ll get left-skewed data.



Knowing the shape of a distribution of data—the range it covers, where the data is clustered, and whether it is symmetric or skewed—provides important information about your data. In the next few sections, you’ll study some of the fundamental distributions of data and learn how knowing about shape (together with the center and spread) can help you really begin to understand a data set.


[image: images] CAUTION—Major Mistake Territory!

Many errors in statistics are made by assuming that data has features that it does not actually have, like symmetry. Be sure to investigate the shape of the data by graphing it.




[image: images] BRAIN TICKLERSSet # 10


1.Which of the following terms—symmetric, skewed, unimodal, or bimodal—apply to each of the following distributions? Note that more than one term may apply to each distribution.

a.[image: ]

b.[image: ]

c.[image: ]

d.[image: ]

2.The five-number summary of a data set is shown.

[image: ]

Is the data symmetric or skewed?

3.Suppose your teacher assigns a 20-page research paper that is due in 30 days, but you can turn it in any day up to and including the due date. Imagine the data set formed by recording the day each student turns in the paper. Would you expect this data to be symmetric or skewed?

(Answers are on page 100.)





The Uniform Distribution

Examples of Uniform Distributions

The simplest distribution of data is the uniform distribution. Data that is uniformly distributed is evenly spread out among all possible values. Here is a histogram of perfectly uniform discrete data.

[image: ]

Figure 4–10. Perfect Uniform Distribution

Each bar in the histogram is the same height, so each data value occurs with the same frequency. This is the defining characteristic of uniformly distributed data, and it makes the uniform distribution symmetric. Now, here’s an example of working with uniform data.

Example 1:

Recall the data set of the ages (in years) of 1,000 Americans that was presented in the following histogram in Chapter 2.

[image: ]

Figure 4–11. Age of 1,000 Americans

This data set is not uniform; you can tell this by the different heights of the bars. However, if you create a new data set by taking the ones digit from each age, you’ll get a uniform data set. For example, if the age in the original data set was 35, put a 5 in the new data set. If the age was 21, put a 1 in the new data set. For an age of 80, put a 0 in your new data set, and so on. Here’s what a histogram of this Ones Digits data would look like.

[image: ]

Figure 4–12. Age of 1,000 Americans

Notice that each number from 0 to 9 occurs with roughly the same frequency. That’s because a person’s age is just as likely to end in a 0 as it is to end in a 1 or a 7 or a 9. This means the height of each bar in the histogram should be the same. In this case, each bar should have a height of around 100; that is because if the 1,000 data points are evenly distributed among the 10 possible data values (0–9), then each should appear with a frequency of around [image: ].

The data in the histogram above looks pretty evenly distributed, but some bars are slightly taller (or shorter) than others. That’s because real-world data always exhibits some natural variation. In an actual group of 1,000 people, you might find 105 people whose age ends in 0, 97 people whose age ends in 1, and so on. There will be slight differences, or variations, in the real-world data. Even so, you can still treat this data as uniformly distributed because it can be very closely approximated by this distribution.


[image: images] PAINLESS TIP

Data from the real world rarely fits a theoretical distribution perfectly. There will always be some natural variation that makes each data set slightly different and unique, but you can still use theoretical distributions to approximate and analyze your data if they are a good fit.



Here are some additional examples of how data can be distributed evenly among all the possibilities, resulting in a uniform distribution.

Example 2:

You decide to flip a coin 1,000 times. What would the distribution of those flips look like?

[image: ]

Figure 4–13. 1,000 Coin Flips

You would expect roughly 500 heads and 500 tails.

Example 3:

You decide to roll a fair six-sided die 1,000 times. What would the distribution of those rolls look like?

[image: ]

Figure 4–14. 1,000 Die Rolls

You would expect [image: ] or around 167 occurrences each of 1s, 2s, 3s, 4s, 5s, and 6s.

Examples 2 and 3 are both examples of uniform distributions. In both histograms, the data looks roughly uniform with slight imperfections due to the random variation of flipping a coin or rolling a die.

Measures of Central Tendency of Uniform (and Nonuniform) Distributions

Understanding the measures of central tendency of uniform distributions is easy, in part, because uniform distributions are symmetric. As a result of this symmetry, it would make sense for the average data point to appear right in the middle of the data set. You can confirm this by computing the mean.

Example 4:

Imagine that the Ones Digit data set of the ages of 1,000 Americans from Example 1 was perfectly uniform and contained exactly one hundred 0s, one hundred 1s, one hundred 2s, and so on. In that case, the mean would be:

[image: ]

This is equal to [image: ], making the average of the data set 4.5. Notice that 4.5 is right in the middle of the histogram.

[image: ]

Figure 4–15. Age of 1,000 Americans


[image: images] REMINDER

The average does not have to be a member of the data set. The same is true of the median.



In fact, since the data is uniform, the arithmetic can be made a little easier. Every digit occurs with the same frequency of 100, so you can factor out that 100 when computing the sum of all the numbers and then simplify the expression for the mean, as follows:

[image: ]

The mean of the Ones Digit data set is the same as the mean of the set of values (0, 1, 2, 3, . . ., 9) the data takes. This is because each value of the data (0, 1, 2, 3, . . ., 9) occurs with the same frequency in a uniform distribution.

The median is just as easy to understand in a uniform distribution. Since the data is evenly spread out, you would expect the middle number to be right in the middle of the distribution. Remember, to compute the median, first put the data in order and then find the middle value. Assuming the Ones Digit data is perfectly uniform, the list of 1,000 numbers in order would start with one hundred 0s, followed by one hundred 1s, then one hundred 2s, and so on, up to one hundred 9s. The 500th number of that list will be a 4, and the 501st number on the list will be a 5, so the median is 4.5, just like the mean.


[image: images] REMINDER

When the data set contains an even amount of numbers, the median of the data set is the mean of the two numbers closest to the middle.



Notice that the median of the Ones Digit data set is just the median of the set


0, 1, 2, 3, 4, 5, 6, 7, 8, 9



which is 4.5. Just as with the mean, when finding the median of a uniform distribution, you can ignore the frequencies.

In summary, to compute the measures of central tendency for uniformly distributed data, just follow these painless steps.


Step 1:To find the mean, add up the possible values that the data can take and divide that sum by the number of possible values. (Ignore their frequencies.)

Step 2:To compute the median, arrange the possible values the data can take in order from least to greatest and find the middle value. If the set is even, take the average of the two values closest to the middle. (Again, ignore their frequencies.)




[image: images] PAINLESS TIP

Since every data value appears with the same frequency in a uniform distribution, there is no mode.



Since the median is the same as the mean, the line drawn down the middle of the uniform distribution passes through both. This will always happen with perfectly uniform distributions, and it is a consequence of the symmetry of the distribution. Every number on one side of the line of symmetry has a mirror image partner on the other side. Because of the way mean and median are calculated, this property forces both of these measures of central tendency to end up on the line of symmetry.

When data is not uniform, the measures of central tendency probably won’t be the same, as you’ll see in the following example.

Example 5:

Imagine that you once again have recorded the ages of 1,000 Americans, but this time, instead of taking the ones digit from each age, you took the tens digit. For example, if the original age was 37, you put a 3 in a new data set. If the original age was 56, you put a 5 in that data set, and so on. (For an age under 10, the tens digit will be 0.) Call this the Tens Digit data set. Here’s the histogram of that data.

[image: ]

Figure 4–16. Age of 1,000 Americans

Notice that, unlike the Ones Digit data set, this Tens Digit data is not uniformly distributed. The heights of the bars are roughly even from 0 up to 5, but after that, the bars start to decrease in height. This data set is skewed right: the tail of the data stretches out on the right side.

It makes sense that this data is skewed. Living to 80 years old is less common than living to 20 years old. So in a random group of 1,000 people, there shouldn’t be as many people in their 80s as there are people in their 20s. This means that far fewer people will have an 8 as the tens digit of their age than those who have a 2 as the tens digit of their age.

A data set that is skewed isn’t distributed in the same way on either side of a center line. The bulk of the data is on one side or the other. You can see that in this histogram, but you can also see that in the box plot of this data.

[image: ]

Figure 4–17. Tens Digit of Age

Notice how the box, which contains 50% of the data, lies toward the left end of the range and the longer tail stretches out to the right, making this right-skewed data.

Skewness can also be seen in the summary statistics of the data. Here’s the actual data from the Tens Digit data set.

[image: ]

You can use this data to compute the measures of central tendency. The mean of this data set is:

[image: ]

The mean of the data, 3.31, is off center. The median of this data set, 3, is also off center.

[image: ]

Figure 4–18. Age of 1,000 Americans

Not only is the median not in the center of the histogram, but it’s also not equal to the mean. In symmetric data, the mean and median are the same, but in skewed data, the mean and the median are usually different.


[image: images] PAINLESS TIP

In right-skewed data, the mean is usually to the right of the median, and in left-skewed data, the mean is usually to the left of the median. A simple rule of thumb is that the mean usually follows the tail of the data.



When the mean and median of a data set are different, that tells you something important about your data. If the median is less than the mean, then you know that more than half the data lies below the mean. You saw an example of this in Chapter 3, Example 4, which discussed home prices. In the neighborhood with 90 homes that cost $100,000 each and 10 homes that cost $2,000,000 each, almost all the home prices were below the mean price of $290,000. In that data, the handful of high-priced homes pulled the mean (which is nonresistant to extreme values) above the median (which is resistant to extreme values), indicating that the data may be right-skewed.

In some situations, this difference between the mean and median can lead to what seems like a paradox. For example, in this same neighborhood, one might say that almost all the homes are “below average.” Saying that almost everything is “below average” might sound strange at first, but when you translate this into the statement “almost all the data is below the mean,” it sounds less paradoxical.

When the mean and the median of a data set are equal, however, that often indicates that the data is symmetric, like in the uniform distribution. In the next section, you’ll see just how useful this kind of symmetry can be in a data distribution.


[image: images] BRAIN TICKLERSSet # 11


1.1,000 data points are perfectly uniformly distributed from the numbers 1 to 20.

a.What is the frequency of 7 in the data set?

b.What is the mean of the data set?

c.What is the five-number summary for the data set?

2.Data Set A is a uniform distribution from 0 to 10. Data Set B is a uniform distribution from 0 to 20. Is the standard deviation of Data Set B less than, equal to, or greater than the standard deviation of Data Set A?

3.In a book written in English, will the distribution of letters of the alphabet used be uniform or not uniform?

(Answers are on page 100.)





The Binomial Distribution

An Example of a Binomial Distribution

The binomial distribution is a discrete distribution that is unimodal; that is, all three measures of central tendency of the data set (the mean, median, and mode) occur around the single peak. Under certain circumstances, the binomial distribution is symmetric. Even when it isn’t symmetric, it is often symmetric enough to be treated as though it were. These features make the binomial distribution easy to work with, which is especially important because of the fundamental role it plays in a variety of situations throughout math and statistics.

A simple way to begin to understand the binomial distribution is with an example involving coin flips.

Example 6:

Imagine repeatedly flipping a fair coin 10 times and counting the number of times the coin comes up tails. You might get 3 tails out of 10 flips the first time, 6 tails out of 10 flips the second time, 8 tails the third time, and so on. If you did this 1,000 times and graphed the data in a histogram, you’d see something like this.

[image: ]

Figure 4–19. 1,000 Repetitions of 10 Flips of a Fair Coin

This is an example of binomially distributed data. The information you are collecting in each set of 10 coins flips is the count of the number of tails seen, so this is count data. Count data is frequently binomially distributed. Since counting things is a very common technique in statistics, this is one of the reasons why the binomial distribution comes up so often.

You can see that this data distribution is unimodal and symmetric. The line of symmetry runs through the single peak at 5, and so the mean, median, and mode of this binomially distributed data are all 5 tails. Since a fair coin should come up heads or tails with equal likelihood, it makes sense that 5 is the center of the data set. In 10 flips, you would expect to get tails half the time, which would be 5 tails. Of course, if you were to do this repeatedly, you would sometimes see more than 5 tails and sometimes see less than 5 tails. This is due to random variation. The outcome of the coin toss is a random process, so the outcomes of the individual flips of the coin can’t be predicted. However, over time, statistical patterns will emerge. These patterns that arise from random variation are captured by the histogram in the bars of different heights, and the “average” outcome of 5 tails is also represented in the histogram as the single central peak.

The fact that a fair coin toss should come up heads half the time and tails half the time accounts for the symmetry of this distribution. The data ranges from 0 to 10 because the minimum number of tails is 0 and the maximum number is 10. Notice how the bar above 0 is about the same height as the bar above 10. This is because a count of 0 tails should occur about as often as a count of 10 tails. The reason for this is that when flipping a fair coin, 0 tails should happen about as often as flipping 0 heads, and flipping 0 heads is the same outcome as flipping 10 tails. So, flipping 0 tails and flipping 10 tails should occur with the same frequency. The same argument applies to 1 tail and 9 tails, 2 tails and 8 tails, and so on. This explains why this distribution is symmetric. Each number of tails in the distribution has a mirror image partner, and the mirror is located at 5, which is the mean, median, and mode of the data set.

If the coin you were flipping was unfair, then the distribution wouldn’t be so symmetric. For example, suppose the coin was weighted so that it came up tails 80% of the time and heads 20% of the time. Doing the same thing as before (1,000 repetitions of flipping a coin 10 times and counting the number of tails) would produce a data set whose histogram looks like this (which you can see is not symmetric).

[image: ]

Figure 4–20. 1,000 Repetitions of 10 Flips of an Unfair Coin

When the coin is fair (and heads and tails come up with the same frequency), the distribution is symmetric, but when the coin is unfair, the distribution is skewed. Since this coin is much more likely to come up tails than heads, you would expect to count more tails than heads in 10 coins flips. This suggests that the mean count of tails should be higher than 5.

In fact, the mean count of tails in this distribution is 8, which makes remarkable sense. This unfair coin comes up tails 80% of the time, and since 80% of 10 is 8, you would expect 8 out of every 10 flips to be tails. Again, sometimes you will count more and sometimes less due to random variation, but on average, you’ll count 8 tails.

This method works in general for computing the mean of a binomial distribution. Given an experiment that is successful p% of the time, if you perform that experiment n times, the mean number of successes you will see is p% of n. In the first part of the example, the experiment was flipping a fair coin and a success was flipping tails. Since flipping tails had a success rate of 50%, the mean number of successes you would see in 10 flips was 50% of 10, or 5. In the second part of the example, the experiment was flipping an unfair coin and the success of flipping tails was 80%. So the mean number of successes in 10 flips was 80% of 10, which is 8.

Measures of Central Tendency and Standard Deviation for Binomial Distributions

All of the preceding information can be summarized in a simple formula for the mean of a binomial distribution:


𝜇 = np



Here, 𝜇 is the mean, n stands for the number of trials (i.e., the number of times the experiment is repeated), and p stands for the probability of success of each trial. You’ll learn more about probability in Chapters 6 and 7, but for now you can just think of it as the percent chance that what you’re looking for occurs. Also, for this formula to apply, each trial has to be independent of each other, which just means that the outcome of one flip doesn’t impact the outcome of another flip. You’ll learn more about independence in Chapter 7.

This simple way to calculate the mean is one of the remarkable properties of count data and the binomial distribution, but there’s more. There is also a simple formula for the standard deviation of a binomial distribution. The n and p here are the same as in the formula for the mean:


[image: ]



With this formula, you can easily calculate the standard deviations for both of the earlier situations (flipping a fair coin and flipping an unfair coin). When the fair coin is flipped 10 times (n = 10) at a success rate of 50% (p = 0.50) each time, the standard deviation is around [image: ] tails. When the unfair coin is flipped 10 times (n = 10) at a success rate of 80% (p = 0.80) each time, the standard deviation is around [image: ] tails. Remember that the standard deviation is a measure of the dispersion of the data. If you look at the histograms of the two data sets, you’ll see that with the unfair coin, the data is more tightly clustered around its mean. This is because the standard deviation is lower.


[image: images] CAUTION—Major Mistake Territory!

Be aware that every distribution of data has its own formulas for mean and standard deviation. Don’t make the mistake of applying the formula for the mean of a binomial distribution to some other distribution of data.



Yet another remarkable fact about the binomial distribution is that the mean, median, and mode are always roughly the same, even when the distribution is skewed. When the probability of success is 50%, the distribution is symmetric, so it seems natural that all three measures of center are the same. However, this is true of the binomial distribution even when the data is not symmetric. Even though the binomial distribution can be skewed when the probability of success isn’t 50%, as long as the number of trials (n) is large enough, the distribution can be closely approximated by a symmetric distribution. For example, an unfair coin that comes up tails 80% of the time produces a skewed distribution, but if enough trials are conducted, the data can effectively be treated as though it is symmetric. This means that in many circumstances in the application of statistics, you can work with binomially distributed data as though it’s approximately symmetric, even if it isn’t perfectly so.

Of course, the binomial distribution isn’t just about coin flips. It can be applied anytime you are counting the results of an action whose results can be classified as a success or failure (like making a sale in business, testing a drug in medicine, or checking for defects in a manufacturing process). The binomial distribution plays a fundamental role in sampling and inference, which you’ll learn all about in the second half of this book.


[image: images] BRAIN TICKLERSSet # 12


1.Suppose you flip 15 fair coins and record the number of tails you see. Now, imagine repeating this a total of 1,000 times. What would you expect the average number of tails to be? Assume the data is binomially distributed.

2.Suppose you flip 15 fair coins and record the number of tails you see. Now, imagine repeating this a total of 1,000 times. What outcome would occur with roughly the same frequency as the outcome of 4 tails? Assume the data is binomially distributed.

3.Suppose you are in charge of quality control at a computer chip manufacturer, and an experimental new method produces defective chips at a rate of 5%. Suppose every day you select 50 chips at random and test them for defects. Assume this data is binomially distributed. How many defective chips would you expect to find each day, on average?

4.Use the formula [image: ] and a calculator to compute the population standard deviation of a binomially distributed data set for the following values:

a.[image: ]

b.[image: ]

c.[image: ]

d.What appears to happen to the standard deviation as p gets closer to 0? What about when p gets closer and closer to 1?

(Answers are on page 100.)





The Geometric Distribution

An Example of a Geometric Distribution

The geometric distribution is another important data distribution. As with the binomial distribution, a good place to begin exploring the geometric distribution is through coin flips, but a different scenario is required to produce geometrically distributed data.

Example 7:

In the experiment of flipping a fair coin, call flipping tails a “success.” To generate a new data set, you will flip a coin repeatedly until you see a successful outcome, that is, until you flip tails. Once you see tails, you will record the number of failures (the number of times you flipped heads before finally seeing tails) in a data set. For example, if you flip tails immediately, you record a 0 in the data set because you experienced zero failures—that is, zero heads—before seeing tails. If the sequence of coin flips proceeds heads, heads, heads, tails, you record a 3 in the data set (for the three heads you saw before you saw tails).

Imagine doing this many, many times and recording the results. This data would be geometrically distributed, and a relative frequency histogram would look like this.

[image: ]

Figure 4–21. A Geometric Distribution


[image: images] REMINDER

In a relative frequency histogram, the height of each bar represents the percentage of data for each corresponding value, so the vertical axis goes from 0 to 1 (where 1 is 100%).



The geometric distribution is a skewed distribution. You can see that the tail of the distribution extends to the right, making this right-skewed data. The skew is a consequence of how the data is constructed. With a fair coin, about half the time, you will see tails on the first toss, so the frequency of 0’s in the histogram will be around 50%. Now, if your first flip is heads, then you flip again, about half of those second flips will be tails. In this case, you put a 1 in your data set. So 1 will have a frequency of around half of 50%, or 25% of the total tosses. The pattern in this data is that each bar in the histogram will be about half as high as the previous bar. The farther right you go, the shorter the bars will be, until they appear to vanish. There does not appear to be any bar above 10, which makes sense because even though it is theoretically possible to flip heads 10 times in a row before flipping tails, it is very, very unlikely.

A box plot can also show you the skew in a set of geometrically distributed data. Here’s a box plot of 1,000 repetitions of the experiment of flipping a fair coin until tails appears.

[image: ]

Figure 4–22. Box Plot of Geometric Data Representing 1,000 Repetitions

Notice how the box, which represents 50% of the data, is all the way to the left and the tail extends to the right in this right-skewed data.

Measures of Central Tendency and Standard Deviation for Geometric Distributions

Just like there was for the binomial distribution, there are also nice formulas for the important summary statistics of the geometric distribution. The mean of a geometric distribution is given by:


[image: ]



The standard deviation of a geometric distribution is given by:


[image: ]



The p is the same as in the formulas for the binomial distribution: it is the probability of success of each independent experiment. In the case of the fair coin flip, [image: ], so the mean number of heads you’ll encounter before you flip tails is around [image: ]. The standard deviation of this data is [image: ] heads. These formulas make computing the descriptive statistics of the geometric distribution painless, but as always, remember that real-world data will display some random variation.

As with the binomial distribution, the geometric distribution applies to a lot more than coin flips. Any time you are repeating some independent action until a desired outcome occurs, you are generating geometrically distributed data. Rolling a pair of dice until the sum is 7, selecting a toy randomly from the assembly line until you spot a defect, or calling stores until you find one that carries the phone charger you need are all examples of scenarios that can produce geometrically distributed data.


[image: images] BRAIN TICKLERSSet # 13


1.Suppose you roll a fair six-sided die until you see a 6 appear. On average, how many non-6s will you see before your first 6 appears?

2.Suppose a fair coin is flipped until you see tails, and then the total number of flips is recorded. Will the median of this data set be closer to 1 or to 5?

3.In a geometric distribution, would you expect the mean to be less than, equal to, or greater than the median?

(Answers are on page 101.)





Other Distributions

Here are some other distributions that you may encounter as you continue your study of statistics.

The Exponential Distribution

In the previous section, you learned about the geometric distribution, which is a discrete data distribution. The related continuous distribution is called the exponential distribution, and its graph looks like this:

[image: ]

Figure 4–23. Example of an Exponential Distribution

Exponential distributions are used to model many real-world phenomena, like how long you have to wait for a bus on the street, a hospital bed in an emergency room, or a customer service representative on the phone. A continuous distribution is useful in these cases because continuous data can take values in between whole numbers. You might wait for a bus for 1.3 minutes, or 1.76 minutes, or 12.453 minutes, and so on.

Like the geometric distribution, the exponential distribution is skewed and has a tail that extends far to the right. The exponential distribution has a long tail for much the same reason the geometric distribution has one. Just as it’s possible, though very unlikely, to flip heads 10 times before first seeing tails, it’s possible, but very unlikely, that you would have to wait 45 minutes for a bus to arrive (although you’d probably start walking before that). In fact, the frequency of the exponential distribution decays at an exponential rate, which is where the name of the distribution comes from. This is similar to how the bars of the histogram of the geometric distribution shrink by a common factor.


[image: images] MATH TALK!

Exponential growth (or decay) means that the quantity is multiplied (or divided) by the same amount again and again. For example, the pattern 1, 2, 4, 8, 16, 32, . . . is an example of exponential growth: you multiply each number by 2 to get the next number. The pattern 10,000; 1,000; 100; 10; 1; 0.1; . . . is an example of exponential decay: you divide by 10 each time to get the next number in the sequence.



The Power Law Distribution

The power law distribution is a continuous, skewed distribution whose graph looks similar to an exponential distribution.

[image: ]

Figure 4–24. Example of a Power Law Distribution

Though similar in appearance, power law distributions differ from exponential distributions in how rapidly the frequencies decline along the horizontal axis. Frequencies drop to 0 very rapidly in an exponential distribution (as in the geometric distribution from Example 7, in which each bar was half the height of the previous bar), but they decline much more slowly in a power law distribution.

Like exponential distributions, power law distributions frequently pop up in nature. You might see a power law distribution when looking at how many connections people have on social networks, how food sources are interconnected in an ecosystem, or how frequently words are used in a language. The power law distribution is an advanced topic, but it arises so frequently in the application of statistics to the sciences that it is worth being familiar with.

The Poisson Distribution

The Poisson distribution is a discrete distribution that is used to model how frequently certain events occur in a fixed time frame. A histogram of a Poisson distribution might look like this:

[image: ]

Figure 4–25. Example of a Poisson Distribution

You can see that the Poisson distribution is a skewed distribution, but how skewed it is depends on the nature of the phenomenon being modeled. The number of customer service calls a company receives each hour, the number of meteorites that strike Earth each year, or the number of Category 5 hurricanes a particular region experiences every century all might be modeled with the Poisson distribution. The Poisson distribution is another advanced topic in statistics, but it, too, is worth knowing.

The Normal Distribution

The normal distribution is a continuous, symmetric, unimodal distribution of data whose graph has the classic “bell-shaped” curve.

[image: ]

Figure 4–26. Example of a Normal Distribution

This distribution is used to model many different natural phenomena. It is so important and ubiquitous in statistics that it is the focus of the next chapter.

Brain Ticklers—The Answers

Set #10, pages 76–78


1.a. Skewed, unimodal

b.Symmetric, bimodal

c.Skewed, unimodal

d.Symmetric, unimodal

2.Skewed (right-skewed, in fact)

3.Skewed. Some students will turn in their papers early, but most students will probably turn in their papers on the final day.



Set #11, pages 87–88


1.a. 50

b.10.5

c.1, 5.5, 10.5, 15.5, 20

2.The standard deviation of Data Set B is greater than that of Data Set A. In Data Set A, the maximum deviation is five. Much of the data in Data Set B has a deviation greater than 5, so the average deviation will be above 5.

3.Not uniform. For example, the letters r, s, and t will likely appear much more frequently than the letters q and z.



Set #12, pages 92–93


1.7.5

2.11

3.2.5

4.a. 5

b.3

c.0.99

d.As p gets closer to 0, the standard deviation gets smaller. The standard deviation also gets smaller as p gets closer to 1.



Set #13, page 96


1.6. Since p = [image: ].

2.Closer to 1. About half of the first flips should be tails, so about 50% of the data will be 1.

3.The mean should be greater than the median in a geometric distribution. The longer tail to the right will likely pull the mean above the median.






Chapter 5

The Normal Distribution

Statistics is an applied science, so once you understand the basics of statistics, you’ll want to apply what you’ve learned. You’ll look around in the world and see data—times, prices, populations, ages, revenues—and you’ll use your knowledge of statistics to make sense of it.

Data in the real world comes in many shapes and many distributions; you were introduced to many different distributions in Chapter 4. However, when it comes to data in the real world, one of the most common, and useful, shapes is the normal distribution.

Normally Distributed Data

The Shape of the Normal Distribution

The normal distribution is a continuous data distribution that looks like this:

[image: ]

Figure 5–1. The Normal Distribution

As you can see from the above graph, the normal distribution is symmetric and unimodal. It’s symmetric because you can draw a line down the middle and see the same shape of data on either side. It’s unimodal because the graph of the data has only one peak, which means there is only one mode.

The normal distribution is also known as the Gaussian distribution, after the mathematician Carl Friedrich Gauss.

Many kinds of real-world data, from characteristics like height to performance indicators like test scores, are distributed in a way that is approximately normal. Here’s what a histogram of data that is approximately normal might look like:

[image: ]

Figure 5–2. Histogram of Data that is Approximately Normal

You can see that this histogram shares a similar shape to the graph of the normal distribution. It’s possible to find a continuous normal curve that closely fits this data, which means you can approximate this discrete data with a continuous normal distribution.

[image: ]

Figure 5–3. Histogram with Approximating Normal Curve

Measures of Central Tendency and Standard Deviation for the Normal Distribution

The ability to approximate data using the normal distribution makes it a very powerful and useful statistical tool. When you encounter real-world data that is approximately normal, you can model it with a continuous normal distribution and then apply everything you know about the normal distribution to your data. Since the normal distribution is symmetric and unimodal, it can be understood with just a few numbers. The mean, median, and mode are all the same; that is, a single center of the data splits the data into two parts that are mirror reflections of each other. This is one reason why normal distributions are easy to work with.

[image: ]

Figure 5–4

Here’s an example that shows just how painless working with the normal distribution can be.

Example 1:

The SAT is a test used by many U.S. colleges for admissions purposes. Scores on the SAT range from 400 to 1600 and are approximately normally distributed with a population mean of 𝜇 = 1000.


[image: images] MATH TALK!

The symbol 𝜇 is the Greek letter mu (pronounced “mew”) and is often used as the symbol for the mean of a data set, especially a population.



[image: ]

Figure 5–5. All SAT Scores

Since the mean SAT score is 1000, one way to think of an “average” test taker is as a student who scored a 1000 on the SAT. The mean, or average, is what you’d get if you added up all the test scores of all the test takers and then divided that sum by the total number of test takers.

Since the normal distribution is symmetric and unimodal, the median is the same as the mean, so the median of this data set is also 1000. This tells you that half of the test takers scored above 1000 and half scored below 1000.

[image: ]

Figure 5–6. All SAT Scores

The mode of this data set is also 1000, meaning that the overall most frequent score on the SAT is around 1000.


[image: images] REMINDER

Even when a known distribution like the normal distribution doesn’t match real-world data exactly, if it’s a good approximation, the known distribution can still be used to model and analyze the data.



The way that data is dispersed, or spread, about the center is a very important characteristic of the normal distribution. The graph of the normal distribution is often referred to as a “bell curve” because of its bell-like shape. Most of the data is clustered around the center, and for values farther away from the mean, the frequency of the data drops off symmetrically.

The data is spread around the center in a very specific way, and the standard deviation tells you everything you need to know. About 68% of the data in a normal distribution lies within one standard deviation of the center, or mean, of the data set. About 95% of the data lies within two standard deviations of the mean, and around 99.7% of the data lies within three standard deviations of the mean. This is often referred to as the empirical rule, or the 68-95-99.7 rule, for normal distributions.

The empirical rule tells you that most normally distributed data is close to the average. Since 95% of the data is within two standard deviations of the mean, only 5% of the data is farther than two standard deviations from the mean. Thanks to the empirical rule, with only two numbers (the mean and the standard deviation), you can know most everything there is to know about normally distributed data. That’s the power of statistics!

For example, if you know that the population standard deviation of SAT scores is 𝜎 = 200 points and the average SAT score is 𝜇 = 1000, you can use the empirical rule to determine how many scores occur in certain ranges.


[image: images] MATH TALK!

The symbol 𝜎 is the Greek lowercase letter sigma and is often used as the symbol for the standard deviation of a data set, especially a population.



In the SAT data, one standard deviation above the mean would be 1000 points + 200 points = 1200 points, and one standard deviation below the mean would be 1000 points − 200 points = 800 points. By the empirical rule, around 68% of test takers scored between 800 and 1200 points.

[image: ]

Figure 5–7. All SAT Scores

Also, by the empirical rule, around 95% of the data lies within two standard deviations of the mean. Since one standard deviation is 200 points, two standard deviations are 400 points. Thus, two standard deviations above the mean is 1000 points + 400 points = 1400 points, and two standard deviations below the mean is 1000 points − 400 points = 600 points. So, around 95% of test takers scored between 600 and 1400 points on the SAT.

[image: ]

Figure 5–8. All SAT Scores

Notice the unshaded part of the graph at that right end. Those are the SAT scores that are above 1400, or more than two standard deviations above the mean.

[image: ]

Figure 5–9. All SAT Scores

Because the data is normally distributed, you can determine how many test takers scored above 1400. Since approximately 95% of the data lies within two standard deviations of the mean, the rest of the data is farther than two standard deviations from the mean. Here, the rest of the data refers to the remaining 5%, so 5% of the data is more than two standard deviations from the mean.


[image: images] PAINLESS TIP

If you know that X% of the data lies in a certain region, then the remaining region(s) must contain the remaining 100% − X% of the data. This is sometimes known as the complement rule.



Since the normal distribution is symmetric, half of that 5%, or 2.5% of the data, is higher than two standard deviations above the mean, while the other 2.5% is lower than two standard deviations below the mean. Thus, around 2.5% of these SAT scores were above 1400. If you were one of those students who scored a 1400 on the SAT, you would know that you scored better than around 97.5% of test takers, putting you near the 98th percentile.


[image: images] REMINDER

The population standard deviation, 𝜎, is the standard deviation of the entire data set, whereas the sample standard deviation, S, is used when looking at samples of a population. Similarly, the population mean is denoted by the Greek letter 𝜇, while the sample mean is usually denoted by x̅.



Here’s another example of how you can use only two numbers (the mean and the standard deviation) to analyze normally distributed data.

Example 2:

Human height is another kind of data that can be approximated with the normal distribution. Assume that the heights of adult American men are normally distributed with a mean of 70 inches and a standard deviation of 3 inches. How does an American man who is 6 feet, 1 inch tall compare to the rest of the men in America?

Well, 6 feet, 1 inch is 73 inches, which is above the average height of 70 inches. So a man who is 6 feet, 1 inch tall is taller than average adult American man. Is he unusually tall? The properties of the normal distribution allow you to answer this question. Since the standard deviation of the data is 3 inches, his height is one standard deviation above the mean, which puts him roughly here in the data set:

[image: ]

Figure 5–10. Adult American Male Heights (inches)

You can see that he’s above (to the right of) the mean, and since the median is equal to the mean, at least 50% of the graph is below (to the left of) him. The properties of the normal distribution, however, allow you to say much more. By the empirical rule, 68% of the data in a normal distribution lies within one standard deviation of the mean. Since the data is symmetric, that’s 34% on each side of the median.

[image: ]

Figure 5–11. Adult American Male Heights (inches)

Of the 50% of the data that lies above the median, 34% is less than one standard deviation above it, which means the other 16% of the data is more than one standard deviation above the center line.

[image: ]

Figure 5–12. Adult American Male Heights (inches)

That makes 73 inches less than about 16% of the data, so the man who is 6 feet, 1 inch tall is shorter than about 16% of adult American men. If he’s shorter than 16% of adult American men, then he must be taller than 84% of adult American men. This puts him in the 84th percentile for height: above average but not especially unusual.

Now, what about a man who is 6 feet, 4 inches tall? How does he compare to the rest of the men in America? That’s 76 inches, which is two standard deviations above the mean. You can use the empirical rule again to compare this height to the rest of the population. If 95% of the data lies within two standard deviations of the mean, then by symmetry, the remaining 5% is split evenly between the region that is higher than two standard deviations above the mean and the region that is lower than two standard deviations below the mean.

[image: ]

Figure 5–13. Adult American Male Heights (inches)

That makes someone who is 6 feet, 4 inches taller than 97.5% of adult American men. Notice the dramatic difference: one standard deviation above the mean is higher than 84% of the data, but two standard deviations above the mean are higher than 97.5% of the data. This is because in a normal distribution, most of the data is clustered around the mean.

In addition to analyzing individual data points, you can use knowledge of the normal distribution to better understand the data set as a whole. For example, there are around 100 million adult American men. Assuming the population mean height is 𝜇 = 70 inches and the population standard deviation is 𝜎 = 3 inches, you can say that around 68 million adult American men are between 5 feet, 7 inches and 6 feet, 1 inch tall (because 68% of the data in a normal distribution should fall within one standard deviation of the mean). A similar analysis shows that there are only around 150,000 adult American men who are 6 feet, 7 inches or taller (since in a normal distribution, less than 0.15% of the data should be three standard deviations above the mean or higher). Knowing about height distributions in the population would be helpful if you ran a clothing business or designed homes or airplane seats, and there are many more real-world applications of the normal distribution to data.


[image: images] BRAIN TICKLERSSet # 14


1.The heights of adult American men are normally distributed with a mean height of 70 inches and a standard deviation of 3 inches. What percentage of adult American men are less than 5 feet, 7 inches tall?

2.The heights of adult American men are normally distributed with a mean height of 70 inches and a standard deviation of 3 inches. Assume there are around 100 million adult men in America. How many adult American men are between 6 feet, 1 inch and 6 feet, 4 inches tall?

3.Assume that the heights of adult American women are normally distributed with a mean height of 65 inches and a standard deviation of 2.5 inches.

a.What percentage of adult American women are taller than 5 feet, 5 inches tall?

b.If there are roughly 110 million adult women in the U.S., how many women are less than 5 feet tall?

c.What percentage of adult American women are taller than the average height for an adult American man (which is 70 inches)?

(Answers are on page 127.)





Comparing Data Using z-Scores

Comparing Different Normal Distributions

Normally distributed data is easy to work with and understand as a whole. In a normal distribution, you can compare individual data points to the rest of the data set, but it’s also possible to compare data from two entirely different normal distributions, as seen in the next example.

Example 3:

Many kinds of test scores are distributed in a way that can be approximated with the normal distribution. For example, suppose a researcher gave 1,000 people a memory test, and the results were approximately normal, with an average score of 25 and a standard deviation of 5.

[image: ]

Figure 5–14. Scores on a Memory Test

If you took this test and scored a 30, that would mean you have a pretty good memory. That score would put you one standard deviation above the mean, and as a consequence of the empirical rule, your score would be higher than around 84% of the people who took the test.

Now, suppose your friend took a different memory test from a different researcher and scored a 46. Your friend might brag that she has a better memory than you because she got a higher score, but in general, it would be difficult to compare your results. After all, you and your friend took different tests. However, if the scores of both tests are normally distributed, comparing scores is easy.

Suppose the test your friend took had an average score of 40 and a standard deviation of 8. Your friend’s score of 46 may be higher than your score of 30, but instead of comparing raw scores, you should compare where your scores lie in terms of standard deviations. Your score of 30 is a full standard deviation above the average on your test, while your friend’s score of 46 is less than one standard deviation higher than the average on her test. Comparing your results in this way, you did better on your test than your friend did on hers; thus, this comparison is possible even though you took completely different tests.

z-Scores and Standard Normal Distributions

To compare two different, normally distributed data sets with different means and standard deviations, think of each data point in terms of how many standard deviations it is from the mean. This is called a z-score or a standardized score.

For a data point in a normal distribution, its z-score is its location in the distribution measured in standard deviations. Consider the two memory tests from Example 3. In the normal distribution with a mean of 25 and a standard deviation of 5, the data point 30 has a z-score of 1 because it is one standard deviation above the mean. In the normal distribution with a mean of 40 and a standard deviation of 8, the data point 46 has a z-score of 0.75 since it is 0.75 standard deviations above the mean.

The 30 and the 46 in this memory test example cannot be directly compared because they are data points from different distributions, but their z-scores can be directly compared. You can think of the z-scores as data points in the same distribution: the standard normal distribution. The standard normal distribution is a normal distribution with a mean of 0 and a standard deviation of 1.

You can turn any normal distribution with mean 𝜇 and standard deviation 𝜎 into the standard normal distribution using the following painless steps.


Step 1:Subtract the mean, 𝜇, from every point in the data set.

Step 2:Divide every resulting number by the standard deviation, σ.



By subtracting the mean from every data point in the data set, you turn the original data set into a new data set with a mean of 0. (You can show this for any discrete data set using the formula for mean and some algebra.) Graphically, you can think of this as just sliding the graph over so that its center is now at 0 instead of at 𝜇.

[image: ]

Figure 5–15

Since every data point is moved by the same amount, the center of the distribution is changed but everything else about the shape of the data remains the same.

The result of dividing the new data (with a mean of 0) by the standard deviation has the effect of making the standard deviation of the new data set exactly 1. (This can also be shown for any discrete data set using the formula for standard deviation and some algebra.) Graphically, this has the effect of compressing (or possibly stretching) the data set around its new center of 0.

[image: ]

Figure 5–16. Normal Distribution with Mean 0 and Standard Deviation 𝜎

[image: ]

Figure 5–17. Normal Distribution with Mean 0 and Standard Deviation 1

The standard normal distribution is a normal distribution with a mean of 0 and a standard deviation of 1. So the empirical rule says that 68% of the data in the standard normal distribution lies between −1 and 1; roughly 95% of the data lies between −2 and 2; and over 99% of the data lies between −3 and 3.

The standard normal distribution is where z-scores come from. Think of the data point 30 in the normal distribution with a mean of 25 and a standard deviation of 5. If you subtract the mean from the data point, you get 30 − 25 = 5. Now, divide by the standard deviation: [image: ]. Thus, the data point of 30 in a normal distribution with 𝜇 = 25 and 𝜎 = 5 has a z-score of 1.

In summary, to find the z-score of an individual data point, x, follow these two painless steps.


Step 1:Subtract the mean, 𝜇, from x : x − 𝜇.

Step 2:Divide that new number by the standard deviation, [image: ]. This is the z-score.



One way to visualize this process is to imagine transforming the data set into the standard normal distribution and following where the individual data point goes.

[image: ]

Figure 5–18. Scores from Memory Test 1

[image: ]

Figure 5–19. Standard Normal Curve

In this example, when you transform the data set into a standard normal distribution, the 30 in the original data set ends up at 1 in the standard normal distribution, which is why its z-score is 1.

Now, you can apply the same steps to find the z-score for your friend’s test score of 46 from the second memory test, which has a mean of 40 and a standard deviation of 8:


[image: ]



So, the 46 in the original data set has a z-score of 0.75. Again, it may help to visualize this by following where the 46 goes once the original data set is transformed into the standard normal distribution.

[image: ]

Figure 5–20. Scores from Memory Test 2

[image: ]

Figure 5–21. Standard Normal Curve

What’s amazing about this process is that, although your two data points start off in two entirely different data sets with different means and different standard deviations, they end up in the same data set: the standard normal distribution. Furthermore, now that they’re in the same data set, you can compare them directly.

[image: ]

Figure 5–22. Standard Normal Curve

Instead of thinking about a data point of 30 in a data set with a mean of 25 and a standard deviation of 5, just think of the z-score of 1. Instead of a data point of 46 from a data set with a mean of 40 and a standard deviation of 8, just think of a z-score of 0.75. These z-scores are directly comparable because they both represent a location in the same data set: a standard normal distribution with a mean of 0 and a standard deviation of 1. Thus, even though your friend’s score might initially look higher, you know you did better on your test than she did on hers.

So, whose memory is better? It’s hard to say for sure. If the different tests really do measure the same kind of ability, just on different scales, then it seems like you’ve come out on top. However, it’s hard to know exactly what these two tests really measure. Although z-scores are easy to compare, real-world questions are rarely easy to answer.


[image: images] REMINDER

Statistics can provide useful information about data, but data alone never tells the whole story. It’s important to understand the data in context to really understand a situation.



The ability to directly compare different data sets by transforming the data into z-scores is another reason why the normal distribution is such a powerful and useful tool in statistics. In this example, you compared scores from different tests, but you can use this approach to compare data from different eras. If you looked at height data from 100 years ago, you would see that adult heights could be approximated by the normal distribution. However, the average adult height 100 years ago was lower than it is today, so the data would have a different mean and standard deviation. In 1920, a man who was 5 feet, 10 inches tall might have been considered quite tall, while in 2020, a man of that same height might have been considered average. Using z-scores and the standard normal distribution would allow you to see that distinction and conduct comparisons and contrasts between the different data sets.


[image: images] BRAIN TICKLERSSet # 15


1.SAT scores are normally distributed with a mean of 1000 and a standard deviation of 200. Find the z-score associated with each of the following SAT scores.

a.1000

b.950

c.1550

d.850

2.The z-score associated with a man’s height is –1. Assuming men’s heights are normally distributed with a mean of 70 inches and a standard deviation of 3 inches, how tall is this man?

3.Another friend took a different memory test and scored a 120 on that test (whose scores are normally distributed with a mean of 100 and a standard deviation of 15). Is this better or worse than scoring a 30 on the first memory test (with a mean of 25 and a standard deviation of 5)?

(Answers are on page 127.)





Standard Normal Tables

How to Read the Standard Normal Table

Every normal distribution can be understood using z-scores. Because of this, statisticians created a standard normal table. This is a table that lets you determine exactly where every z-score lies in a standard normal distribution.

Here’s what an excerpt of a standard normal table looks like:









	
z


	
0.00


	
0.05





	
–0.5


	
0.309


	
0.291





	
–0.4


	
0.345


	
0.326





	
–0.3


	
0.382


	
0.363





	
–0.2


	
0.421


	
0.401





	
–0.1


	
0.460


	
0.440





	
–0.0


	
0.500


	
0.480





	
  0.0


	
0.500


	
0.520





	
  0.1


	
0.540


	
0.560





	
  0.2


	
0.579


	
0.599





	
  0.3


	
0.618


	
0.637





	
  0.4


	
0.655


	
0.674





	
  0.5


	
0.692


	
0.709







The entries in this standard normal table represent the percentage of data that is less than the given z-score. In other words, the entry in the table gives you the area under the curve to the left of your z-score.

In Chapter 2, you learned that the graph of a cumulative distribution function (CDF) shows you the percentage of data that is less than or equal to a specific value. That’s exactly what entries in the standard normal table tell you because the standard normal table is the CDF of the standard normal distribution given in table form (instead of as a graph).

For example, find the row with a 0.3 in the first column. The number to the right of that in the second column, 0.618, means that, in a standard normal distribution, 61.8% of the data is below 0.3.

[image: ]

Figure 5–23. Standard Normal Curve

The additional columns in the standard normal table give you additional precision. The 0.637 (to the right of the 0.618 in the 0.3 row) means that 63.7% of the data lies below 0.35 on the standard normal distribution.


[image: images] PAINLESS TIP

The leftmost column in the standard normal table gives you the initial digits of a z-score. As you move to the right in the table, you add the amount in the column header to those initial digits. For example, in the 0.3 row, the entry in the 0.00 column corresponds to the z-score of 0.3 + 0.00 = 0.30, whereas the entry in the 0.05 column corresponds to the z-score of 0.3 + 0.05 = 0.35.



Applying the Standard Normal Table

The standard normal table can be used to analyze and understand real-world data in different ways. Examples 4, 5, and 6 show you the most common applications of the standard normal table to normally distributed data.

Example 4:

Recall the SAT scores data from Example 1, earlier in this chapter. SAT scores are normally distributed with a mean of 1000 and a standard deviation of 200. Now, suppose someone scores a 1050 on the SAT. How does that score compare to the test takers in general?

To answer this question, first compute the z-score associated with 1050. To do this, follow the painless steps for finding a z-score. First, subtract the mean of 1000 from the SAT score of 1050, and then divide that number by the standard deviation of 200:


[image: ]



Thus, a 1050 SAT score has a z-score of 0.25.

Now, look up 0.25 on the standard normal table. To do that, first find the 0.2 in the first column, and then move across to get more precision with more significant digits. After finding the 0.2 row in the first column, to locate the z-score of 0.25, move across to the 0.05 column.

[image: ]

Figure 5–24

The entry in the standard normal table for a z-score of 0.25 is 0.599, which means that 59.9% of the data is less than your data point. Thus, in this case, around 59.9% of SAT scores are less than 1050, which puts a score of 1050 on the SAT roughly in the 60th percentile. Notice that, by the complement rule, you also know that around 100% − 59.9% = 40.1% of the data is above a z-score of 0.25, or an SAT score of 1050.


[image: images] CAUTION—Major Mistake Territory!

The standard normal table only tells you how much data lies to the left of your data point. If you want to know how much data lies to the right, or between two values, the number from the table is not the answer. In those cases, you would have to use the complement rule, or perform some subtraction, to get the answer you want.



Example 5:

Now, what about an SAT score of 900? How does that score compare to test takers in general if the scores are normally distributed with a mean of 1000 and a standard deviation of 200?

To find the answer, first compute the z-score associated with 900:


[image: ]



Based on this calculation, an SAT score of 900 has a z-score of −0.5. On the standard normal table, the entry for a z-score of −0.5 is 0.309.

[image: ]

Figure 5–25

That means that roughly 30.9% of SAT scores are less than 900, and by the complement rule, about 69.1% of the data is above a score of 900.

Example 6:

Finally, suppose you have two SAT scores, 1050 and 900, and you want to determine how much data lies between those values (still assuming the data is normally distributed, the mean is 1000, and the standard deviation is 200). To do this, you can use the standard normal table to compute how much data lies in this range. For example, you just learned that for a z-score of 0.25, 59.9% of the data lies to the left, and for a z-score of –0.5, 30.9% of the data lies to the left of that.

[image: ]

Figure 5–26. Standard Normal Curve

[image: ]

Figure 5–27. Standard Normal Curve

You can compute how much of the data lies between z-scores of −0.5 and 0.25 by subtracting the smaller amount from the larger amount. Here you get 0.599 − 0.309 = 0.290; thus, 29% of the data lies between z-scores of −0.5 and 0.25.

[image: ]

Figure 5–28. Standard Normal Curve

So, in a normal distribution, 29% of the data is higher than 0.5 standard deviations below the mean but less than 0.25 standard deviations above the mean. In the context of SAT scores, this means that 29% of SAT scores lie between 900 and 1050.


[image: images] PAINLESS TIP

The standard normal table contains a row for both 0.0 and −0.0. This allows you to find z-scores that are both slightly above and slightly below 0. Also, notice that the entry in the table for 0.0 is 0.5. That’s because in the standard normal distribution, 0 is the median, so 50% of the data lies below it.



An extended version of the standard normal table can be found in the appendix of this book. You can also compute these values using a calculator that has statistical tools: look for a function with a name like “normal CDF” in the statistics menu. (Note that CDF stands for “cumulative distribution function,” which you learned about in Chapter 2). Every calculator is different, so be sure to familiarize yourself with your calculator’s functions.


[image: images] REMINDER

Applying statistics involves working with large sets of data and performing lots of computations. Use your calculator! Every statistician does.




[image: images] BRAIN TICKLERSSet # 16


1.Refer to the extended standard normal table in the appendix of this book. Use that table to determine the percentage of data associated with each range of z-scores.

a.Less than 0

b.Greater than 3

c.Between –1.5 and 1.5

2.Assuming that the heights of adult American men are normally distributed with a mean of 70 inches and a standard deviation of 3 inches, approximately how many of the 100 million adult men in the U.S. are taller than 6 feet?

3.In healthy adults, systolic blood pressure (the pressure caused by the heart contracting and pushing out blood) is normally distributed with a mean of 𝜇 = 112 mmHg and a standard deviation of 𝜎 = 10 mmHg. (mmHg stands for millimeters of mercury, a measure of pressure.) What percentage of blood pressure readings are between 107 and 117 mmHg?

(Answers are on page 127.)





When to Use the Normal Distribution

The normal distribution is very useful because so much data in the world is normally distributed and the properties of this distribution make it easy to work with and understand. However, it’s important to remember that not all data is normally distributed. When you encounter new data, you can’t just assume the data is normally distributed. You have to think about whether such a justification is warranted. If you use the normal distribution when it shouldn’t be used, you will end up drawing bad conclusions and making bad decisions.

For example, scores on a memory test may be normally distributed if the test is given to a wide variety of different people. However, what if you gave the same memory test to a group of chess grand masters? To be successful at chess, a person needs to be able to remember lots of different positions, combinations, and strategies. To be a chess grand master, a person probably needs to have a good memory, so a chess grand master would likely score high on a memory test. If you looked at the scores of chess grand masters compared with those of the entire population, they would probably be one or more standard deviations above the mean. So, if you gave a group of chess grand masters a memory test, the data set of their scores probably wouldn’t be normally distributed; their scores would look more like the tail of the normal distribution.

The same is true of SAT scores. Over the entire testing population, scores are normally distributed. On the other hand, if you looked only at the scores of students at an elite college like Stanford University, those scores wouldn’t be normally distributed. To get into a school like Stanford, a student probably needs a high SAT score, so most of that data would come from the tail of the distribution. If you looked at that data by itself, the normal distribution would not approximate it accurately.

Think carefully about your data when deciding how to approximate it. For example, it is true that the heights of adult American men can be approximated with the normal distribution. However, the heights of all Americans is a very different data set. The age of Americans is not uniformly distributed. Over 10% of Americans are under 10 years old. Since children are often shorter than adults, if you added them to the data set of adult heights, they would skew the data and pull the mean and median down.

You also have to be careful about comparisons across subgroups. For example, the heights of adult women can be approximated with the normal distribution, just like the heights of adult men. However, the mean will be different since women tend to be, on average, shorter than men.

The more you learn about statistics, the more you’ll see the normal distribution. Remember, though, that not all data is normally distributed. When deciding whether or not to use the normal distribution, think about the key features of the distribution. The normal distribution is symmetric, and most of the data is near the mean. If there’s a good chance that something very unusual could happen—like a flood or an outbreak or a bankruptcy—then the normal distribution might not be the best choice to model your data.

Brain Ticklers—The Answers

Set #14, page 112


1.16%

2.Around 13.5 million men

3.a. 50%

b.Around 2.75 million

c.Around 2.5%



Set #15, page 118


1.a. 0

b.−0.25

c.2.75

d.−0.75

2.67 inches, or 5 feet, 7 inches tall

3.Better, since the 120 has a z-score of 1.33 and the 30 has a z-score of 1



Set #16, pages 124–125


1.a. 50%

b.0.13%

c.86.64%

2.Around 25.4 million

3.Around 38.3%






Chapter 6

The Fundamentals of Probability

Probability is the mathematics of likelihood. How likely are you to flip a coin three times in a row and see tails each time? How likely are you to roll two dice and get a sum greater than 10? How likely is it that it will rain tomorrow? Probability questions can range from very simple to very complex, but mathematical techniques can help you understand and answer them.

Probability is essential to statistics because many interesting statistical questions are inherently probability questions. How unusual is it for a man to be 6 feet, 5 inches tall? How unlikely would it be for a company’s stock price to drop 50%? How likely is it that Candidate A will win the election? To understand these questions with statistics, you must first understand basic probability.

Basic Probability

Probability is a measure of how likely an event is to occur. An event could be anything from flipping tails with a fair coin to a stock price rising to a successful medical procedure. Events can be represented with variables: if T represents the event “seeing tails on a coin flip,” you could write P(T), or Pr(T), to denote the probability of a coin flip coming up tails.

The probability of an event is always a number between 0 and 1. When flipping a fair coin, [image: ], which means that there is a 1 in 2 chance of flipping tails. You can also interpret probability as a percentage: since [image: ], the probability of flipping tails is 50%.


[image: images] MATH TALK!

The expression P(E) is read “the probability of E,” so an expression like P(T) = [image: ] is read “the probability of T is one-half.” Since T is the event that tails is flipped, you can also read this as “the probability of flipping tails is one-half.”



If an event E has probability 1, that is, if P(E) = 1, then the event is guaranteed to happen: it is 100% likely. On the other hand, an event with probability 0, that is, P(E) = 0, is guaranteed not to happen.


[image: images] PAINLESS TIP

The closer the probability of an event is to 1, the more likely it is to occur.



The field of probability is wide and complex, but the study of probability begins with a single painless formula.

The Fundamental Probability Formula

Here is the fundamental probability formula:


[image: ]



This formula applies to discrete events with equally likely outcomes. A discrete event has a finite number of outcomes, and when each outcome has the same probability of occurring, the outcomes are called “equally likely.” For example, a fair coin flip has two equally likely outcomes: heads or tails. Rolling a fair six-sided die has six equally likely outcomes: the top face of the die could show 1, 2, 3, 4, 5, or 6. Randomly selecting a card from a standard deck has 52 equally like outcomes, as each of the 52 cards is equally likely to be drawn.

A favorable outcome is an outcome you are looking for in an event. If you want to compute the probability of flipping tails on a fair coin flip, then tails is the favorable outcome. Since there is one favorable outcome and two possible outcomes, by the fundamental probability formula, the probability of flipping tails is [image: ]. If you want to compute the probability of rolling a number greater than 4 on a fair six-sided die, then the favorable outcomes are 5 and 6. Since there are two favorable outcomes and six total outcomes, the probability is [image: ], which can be simplified to [image: ].

The set of all possible outcomes of an experiment is called the sample space. For a coin flip, the sample space is the set {Heads, Tails}. For a fair, six-sided die roll, the sample space is {1, 2, 3, 4, 5, 6}. An event can be thought of as a subset of the sample space. Flipping tails corresponds to the subset {Tails}; rolling a number greater than 4 corresponds to the subset {5, 6}. With this knowledge, you can use the fundamental probability formula to compute the probability of an event in a discrete sample space with equally likely outcomes. To do so, just follow these painless steps.


Step 1:Determine the size of the sample space that corresponds to your experiment.

Step 2:Determine the size of the subset that corresponds to your event.

Step 3:Divide the size of the subset (Step 2) by the size of the sample space (Step 1).



Here’s a quick example to show you how to apply these steps for computing probability.

Example 1:

If you draw one card from a standard deck of playing cards, what is the probability that the card drawn is a king?

The sample space of this event is a set that contains all 52 cards in the deck: {2 of clubs, 3 of clubs, . . .}. For the event “the card drawn is a king,” the corresponding subset is {K of clubs, K of diamonds, K of hearts, K of spades}. Thus, the set of favorable outcomes has size 4, so the probability of drawing a king is [image: ].

Sample Spaces and the Fundamental Counting Principle

Some experiments involve more complicated sample spaces than a single coin flip or die roll. Here’s an example.

Example 2:

Imagine flipping a fair coin three times in a row and recording the sequence of flips. What are the outcomes of this experiment?

One way to visualize the outcomes, and thus the sample space, is with a tree diagram.

[image: ]

Figure 6–1. Tree Diagram for Three Coin Flips

Starting at the left, each point in the tree diagram where a branch splits into two indicates a coin flip. Branching up represents flipping heads, and branching down represents flipping tails. Notice how the three vertical levels, or columns, of the tree diagram correspond to the three coin flips.

Starting from the first coin flip on the left, you can follow a path through the tree diagram to end up at a sequence of heads and tails at the far right, as seen in the following figure.

[image: ]

Figure 6–2. Tree Diagram for Three Coin Flips and Sample Space

At the top of the list is HHH, which corresponds to flipping heads three times in a row. The fourth entry on the list, HTT, corresponds to flipping heads, then tails, and finally tails again. The list of sequences at the far right represents all the possible outcomes, so that is the sample space for this experiment:


{HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

Sample Space of Three Consecutive Coin Flips



Now that you know the size of the sample space, you can compute probabilities of various outcomes. The probability of flipping three heads in a row is [image: ] because there is only a single favorable outcome: HHH. The probability that the third flip is tails is [image: ], or [image: ], because there are four favorable outcomes: HHT, HTT, THT, and TTT. The probability that two of the three flips come up tails is [image: ], which corresponds to three favorable outcomes: HTT, THT, and TTH.


[image: images] CAUTION—Major Mistake Territory!

A common error in this situation is to think that the probability of getting two tails among the three flips is [image: ] because there is one favorable outcome among the four possible outcomes: 0 tails, 1 tail, 2 tails, or 3 tails. However, this probability is not [image: ] because these four outcomes are not equally likely (for example, there are multiple ways to get 2 tails but only one way to get exactly 0 tails). Therefore, the fundamental probability formula doesn’t apply.



Tree diagrams can be helpful in understanding the structure of experiments and their sample spaces, but it isn’t always feasible to construct a tree diagram. Imagine trying to make a tree diagram of an experiment that consists of 10 consecutive coin flips. It would be very large; thus, it is useful to have other methods for determining the size of a sample space.

An alternate method relies on an important mathematical fact called the fundamental counting principle. The fundamental counting principle applies when you have multiple choices to make. It says that if there are m options for your first choice and n options for your second choice, then there are a total of m × n options for the pair of choices. A classic example of the fundamental counting principle involves counting the number of outfits you can make from your wardrobe: if you have three different pairs of pants to choose from and four different shirts, you can make 3 × 4 = 12 different outfits.

Here’s how you could use the fundamental counting principle to compute the size of the sample space in Example 2. When thinking about flipping a coin three times in a row, imagine each outcome as a “word” made up only of Hs and Ts, and each word is three letters long (like HHH, THT, or TTT). You can imagine building each of these words by filling in each of three blanks with either an H or a T.


____ ____ ____



Since you have two choices for each blank—either H or T—the fundamental counting principle tells you that there are 2 × 2 × 2 = 8 total words you can make. Of course, this agrees with the results of the tree diagram. However, the real virtue of using the fundamental counting principle is that you can use it to easily compute the size of the sample space of an experiment involving any number of coin flips, as seen in the following example.

Example 3:

In a new experiment, you now flip a fair coin ten times in a row. How many possible outcomes are there in this experiment?

Each outcome would be a word of length 10, consisting of Hs and Ts. To build an outcome in the sample space, you would fill in each of 10 blanks with either an H or a T.

____ ____ ____ ____ ____ ____ ____ ____ ____ ____

Since you have 2 choices for each blank, the fundamental counting principle tells you that the number of possible outcomes is:


2 × 2 × 2 × 2 × 2 × 2 × 2 × 2 × 2 × 2 = 210 = 1,024



There are 1,024 possible outcomes in the sample space, each of which is a ten-letter word of Hs and Ts (such as HHHTHHTHHT or TTHHTTHHTT). Trying to make a tree diagram for this experiment would require a lot of time and paper, but the fundamental counting principle makes it painless. There are also other ways to visualize sample spaces, as seen in the next example.

Example 4:

Consider the experiment of rolling a pair of six-sided dice. How would you visualize this sample space?

A useful approach is to imagine each outcome as an ordered pair: so (2, 5) would represent the outcome of rolling a 2 on the first die and a 5 on the second die. There are six possible outcomes for each die. So in building the sample space, you have 6 choices for the first coordinate of the ordered pair and 6 choices for the second coordinate. By the fundamental counting principle, there are 6 × 6 = 36 outcomes in the sample space. These outcomes can be visualized in a table.

[image: ]

Figure 6–3. Sample Space of a Pair of Six-Sided Dice

If the dice are fair, the 36 outcomes are all equally likely. You can use this table to help compute various probabilities about the rolls of two fair dice. For example, to compute the probability that the sum of the two dice is 5, you can just look through the table for all favorable outcomes. There are four outcomes where the dice sum to 5, namely (1, 4), (2, 3), (3, 2), and (4, 1), so the probability that the sum of the two dice is 5 is [image: ] = [image: ]. Similarly, the probability that the sum of the two dice is greater than 9 is [image: ] = [image: ] because there are six favorable outcomes: (4, 6), (5, 5), (5, 6) (6, 4), (6, 5), and (6, 6).

Sample Spaces and Data Sets

In many ways, a sample space is like a data set. Here’s an example that shows you the connection between data and probability.

Example 5:

Suppose 50 people were asked to identify their favorite color, and the results were recorded in the following table.








	
Favorite Color


	
Count





	
Red


	
11





	
Blue


	
16





	
Green


	
  7





	
Yellow


	
  3





	
Purple


	
13







Now imagine picking a person at random from the group and asking them to name their favorite color. What is the probability that the randomly selected person’s favorite color is green?

In this scenario, a favorable outcome is a person whose favorite color is green. There are seven such people, so there are seven favorable outcomes. There are 50 total people to choose from, so there are 50 possible outcomes. Thus, the probability of choosing a person whose favorite color is green is:


[image: ]



Likewise, the probability that a randomly selected person’s favorite color is blue is P(Blue) = [image: ], and the probability the favorite color is yellow is P(Yellow) = [image: ].


[image: images] PAINLESS TIP

The word percent means “out of 100,” so if you can easily express a fraction with a denominator of 100, you can easily convert it to a percentage. For example, since [image: ] is equivalent to [image: ], [image: ] is equivalent to 14%. Similarly, since [image: ] is equivalent to [image: ], it is equivalent to 40%.



This is an example of an experiment where the outcomes are not equally likely. The sample space of outcomes is the set {Red, Blue, Green, Yellow, Purple}, but the probabilities of each outcome are different. When working with probability, it’s very important to identify whether the outcomes are equally likely or not. It makes a big difference in how you approach problems and how you compute probabilities.


[image: images] CAUTION—Major Mistake Territory!

A very common error in probability is assuming outcomes are equally likely when they are not. This kind of erroneous thinking can be seen in the naive attitude of someone who thinks that the chance it will rain tomorrow is 50% because there are only two possible outcomes: either it rains or it doesn’t. This certainly isn’t true if you live in the desert or in the tropics!




[image: images] BRAIN TICKLERSSet # 17


1.What is the probability of flipping tails on two consecutive tosses of a fair coin?

2.Suppose a fair coin is flipped three times. What is the probability that you see tails at least once?

3.Suppose you roll two fair six-sided dice.

a.What is the probability that the sum of the dice is 3?

b.What is the probability that both rolls are greater than or equal to 5?

c.What is the probability of the most likely sum?

4.Suppose you choose one of the fifty U.S. states at random. What is the probability that the state’s name begins with an A?

5.A group of students were surveyed about their favorite class; the data is shown in the following table.








	
Favorite Class

	
Count



	
Math

	
35



	
English

	
55



	
History

	
35



	
Physics

	
30



	
Computer Science

	
45



If a student is selected at random, what is the probability the student’s favorite class is physics?

(Answers are on page 156.)





Properties of Probability

Here again is the table from Example 5 that shows the data of favorite colors. What is the probability that a randomly selected person’s favorite color is red?








	
Favorite Color


	
Count





	
Red


	
11





	Blue


	
16





	Green


	
  7





	Yellow


	
  3





	Purple


	
13







Since there are 11 favorable outcomes (a person whose favorite color is red) and 50 total outcomes (the total number of people being selected from), you can use the fundamental probability formula to answer this question. If R is the event that the selected person’s favorite color is red:


[image: ]



Here’s a related question: What is the probability that a randomly selected person’s favorite color is not red? There are several ways to approach this problem: one way is by considering the complement.

Complements of Events

The complement was introduced in Chapter 5 when computing percentages associated with the normal distribution. If E is some set in the sample space, the complement of E is everything else: it is everything in the sample space that isn’t in E.

The event R (that a randomly selected person’s favorite color is red) is associated with a subset of the sample space. The complement of that event, denoted Rc, is everything else in the sample space. There are 11 people in the sample space whose favorite color is red, so the size of the subset associated with R is 11. Since there are 50 total people in the sample space, everything else has a size of 50 − 11 = 39; thus, Rc has size 39. That means there are 39 people whose favorite color is something other than red, so the probability that a randomly selected person’s favorite color is not red is [image: ]. You can write this as:


[image: ]




[image: images] MATH TALK!

In probability, for an event E, the related event Ec is the complement of E and is read “E complement.” The event Ec consists of all the outcomes in the sample space that do not belong to E. In other words, for a set of outcomes E, the complement Ec is everything else. Sometimes Ec is read “not E” because it corresponds to the negation of the event E.



Notice that there are 11 people whose favorite color is red, 39 people whose favorite color is not red, and 11 + 39 = 50 (the total number of people in the group). Since everyone in the group either has red as their favorite color or doesn’t have red as their favorite color, this makes sense. This is related to the following equation:


P(R) + P(Rc) = 1



This equation works out because [image: ], but you can also interpret this in terms of outcomes. If you select a person at random from this group, there is a 100% chance that either red is the person’s favorite color (the event R) or red is not the person’s favorite color (the event Rc). One of these events must occur, so the probability that either R or Rc occurs is 1.

This is true in general for an event and its complement. For any event E, the following equation is always true:


P(E) + P(Ec) = 1



Since P(E) is the probability that the event E occurs, then P(Ec) is the probability that the event E does not occur. One of these events must occur, so P(E) + P(Ec) = 1.


[image: images] PAINLESS TIP

The equation P(E) + P(Ec) = 1 can be rearranged as P(Ec) = 1 − P(E) to provide a formula for finding the probability of the complement of an event.



One of the reasons why this formula works is because events and their complements are disjoint. Disjoint events have no outcomes in common: there will never be an outcome that belongs to both an event and its complement. For example, a person’s favorite color cannot be both red and not red. A coin flip cannot be both heads and not heads. A die roll cannot be both greater than 4 and less than or equal to 4. You’ll revisit this concept and this important equation a little later in this chapter.


[image: images] PAINLESS TIP

Disjoint events are also referred to as mutually exclusive events because if one happens, then the other cannot happen. For example, rolling an even number on a die and rolling an odd number on a die are mutually exclusive events because the result of a die roll must be either even or odd but cannot be both.



Events that are disjoint are easy to work with, but sometimes different events have outcomes in common. Working with the probabilities of these events is a littler trickier, as you’ll see in the next section.

Compound Events

Sometimes in probability, an “event” is really multiple events happening simultaneously. To understand how to work with these compound events, consider the following example.

Example 6:

Imagine rolling a pair of fair six-sided dice (Die A and Die B). Consider the first coordinate in each ordered pair as the roll of Die A and the second coordinate as the roll of Die B. Here again is the sample space for this experiment.

[image: ]

Figure 6–4. Sample Space of a Pair of Six-Sided Dice

What is the probability that Die A shows a 1? This is easy enough to compute using the sample space and the fundamental probability formula. If E is the event that Die A shows a 1, then E corresponds to the subset {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)} of the sample space. This subset has size 6, and since the sample space has size 36, you can use the fundamental probability formula: P(E) = [image: ] = [image: ].

Similarly, if F is the event that Die B shows a 5, then F corresponds to the subset {(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)}. In this case, P(F) = [image: ] = [image: ].

Now, what is the probability that E and F both occur? This is an example of a compound event. The new event “E and F” is made up of the two individual events joined together by the word “and,” so this new event requires both individual events to occur.

Since E is the event that Die A shows a 1 and F is the event that Die B shows a 5, there is only one outcome in the sample space that fit these criteria, (1, 5), which makes the probability of E and F equal to [image: ]. You can write this using probability notation as:


[image: ]



To compute the probability of a compound event, you reason logically about the sample space, or you can inspect the subsets associated with each individual event:


Event E:	{(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)}

Event F:	{(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)}



For event E to occur, one of the outcomes in the first subset must occur. For event F to occur, one of the outcomes in the second subset must occur. Notice that there is only one outcome that is in both subsets, namely (1, 5). This outcome is the intersection of the two subsets, and in general, you can think of the compound event E and F as the intersection of the two events. The expression E ∩ F represents the intersection of the two events; that is, you can write E ∩ F instead of “E and F” in probability formulas:


[image: ]




[image: images] MATH TALK!

The upside-down U is the intersection symbol. The expression A ∩ B is read “A intersect B,” and it refers to the set of all objects that are in both set A and set B.



Another important kind of compound event comes from joining events with the word “or,” as seen in the next example.

Example 7:

Once again, imagine rolling two six-sided dice (Die A and Die B). Consider the first coordinate in each ordered pair as the roll of Die A and the second coordinate as the roll of Die B. E is the event that Die A shows a 1, so E corresponds to the subset {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)} of the sample space. F is the event that Die B shows a 5, so F corresponds to the subset {(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)}. What is the event “E or F,” and what is its probability?

This event occurs when Die A is a 1 or Die B is a 5. You could reason this out using the sample space, or you could again look at the subsets associated with those events.


Event E:	{(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)}

Event F:	{(1, 5), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)}



The compound event E or F occurs when an outcome that is a part of E occurs or an outcome that is part of F occurs. This means the subset associated with the compound event E or F contains every outcome that is either in E or in F. This is the union of E and F and is written as E ∪ F.

In this scenario, the event E ∪ F is associated with the subset {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 5), (3, 5), (4, 5), (5, 5), (6, 5)}. These are all the individual outcomes that are either in E or in F. This subset has size 11, so the probability that Die A is a 1 or Die B is a 5 is [image: ]. You can write P(E ∪ F) = [image: ] or P(E or F) = [image: ].


[image: images] MATH TALK!

You can read the compound event E ∪ F as “E union F” or “E or F.”



A common error in probability is to expect that P(E or F) = P(E) + P(F ). You can see that doesn’t work out here. You already know that P(E) = [image: ] and P(F) = [image: ]. Thus, P(E) + P(F) = [image: ] + [image: ] = [image: ] = [image: ], which is not equal to P(E or F) = [image: ]. Why doesn’t this work? There are six outcomes where Die A is a 1 and six outcomes where Die B is a 5, so why aren’t there 12 outcomes where Die A is a 1 or Die B is a 5?

The answer is that events E and F are not disjoint. The two events share an outcome in common, namely the outcome (1, 5). So if you try to count the outcomes of the compound event by adding the number of outcomes of each individual event, you end up counting (1, 5) twice. This explains the difference between P(E) + P(F) = [image: ], which is equivalent to [image: ], and P(E or F) = [image: ]. In the former case, you’ve counted the outcome (1, 5) twice, giving you 12 favorable outcomes. In the latter case, you’ve counted (1, 5) only once, giving 11 favorable outcomes.

The Inclusion-Exclusion Principle

Although it is generally not true that P(A or B) = P(A) + P(B), this isn’t far off. There’s a special relationship called the inclusion-exclusion principle that relates these quantities, and it gives the following formula, which is true for any two sets A and B:


P(A ∪ B) = P(A) + P(B) − P(A ∩ B)



You can also phrase this relationship using the language of compound events:


P(A or B) = P(A) + P(B) − P(A and B)



You can verify the inclusion-exclusion formula for the events E and F from Example 7. Since P(E) = [image: ], P(F) = [image: ], P(E ∪ F) = [image: ], and P(E ∩ F) = [image: ], you can substitute as follows:


[image: ]



You can see that the equation is indeed true.

The inclusion-exclusion formula is a powerful tool for computing probabilities because if you know any three of the probabilities in the formula, you can solve for the fourth. It also has some important consequences you are already familiar with.

Earlier in this chapter, you saw the formula P(E) + P(Ec) = 1, which relates events and their complements. This is actually just the inclusion-exclusion formula. First, since for any event E, either the event occurs or it doesn’t, you know:


P(E ∪ Ec) = 1



Second, because any event and its complement are disjoint, you know:


P(E ∩ Ec) = 0



So, the inclusion-exclusion formula applied to P(E ∪ Ec) becomes:


[image: ]



Thus, the formula for computing the complement of an event is just the inclusion-exclusion principle in disguise!

Disjoint Events

Here’s another important consequence of disjoint events. Recall the data about favorite colors from Example 5.








	
Favorite Color


	
Count





	
Red


	
11





	Blue


	
16





	Green


	
  7





	Yellow


	
  3





	Purple


	
13







Let R be the event that a randomly selected person’s favorite color is red, let B be the event that the person’s favorite color is blue, and so on. Since a person can only have one favorite color, these events are all disjoint; thus, you can write:


P(R ∪ B ∪ G ∪ Y ∪ P) = P(R) + P(B) + P(G) + P(Y) + P(P)



However, the event R ∪ B ∪ G ∪ Y ∪ P represents the entire sample space, so one of these outcomes must occur. This means that P(R ∪ B ∪ G ∪ Y ∪ P) = 1, and substituting this into the above formula gives you:


P(R) + P(B) + P(G) + P(Y) + P(P) = 1



You can verify this by computing each individual probability and adding them. From the table, you get that P(R) = [image: ], P(B) = [image: ], P(G) = [image: ], P(Y) = [image: ], and P(P) = [image: ], so:


[image: ]



This is true in general and is another useful property of probability: the sum of all the individual probabilities of each possible outcome must equal 1. One way to think of this is that in an experiment, one of the possible outcomes must occur, so the probability of one of the outcomes occurring is 1, or 100%. This is also related to the fact that the sum of the heights of the bars in a relative frequency histogram must equal 1, or 100%.

Working with the complement and the inclusion-exclusion formula can help make navigating sample spaces and computing probabilities much easier, especially for compound events. As you’ll see in the next chapter, compound events play an important role in the study of conditional probability.

Selections With or Without Replacement

When computing probabilities that involve selecting things from a group, it makes a big difference if the selections are made with or without replacement. Here’s an example that explains the difference.

Example 8:

From the following data about favorite colors, suppose you selected two individuals and asked both people to name their favorite color. What is the probability that both individuals selected would name blue as their favorite color?








	
Favorite Color


	
Count





	
Red


	
11





	Blue


	
16





	Green


	
  7





	Yellow


	
  3





	Purple


	
13







The answer to that question depends on whether you are making selections with or without replacement. Making a selection with replacement means that after you make your first choice, you return that item to the set before you select again. Making a selection without replacement means that you do not return that item to the set before making your next selection.

In this example, the probability that the first person selected blue as their favorite color is [image: ]. If you are selecting with replacement, you return this person’s name to the pool of people to choose from, which means you could potentially pick this same person a second time. That would mean that the probability of selecting an individual whose favorite color is blue on your second selection would also be [image: ].

Because these two events are independent—meaning that the outcomes of the choices don’t influence each other—you can compute the probability of both events happening by multiplying the probabilities of each individual event. In this case, the probability of choosing an individual whose favorite color is blue twice is:


[image: ]




[image: images] PAINLESS TIP

Events are independent when their results do not influence each other. When events are independent, you can compute the probability of both events happening by multiplying their individual probabilities. You’ll learn more about independent events in Chapter 7.



On the other hand, if the selection is made without replacement, you cannot pick the first individual a second time because the first individual is not replaced in the pool of people to select from. This means your second choice will be made from a set of 49 individuals. If your first selection is a person whose favorite color is blue, then there will only be 15 individuals left whose favorite color is blue when you make your second selection. This makes the probability of selecting two individuals whose favorite color is blue:


[image: ]



Notice that the probability without replacement is slightly lower than the probability with replacement. The removal of one individual whose favorite color is blue reduces the likelihood of selecting an individual whose favorite color is blue a second time.


[image: images] BRAIN TICKLERSSet # 18


1.What is the probability of not rolling a 1 when rolling a fair six-sided die?

2.Suppose you flip a fair coin three times. What is the probability of not seeing any heads?

3.Suppose you choose one of the fifty U.S. states at random. What is the probability that the state’s name does not begin with an A?

4.Suppose you roll a pair of fair six-sided dice.

a.What is the probability that the first die shows a 6?

b.What is the probability that the second die shows a 6?

c.What is the probability that at least one die shows a 6?

5.Suppose you roll a pair of fair six-sided dice.

a.What is the probability the sum of the dice is at least 11?

b.What is the probability that the sum of the dice is at least 11 and one of the dice shows a 5?

c.What is the probability that the sum of the dice is at least 11 or one of the dice shows a 5?

d.What is the probability that the sum of the dice is at least 11 and one of the dice shows a 1?

(Answers are on page 156.)





The Binomial Probability Distribution

The way in which probabilities are distributed over the possible outcomes in the sample space is very similar to the way in which data can be distributed over the possible values it can take. Just as you can imagine a data distribution, you can also imagine a probability distribution.

In Chapter 4, you learned about the binomial data distribution, which was introduced by thinking about flipping coins and counting tails. This is also a good way to approach the binomial probability distribution, which plays a crucial role in sampling and inference (topics that will be covered in Chapters 8, 9, and 10).

Computing Binomial Probabilities

Here’s an example of computing binomial probabilities, which arise when you perform an experiment repeatedly and count the number of successes or failures.

Example 9:

Suppose you flip a fair coin four times and record the number of tails you see. Elements of the sample space can be thought of as sequences of Hs and Ts that are four letters long: HHHH is flipping four heads, HTHT is flipping heads then tails then heads then tails, and so on. Here’s a tree diagram that shows all the possible outcomes.

[image: ]

Figure 6–5. Tree Diagram and Sample Space for Four Coin Flips

The number of tails observed can be defined as a random variable, a variable that takes values from a random process. If you define the random variable X to be the number of tails observed, then X = 0 for the outcome HHHH (zero tails), X = 2 for the outcome HTHT (two tails), and so on.

The random variable X can take the values 0, 1, 2, 3, and 4, but these outcomes are not equally likely. Seeing 0 tails is less likely than seeing exactly 1 tail. There is only one outcome in the sample space that produces 0 tails (namely HHHH), whereas there are four outcomes in the sample space that produce exactly 1 tail (namely HHHT, HHTH, HTHH, and THHH).

So, what does the probability distribution of X look like? To compute the probability of each possible value taken by the random variable, first consider the size of the sample space. Each outcome can be represented by a string of Hs and Ts that is four letters long, so the multiplication principle tells you how many possible outcomes there are. When filling in the blanks, you have two choices for the first letter, two choices for the second, two for the third, and two for the fourth.


____ ____ ____ ____



Thus, there are a total of 2 × 2 × 2 × 2 = 16 possible outcomes of flipping a coin four consecutive times.

Now that you know the size of the sample space, you can compute some probabilities. You can write P(X = k) to denote the probability that the random variable X takes the value k. For example, P(X = 0) is the probability that in four flips of the fair coin, you observe 0 tails. Since there is only one outcome in the sample space (HHHH) that produces 0 tails, P(X = 0) = [image: ]. The four outcomes with 1 tail (HHHT, HHTH, HTHH, and THHH) means that P(X = 1) = [image: ] = [image: ].

What about P(X = 2)? This is a little trickier to keep track of, but there are six outcomes that produce exactly 2 tails:


HHTT HTHT HTTH THHT THTH TTHH



Therefore, P(X = 2) = [image: ] = [image: ].

Finally, determining P(X = 3) and P(X = 4) are easy. Seeing 3 tails is exactly the same as seeing 1 head. There are four such outcomes (HTTT, THTT, TTHT, TTTH), so P(X = 3) = [image: ] = [image: ]. Seeing 4 tails is the same as seeing 0 heads, and there’s only one outcome that produces that (TTTT). Thus, P(X = 4) = [image: ].

Notice that P(X = 0) = P(X = 4) and P(X = 1) = P(X = 3). This is an example of the symmetry of the binomial distribution that was discussed in Chapter 4. Also, notice the following:


[image: ]



This makes sense because the sum of all the individual probabilities must equal 1.

Here’s a graph of this probability distribution.

[image: ]

Figure 6–6. Number of Tails Observed in Four Flips

The distribution is symmetric and unimodal, just like the binomial data distribution introduced in Chapter 4. For comparison, here’s what the probability distribution looks like for 10 coin flips. (You may recall that this is how the binomial data distribution was introduced in Example 6 of Chapter 4.)

[image: ]

Figure 6–7. Number of Tails Observed in Ten Flips

The binomial probability distribution is the model for binomial data. These distributions arise frequently in probability and statistics. Any time you have an experiment that has two possible outcomes (one that is considered a success and one that is considered a failure), and you perform the experiment repeatedly and independently and count the number of successes, the binomial distribution will appear. In the previous example, the experiment is flipping a coin: a success is flipping tails, and a failure is flipping heads. Each toss of the coin is a trial, and your random variable is defined as the number of successes (tails) in each possible outcome.

There are many real-life examples where the binomial distribution models probability data. For instance, suppose you are interested in an upcoming election, and you want to analyze the chances that Candidate A will win. If you take a poll and ask a group of people if they are going to vote for Candidate A, you will find that this produces a binomial distribution. An answer of “Yes, I will vote for Candidate A” is a success, an answer of no is a failure, and each person in the sample is a trial. In a similar way, testing a collection of auto parts for defects produces a binomial distribution (success is finding a defect, while failure is not finding a defect), as does counting the number of people who would be willing to try a new flavor of soda (success is an answer of yes, while failure is an answer of no).

The Binomial Probability Formula

Binomial distributions are very well understood mathematically, so there are formulas for computing the probability of seeing a given number of successes in a given number of trials. Here’s an example to help put that formula in context.

Example 10:

Suppose you are rolling a fair six-sided die three times, and you are interested in knowing the probability of seeing exactly two 6s.

In this situation, the experiment is rolling a fair die. A success is rolling a 6, so the probability of success, p, is [image: ]. Any other roll is a failure, so the probability of failure is 1 − p, which is [image: ].

How could you roll exactly two 6s in the three rolls? Well, you could roll a 6, then another 6, and then not a 6. Since each die roll is independent of the others, you can multiply the individual probabilities to compute the probability of this outcome. It would be:


[image: ]



You could also roll a 6, then not a 6, and then a 6 again. Multiplying these probabilities together gives you:


[image: ]



Lastly, you could first roll anything other than a 6, then roll a 6, and then roll another 6. The probability of this outcome is [image: ] × [image: ] × [image: ], which also equals [image: ]. Since these are all the ways you can get exactly two 6s in three die rolls, to find the total probability, you can add the probabilities of these disjoint events.


[image: ]



Here, [image: ] is the probability of success, and it is raised to the power of 2, which is the number of successes you are looking for. The probability of failure, 1 − [image: ] = [image: ], is raised to the power of 1 because if two of the three trials are successes, then the other one must be a failure. Lastly, the 3 in front represents the number of different ways you could see two successes in a string of three trials:


success, success, failure

success, failure, success

failure, success, success



This process of counting the number of different ways a given number of successes can occur can be generalized to produce the following formula for computing the probability that the random variable X takes the value k:


P(X = k) = nCk × pk × (1 − p)n − k



This formula gives the probability of seeing exactly k successes in n trials. It may look intimidating, but this formula just captures what was done in the previous example with the three die rolls. Each variable can be understood as follows: n is the total number of trials, k is the number of successes you are looking for, p is the probability of success, and 1 – p is the probability of failure.

The symbol nCk, read “n choose k,” is a function that counts the number of ways you can see k successes in n trials. For example, the number of ways you can see exactly two 6s in three rolls of a die is 3C2 = 3, and the number of ways you can see exactly two tails in a sequence of four coin flips is 4C2 = 6. These nCk numbers are known as binomial coefficients.

The binomial coefficient, nCk, appears often in mathematics. The formula for binomial coefficients is given by [image: ], where n! is the factorial function. For example, the expression 5! (read “5 factorial”) is equal to 5 × 4 × 3 × 2 × 1 = 120. The computation for 4C2 looks like: [image: ]. Calculators with statistics capabilities can compute binomial coefficients for you.

Using the binomial probability formula for P(X = k), you can compute the probability of any number of successes. You can also find the probability of any range of outcomes, like P(X ≥ 3) or P(1 ≤ X ≤ 5). The fact that this formula exists also allows for the derivation of the formulas for mean (𝜇 = np) and standard deviation [image: ] of the binomial distribution, which you encountered in Chapter 4.

Another important characteristic of the binomial distribution is that, under the right circumstances, it can be approximated by the normal distribution. When np ≥ 5 and n(1 − p) ≥ 5, the normal distribution is a good approximation of the binomial distribution, which makes analyzing binomial data even easier. This fact is related to the important role the binomial distribution plays in the theory of statistical sampling, which you will learn about in Chapter 8.


[image: images] REMINDER

You can use the binomial distribution when you are counting successes in a series of independent and identical trials where each trial has only two possible outcomes (success or failure) and the probabilities of success and failure remain constant.




[image: images] BRAIN TICKLERSSet # 19


1.Use the properties of the binomial distribution to determine the probability of:

a.seeing 1 tails in 5 coin flips

b.seeing no tails in 5 coin flips

c.seeing more than 1 tail in 5 coin flips

2.Use the properties of the binomial distribution to determine the probability of rolling exactly three 6s in four rolls of a fair die.

3.Suppose an unfair coin comes up tails 90% of the time. Compute the probability of seeing no heads in 10 coin flips.

(Answers are on page 157.)





Brain Ticklers—The Answers

Set #17, pages 137–138


1.[image: ]

2.[image: ]

3.a. [image: ]

b.[image: ]

c.7 is the most likely sum, and the probability of a sum of 7 is [image: ] = [image: ]

4.[image: ], or 8% (Alabama, Alaska, Arizona, Arkansas)

5.[image: ], or 15%



Set #18, page 148


1.[image: ]

2.[image: ]

3.1 − [image: ], or 92%

4.a. [image: ]

b.[image: ]

c.[image: ]

5.a. [image: ]

b.[image: ]

c.[image: ]

d.0. This is impossible.



Set #19, page 155


1.a. [image: ]

b.[image: ]

c.[image: ]

2.[image: ]

3.[image: ]






Chapter 7

Conditional Probability

Beyond the basic properties and formulas of probability is conditional probability, which offers a way to compute the probability of an event, given the condition that some other event has occurred. Conditional probability gives you tools to determine how different events influence each other and helps you better analyze data and make inferences. In addition, Bayes’ theorem, one of most famous results in probability, can help you reevaluate your beliefs when you encounter new evidence.

The Basics of Conditional Probability

An Example of Computing Conditional Probability

Here’s a simple example that demonstrates how knowledge of one event can impact the likelihood of another event and how you can compute the resulting conditional probability.

Example 1:

Suppose you roll a pair of fair six-sided dice and want to know the probability that the sum of those two dice is greater than 9. As calculated in Chapter 6, of the 36 total possible outcomes when you roll two dice, there are six favorable outcomes—(4, 6), (5, 5), (5, 6), (6, 4), (6, 5) and (6, 6)—that produce a sum greater than 9. Thus, by the fundamental probability formula, the probability that the sum of the two dice is greater than 9 is [image: ] = [image: ].

Now, what if you had some additional information about the rolls? For example, what if you know that the first die roll is a 6? How would that impact the probability that the sum of the two dice is greater than 9? This is the kind of question conditional probability is designed to answer.

If you know that the first roll is a 6, the only missing information is the second roll. If the second die shows a 1, 2, or 3, then the sum of the two dice won’t be greater than 9. However, if the second die shows a 4, 5, or 6, then the sum of the two dice will be greater than 9. Thus, given the condition that the first roll is a 6, the sum of the two rolls is greater than 9 in half of the possible outcomes. In this case, you say that the conditional probability that the sum of the two dice is greater than 9, given that the first die roll is 6, is [image: ].

Notice how the knowledge of the first die roll changed the probability of the event. This makes intuitive sense because if the goal is to get a sum greater than 9, then rolling a 6 on the first die is a very good start. After rolling a 6, all you need is a 4, 5, or 6 on the second die and your sum will be greater than 9.

You can visualize this using the sample space for rolling two fair six-sided dice.

[image: ]

Figure 7–1. Sample Space of a Pair of Six-Sided Dice

Knowing that the first die roll is a 6 restricts your outcomes to the rightmost column. Of the six outcomes in that column, three yield a sum greater than 9 and therefore are favorable. Thus, the probability is [image: ] = [image: ]. In effect, this additional knowledge changes both the numerator and the denominator in your probability calculation.

On the other hand, if the first die roll was a 1, that would be a really bad start. In fact, getting a sum greater than 9 in that case would be impossible. Since 6 is the highest number you could get on the second roll, there is no way you could get a sum greater than 9. This can also be seen in the sample space.

[image: ]

Figure 7–2. Sample Space of a Pair of Six-Sided Dice

In this case, there are no favorable outcomes in the new restricted sample space. This means that the conditional probability that the sum of the two dice is greater than 9, given that the first die roll is a 1, is 0.

Conditional probability allows you to factor additional information into your determination of the probability of events. You will often encounter conditional probability in the context of coins, dice, and games of chance, but its applications are incredibly wide in scope. For example, how likely is it that a moviegoer will enjoy Black Widow, given that they enjoyed Avengers: Endgame? How likely is it that a customer will buy a backpack, given that they just bought notebooks and pens? If Tesla’s stock price increases, how likely is it that Ford’s stock price will also go up? These kinds of questions, asked by researchers, analysts, and scientists every day, are all conditional probability questions.

The Formula for Conditional Probability

Given two events, A and B, the conditional probability of B given A is denoted P(B|A), which is read as “the probability of B given A,” or “the conditional probability of B given A.” In the case of the experiment in Example 1, if A is the event that the first die roll is a 6 and B is the event that the sum of the two dice is greater than 9, then P(B|A) is the probability that the sum of the two dice is greater than 9, given that the first die roll is a 6. As you saw, P(B|A) = [image: ] in this experiment. If C is the event that the first die roll is a 1, then P(B|C) = 0. That is, the conditional probability that the sum of the two dice is greater than 9, given that the first die roll is a 1, is 0.

For simple experiments, you can sometimes reason out conditional probabilities logically, as in the simple case of the dice above. For the general case, you can use the following formula for conditional probability:


[image: ]



This formula says that the conditional probability of B given A is equal to the probability of the compound event A and B divided by the probability of the event A. You will also see this formula with P(A ∩ B) replacing P(A and B):


[image: ]




[image: images] PAINLESS TIP

The formula for conditional probability can be rearranged to solve for different probabilities. A common variation is P(B|A) × P(A) = P(A ∩ B). You can also solve for P(A) as [image: ].



Continuing with the experiment from Example 1, the compound event A and B is the event that the first die roll is a 6 and the sum of the two dice is greater than 9, which corresponds to the subset {(6, 4), (6, 5), (6, 6)} of the sample space. This subset has size 3, and since the entire sample space has size 36, P(A and B) = [image: ] = [image: ]. The event A is the event that the first die roll is a 6, which corresponds to the subset {(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}. This subset has size 6, so P(A) = [image: ] = [image: ]. Now, you can compute the conditional probability of B given A using the formula:


[image: ]



This is the same result you arrived at earlier when reasoning this out logically. In the case of event C, the event that the first die roll is a 1, the conditional probability of B given C is:


[image: ]



In this scenario, P(C) = [image: ] since there are 6 outcomes in which the first die roll is a 1. However, P(B and C) = 0 since there are no outcomes in which the first die is a 1 and the sum of the two dice is greater than 9. Thus, [image: ], which also confirms the earlier calculation.


[image: images] REMINDER

An impossible event has probability 0. An event that is guaranteed to occur has probability 1.



To summarize, here are the painless steps for using the formula for conditional probability to compute the probability of one event, given that another event has occurred.


Step 1:Identify the event and the condition. To compute P(B|A), the probability of B given A, B is the event and A is the condition.

Step 2:Compute P(A ∩ B), the probability that the event and the condition both happen.

Step 3:Divide the number from Step 2 by P(A), the probability that the condition happens. The result is the conditional probability of B given A.




[image: images] PAINLESS TIP

The set of all outcomes that occur in both A and B can be written as either A ∩ B or B ∩ A. Because of this, it is also true that P(A ∩ B) = P(B ∩ A).



Two-Way Tables

Conditional probability forms the basis of a lot of inferential thinking in statistics, as you’ll see later in Chapters 9 and 10. It also comes up when working with certain kinds of data sets. A two-way table is a way to represent bivariate categorical data, and the analysis of two-way tables relies on the concepts of conditional probability, as seen in the next example.

Example 2:

The following two-way table shows the survey results from high school students who were asked whether they bring lunch from home or buy it at school. What is the probability that a randomly selected 9th grader brings lunch from home?









	
Grade


	
Brings Lunch from Home


	
Buys Lunch at School





	
9th


	
  80


	
150





	10th


	
110


	
130





	11th


	
150


	
  70





	12th


	
160


	
  50







To answer this question, first find the total number of 9th graders by adding the entries in the 9th grade row: 80 + 150 = 230 total 9th graders. Since 80 of those students bring their lunch from home, the probability that a randomly selected 9th grader brings lunch from home is [image: ], or around 34.8%. Notice that this is really a conditional probability question: given the condition that a randomly selected student is a 9th grader, what is the probability that the student brings lunch from home?

As in Example 1, you can visualize the conditional probability by restricting the outcomes. Given that the student is in 9th grade, you only need to consider the 9th-grade row in the table to complete your calculation.

[image: ]

Figure 7–3


[image: images] PAINLESS TIP

When solving conditional probability problems that involve two-way tables, it can help to circle the row or column specified by the condition so that you focus only on the data you need for that particular calculation.



You can ask other, more complex, conditional probability questions from a two-way table. For example, in this scenario, what is the conditional probability that a randomly selected student is a 9th grader, given that the student brings lunch from home? The condition that the student brings lunch from home restricts you to the middle column, which represents a total of 80 + 110 + 150 + 160 = 500 students. Of these 500 students, 80 are 9th graders. So the conditional probability that a randomly selected student is a 9th grader, given that the student brings lunch from home, is [image: ], or 16%.


[image: images] CAUTION—Major Mistake Territory!

When computing probabilities from a two-way table, the favorable and total outcomes you are interested in may span an entire column or row, so don’t forget to add them up.




[image: images] BRAIN TICKLERSSet # 20


1.Suppose two fair six-sided dice are rolled.

a.What is the conditional probability that the sum of the dice is 7, given that the first die roll is a 1?

b.What is the conditional probability that the sum of the dice is 7, given that one of the rolls is a 1?

c.What is the conditional probability that the product of the dice is even, given that at least one of the rolls is even?

2.The following two-way table summarizes survey data from a middle school where students from three grade levels were asked how many hours per night they spend doing homework.

[image: ]

Suppose a student is select at random from the group of students surveyed.

a.What is the probability that the student is a 6th grader?

b.What is the probability that the student does 1–3 hours of homework per night?

c.What is the conditional probability that the student is an 8th grader, given that the student spends more than 3 hours per night doing homework?

3.Given two tosses of a fair coin, what is the conditional probability that the second flip is tails, given that at least one of the two flips is tails?

(Answers are on page 175.)





Independent Events

In addition to extending the notion of probability and allowing for the analysis of bivariate data through two-way tables, one of the most important properties of conditional probability is that it allows you to understand independent events.

The Definition of Independence

Sometimes additional knowledge can increase the probability of an event. As seen in Example 1, the probability that the sum of two fair six-sided dice is greater than 9 is [image: ], but with the additional information that the first die roll is a 6, this probability increases to [image: ]. You can express this fact using the language of conditional probability. If B is the event that the sum of the two dice is greater than 9 and A is the event that the first die roll is a 6, then P(B|A) > P(B).

You have also seen how additional information can lower the probability of an event. For the event C, that the first die roll is a 1, P(B|C) < P(B). In fact, P(B|C) = 0 because it is impossible to get a sum greater than 9 if your first roll is a 1.

An important situation arises when additional knowledge has no impact either way (positively or negatively) on the probability of an event. This happens when the two events are independent. As you learned in Chapter 6, informally, this means that the two events are unrelated. So knowing that one event happens gives you no information about whether the other event happens. Technically, independence is a statement about conditional probabilities, as explained in Example 3.

Example 3:

Suppose you are again rolling two fair six-sided dice, as was the case in Example 1, and B is the event that the sum of the two dice is greater than 9. Now, let D be the event that the first die roll is a 4. What is P(B|D)?

To compute this, start with the formula for conditional probability:


[image: ]



The probability that the first die roll is a 4 is just [image: ], so P(D) = [image: ]. Now, P(B ∩ D) is the probability that the first die roll is a 4 and the sum of the two dice is greater than 9. There is only one possible outcome in the sample space that fits these criteria, namely (4, 6), so P(B ∩ D) = [image: ]. Plugging these values into the formula for conditional probability gives you:


[image: ]



Notice that [image: ] is the original probability that the sum of the two dice is greater than 9. That is, P(B) = [image: ], so P(B|D) = P(B). This means that knowing the first die roll is a 4 has no impact on the probability that the sum of the two dice is greater than 9. The additional information about the first die roll did not change anything. Thus, the events B and D are independent.

This is the technical definition of independence: Two events, A and B, are independent when the conditional probability of B given A is the same as the probability of B. In other words, events A and B are independent when:


P(B|A) = P(B)



Because of the way conditional probability is defined, if the events A and B are independent, then it is also true that:


P(A|B) = P(A)



So, when either of these equations is true, both are true, and the events are independent. This means that knowing A occurred has no impact on the probability that B occurs, and vice versa.

When studying basic probability in Chapter 6, you reviewed several examples that involved coin flips. Analyzing these situations becomes even more painless when you establish that fair coin flips are independent of each other.

Example 4:

A person tosses a fair coin twice consecutively. Are those two tosses independent of one another?

Intuitively, you can say that the two tosses of the coin are independent because the outcome of the first toss will have no impact on the outcome of the second toss. Now, you can also confirm this using the formula for conditional probability.

Let T1 be the event that the first toss comes up tails and T2 be the event that the second toss comes up tails. To show that these events are independent, start by computing the conditional probability P(T2|T1):


[image: ]



The event T2 and T1 is seeing tails on two consecutive flips. There is one favorable outcome (TT) out of four possible outcomes (HH, HT, TH, and TT), so this probability is [image: ]. Of course, P(T1) is just the probability of flipping tails on a fair coin, so P(T1) = [image: ]. Thus:


[image: ]



Since P(T2) is also just the probability of flipping tails on a fair coin flip, P(T2) = [image: ], and so P(T2|T1) = P(T2). Knowing that the first coin came up tails does not change the probability that the second coin comes up tails. Therefore, events T1 and T2 are indeed independent.

The Multiplication Rule

One of the important consequences of independence has to do with computing probabilities of the intersections of events. If A and B are independent events, then P(B|A) = P(B), and so in the formula for conditional probability:


[image: ]



you can substitute P(B) for P(B|A) and get:


[image: ]



This formula can also be rewritten in the form:


P(A ∩ B) = P(B) × P(A)



This tells you something very useful about independent events. When two events are independent, the probability of their intersection is the product of their individual probabilities.


[image: images] PAINLESS TIP

The formula P(A ∩ B) = P(A) × P(B) is known as the multiplication rule, but remember that it only applies to independent events.



This fact makes computing certain probabilities very easy. Think about computing P(T1 and T2), the probability that the first and second coin flips are both tails. In Example 4, this was initially determined by looking at the sample space, but now you can leverage the independence of the events. Since every flip of the coin is independent, T1 and T2 are independent events, and so P(T1 and T2) = P(T1) × P(T2). Thus, P(T1 and T2) = [image: ] × [image: ] = [image: ]. Similarly, the probability of flipping tails four times in a row would just be [image: ]. The independence of the events allows you to compute these probabilities without constructing a sample space and counting favorable outcomes. This principle was used in Chapter 6 to compute binomial probabilities.


[image: images] CAUTION—Major Mistake Territory!

Many mistakes are made in probability and statistics when people assume that events are independent when they are not. Be careful when you are making this assumption, and be sure that it is justified.




[image: images] BRAIN TICKLERSSet # 21


1.Suppose a fair die is rolled twice.

a.What is the probability that both rolls are a 1?

b.What is the probability that both rolls are even?

c.What is the probability the first roll is a 1 and the second roll is even?

d.What is the probability the product of both rolls is odd?

2.For each of the following pairs of events, determine whether or not the events are independent.

a.When rolling two fair six-sided dice, A is the event that the first die shows a 3, and B is the event that the second die shows a 3.

b.When rolling two fair six-sided dice, A is the event that the first die shows a 6, and B is the event that the sum of the rolls is 12.

c.When flipping four fair coins, A is the event that at least three tails are seen, and B is the event that four tails are seen.

d.When drawing a card from a standard deck of playing cards, A is the event that the card drawn is a king, and B is the event that the card drawn is a heart.

3.Suppose a fair six-sided die is tossed three times.

a.What is the probability of seeing three 6s in a row?

b.What is the probability of seeing no 6s in the three rolls?

c.What is the probability of seeing at least one 6 in the three rolls?

4.Consider the following two-way table.

 









	
Grade

	
Brings Lunch from Home

	
Buys Lunch at School



	
9th

	
  80

	
150



	
10th

	
110

	
130



	
11th

	
150

	
  70



	
12th

	
160

	
  50



Is bringing your lunch from home independent from being a 9th grader?

(Answers are on pages 175–176.)





Bayes’ Theorem

One of the most intriguing results in probability is Bayes’ theorem (also known as Bayes’ rule). Bayes’ theorem allows you to reverse the direction of conditional probability questions: if you can quantify the impact that A has on B, you can also quantify the impact that B has on A. This allows you to update your prior beliefs when new information is collected.

Before seeing Bayes’ theorem in action, it’s helpful to first have an understanding of how to compute probabilities by “conditioning” on an event.

Conditioning on an Event

In some situations, events can result from different causes. In these situations, you can compute the probability of your event by considering the various probabilities of the event, given each possible cause. This is known as conditioning on an event, and as usual, an example with coin flips is a good way to build an understanding of this concept.

Example 5:

Imagine your friend possesses two identical-looking coins. Coin 1 is a fair coin and shows tails with probability [image: ]. Coin 2, on the other hand, is a weighted coin and show tails with probability [image: ]. Suppose you pick a coin at random from your friend and flip it. What is the probability the coin shows tails?

Let X be the event that you flip tails. To compute P(X), the probability that you flip tails, you have to consider the two possible scenarios: you could choose the fair coin and flip tails, or you could choose the weighted coin and flip tails. These are both conditional probability problems.

Let A be the event that you choose Coin 1. Since the only other option is choosing Coin 2, that event can be denoted AC.


[image: images] REMINDER

The complement of an event A is everything else that could happen. It is denoted AC and read “A complement,” or “not A.”



If you choose the fair coin, the probability that you flip tails is P(X|A) = [image: ]; this is the conditional probability that you flip tails, given that you select the fair coin. If you choose the unfair coin, the probability that you flip tails is P(X|AC) = [image: ]; this is the conditional probability that you flip tails, given that you select the weighted coin.

Now, you can compute P(X) by conditioning on the choice of coin. The probability of selecting the fair coin is P(A), so the probability you select the fair coin and flip tails is P(X|A) × P(A), Similarly, the probabilty you select the unfair coin and flip tails is P(X|AC) × P(AC). Since these two possibilities are disjoint events, the overall probability you flip tails is the sum of these two probabilities:


[image: ]



So P(X), the probability that you flip tails, is [image: ]. This calculation captures the fact that you could end up flipping tails either by selecting the fair coin and flipping tails or by selecting the unfair coin and flipping tails. The outcome of flipping tails has been conditioned on the initial selection of the coin. The fact that P(X) = [image: ] and is thus greater than [image: ] makes sense. If you choose the fair coin, you have a 50% chance of flipping tails, and if you choose the unfair coin, your chances are better than 50%. So, overall, your chance of flipping tails with one of the two coins should be better than 50%.

Reversing Conditional Probabilities Using Bayes’ Theorem

Bayes’ theorem allows you to ask and answer a fascinating question in the kind of situation described in Example 5: If you select a coin at random from your friend and flip tails, what is the probability you chose the fair coin? In other words, what is P(A|X)?

Notice the difference between the two conditional probabilities P(X|A) and P(A|X). P(X|A) is the probability that you flip tails, given that you select the fair coin. P(A|X) is the probability that you selected the fair coin given that you ultimately flipped tails. Here, the conditional probability has been reversed, and Bayes’ theorem tells you how to compute that reversed conditional probability.

Here is the formula for Bayes’ theorem:


[image: ]



Notice how P(A|B), the probability of A given B, is expressed in terms of P(B|A), the probability of B given A, as well as the simple probabilities P(A) and P(B). Bayes’ theorem lets you trade one conditional probability for another: if you want to know P(A|B), you can compute it using P(B|A).

So, according to Bayes’ theorem, P(A|X), the probability that you selected the fair coin given that you ultimately flipped tails, can be computed using this formula:


[image: ]



Bayes’ theorem allows you to trade a conditional probability you don’t know for one you do know. You don’t know P(A|X), but you do know that P(X|A) = [image: ], P(A) = [image: ], and P(X) = [image: ], so you can just plug them into the formula to compute P(A|X):


[image: ]



This tells you that, given the fact that you ultimately flipped tails, there is a 40% chance that you chose the fair coin. This may seem odd at first. After all, isn’t there a 50% chance of choosing either coin? The answer is yes, but in this conditional probability problem, you have additional information. You know the result is tails, and an outcome of tails is more likely with the weighted coin. This additional knowledge gives greater weight to the possibility that you selected the unfair coin initially, so it makes sense that the chance you chose the fair coin is less than 50%.

This can seem counterintuitive at first, but some extreme case thinking can help resolve the apparent paradox. Suppose instead that the unfair coin always comes up tails. If you choose a coin at random and flip tails, do you think there’s a 50% chance you picked the fair coin? What if you flipped the coin 10 times in a row and saw tails every time? Would you still believe the coin you took from your friend was the fair coin? The additional information of seeing tails should change your prior belief about the coin. In this case, the more tails you see, the more convinced you should be that you chose the unfair coin.

In this way, Bayes’ theorem gives you mathematical tools for updating your beliefs about situations, such as how likely it is a person is guilty of a crime, given the introduction of a new piece of evidence. You’ll also see hints of Bayes’ theorem in the study of statistical inference, which is discussed in the next chapter.

In the study of statistics, there are different approaches to thinking about probability. The phrase Bayesian statistics refers to an approach where probability represents the strength of your belief about whether or not something will happen. This probability is often referred to as a prior, and according to Bayes’ theorem, prior probabilities can change in the light of additional information.


[image: images] BRAIN TICKLERSSet # 22


1.Suppose Coin 1 shows tails with probability [image: ], and Coin 2 shows tails with probability [image: ]. You select a coin at random and flip tails. What is the probability the coin you selected was Coin 2?

2.Suppose Coin 1 shows tails with probability [image: ], and Coin 2 shows tails with probability [image: ]. You select a coin at random and flip heads. What is the probability the coin you selected was Coin 2?

3.Suppose Coin 1 shows tails with probability [image: ], and Coin 2 shows tails with probability 1. You select a coin at random and flip heads. What is the probability the coin you selected was Coin 1?

(Answers are on page 176.)





Brain Ticklers—The Answers

Set #20, pages 165–166


1.a. [image: ]

b.[image: ]

c.1. Since even × even = even and even × odd = even, if one of the rolls is even, then the product of the dice must be even.

2.a. [image: ]

b.[image: ]

c.[image: ]

3.[image: ]. The condition that at least one flip is tails restricts the sample space to {(H, T), (T, H), (T, T)}. In 2 of these 3 outcomes, the second flip is tails.



Set #21, page 170


1.You can use the independence of the two die rolls.

a.[image: ]

b.[image: ]

c.[image: ]

d.This can only happen if both rolls are odd, so the probability is [image: ] × [image: ] = [image: ].

2.a. Independent

b.Not independent

c.Not independent

d.Independent

3.Use the independence of events.

a.[image: ]

b.[image: ]

c.Use the complement rule with the answer from part (b): [image: ]

4.No. The probability of bringing your lunch from home, given you are a 9th grader, is [image: ], whereas the overall probability of bringing your lunch from home is [image: ]. Since the probabilities are different, the events are not independent.



Set #22, page 174


1.[image: ]

2.[image: ]

3.100%. Flipping heads on Coin 2 is impossible.






Chapter 8

Statistical Sampling

In Chapter 5, you learned about the normal distribution and used statistical knowledge and techniques to answer questions such as, “How many adult American men are taller than 6 feet, 1 inch tall?” and “How many test takers scored above 1400 on the SAT?” To answer these questions, you needed statistical knowledge of an entire population, such as the average height of the entire population of adult American men or the average score of the entire population of SAT test takers. In reality, this kind of statistical information—information about an entire population—is usually unknown, and determining it is often the goal when applying statistics. In this chapter, you’ll learn how to determine knowledge about a population—such as the mean and standard deviation—through statistical sampling. Sampling is one of the most common statistical practices, and it relies on your knowledge of both data and probability.

Populations and Samples

In the run-up to a major election, it’s nearly impossible to avoid seeing polls about who will win. One day, 54% of people say they will vote for Candidate A, and the next day, it’s 51% voting for Candidate B. Where do these numbers come from? It isn’t possible to ask every person who is voting what their preference is; that would simply be too many people to contact. Instead, a sample of voters are selected and polled.

A sample is a subset of a population. In an election poll, the population would be the entire collection of people who vote, and the sample is the smaller subset of people who are polled. Asking 1,000 people whom they plan to vote for is much more feasible than asking 100,000,000, which is the point of sampling. Here, 1,000 is the sample size. The sample size is usually much less than the size of the population, which makes the sample easier to work with.

What can a sample tell you about the population it comes from? Can knowing the preferences of 1,000 voters really inform you about the preferences of 100,000,000? This is the fundamental question that underlies the theory of sampling, but knowledge of statistics can help you answer it.

Random Samples

In order to apply techniques of statistical sampling to draw appropriate conclusions about a population, you first need your samples to be representative of the population. If you want to know how the entire American population will vote in an election, you need to study samples that reflect the entire American population. If you ask 1,000 wealthy people whom they will vote for, their answers might not be representative of the entire population, where only 5% might be considered wealthy. If you ask 1,000 men whom they will vote for, their responses won’t be representative of a population that is over 50% women. If your samples are not representative of the population, then the inferences you draw about the population won’t be valid.

The simplest way to avoid the problem of unrepresentative samples is to take simple random samples from the population. A simple random sample is generated by a random and independent process. In theory, you could imagine having a list of the entire population and then using something like a coin toss or a die roll to choose individuals for your sample. A large enough simple random sample is very likely to be representative of the population, so the conclusions you draw about the population from the sample will be valid.


[image: images] CAUTION—Major Mistake Territory!

When trying to understand a population by studying samples, make sure the samples are randomly selected. A common mistake is using samples that are not randomly selected. In that case, many of the methods of statistical sampling won’t provide an accurate representation of the population.



Once you have a simple random sample, how can you use that sample to draw meaningful inferences about a population? To answer that question, you need to understand parameters and estimators.

Parameters and Estimators

When you’re working with a large population, it’s generally impossible to know things like the mean and standard deviation. You can’t call every single American and ask them how they will vote. You can’t measure the height of every adult man and then compute the average. Statistical measures of a population are called parameters, and generally speaking, population parameters aren’t known.


[image: images] REMINDER

Population parameters are usually represented by lowercase Greek letters, like 𝜇 for the population mean and 𝜎 for the population standard deviation. The mean and standard deviation of a sample are usually denoted by x̅ and s, respectively.



Often, the goal in statistics is to estimate population parameters. To do this, you study a sample of the population and use statistics from the sample to estimate the corresponding population parameters. For example, you may ask a sample of 1,000 people whom they will vote for to try to estimate whom the entire population will vote for. You might measure a few weeks’ worth of commute times to estimate how long an average commute will take in the future. You could measure a stock price every day for a year to try to understand the average stock price overall.

In other words, you use estimators to estimate population parameters, and these estimators are computed from samples. Estimators are often referred to as sample statistics, or simply, statistics. Sometimes, this works just as simply as you might imagine. For example, if you ask 1,000 people whom they will vote for and 60% of the sample say they will vote for Candidate A, then you estimate that 60% of the population will vote for Candidate A. Whether or not this is a good estimate, however, depends on a variety of factors involving the sample, the population, and the estimator itself.


[image: images] PAINLESS TIP

Parameters are quantities related to populations that you can never really know. Use estimators, or statistics, to estimate those population parameters.



Biased and Unbiased Estimators

You also have to consider the estimator itself when determining if an estimate of a population parameter is good or not. An election poll is an example of using a sample proportion (the estimator) to estimate the percentage of people in the overall population voting for Candidate A (the population parameter). In another situation, you might try to estimate the mean height of all adult American men (the population parameter) using the mean height of a sample of adult American men (the sample statistic). The sample proportion and the sample mean are common estimators in statistics. Under the right circumstances, they provide very good estimates of their associated population parameter. You’ll see examples of these later in this chapter.

However, some estimators that seem natural might not actually provide good estimates. Here’s an example of that.

Example 1:

Imagine you want to estimate the highest employee salary in a company. To do this, you take a simple random sample of 10 employees and record their salaries, in tens of thousands of dollars:


41, 38, 55, 120, 71, 46, 39, 61, 98, 55

Employee Salaries (In tens of thousands of dollars)



Given this list, what might you estimate as the highest salary in this company?

A straightforward approach would be to use the maximum of the sample to estimate the maximum of the population. So, you might estimate that the highest salary in the company is $120,000 because that’s the highest salary in your sample.

This may seem reasonable, but it isn’t going to be a good estimate. Unless you are lucky enough to select the actual highest salary in your random sample, the sample maximum will always underestimate the population maximum. This is an example of a biased estimator. If you repeatedly use the maximum of the sample to estimate the maximum of the population, your estimate will be consistently lower than the true value. This consistent error in one direction is bias in your estimate.

In statistical sampling, the most common example of a biased estimator involves standard deviation. You might think that to estimate the standard deviation of a population, you could use the standard deviation of a random sample, but this turns out to be a biased estimator. In general, the spread of a sample will almost always be less than the spread of the population. Because of this, the standard deviation of the sample will almost always underestimate the standard deviation of the population, making it a biased estimator.

Fortunately, it is sometimes possible to counteract the bias in an estimator with a mathematical adjustment. This is exactly what the sample standard deviation, s, is designed to do. Recall the definition of the sample standard deviation from Chapter 3:


[image: ]



In this formula, you divide by n – 1 instead of by N (as you would in the formula for population standard deviation). Dividing by a smaller number produces a larger result; thus, this larger value of s is used to estimate the population standard deviation. This adjusted formula corrects for the bias you would see if you used the formula for population standard deviation.

Sample means and sample proportions are examples of unbiased estimators. These sample statistics will produce estimates that, on average, match up with the population parameters that they estimate. You’ll see examples of how to use these sample statistics later in this chapter.


[image: images] BRAIN TICKLERSSet # 23


1.Determine whether each of the following are population parameters or sample statistics.

a.The average salary of a federal employee

b.The batting average of a baseball player over five games

c.Your blood pressure as measured during your latest physical exam

2.Suppose you were interested in learning about the life span of electric cars. Give an example of a population parameter you might attempt to estimate.

3.Explain why the following samples might not be representative of the entire population of Americans.

a.500 college students

b.1,000 subway riders

c.100 smartphone users

(Answers are on page 199.)





Sampling Distributions

In the first half of this book, you learned that when you encounter a data set, you should first try to determine the center, spread, and shape of the data. In practice, however, this may be impossible for a large population. You probably cannot collect all the data and calculate the mean and standard deviation for the entire population. You may have no idea what the shape of the data is—it could be normally distributed, uniformly distributed, skewed, or something else entirely. Without the relevant information, how is it possible to develop any useful knowledge of a population? The secret lies in sampling distributions.

When you draw samples from a population and compute sample statistics, you generate data. You can imagine taking many different samples and computing the sample mean for each of them. This set of sample means forms a new data set. It is the sampling distribution of the sample mean.

What’s remarkable about sampling distributions is that even when you don’t know the fundamental statistical facts about a population (such as the mean, the standard deviation, or even the shape of the population distribution), it’s possible to recognize these facts about the related sampling distribution. Then, you can use the information about the sampling distribution to estimate the unknown parameters of the population, as seen in the following example.

Example 2:

Suppose you are curious about how much money the average adult American has saved, so you start some statistical analysis. In this situation, the population is all adult Americans, and the variable is “the amount of money in one’s savings.” For each individual, this variable would take some value, and the set of these values is your population data set. You have no idea what the mean, median, mode, or standard deviation of this data set is. In fact, you don’t even know what the shape of the data might be. It might be normal, skewed, or something else entirely.

To try to understand the population, you take a simple random sample. You ask 100 randomly selected adult Americans how much money they have saved. This sample is a data set you can work with. You compute the mean of the sample, that is, the sample mean. Now, imagine taking a second sample of 100 different individuals from the population and computing the sample mean of that set. You would probably get a different number than the first sample mean. If you did this a third, fourth, and fifth time, you would probably get different sample means each time from the different samples. Each of these sample means is a data point in a new data set. You can graph them in a dot plot, as follows.

[image: ]

Figure 8–1. Sample Means (n = 100)

Now, imagine doing this over and over again, taking hundreds of samples of size 100 and computing and plotting the sample means. Here’s a histogram that shows what that data would look like:

[image: ]

Figure 8–2. Sample Means (n = 100)

If you do this for all possible samples of size 100, you would get the sampling distribution of the sample means. This is not the population distribution; this is an entirely new and different data set consisting of sample means from all possible samples of size 100 from the population. Like all distributions, the sampling distribution will be described by its shape and spread. What’s fascinating is that statistical theory tells you exactly what to expect from the sampling distribution of the sample means, even though you know virtually nothing about the population the samples were drawn from.

In this scenario involving savings, the sample means will be normally distributed, even though you don’t know how the population itself is distributed. You can see this emerging in the histogram above, where the distribution of sample means appears to be symmetrical and unimodal, just like the normal distribution. It is also true that the mean of the sampling distribution is equal to the mean of the population, even though you don’t know what the population mean is. Since the histogram shows an average sample mean of around $40,000, you would use this to estimate the population mean to be around $40,000.

This is the key to studying unknown populations in statistics. Even when you know little to nothing about a population itself, you will know something about the relevant sampling distribution. You can then use your knowledge of the sampling distribution to draw conclusions about the population.

Here’s another simple example that can make understanding sampling distributions painless.

Example 3:

The probability distribution of a fair six-sided die is uniform because each outcome (1, 2, 3, 4, 5, or 6) is equally likely, as seen in the following figure.

[image: ]

Figure 8–3. Probability Distribution for a Fair Six-Sided Die

You know that the mean of this uniform distribution is just the mean of the outcomes.


[image: ]



Now, pretend for a moment that you don’t actually know all of this about a fair six-sided die. Pretend that the distribution of the outcomes is the unknown population distribution and that the average die roll is the unknown population mean. How might you estimate the mean? If you had a die, you could roll it a few times and see what the outcomes are. This would be a sample, and the average of those rolls would be the sample mean.

Suppose you roll the die 10 times and compute the average of the rolls. That’s taking a sample of size 10 from the population and computing the sample mean. If you do this over and over again and then plot the results in a relative frequency histogram, this is what you’ll see:

[image: ]

Figure 8–4

This is the sampling distribution of the sample means, and there are two remarkable facts on display. First, the sampling distribution of the sample means appears to be normally distributed. This is true even though the population distribution isn’t normally distributed (remember, it’s uniform). This fact is true under remarkably general circumstances. As long as the standard deviation of the population is finite—a reasonable assumption in many cases—then the sampling distribution of the sample means will be normally distributed.

Second, notice that the mean of the sampling distribution is 3.5. The variation in the histogram shows you that some samples may have higher means and some may have lower means, but the average sample mean is 3.5. Of course, this is precisely the population mean. In general, the mean of the sampling distribution is equal to the mean of the population because the sample mean is an unbiased estimator of the population mean. Thus, you can estimate the unknown population mean with your sample mean.

These two facts demonstrate the power of statistical sampling. Even if you know virtually nothing about the center, spread, and shape of the population, the distribution of the sample means will be normal. This means you can apply your knowledge about normal distributions to the sampling distribution and obtain knowledge about the population through sampling.


[image: images] BRAIN TICKLERSSet # 24


1.Consider the outcomes of many flips of a fair coin as a population.

a.Describe the shape of the population.

b.Suppose samples of 10 tosses of the fair coin are taken, and the number of tails is recorded. Would the distribution of the sample means be uniform?

2.Suppose you want to estimate the age of the oldest living person in the United States, so you select a random sample of 100 Americans. Is the highest age in your sample a good estimate of the age of the oldest living person?

3.Imagine you are playing a game in which there is no limit to how much money you could win or lose. Why would it be difficult to use sampling distributions to understand the possible outcomes of such a game?

(Answers are on page 199.)





Sample Proportions

As you saw earlier in this chapter, unbiased estimators are a powerful tool in studying unknown populations. One particularly useful unbiased estimator is the sample proportion. If you are trying to determine what proportion of a population possesses some characteristic, you can use the proportion in a sample of the population—that is, the sample proportion that possesses that characteristic—to estimate it.


[image: images] MATH TALK!

The word proportion has several different meanings in math, but here it means “part of a whole.” A proportion in this context will always be a number between 0 and 1, like a probability.



Computing Sample Proportions

Here’s an example of how to estimate a population proportion using a sample proportion.

Example 4:

Suppose you are interested in studying public opinion on a new government spending bill. One approach would be to try to understand what percentage, or proportion, of Americans support the spending bill. It’s not possible to ask every single American, “Do you support this spending bill?” So this is a situation in which knowledge of the population is impossible. However, it is a perfect opportunity to apply statistical sampling.

You could ask a simple random sample of 100 Americans, “Do you support this spending bill?” Notice that, in this situation, you are collecting categorical data. The response to the question will put each person into a category: supporting the spending bill or not supporting it.

Among this sample, suppose 72 respond yes and 28 respond no. The sample proportion in this case is [image: ] = 0.72, and you would write p̂ = [image: ].


[image: images] MATH TALK!

The symbol for the sample proportion is p̂ and is read “p hat” because it looks the p is wearing a little hat. The hat symbol is used to indicate estimators in statistics. Without the hat, the symbol would represent the entire population.



The fundamental idea in sampling is to use known sample statistics to estimate unknown population parameters. Here you will use the known sample proportion p̂ to estimate the unknown population parameter p. In this case, p is the proportion of all Americans who support the spending bill. This is unknowable, but the sample proportion p̂, which equals 0.72, can be used to estimate it. Thus, you would estimate p to be 0.72, that is, you estimate that 72% of Americans support the spending bill.

In summary, to estimate a population proportion, as seen in Example 4, just follow these painless steps.


Step 1:Take a simple random sample of the population.

Step 2:Count the individuals in the sample that match the characteristic you are interested in, and divide that number by the sample size. The result is the sample proportion, p̂, and this is your estimate of the population proportion p (the proportion of the population that possesses that characteristic).



Is this a good estimate? The short answer is yes, because the sample proportion is an unbiased estimator of the population proportion. This means there is no systematic underestimating or overestimating associated with the sample proportion. But just how good of an estimate is it? Statistics can help give a clearer answer to this question. Again, the key is using facts about the sampling distribution.

Sampling and Variability

To understand how good your estimate of the population proportion is, you have to understand the effect that variability in sampling can have on the sample proportion. Here’s an example that helps illustrate that.

Example 5:

Recall the scenario from Example 4, but now imagine that you took a second sample of 100 American adults and asked them, “Do you support this spending bill?” This time, 63 said yes. In this case, the sample proportion is p̂ = [image: ] = 0.63. This is different from the first sample proportion of 0.72, but this isn’t cause for alarm. This is a result of the inherent variability in the sampling process.

You have learned that random processes always involve some random variation. The probability of flipping tails on a fair coin is 0.5, but if you flip a coin 100 times, you wouldn’t expect to see exactly 50 tails every time. The number will be around 50. If you repeated this experiment over and it over, though, sometimes it will be higher than 50 and sometimes it will be lower.

Taking a random sample of size 100 from a population is just like flipping a coin 100 times. If you take repeated random samples of 100 Americans and ask them if they support this spending bill, you aren’t going to get the exact same proportion of yes’s every single time. Sometimes, the proportion might be a bit high; other times, it may be a bit low. It’s natural for two different samples to produce two different sample statistics because of the variability inherent in the sampling process. The consequence of this variability can be seen in the spread of the sampling distribution, and there are tools for understanding the spread of the data.

If you took repeated samples of 100 Americans, asked them the question, calculated the sample proportion, and plotted the results in a histogram, this is what it would look like:

[image: ]

Figure 8–5. Proportion of “Yes” Responses

This is the sampling distribution of sample proportions, and hopefully it looks familiar to you. It is a binomial distribution, and there’s a good reason for that. You can think of asking the question “Do you support this spending bill?” as an experiment with two possible outcomes: yes (success) and no (failure). Representing this kind of data is exactly what the binomial distribution is designed for. Instead of flipping a coin 100 times and counting the number of tails, you are asking a question 100 times and counting the numbers of yes’s.

This once again demonstrates the power of statistical sampling. Even though you don’t know the population parameter p, the true proportion of Americans who support the spending bill, you know that the sample proportion p̂ can be used to estimate it. Furthermore, you know that the sampling distribution of the sample proportion p̂ is a binomial distribution. Now, you can use all your knowledge of the binomial distribution to analyze and understand the sample proportion p̂.

In particular, you can apply your knowledge about the spread of binomially distributed data to compute the standard deviation of the sampling distribution. This is given in terms of the population parameter p and the sample size n:


[image: ]



This formula is similar to the formula for the standard deviation of a binomial distribution. It can be used for a sampling distribution as long as the population is much larger than the sample size.


[image: images] PAINLESS TIP

As a rule of thumb, you can use this formula for the standard deviation of the sampling distribution of a sample proportion when the population is larger than 10 times the sample size.



There is an interesting and important consequence of using this formula. Suppose the true value of the population proportion is p = 0.68. Then, for a sample size of n = 100, the standard deviation of the sampling distribution would be:


[image: ]



Remember, the mean of the sampling distribution is equal to the true population proportion, and the standard deviation tells you how much the sample proportions from the different possible samples of size 100 differ from the mean. In essence, this shows you how accurate the various estimates will be. The closer to the mean, the better the estimate.

Notice what happens if you increase the sample size to n = 1,000. The standard deviation of the sampling distribution of the sample proportion becomes:


[image: ]



Increasing the sample size decreases the standard deviation of the sampling distribution. When a sample size of 1,000 is used, there is much less variability in your estimates. You can see this when you compare the sampling distributions with different sample sizes.

[image: ]

Figure 8–6. Proportion of “Yes” Responses

[image: ]

Figure 8–7. Proportion of “Yes” Responses

Here the two distributions are shown at the same scale. You can see that a larger sample size results in sample proportions that are closer to the mean on average. This is a result of the lower standard deviation. This confirms something that you know intuitively to be true: the more people you ask, the more accurate your poll will be. On average, you will get better estimates using a larger sample size, as you’ll see in the next example.

Example 6:

Now, imagine asking only 10 people for their opinion about whether they support the spending bill. Assuming that the true value of the population proportion is p = 0.68, you would expect around 7 people to say yes and 3 to say no. However, it wouldn’t be unusual for half of your sample to say no. You can compute the chance of this happening using the formula for binomial probability:


10C5 (0.68)5(0.32)5 = 0.1229




[image: images] REMINDER

The symbol nCk is read “n choose k” and is equal to [image: ]. You can use a calculator to compute this.



A sample where half of the respondents say no would lead to an estimate of the population parameter of 0.50, which is quite far from the true value of 0.68. This is a poor estimate. As the binomial probability calculation above shows, it would happen roughly 12% of the time, or in around 1 out of every 8 samples, even though the vast majority of Americans (68%) support the spending bill.

However, look what happens with a larger sample size. If you take a sample of 100 people instead of 10, the probability that half of them will say no is much, much lower than 12%. Here’s the calculation using the formula for binomial probability:


100C50 (0.68)50(0.32)50 = 0.000077



With this larger sample size, the probability of half your sample saying no is 0.000077, or 0.0077%. This will still lead to a bad estimate of the population parameter, but it won’t happen very often; it is about 1,500 times less likely to occur than when the sample size is 10. Furthermore, if you increased the sample size to 1,000, the chances that half would say no when 68% in general would say yes are astronomically low. This is the power of sample size. The larger the sample, the less likely the sample proportion is to deviate much from the true value of the population proportion.

In the case of sample proportions, you know that the sampling distribution is binomial, which allows you to apply your knowledge of the binomial distribution. Under the right circumstances, the binomial distribution can be approximated by the normal distribution, which allows you to then use your knowledge of the normal distribution to study populations and samples. These are facts you will utilize in the next two chapters on confidence intervals and significance testing.


[image: images] REMINDER

The normal distribution provides a good approximation of the binomial distribution when np ≥ 5 and n(1 − p) ≥ 5, where n is the sample size and p is the probability of success. The approximation is better when both quantities are larger than 10.
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1.Repeated samples of 25 flips of a fair coin are taken, and the proportion of tails is recorded for each sample.

a.What would you expect the mean of the sampling distribution of the sample proportions to be?

b.Compute the standard deviation of the sampling distribution of the sample proportions.

2.Suppose the true proportion in a population is p = [image: ]. Compute the standard deviation of the sampling distribution for a sample size of:

a.n = 10

b.n = 100

3.Repeated samples of 12 rolls of a fair six-sided die are taken, and the proportion of 6s in each sample are recorded.

a.What would you expect the mean of the sampling distribution of the sample proportions to be?

b.Compute the standard deviation of the sampling distribution of the sample proportions.

4.Suppose the true proportion of a population is p = [image: ]. How large a sample would you need to produce a standard deviation of 0.01 in the sampling distribution?

(Answers are on pages 199–200.)





Sample Means

Many of the important facts about sample proportions are also true of sample means, which you used earlier in the section on sampling distributions. Like the sample proportion, the sample mean is an unbiased estimator of the population mean, and the standard deviation of the sampling distribution of the sample means decreases as the sample size increases. Here’s a quick example that illustrates how the sample mean relates to the overall population mean.

Example 7:

Suppose you are interested in studying the household spending habits of American families, and you decide to focus on grocery bills. How would you determine the average amount of money per month an American family spends on groceries?

As part of your analysis, you might take a random sample from the population of American households and ask how much each family spends on groceries per month. If your sample mean is x̅ = 350, you would then estimate the population mean to be 𝜇 = 350. In other words, your estimate is that the average American family spends $350 per month on groceries.

How good your estimate is depends on what the sampling distribution looks like. When it comes to sample means, as long as the population standard deviation is finite and the population is much larger than the sample (the rule of thumb is that the population is at least 10 times as large as the sample), then distribution of the sample means will be approximately normal.

The standard deviation of the sampling distribution can be approximated by the following formula (where n is the sample size and 𝜎 is the population standard deviation):


[image: ]



This tells you that even if the distribution of monthly grocery bills (from Example 7) is skewed or bimodal, the sampling distribution of the sample means is normal, with a mean equal to the population mean 𝜇 and a standard deviation that is approximately [image: ].

Just like with sample proportions, you can reduce the variability in your sampling distribution by increasing the sample size. If you take a sample of size 25, the standard deviation of the sampling distribution will be [image: ]. However, if you take a sample of size 100, the standard deviation will be [image: ]. Remember: A lower standard deviation in the sampling distribution means better estimates of the population parameter.


[image: images] PAINLESS TIP

With sample means, the standard deviation decreases at a rate of around [image: ], where n is the sample size. This means that if you increase the sample size by a factor of 4, you will cut the standard deviation of the sampling distribution in half since [image: ]. A smaller standard deviation in the sampling distribution increases the accuracy of the estimator.



The Central Limit Theorem

So much is known about sampling distributions as a result of the central limit theorem, one of the most important results in all of statistics. The central limit theorem (CLT) tells you that in many cases, regardless of what the population data is like (uniform, skewed, bimodal, or something else entirely), the sampling distribution of your sample statistic will be approximately normal. This is true as long as the population has a finite mean and a finite standard deviation and as long as the sample size is large enough. (The rule of thumb is that the sample size must be greater than 30 for the central limit theorem to apply.)

Generally speaking, the central limit theorem isn’t something you will use, but it is an important result that underlies sampling and inference, so it is good to know about. The central limit theorem tells you that many questions in statistics are really questions about the normal distribution, even if the data you start with isn’t normally distributed. This is one of the reasons that the normal distribution is so important in the application of statistics.

The Law of Large Numbers

The central limit theorem is related to another important idea in probability and statistics that you are probably familiar with. You know that if you flip a fair coin, there is a 50% chance of getting tails. This doesn’t mean you can predict any one coin flip, but if you flip the coin 100 times, you will expect to see around 50 tails. Even if your first few flips are all heads, you’d still expect around 50 tails overall, because in the long run, you would expect things to even out.

The notion of things evening out in the long run is related to a mathematical theorem known as the law of large numbers, which is related to the central limit theorem and sample means. A sample mean can be used to estimate a population mean, but of course, some variation is to be expected. But if you take another sample and average the two sample means, the new average should be closer to the population mean, provided that the samples are independent. If you continue to do this with more and more samples, the average will get closer and closer to the population mean and will equal it in the long run.

Anyone who is interested in sports or games of chance may be familiar with the law of large numbers. For example, a batter in baseball may go through a slump but will likely end up near their career average at the end of the season. A basketball player may miss 10 shots in a row, but over the course of the season, their shooting percentage will rise to their usual career average. A card player may draw unlucky cards several hands in a row, but eventually luck will even out. This is all due to the law of large numbers.


[image: images] CAUTION—Major Mistake Territory!

Be careful not to misinterpret the law of large numbers. It doesn’t tell you that a run of bad luck increases the odds of good luck. Just because a coin comes up heads five times in a row doesn’t mean the next flip is more likely to be tails. Each flip is independent, so the chance of tails is still 50%. The law of large numbers never tells you anything is “due” to happen; it is always about long-term behavior.
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1.Suppose a very large population has a population standard deviation of 10. What is the standard deviation of the sampling distribution of the sample means if the sample size is

a.n = 25

b.n = 100

c.n = 10,000

2.Given a very large population and a relatively small sample size, by what factor would you have to increase the sample size in order to reduce the standard deviation of the sampling distribution of the sample means by a factor of 10?

3.Which do you think would be a better estimate of the average American’s monthly grocery bills: the sample mean of a sample of 100 randomly selected American families, or the sample mean of a sample of 1,000 Americans who shop at a gourmet grocery store?

4.Suppose a person fails his driving test four times in a row. Does the law of large numbers suggest this person will eventually pass this test if he keeps trying?

(Answers are on page 200.)





Brain Ticklers—The Answers

Set #23, page 182


1.a. Population parameter

b.Sample statistic

c.Sample statistic

2.You might try to study the number of miles an electric car is driven before it is scrapped or the number of years it is owned before it is replaced.

3.a. College students are typically younger than the average American and thus are not representative of the entire population. Furthermore, of course, not everyone goes to college.

b.Subways are only present in some large cities, and even in those cities, many people don’t ride the subway.

c.Not everyone owns a smartphone.



Set #24, page 187


1.a. The population distribution is uniform with two equally likely outcomes: heads or tails.

b.The sampling distribution would not be uniform. Zero tails would be much less likely than 4 or 5 tails.

2.No. The sample maximum is a biased estimator of the population maximum.

3.With the possibility for infinite wins or losses, the population distribution probably won’t have a finite standard deviation. If that is the case, then typical sampling techniques cannot be applied.



Set #25, page 194


1.a. [image: ]

b.[image: ]

2.a. [image: ]

b.[image: ]

3.a. [image: ]

b.[image: ]

4.Solve the equation [image: ] to find that n = 2,500.



Set #26, page 198


1.a. 2

b.1

c.0.1

2.You would need to increase the sample size by a factor of 100 to decrease the standard deviation by a factor of 10 since [image: ].

3.The smaller, random sample will provide a better estimate than the larger, biased sample.

4.No. The individual driving tests are not independent events, so the law of large numbers does not apply. The individual results are related by some underlying condition, like lack of preparation or knowledge.






Chapter 9

Confidence Intervals

In the last chapter, you learned how to apply statistics to analyze unknown populations. By studying random samples from a population, you can use the known properties of sampling distributions to estimate unknown population parameters. But how do you know whether those estimates are good? As you’ll learn in this chapter, statistics can answer that question, too.

Making Inferences from Data

Statistical sampling allows you to use sample statistics (like the sample mean and the sample proportion) to estimate population parameters (like the population mean and population proportion). This is an example of using statistics to draw inferences from data. The population parameters may be theoretically or practically unknowable, but statistical techniques can help you infer some of their characteristics. The following example shows you how to make simple inferences from data.

Example 1:

Suppose you are interested in how much sleep American high school students get each night. You can imagine asking every high school student in the country, “How many hours of sleep did you get last night?” which would produce a quantitative data set. In theory, this data set has a center, a spread, and a shape that you could try to determine. In practice, though, you can’t ask every single high school student in America because there are too many individuals in the population. Instead, you could pose this question to a random sample of 100 American high school students and use their responses to form a sample data set.

Once you have your sample data, you can compute the sample mean. This is the average hours of sleep the students from the sample got last night. Suppose the sample mean is 7.5 hours. Since the sample mean is an unbiased estimator of the population mean, you estimate the population mean to be 7.5 hours. But how good is this estimate?

As you learned in Chapter 8, sampling naturally involves some random variation. Different random samples of 100 American high school students will produce different sample means. One sample of 100 students might have a mean of 7.2 hours, another might have a mean of 6.7 hours, a third may have a mean of 8.1 hours, and so on. Each of these different sample means would lead to a different estimate of the population parameter. The natural variation inherent in sampling indicates a level of uncertainty about the process. An important part of using statistics to draw inferences is quantifying this kind of uncertainty. One way to do that is to attach a margin of error to your estimate.

For example, a sample mean of 7.5 hours leads to an estimate of 7.5 hours for the population mean, but maybe your knowledge of the variability of the sampling distribution suggests a margin of error of 0.4 hours. This means that your best estimate of how much sleep a high school student gets on average is 7.5 hours, but you wouldn’t be surprised if the average actually turned out to be anywhere from 7.1 hours to 7.9 hours.

This new kind of estimate—given with a margin of error—is really an interval of estimates. It is more honest, and more useful, than providing a single number because it acknowledges the uncertainty of your estimate and attempts to quantify it. As you’ll learn in the next section, it is common to report statistical estimates as intervals. Like everything else in statistical sampling, computing these intervals depends on understanding sampling distributions.

Estimating with Confidence

The estimate that the average amount of sleep an American high school student gets per night is between 7.1 hours and 7.9 hours (as calculated in Example 1) is an example of a confidence interval. In contrast to a point estimate, which is a single number, a confidence interval provides a range of values where the population parameter might lie and attaches a level of confidence to that estimate.

Many familiar words have specific, technical meanings in mathematical contexts that differ from their everyday usage. This is especially true in statistics, where common words like “normal” and “average” have very specific meanings. “Confidence” is another such word. In statistics, the meaning of confidence is aligned with its usual meaning—a measure of how certain you are of something—but the certainty is about procedure rather than about an outcome. As you’ll see later in this chapter, statistical confidence refers to how frequently you expect a particular procedure to produce a correct answer.

Defining Confidence Intervals

Confidence intervals are one of the most common ways to use statistics to make an estimate or a projection. Presenting an estimate as an interval acknowledges the uncertainty in the process of estimating and attempts to quantify it by providing a range of values instead of just a single value. Determining how large that range should be depends on the margin of error of your estimate, and that, in turn, depends on properties of sampling distributions.

Recall the following key facts about sampling distributions from Chapter 8:


•Under the right circumstances, the sampling distribution of a sample statistic can be approximated by a normal distribution, even if the distribution of the population is unknown.

•The standard deviation of the sampling distribution is related to the standard deviation of the population, and it gets smaller as n, the sample size, gets larger.



These facts can be used together to compute an appropriate margin of error for your estimate and to provide a level of confidence about the estimated location of the population parameter. When you are trying to estimate an unknown population mean, 𝜇, these facts give you a lot of information to work with. You know that the sampling distribution of the sample means is normal, has a mean equal to the population mean, 𝜇, and has a standard deviation of [image: ] (where 𝜎 is the population standard deviation and n is the sample size). Knowing about the center, spread, and shape of the sampling distribution allows you to determine just how accurate your estimate is.

Generally speaking, you probably won’t know the population standard deviation, but sometimes additional knowledge allows you to estimate it, which will help you make inferences. For example, a number of scientifically conducted sleep studies may have determined that a reasonable estimate for the standard deviation (of the number of hours of sleep per night an American high school student gets) is around 2 hours. You can use this as a stand-in for the unknown population standard deviation, which together with the known sample size of n = 100 allows you to compute the standard deviation of the sampling distribution:


[image: ]



So, now you know that your sampling distribution is normal, has mean 𝜇, and has a standard deviation of 0.2.

The original sample of 100 high school students had a sample mean of 7.5 hours. The relevant question is this: where does 7.5 hours fall in the sampling distribution? If this is close to the mean of the distribution, then this will be a good estimate of the population parameter. If it’s far away from the mean, then it is a poor estimate.

[image: ]

Figure 9–1

[image: ]

Figure 9–2

Of course, you can’t say for sure. However, you can use knowledge of the normal distribution to make sense of the situation.

Constructing Confidence Intervals

Recall that, by the empirical rule, 68% of the data in a normal distribution lies within one standard deviation of the mean. In the context of the sampling distribution from Example 1, this tells you that in 68% of the possible samples of 100 high school students, the sample mean is within one standard deviation of the mean of the distribution. And you know the mean of the sampling distribution: it’s the population mean, 𝜇, because the sample mean is an unbiased estimator.

[image: ]

Figure 9–3

Since the standard deviation of this particular sampling distribution is 0.2, then for 68% of the possible samples you could take, the sample mean, x̅, lies in the interval from 𝜇 − 0.2 to 𝜇 + 0.2. This can be written as an inequality:


𝜇 − 0.2 ≤ x̅ ≤ 𝜇 + 0.2



If your sample mean of x̅ = 7.5 happens to be one of the 68% of the samples that has this property, this inequality becomes:


𝜇 − 0.2 ≤ 7.5 ≤ 𝜇 + 0.2



This tells you that 7.5 is close to 𝜇: 7.5 can’t be bigger than 𝜇 + 0.2, and it can’t be less than 𝜇 − 0.2. But if 7.5 is close to 𝜇, then 𝜇 is close to 7.5. How close? Some simple math can cleverly turn these inequalities around.

The compound inequality 𝜇 − 0.2 ≤ 7.5 ≤ 𝜇 + 0.2 is really these two inequalities:


𝜇 − 0.2 ≤ 7.5 and 7.5 ≤ 𝜇 + 0.2



Rearranging these inequalities gives you:


𝜇 ≤ 7.7 and 7.3 ≤ 𝜇



Putting them back together gives you a single compound inequality that tells you where 𝜇 should be:


7.3 ≤ 𝜇 ≤ 7.7



In short, if 7.5 is within 0.2 of 𝜇, then 𝜇 is within 0.2 of 7.5. This places 𝜇 between 7.5 − 0.2 = 7.3 and 7.5 + 0.2 = 7.7.

This is a confidence interval. The known sample mean and standard deviation, together with knowledge that the sampling distribution is normal, have produced a range of values where the unknown population mean might lie. In this case, the estimate is that 𝜇 is somewhere between 7.3 and 7.7.

This estimate can be presented as an interval, like 7.3 ≤ 𝜇 ≤ 7.7, but it can also be presented as 7.5 ± 0.2. In this form, the center of the confidence interval, 7.5, is highlighted, and the 0.2 is interpreted as the margin of error of the estimate. According to your estimate, the population mean is around 7.5, but it could be as high as 7.7 or as low as 7.3.


[image: images] PAINLESS TIP

If you’ve ever seen a political poll, you’ve heard the phrase “margin of error.” This indicates that the results of the poll are being presented as a confidence interval.



Understanding Confidence

The “confidence” part of “confidence interval” is subtle. Remember, the original inequality, 𝜇 − 0.2 ≤ x̅ ≤ 𝜇 + 0.2, is true for 68% of the possible samples of size 100 that you could draw from the population. If your sample, the one with the sample mean of 7.5, happens to be among that 68%, then the inequality 7.3 ≤ 𝜇 ≤ 7.7 is true. In this case, you have correctly identified a range for the population mean.

On the other hand, if by random chance your sample isn’t among that 68%, then this interval will not contain the population mean, and your estimate will not be correct. The uncertainty of your estimate is really the uncertainty about this particular sample: is it one of the 68% within one standard deviation of the mean, or is it one of the other 32% that isn’t? Assigning a confidence level to your estimate is a way to quantity this uncertainty. Here, there is a 68% level of confidence because if your sample was among 68% of all possible samples, then it leads to a correct estimate.

This notion of confidence level can easily be misunderstood. A 68% confidence level does not mean that there is a 68% chance that the population mean is between 7.3 hours and 7.7 hours. Confidence levels are frequently misinterpreted in this way, but such statements don’t really make sense. You may not know what the population mean is, but it’s still some fixed number. Saying there’s a 68% chance that a fixed number is between 7.3 and 7.7 doesn’t make sense. The number is either between 7.3 and 7.7 or it isn’t.

The 68% isn’t about the population parameter; it’s about the possible samples. A confidence level is a claim about the sampling distribution. If you repeatedly took random samples of 100 high school students, computed the sample mean, and constructed confidence intervals in this way, the population mean would lie in 68% of those confidence intervals. This is often demonstrated with this figure.

[image: ]

Figure 9–4

This image shows the normal sampling distribution on top and 15 confidence intervals computed from 15 different random samples drawn from the population. Among the 15 confidence intervals shown, 10 of them (around 67%) contain the population mean, and 5 of them don’t. The confidence level tells you how often this process successfully works to correctly pin down the location of the population mean.


[image: images] CAUTION—Major Mistake Territory!

When reporting confidence intervals, don’t say, “There is a 68% chance the population mean lies in this interval.” Say instead, “I am 68% confident that the unknown population mean lies in this interval.” The confidence level is about the process, not the location of the parameter.



Now, 68% might not seem like a high level of confidence, but as a result of how easy it is to work with the normal distribution, you can construct confidence intervals for any level of confidence. You’ll learn how in the next section.


[image: images] BRAIN TICKLERSSet # 27


1.Suppose a sample mean of x̅ = 50 from a sample of size 100 is used to estimate a population mean where the population standard deviation is known to be 𝜎 = 5. What is the 68% confidence interval for this estimate?

2.What is the margin of error associated with estimating a population mean with 68% confidence from a sample mean where the population standard deviation is 12 and the sample size is 25?

3.Write the 68% confidence interval for an estimation of a population mean in terms of the sample mean, the sample size, and the population standard deviation.

4.Suppose you are estimating a population mean using the sample mean and a 68% confidence interval. If the standard deviation is 10, how large a sample size would you need to have for the 68% confidence interval to be 2 units wide?

(Answers are on page 220.)





Different Levels of Confidence

In Example 1, you constructed a 68% confidence interval to estimate a population mean, but generally speaking, the most commonly used confidence level is 95%. This is because 95% is a high level of confidence and is also a convenient number when it comes to the normal distribution.

95% Confidence Intervals

Recall that, by the empirical rule, 95% of the data in a normal distribution lies within two standard deviations of the mean. This makes 95% confidence intervals easy to construct: you just add and subtract two sample standard deviations from your estimate.

To construct a 95% confidence interval for a population mean, just follow these painless steps.


Step 1:Compute the sample mean, x̅, of your simple random sample.

Step 2:Compute the standard deviation of the sample, which is [image: ].

Step 3:Subtract 2 × [image: ] from the sample mean x̅. This is the lower bound of the confidence interval.

Step 4:Add 2 × [image: ] to the sample mean x̅. This is the upper bound of the confidence interval.



A 95% confidence interval can therefore be represented as x̅ ± 2 [image: ]. Notice that this means 2 [image: ] is the margin of error of a 95% confidence interval.


[image: images] PAINLESS TIP

When estimating a population mean, the margin of error is always a multiple of [image: ], which means you reduce the margin of error of your estimate by increasing the sample size, n. This is related to how increasing the sample size reduces variability in the sampling distribution.



Here’s an example of the painless steps for constructing a 95% confidence interval in action.

Example 2:

Recall the data from Example 1, where you were interested in how many hours of sleep American high school students get each night. From that data, you concluded that [image: ]. To construct a 95% confidence interval for this data, just follow the painless steps.

You’ve already computed the sample mean and the standard deviation, so Steps 1 and 2 are done. Now, subtract 2 × 0.2 from 7.5 to get the lower bound of your interval, and add 2 × 0.2 to 7.5 to get the upper bound:


[image: ]



This 95% confidence interval means that this procedure will produce an interval that contains the population mean 95% of the time. You can say that there is a 95% confidence level associated with the claim that the unknown population parameter μ satisfies the inequality 7.1 ≤ 𝜇 ≤ 7.9.

Notice that the 95% confidence interval, which ranges from 7.1 to 7.9, is larger than the 68% confidence interval, which ranges from 7.3 to 7.7. This should make sense: in order for the process to work correctly for more of the possible samples, you have to account for more potential variability. In other words, if you want to be more confident about your estimate, you need a bigger margin of error.

You’ll see this kind of tradeoff a lot in statistical reasoning. To reduce uncertainty, you need to account for more possibilities. An extreme example helps illustrate this. You can be 100% confident that the average amount of sleep an American high school student gets is between 0 and 24 hours. A more useful estimate will narrow that range down, but that increases the chance that your estimate won’t be correct: the smaller your window of prediction, the less certain you can be about it. Every useful estimate involves uncertainty, but the important feature of a confidence interval is that you acknowledge the uncertainty and try to quantify it.

Level C Confidence Intervals

You’ve seen examples of 68% confidence intervals and 95% confidence intervals, but thanks to the known properties of the normal distribution, you can construct a confidence interval for any desired level of confidence. A level C confidence interval is constructed so that the population parameter will lie in that interval with probability C. To construct a level C confidence interval, the strategy is simple: use the interval in the standard normal distribution that contains C% of the data, and convert the corresponding z-scores into data values in your sampling distribution. Here’s an example that shows you how this is done.

Example 3:

Suppose you are studying how much time adults spend on their phones. You take a sample of 100 adults who use smartphones and record the number of times they check their phone in a day. The sample mean of your data is 130, and you want to turn this into a 90% confidence interval estimate of the population mean.

To do this, you need to know the population standard deviation, so imagine that previous research suggests that the standard deviation for this kind of data is around 60. You can now approximate the sampling distribution of the sample mean by a normal distribution with mean μ and standard deviation [image: ]. To construct a 90% confidence interval, however, you must first turn to the standard normal distribution.


[image: images] REMINDER

The standard normal distribution is the normal distribution with a mean of 𝜇 = 0 and a standard deviation of 𝜎 = 1.



Your goal is to find an interval centered at the mean that contains 90% of the area under the standard normal curve. Since the interval must be symmetric about 𝜇 = 0, you need 45% of the data to lie on either side.

[image: ]

Figure 9–5

All you need are the z-scores at either end of this interval, and the standard normal table can help you find them.


[image: images] REMINDER

The entries in the standard normal table tell you the percentage of the data that lies to the left of a particular z-score. For example, in the standard normal table, a z-score of 1 corresponds to 0.8413, which tells you that 84.13% of the data lies to the left of z = 1.



Since the normal distribution is symmetric, 50% of the data lies above the mean. So if you want an interval that covers 45% of the data above the mean, that leaves 5% of the data to the right of that z-score. This z-score is known as the upper 5% critical value, or just the upper critical value, and it is sometimes denoted z*.


[image: images] PAINLESS TIP

The upper critical value for a level C confidence interval is the z-score where [image: ] of the data under the standard normal curve lies to the right of that z-score. In this formula, C must be interpreted as a number between 0 and 1, so for a 90% confidence interval, C would be 0.90.



[image: ]

Figure 9–6

Since 5% of the data is to the right of this z-score, then 95% of the data lies to the left of it. So, to determine z*, search the standard normal table for 0.95.

[image: ]

Figure 9–7

There may be no exact entry of 0.95 in the standard normal table, so take the best approximation you can find. For example, the entry for a z-score of 1.65 is 0.9505. This means that roughly 95% of the data lies to the left of z = 1.65, so roughly 5% of the data lies to the right of z = 1.65. This makes the upper critical value z* = 1.65. By the symmetry of the normal distribution, around 5% of the data should lie below z = –1.65. You have now found the interval you were looking for: in the standard normal table, 90% of the data lies between z = –1.65 and z = 1.65.


[image: images] PAINLESS TIP

Calculators with statistical capabilities can directly compute z-scores associated with specific probabilities using “inverse” normal CDF functions (where CDF stands for cumulative distribution function, which you learned about in Chapter 2). This can replace the need to look up the value in the standard normal table.



Thus, to contain 90% of the data under the standard normal curve, an interval must extend 1.65 standard deviations above and below the mean. The same will be true in the normal sampling distribution as well, so you can work backward to construct your 90% confidence interval.

Your initial estimate of the population mean is the sample mean, which is 130. Your analysis of the standard normal table gives you the margin of error of 1.65 standard deviations. Since the population standard deviation was assumed to be 60, the standard deviation of the sampling distribution is [image: ], which makes the 90% confidence interval:


130 ± 1.65 × 6



Since 1.65 × 6 = 9.9, you can round the margin of error to 10 and get a confidence interval of 130 ± 10. When expressed as an inequality, this is:


[image: ]



This means that in 90% of the samples of 100 adults, the mean number of times the adult checks their phone will be between 120 and 140. You can say that you are 90% confident that the population mean is between 120 and 140.

To recap this example, here are the painless steps for constructing a level C confidence interval for a population mean using a sample mean x̅ from a sample of size n from a population with standard deviation 𝜎.


Step 1:Compute [image: ], making sure to interpret C as a number between 0 and 1 (for example, 0.90 instead of 90%).

Step 2:Subtract [image: ] from 1, and search for this entry in the standard normal table. If there is no entry that matches exactly, take the best approximation you can find. The z-score that aligns with this entry is z*, the upper critical value.

Step 3:Compute the margin of error, z*[image: ].

Step 4:Add and subtract the margin of error (from Step 3) from the sample mean x̅ to determine the confidence interval: x̅ ± z*[image: ].




[image: images] BRAIN TICKLERSSet # 28


1.Construct a 95% confidence interval to estimate a population mean. given a sample mean of x̅ = 100, a population standard deviation of 𝜎 = 20, and a sample size of n = 100.

2.Construct a 99% confidence interval to estimate a population mean, given a sample mean of x̅ = 100, a population standard deviation of 𝜎 = 20, and a sample size of n = 100.

3.Construct a 95% confidence interval to estimate a population mean, given a sample mean of x̅ = 100, a population standard deviation of 𝜎 = 20, and a sample size of n = 1,000.

4.Approximate the level of confidence assigned to the interval estimate 49 ≤ 𝜇 ≤ 51 for a population mean, given a sample mean of x̅ = 50, a population standard deviation of 𝜎 = 8, and a sample size of n = 100.

(Answers are on page 220.)





Population Proportions and Standard Error

The examples in this chapter so far have relied on knowing population standard deviations to construct confidence intervals about unknown population means. In practice, this isn’t always possible. Sometimes you may know something about the population standard deviation. Maybe additional research or studies give you an idea of what it might be, but often the population standard deviation is just as unknowable as the population mean itself.

In cases where you don’t know the population standard deviation, you might be able to estimate it from sample data. Such an estimate of standard deviation of the sample statistic is called the standard error. Determining a reasonable standard error for your sample isn’t always possible or simple, but one situation where you can see how it works is in the case of population proportions and sample proportions, as explained in the next two sections.

Confidence Intervals for Population Proportions

Here’s an example of constructing a confidence interval for a population proportion using the standard error in place of the unknown population standard deviation.

Example 4:

Imagine a mayoral race between Candidate A and Candidate B in a small city of 10,000 voters. A poll is conducted one month before the election, and 250 voters are asked if they will vote for Candidate A. The result of the poll is that 135 voters say yes and 115 voters say no. In Chapter 8, you learned that the sample proportion is an unbiased estimator of the population proportion. Since the sample proportion is [image: ], you estimate the population proportion to also be 0.54. In other words, you estimate that 54% of the population will vote for Candidate A.

This makes it seem like Candidate A has a good chance of being elected, but remember, sampling involves uncertainty. How much uncertainty is associated with this estimate?

As before, you can construct a confidence interval to quantify the uncertainty, again relying on the fact that under the right circumstances, the sampling distribution of the sample proportion can be approximated by the normal distribution. As you learned in the last section, to construct a 95% confidence interval, you just need to add and subtract two standard deviations from your estimate of 0.54. However, in the last section, you knew the population standard deviation. What do you do if you don’t know that information?

Here’s the formula for the standard deviation of the sampling distribution of sample proportions (where p is the population proportion and n is the sample size):


[image: ]




[image: images] REMINDER

This formula should remind you of the formula for the standard deviation of the binomial distribution. As you learned in the last chapter, the distribution of sample proportions is a binomial distribution.



Unfortunately, this formula only really helps if you know the population proportion p, which you don’t. In fact, that’s precisely what you are trying to estimate in this example. This is where standard error comes in.

Standard Error and Sample Proportions

In the case of sample proportions, you can approximate the standard deviation of the sampling distribution by replacing the population proportion in the formula with the sample proportion, as follows:


[image: ]



This is an example of standard error. With sample proportions, this formula for standard error is a good estimate of the sample standard deviation, as long as the sample size is large enough and the proportion isn’t too close to 0 or 1. Those conditions are met in this example, so you can use the standard error to estimate the standard deviation of the sampling distribution:


[image: ]



With the standard deviation estimated, you can go ahead and compute your 95% confidence interval. The lower bound will be two standard deviations below the sample proportion, while the upper bound will be two standard deviations above the sample proportion:


[image: ]



This says that in 95% of samples of 250 voters, the proportion of voters choosing Candidate A will be between 0.476 and 0.604, so you are 95% confident that the true percentage of people who will cast their vote for Candidate A is between 47.6% and 60.4%. This is a less precise estimate than the original 54%, but it captures some of the uncertainty of the process. Candidate A’s chances of being elected still look good, but of course, there’s a lot of variability in that estimate.

As with the confidence intervals constructed earlier in this chapter, you can tighten your estimate by increasing the sample size, because variability in the sampling distribution decreases as the sample size increases. For example, if you sampled 500 voters and found the sample proportion to be 0.54, the standard error would be:


[image: ]



This results in a narrower 95% confidence interval of


0.496 ≤ p ≤ 0.584



In the case of sample proportions, computing the standard error is as simple as replacing the unknown population proportion p with the known sample proportion p̂ in the formula for standard deviation. For other population parameters, the situation may not be as simple.

For example, in the case of sample means, a standard error formula exists for estimating the standard deviation of the sampling distribution, but applying that formula requires more advanced statistical tools than those that have been discussed here. You’ll learn such tools if you continue your statistical studies.


[image: images] CAUTION—Major Mistake Territory!

Don’t assume that techniques that work for one kind of statistical problem will automatically work for another. What works for sample proportions doesn’t always work for sample means!




[image: images] BRAIN TICKLERSSet # 29


1.Given a sample proportion of p̂ = 0.75 from a sample of size 100, construct a 95% confidence interval for the population proportion.

2.Given a sample proportion of p̂ = 0.75, how large a sample would you need for your 95% confidence level estimate of the population proportion to have a margin of error of 0.05?

3.Suppose an unfair coin shows tails with probability p. If the coin is flipped 100 times and tails comes up 60 times, give a 95% confidence interval for p.

(Answers are on page 220.)





Brain Ticklers—The Answers

Set #27, page 208


1.49.5 ≤ 𝜇 ≤ 50.5

2.[image: ]

3.[image: ]

4.Solve [image: ] to get n = 100.



Set #28, page 215


1.96.08 ≤ 𝜇 ≤ 103.92

2.94.85 ≤ 𝜇 ≤ 105.15

3.98.76 ≤ 𝜇 ≤ 101.24

4.Around 80% confidence



Set #29, page 219


1.0.66 ≤ p ≤ 0.84

2.n = 300

3.Here, p is the population proportion of tails, and the sample proportion is [image: ]. The estimate of the standard deviation is [image: ], so the 95% confidence interval is 0.50 ≤ p ≤ 0.70.






Chapter 10

Statistical Significance

In this chapter, you’ll learn how to use statistics to evaluate and decide among different hypotheses. Is your company’s bump in sales a result of last month’s new ad campaign, or is it the result of a new product that just launched? Is the aspirin you took this morning the reason your headache is gone, or would it have gone away by itself? Questions like these lie at the intersection of probability and statistics; knowledge of statistical sampling can help you answer them. The tools of inference developed in the previous two chapters are key in determining whether or not an event can be described as “statistically significant.”

Significance Testing

In Chapter 5, you studied normal distributions and used their properties to answer simple questions about heights. Assuming that the heights of adult American men are normally distributed with a mean of 70 inches and a standard deviation of 3 inches, you determined that roughly 84% of adult American men are less than 6 feet, 1 inch tall and nearly 98% are less than 6 feet, 4 inches. Only about 2 out of every 100 adult American men are taller than 6 feet, 4 inches, so that height is unusual, if not rare. It is both your knowledge of statistics (things like standard deviations and z-scores) and your knowledge of the population distribution (the fact that heights are normally distributed) that allow you to draw this conclusion.

You can use this same strategy to draw more sophisticated inferences from data through significance testing. A significance test evaluates a given hypothesis in light of the data. It tells you how likely your hypothesis is to be true, given your observations and assumptions. For this reason, significance testing is also known as hypothesis testing, and significance tests are sometimes referred to as tests of significance.

Defining Significance

If your hypothesis is that the average adult American man is 5 feet, 10 inches tall, then meeting a man who is 6 feet, 4 inches tall wouldn’t be that unusual since you know that 2 out of every 100 men should be that tall. On the other hand, meeting many men that tall would be unusual. If you selected 100 men at random and 20 of them were 6 feet, 4 inches or taller, that would be quite surprising. It might make you question whether your hypothesis (that the average male height is 5 feet, 10 inches) is really true.

A significance test tells you just how unlikely an observation from a population is, given some hypothesis about the population. It indicates how “significant” an observation is in light of what you believe to be true. Significance testing is closely related to confidence intervals; thus, the process relies heavily on knowledge of sampling distributions, estimators, and population parameters—everything you learned about in the past two chapters.

“Significance” is another familiar word that has a very specific meaning in the context of statistics. When you read “significance,” it’s all right to think of it as “important” or “worthy of note.” Remember that in the context of statistical inference, though, it has a technical meaning (how unlikely an observation is given some hypothesis) that is different than what it means in other, less formal situations.

Here’s an example that will help put the definition of significance into context.

Example 1:

Suppose you are studying high school students’ SAT scores, which are known to be normally distributed, with a population mean of 𝜇 = 1000 and a population standard deviation of 𝜎 = 200. You have a hypothesis: you think that students who participate in sports get higher than average SAT scores. Because there are a large number of students who participate in sports, their SAT scores are also normally distributed, but your hypothesis is that the mean of their normally distributed scores is higher than the mean of the entire population, which is 1000.

To test this hypothesis, you take a simple random sample of 25 high school students who all participate in at least one school sport and record their SAT scores. The mean SAT score of this sample is 1050. Does this result support your hypothesis? The obvious answer seems to be yes. The student athletes have an average SAT score of 1050, which is greater than the population average of 1000.

Remember, however, that statistical sampling always involves random variation. Although the population mean of SAT scores is 1000, that doesn’t mean that every random sample you take from that population will have a sample mean of 1000. Sometimes the sample mean will be higher than 1000, and other times it will be lower. The sample mean is an unbiased estimator of the population mean, which tells you that the average of all the possible sample means is 1000. Because of random variation, though, any one sample mean might be quite different.

So, just how different is your sample mean of 1050? Is it a sample mean you might expect to observe because of random variation? Or is it so unusual that it causes you to rethink your assumption that the average overall SAT score is 1000? This is the distinction you can make using a significance test.

Testing for Significance

To begin a significance test, you must first identify the null hypothesis. The null hypothesis is a statement about a population parameter, and it can usually be thought of as what is conventionally assumed to be true, or the usual state of affairs. In Example 1, the null hypothesis is that the population mean of SAT scores of high school students who participate in at least one school sport is the same as the population mean of SAT scores of high school students overall.

Once you have stated the null hypothesis, you then state the alternative hypothesis. The alternative hypothesis is a statement about the same population parameter; that is, it indicates how you think reality might differ from what is generally believed to be true. In this example, the alternative hypothesis is that the population mean of SAT scores of high school students who participate in at least one school sport is higher than the overall average of 1000.


[image: images] PAINLESS TIP

Significance tests often involve a comparison, and the null hypothesis is the claim that there is no difference between the things you are comparing. The alternative hypothesis is the claim that there is a difference between the things you are comparing and that difference is responsible for the unusual outcomes being observed.



The significance test asks this: given a statistical observation, how unlikely is that observation given that the null hypothesis is true? If the answer is “very unlikely,” then your observation may be reason to reject the null hypothesis. If the answer is “fairly likely,” then your observation is not a reason to reject the null hypothesis. For example, when considering the heights of adult American men, if 20% of the men you encounter during the course of a day are taller than 6 feet, 4 inches, then the null hypothesis—the assumption that men, on average, are 5 feet, 10 inches tall—might not be correct. This could give you reason to reject the null hypothesis. On the other hand, observing that 20% of the men you encounter in a day are 6 feet, 1 inch or taller would not be unusual under the assumption that the average man is 5 feet, 10 inches tall. This would not give you reason to reject this null hypothesis.


[image: images] REMINDER

Drawing inferences about a population using statistical sampling requires that the samples be representative of the population. The easiest way to ensure this is to use simple random samples. You might meet a lot of unusually tall people at a professional basketball player’s birthday party, but this wouldn’t be a reason for you to change your opinion about the average height of a person because it’s not a random sample of the population.



Turning back to the case of SAT scores from Example 1, the null hypothesis is that the population mean for student athletes is 1000; that is, there is no difference between the two means (for student athletes and for high school students overall). Assuming this is true, then the mean of a sampling distribution of sample means should be 1000 as well because the sample mean is an unbiased estimator of the population mean. You now have a specific question about sampling distributions to investigate: In a sampling distribution of sample means with mean 1000 and sample size 25, how unlikely is a sample mean of 1050? The knowledge and techniques discussed in the previous two chapters can answer this question for you.

Since the population of SAT scores is assumed to be normally distributed, so too is the sampling distribution. You also know that the population standard deviation is 𝜎 = 200, so you can use this to compute the standard deviation of the sampling distribution for a sample of size n = 25:


[image: ]



Now you know everything you need to know about the sampling distribution of sample means. It is normal, has a mean of 1000, and has a standard deviation of 40. Whether an observed sample mean of 1050 is unusual or not depends on where that observation falls in this known distribution.

[image: ]

Figure 10–1. Sampling Distribution of Sample Means of SAT Scores

As you can see, a sample mean of 1050 is not that far from the mean in the sampling distribution. It is a little bit more than one standard deviation away. Given what you know about the spread of data in a normal distribution, you can see that this data point is not very unusual.

If observing a sample mean of 1050 was very unlikely in a population with a mean of 1000, this might give you reason to think that the assumption that the population mean is 1000 is incorrect. In other words, based on such an observation, you might reject the null hypothesis that the mean SAT score for student athletes is the same as that of students overall. However, the result of this significance test suggests that this observation is not so unusual, so it doesn’t really constitute evidence against the null hypothesis. In this case, you have no reason to reject the claim that average SAT scores among students who participate in sports and students overall are the same.

This is the basic idea behind a significance test; statistical knowledge of normal distributions can help you draw conclusions that are more specific.

Levels of Significance and p-values

Fundamentally, a significance test tells you how surprised you should be by an observation. Of course, there are different levels of surprise, and this can be quantified using your knowledge of normal distributions.

In Example 1, an observation of 1050 in a distribution with a mean of 1000 and a standard deviation of 40 has a z-score of 1.25:


[image: ]




[image: images] REMINDER

For a data point x in a normal distribution, the z-score is its associated point in the standard normal distribution. You can also think of a z-score as the location of that data point measured in terms of standard deviations from the mean.



Using the standard normal table, you can see that about 89% of the data lies to the left of z = 1.25 in the standard normal distribution. This means that roughly 11% of the data lies to the right of this value.

[image: ]

Figure 10–2. Standard Normal Distribution

This tells you that in the sampling distribution of sample means, about 11% of the sample means will be above 1050. If you were to repeatedly take random samples of size 25 from the population with a mean of 1000, about 11% of the time you would get a sample mean that is higher than 1050. This is around a 1 in 9 chance, which is not that unusual. This is why you probably wouldn’t reject the null hypothesis based on this observation. The sample mean of 1050 was more likely the result of random variation than a higher than average population mean.

The 11% is an important number in the significance test. This probability is called the p-value of the observation. Small p-values are evidence against the null hypothesis because a small p-value means the observation was very unlikely given the null hypothesis. In this situation, a sample mean of 1050 has the p-value of 0.11, which is not that small, meaning the observation was not particularly unlikely.


[image: images] PAINLESS TIP

The p-value of an observation is the probability a value as extreme as or more extreme than the observation will be seen in a sample from the population. The lower the p-value, the more surprising the observation is and the more likely you are to reject the null hypothesis.



Example 2:

Now suppose that, instead of 1050, your sample of SAT scores from student athletes had a mean of 1100. What is the p-value associated with this new observation? Should you reject the null hypothesis because of it?

The rationale behind significance testing is subtle, but the process of finding a p-value is relatively painless. Here are the steps for performing the significance test in Example 2.


Step 1:State the null hypothesis and the alternative hypothesis.

Step 2:Determine the sample mean, population mean, sample size, and population standard deviation. Then, compute [image: ], the standard deviation of the sampling distribution.

Step 3:Compute the z-score by subtracting the population mean from your sample mean and dividing that result by the standard deviation.

Step 4:Locate the z-score (from Step 3) on the standard normal table. That value is the percentage of data that lies to the left of that z-score.

Step 5:Subtract that value (from Step 4) from 1. This value is the p-value of your observation. If the p-value is very small, reject the null hypothesis. If the p-value is not that small, do not reject the null hypothesis.



In this example, both the null hypothesis and the alternative hypothesis are the same as in Example 1. The null hypothesis is that the population mean of SAT scores of high school students who participate in at least one school sport is the same as the population mean of SAT scores of high school students overall. The alternative hypothesis is that the population mean of SAT scores of high school students who participate in at least one school sport is higher than the overall average of 1000.

Here in Example 2, the sample mean is 1100, the population mean is 1000, the sample size is 25, and the population standard deviation is 200. The standard deviation is [image: ]. Now, you can compute the z-score as follows:


[image: ]



According to the standard normal table, 99.38% of the data in a normal distribution lies to the left of a z-score of 2.5. By the complement rule, less than 1% of the data lies to the right of that z-score. Therefore, in this case, a sample mean of 1100 has a p-value of less than 0.01, or 1%.


[image: images] REMINDER

The complement rule tells you that if the probability of an event is p, then the probability of everything else is 1 – p.



The sample mean of 1050 from Example 1 has a p-value of 0.11, and 11% doesn’t seem surprising enough to reject the null hypothesis. However, a p-value of 0.01, or 1%, as seen here in Example 2, is much more surprising. This is a 1 in 100 chance, which is like flipping heads six times in a row on a fair coin. Observing this sample mean of 1100 might lead you to reject the null hypothesis that the scores of student athletes are the same as those of all students overall.

Testing for Specific Levels of Significance

It’s common to test a hypothesis at a predetermined level of significance. In this situation, you decide on a level of significance beforehand and then compute the p-value of your observation. If the p-value of your observation is less than the level of significance, then the observation is called statistically significant. For example, the p-value of the sample mean of 1050 was 0.11. This is statistically significant at the 15% level (since 0.11 is less than 0.15) but not statistically significant at the 5% level (since 0.11 is greater than 0.05).

Reasonable, and important, questions to ask in the context of significance testing are: Where do you draw the line between surprising and unsurprising? At what point do the results of the significance test transition from “not surprising enough to reject the null hypothesis” to “surprising enough to reject the null hypothesis”? There are no definite answers. In many situations where statistics is applied, the convention is that the cutoff is 5%. A result with a p-value less than 0.05 is called “statistically significant” and is taken as evidence to reject the null hypothesis, while a result with a p-value greater than 0.05 is not considered “statistically significant” nor is it considered evidence against the null hypothesis.

However, this cutoff of 5% is an arbitrary choice. Is a p-value of 0.04 really that different than a p-value of 0.06? Both observations are similarly unlikely under the assumption of the null hypothesis, but one is considered “significant” and the other is not. You’ll encounter the notion of significance in your studies and applications of statistics. It’s important to remember that in the subtle and complex process of hypothesis testing, the level at which something becomes “significant” is a matter of convention. Using the word is not a substitute for understanding the process.

It’s also worth acknowledging that a 5% significance level, which is frequently the cutoff for scientific studies, doesn’t actually mean your observation is especially unusual. A p-value of 0.05 means that an observation as extreme, or more extreme, occurs roughly 5% of the time. That’s a 1 in 20 chance, comparable to flipping heads four times in a row. Or in another example, if you performed an experiment 100 times, you’d expect such an event to occur 5 times. This may be unlikely, but it’s certainly not unusual.

It is common to describe scientific findings as “statistically significant,” but it is important to remember that what counts as “significant” is a convention. A significance level of 5% is often chosen to be the standard, but some statisticians and scientists argue for a lower cutoff for significance. Others even argue against the notion of significance altogether. And remember, even at a significance level of 5%, a “statistically significant” observation will still occur 1 of out every 20 times just by random chance.
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1.SAT scores are normally distributed with a population mean of 𝜇 = 1000 and a population standard deviation of 𝜎 = 200. What percentage of SAT scores should be

a.higher than 1200?

b.lower than 750?

c.more than 200 points different than the mean?

d.higher than 1000?

2.A researcher wants to test the impact that eating sugary breakfast cereal has on one’s blood pressure. Give an example of a possible null hypothesis and an alternative hypothesis for a significance test for this experiment.

3.A researcher who is studying corporate salaries has a hypothesis that employees who graduated from elite colleges have higher salaries, on average, than employees overall. If the average corporate salary is $50,000 with a standard deviation of $20,000, would a sample mean of $55,000 from 100 employees who graduated from elite colleges be statistically significant at the 5% level?

4.If you flipped a coin 10 times and saw 7 heads, would you think the coin was unfair? Would your opinion change if you flipped that coin 100 times and saw 70 heads?

(Answers are on page 245.)





One-Sided and Two-Sided Tests

As a result of the important role the normal distribution has in sampling, significance testing often involves computing z-scores. In Examples 1 and 2, the z-score was the test statistic, the statistic you used to test your hypothesis about the population parameter. The z-test statistic takes the following form (where x̅ is the sample mean, 𝜇 is the population mean, and [image: ] is the standard deviation of the sampling distribution):


[image: ]



As you’ll see in this section, the way the test statistic is used depends on whether you are performing a one-sided or two-sided test.

One-Sided Significance Tests

In Example 1, the significance test required computing the probability of observing a sample mean greater than or equal to 1050 in a random sample taken from a population of mean 1000, so you computed the z-test statistic using x̅ = 1050, 𝜇 = 1000, and [image: ]:


[image: ]



The significance test came down to the question “What is the probability of seeing a z-score this high, or higher, in the standard normal distribution?” The answer to this question is given by:


P(Z ≥ 1.25)



This is the probability that Z, a randomly selected value from the standard normal distribution, is greater than or equal to 1.25. From the standard normal table, you know that P(Z ≤ 1.25) = 0.8944, and by the complement rule, P(Z ≥ 1.25) = 1 − P(Z ≤ 1.25) = 1 − 0.8944 = 0.1056. This corresponds to a p-value of 0.106, and so the probability that a randomly selected value from the standard normal distribution will be greater than or equal to 1.25 is around 10.56%, or roughly 11%, of the time.

This is an example of a one-sided (or one-tailed) hypothesis test. Observations that are statistically significant occur on only one side, or in one tail, of the normal distribution. You can tell that a one-sided test is called for in this situation because of your hypothesis. The null hypothesis—the “no difference” hypothesis—was that the average SAT scores of student athletes is no different than the average SAT score of students in general. That is:


H0 : 𝜇a = 𝜇



Here, the symbol 𝜇a, read “mew sub a,” represents the population mean of SAT scores of student athletes. So the equation 𝜇a = 𝜇 says that the population mean of SAT scores of student athletes is equal to the population mean of overall SAT scores.

The alternative hypothesis in this case is that the average SAT scores of student athletes is higher than that of students in general:


Ha : 𝜇a > 𝜇




[image: images] MATH TALK!

The symbol for the null hypothesis, H0, is read “H nought.” (In other mathematical contexts, you might read as “H sub 0,” but in statistics, you usually read it as “H nought.”) The symbol for the alternative hypothesis, Ha, is read “H sub a,” where the “sub” refers to “subscript.”



Because of the way the alternative hypothesis is written, only evidence that suggests the population mean is greater than 1000 will be considered significant. So when your sample mean comes in at 1050, you are only interested in the probability that a sample mean could be that extreme or higher. Visually, this means you are interested in a region such as this.

[image: ]

Figure 10–3. A One-Sided (High Side) Significance Test

The shaded region consists of data that is far from the mean and above it. It is these observations that would suggest to you that your alternative hypothesis—a higher SAT score population mean for student athletes—might be true. For example, an observed sample mean of 1100 has a z-score of 2.5, which puts it far to the right of the normal distribution. The shaded region in the following figure corresponds to observations that are at least 2.5 standard deviations above the mean.

[image: ]

Figure 10–4. Standard Normal Distribution

The shaded region in this figure comprises less than 1% of the overall area of the normal distribution, and so an observation this extreme occurs less than 1% of the time. This results in a p-value of less than 0.01.

The test here is one sided, or one tailed, in the sense that only a region on one side of the normal distribution would provide evidence to reject the null hypothesis. You are looking for evidence that the observed mean is both far from and above the population mean. Since you are only interested in the probability that you see an observation as high as, or higher than, the upper critical value z, this is referred to as a one-sided high side test. You can also perform a one-sided low side test. These probabilities take the form:


P (Z ≥ z) or P (Z ≤ z)



Two-Sided Significance Tests

If an alternative hypothesis suggests that the sample mean is higher (or lower) than the population mean, you would use a one-sided hypothesis test. However, if the alternative hypothesis just states that the two means are different (without specifying which is higher or lower), then you would use a two-sided (or two-tailed) hypothesis test. In a two-sided test, the process is the same as for a one-sided test, but now an extreme observation on either the high side or the low side would constitute evidence against the null hypothesis.

[image: ]

Figure 10–5. A Two-Sided Significance Test

Calculations for two-sided tests have the form:


P(Z ≥ z) or P(Z ≤ −z)



This is because in a two-sided test, you need to consider extreme observations in both directions (both above and below the mean). In a two-sided test, an unusually low observation would be just as significant as an unusually high observation. Both would count as evidence against the null hypothesis.

The symmetry of the normal distribution makes calculations for two-sided tests easy. Since two opposite z-scores, z and –z, are symmetric about the mean in a standard normal distribution, the regions they determine are equal in area. You can see this symmetry in the standard normal table itself. Consider the z-score of 2. The area under the standard normal curve to the right of z = 2 is:


P(Z ≥ 2) = 1 − P(Z ≤ 2)



You can use the standard normal table to compute this. The entry for P(Z ≤ 2) is 0.9772, so P(Z ≥ 2) = 1 – 0.9772 = 0.0228. Now, the area to the left of z = −2 is given by P(Z ≤ −2), which can be read directly from the standard normal table and is 0.0228. You can see that P(Z ≥ 2) = P(Z ≤ −2).

In general, P(Z ≥ z) = P(Z ≤ −z) for any z-score, z, due to the symmetry of the standard normal distribution. So instead of computing both P(Z ≥ z) and P(Z ≤ −z) and adding them, you can compute one of them and double it. You can express this relationship with the following equation:


P(Z ≥ z) + P(Z ≤ −z) = 2P(Z ≥ |z|)




[image: images] REMINDER

Taking the absolute value of a number will never produce a negative result. In the case of a z-score, P(Z ≥ |z|) guarantees that you are computing the area of the upper region of the appropriate two-sided tail.



Here’s an example of a two-sided significance test at a fixed confidence level.

Example 3:

Imagine a company that purchases bolts from a supplier for use in one of their commercial products. The supplier’s manufacturing process is expected to produce bolts that are 5 centimeters in diameter, and the process is known to have a standard deviation of 0.05 centimeter, which is an acceptable margin of error for the company’s purposes. Every month when an order of bolts arrives, the company selects 10 bolts at random and measures their diameters to make sure the products are up to specifications. If the average diameter is 5 centimeters at the 5% significance level, the bolts will be rejected and sent back to the supplier.

The null hypothesis is that 𝜇 = 5, and the alternative hypothesis is that 𝜇 ≠ 5. In this case, the company purchasing the bolts would perform a two-sided test. If the average bolt diameter is either too high or too low, the bolts will be rejected. This month’s sample mean is 5.04 centimeters, but this observation has to be checked to see if it is too high or too low.

For a two-sided test at a 5% significance level, half of the extreme observations will occur on the high side and half will occur on the low side. This means you need to find the upper critical value for 2.5%, or 0.025. According to the standard normal table, this corresponds to a z-score of z = 1.96. If the absolute value of the z-test statistic is greater than z = 1.96, then the observation will be statistically significant at the 5% level.

[image: ]

Figure 10–6. Statistically Significant Observations at the 5% Level

Assuming the null hypothesis is true, 𝜇 = 5, and so you can compute the z-test statistic using the assumed population mean and known sample mean, standard deviation (𝜎 = 0.05), and sample size (n = 10):


[image: ]



The z-test statistic of 2.53 is larger than the cutoff of 1.96, so this observation is statistically significant at the 5% level. Thus, there is reason to reject the null hypothesis that the mean diameter of all the bolts is 5 centimeters because there is less than a 5% chance that these bolts were so unusual due to chance alone. This company would send these bolts back to their supplier.

The key to performing a one-sided or two-sided significance test at a given level of confidence, 𝛼, is determining the appropriate critical values for your test. For a one-sided high side test, where the statistically significant observations appear above the cutoff, the critical value is the z-score z* such that P(Z ≥ z*) ≤ 𝛼. For a one-sided low side test, where the statistically significant observations appear below the cutoff, the critical value is the z-score z* such that P(Z ≤ z*) ≤ 𝛼. For a two-sided test, half of the statistically significant observations occur on the high side and half occur on the low side. Thus, the critical value you want is the z* so that [image: ].

In a two-sided significance test at a level of significance 𝛼, observations that suggest rejecting the null hypothesis are exactly those observations that fall outside a 1 – 𝛼 confidence interval for the mean. For example, in the standard normal distribution, a 95% confidence interval for the mean is −1.96 ≤ z ≤ 1.96, as this interval covers 95% of possible values. In Example 3, the observation of x̅ = 5.04 cm corresponds to a z-score of 2.53, which lies outside this interval and thus in the other 5% of values. This makes the observation significant at the 5% level.


[image: images] BRAIN TICKLERSSet # 31


1.For each of the following situations, indicate whether you would use a one-sided or two-sided significance test.

a.Analyzing whether left-handed shooters in basketball have a higher shooting percentage

b.Analyzing whether people with mathematics degrees can more accurately estimate grocery bills

c.Analyzing whether adults who run three times per week have lower cholesterol

2.Given an observed sample mean of x̅ = 115 from a sample of size 10 drawn from a population with mean 𝜇 and 𝜎 = 20, will the result of a one-sided (high side) significance test at the 5% significance level suggest that you reject the null hypothesis that 𝜇 = 100?

3.Given an observed sample mean of x̅ = 48 from a sample of size 25 drawn from a population with mean 𝜇 and 𝜎 = 3, will the result of a two-sided significance test at the 5% significance level suggest that you reject the null hypothesis that 𝜇 = 50?

4.Explain how the same observation might be statistically significant at the 5% level in a one-sided test but not statistically significant at the 5% level in a two-sided test.

(Answers are on pages 245–246.)





Type I and Type II Errors

The language of hypothesis testing is subtle and technical. An observation that is very unlikely due to random variation alone is considered evidence to “reject the null hypothesis.” Notice that a significance test doesn’t determine whether or not a hypothesis is true; it just evaluates a piece of evidence for or against a hypothesis based on how surprising it is in the context of random sampling.

Even though a significance test doesn’t tell you whether a hypothesis is true or false, significance testing is still used in decision making. The results of a test might lead to you to decide to make a policy decision or send back a batch of defective products. However, as a result of the uncertainty inherent in the process of significance testing, erroneous conclusions will sometimes be drawn, and there are two types of errors that can be made.

The first type of error is when you reject the null hypothesis even though it is true. This is known as a type I error. The second type of error is when you fail to reject the null hypothesis even though it is false. This is known as a type II error. The examples that follow demonstrate these types of errors.

Computing the Probability of a Type I Error

Example 4:

Imagine you decide to test your hypothesis that student athletes have higher than average SAT scores by choosing a significance level of 5%, or 𝛼 = 0.05, and performing a one-sided (high side) significance test. According to the standard normal table, P(Z ≥ 1.65) = 0.05, so the upper critical value for your test is z = 1.65, and the z-test statistic for a sample mean of 1050 is:


[image: ]



In a one-sided (high side) significance test, you reject the null hypothesis if the z-test statistic is greater than the upper critical value. Here, the z-test statistic of 1.25 is less than 1.65, which means that this observation is consistent with the null hypothesis being true, that is, that the mean SAT scores of both groups are the same. As a result of this, you do not reject the null hypothesis.

On the other hand, an observation corresponding to a z-test statistic higher than 1.65 would lead you to reject the null hypothesis. However, there’s a chance that this would be a mistake. Think back to the theory of statistical sampling. Assuming the null hypothesis is true, the 5% significance level means that in 95% percent of the samples you could draw from the population, the z-test statistic associated with the sample mean will be less than 1.65. But that also means that in 5% of the samples you can take from the population, the z-test statistic will be above 1.65 simply because of random variation. Such an observation would lead you to reject the null hypothesis even though it is true. This is a type I error.

Because of random variation, sample means will occasionally be unusual enough to suggest the null hypothesis is false even though it is true. Even if the population mean of student athlete SAT scores really is 1000, random sample means will occasionally be so high that they suggest the population mean is greater than 1000. At a 5% significance level, this will happen around 5% of the time.


[image: images] PAINLESS TIP

In significance testing, a type I error—the error of rejecting the null hypothesis even though it is true—has the same probability as the level of significance. A type I error will occur P% of the time when testing for significance at the P% level.



Computing the Probability of a Type II Error

It is slightly more complicated to compute the probability of a type II error. A type II error occurs when you accept the null hypothesis even though it is false. This can happen when you fail to reject the null hypothesis even though an alternative hypothesis, one that is incompatible with the null hypothesis, is in fact true. To analyze this situation, you need a specific alternative hypothesis to test it against, as seen in the next example.

Example 5:

Suppose you have a specific alternative hypothesis that the true average SAT score of student athletes is 1100. That is:


Ha : 𝜇a = 1100



In the original significance test at the 5% significance level, a z-test statistic of 1.65 or above would have been cause to reject the null hypothesis, so you can think of a z-test statistic below 1.65 as a reason to accept the null hypothesis. You can use the z-score calculation in reverse to determine what SAT score corresponds to a z-score of 1.65:


[image: ]



Thus, if you observe a sample mean below 1066, you would accept the null hypothesis that the population mean is 1000.

If the population mean is in fact 1100, then accepting the null hypothesis would be a type II error. In this situation, the probability of committing this kind of error is exactly the probability of observing a sample mean less than 1066 when the population mean is 1100. To determine this probability, you need to find the new z-score associated with 1066 under the assumption that the population mean is now 𝜇 = 1100:


[image: ]



Thus, when the population mean is actually 1100, the probability of observing a sample mean less than 1066 is equal to the probability of observing a value less than −0.85 in the standard normal distribution. This is given by P(Z ≤ −0.85) and the value can be read off the standard normal table: P(Z ≤ −0.85) = 0.1977. Thus, there is roughly a 20% chance that, even when the alternative hypothesis is true, you would accept the null hypothesis instead, resulting in a type II error. This situation is often illustrated with the following picture.

[image: ]

Figure 10–7. Illustration of Type I and Type II Errors

On the left is the normal distribution associated with the null hypothesis, and on the right is the normal distribution associated with the alternative hypothesis. The light gray region represents observations that would lead you to reject a hypothesis that is true, so the area of this region is the probability of a type I error. The dark gray region represents observations that would lead you to accept the null hypothesis even though the alternative hypothesis is true, so the area of this region is the probability of a type II error.

The power of a statistical test against an alternative is the probability that the test will reject the null hypothesis when the alternative hypothesis is true. In other words, the power of a test against an alternative is the probability that the test will not result in a type II error. This makes the power of a test equal to 1 – the probability of a type II error.

These two kinds of errors are very different in nature, but they are both a result of random variation in sampling. Type I and type II errors also come up in other situations, and a simple way to understand them is in the context of medical testing.

Example 6:

Suppose you are experiencing flu-like symptoms and decide to get a COVID test. You might have COVID or you might not, and the test could come back positive or negative. Therefore, there are four possible situations, as outlined in the following table.









	
	
You have COVID


	
You do not have COVID





	
You test positive for COVID


	
Test is accurate


	
Type I error





	You test negative for COVID


	Type II error


	Test is accurate







There’s a chance that the test tells you have COVID even when you don’t. This is known as a false positive and is an example of a type I error. There’s also a chance that the test tells you that you don’t have COVID even if you do. This is a false negative and is an example of a type II error. You may recognize a similarity between this table and the two-way tables used in conditional probability in Chapter 7. It is no coincidence, as there is much conditional probability underlying the theory of significance testing and type I and type II errors. Further study of probability and statistics will lead you to these deeper connections.


[image: images] CAUTION—Major Mistake Territory!

Don’t make the mistake of assuming that type I and type II errors are equally likely. They are different kinds of errors with different probabilities and very different consequences. In the context of medical testing, a false negative (a type II error) is potentially more dangerous than a false positive (a type I error). This is because a false positive would likely trigger more testing that could resolve the uncertainty about a patient’s status, while a false negative might make it seem like a patient is healthy when that’s not the case. Medical tests often have a higher probability of false positives than false negatives because, statistically (and medically) speaking, it’s better to be safe (to test positive when you don’t have the disease) than sorry (to test negative when you do).



Be Cautious When Using Statistical Significance

There are many different kinds of errors that can result in significance testing. You just learned about type I and type II errors, which are consequences of the process of random sampling. These errors can be understood mathematically, and the uncertainty around them can be quantified.

Perhaps more dangerous are the errors associated with improperly applying and interpreting tests of significance. The significance tests presented in this chapter cannot be used on all types of data. Remember, in general, any process that relies on statistical sampling requires certain assumptions about the data—a finite mean, a finite standard deviation, simple random samples, a large enough sample size, a population much larger than the sample—to guarantee enough knowledge about the sampling distribution to be useful. In addition, the tests outlined here only apply when the population itself is normally distributed. If the population is not normal, different statistical tools and a more advanced knowledge of statistics will be required.

Perhaps the most important lesson you should take away from this chapter is understanding what statistical significance is and what it is not. In summary, statistical “significance” is a specific claim about a sampling distribution. It tells you how likely it would be for that unusual observation you see to appear due to chance alone. If such an observation is very unlikely to be produced by random variation, then it is statistically significant. That doesn’t automatically mean it’s important. You’ll learn about some of the dangers of misinterpreting statistical significance in Chapter 12.
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1.For each example, indicate whether it’s a type I or type II error.

a.A capable driver is denied a license because of a failing score on a written driving test.

b.During a routine screening, a healthy individual tests positive for colon cancer.

c.A message from your friend is marked as spam by your email system.

2.A hypothesis test is performed to determine if a dietary supplement helps people lose weight. What would be a type I error in this situation? What would be a type II error?

3.An observation is shown to be statistically significant at the 1% level. What is the probability of a type I error?

(Answers are on page 246.)





Brain Ticklers—The Answers

Set #30, pages 230–231


1.a. Around 15.8%

b.Around 11.6%

c.Around 31.7%

d.50%

2.A possible null hypothesis could be, “Eating sugary breakfast cereal has no impact on blood pressure,” and an alternative hypothesis could be, “Eating sugary cereal raises blood pressure.”

3.Yes. The z-score associated with the sample mean of $55,000 is [image: ], and the probability of seeing a value 2.5 standard deviations or higher above the mean in a normal distribution is less than 1%.

4.In 10 coin flips of a fair coin, 7 heads isn’t that unusual. However, in 100 flips of a fair coin, 70 heads would be very unusual. The larger sample size gives more weight to the hypothesis that the coin is unfair.



Set #31, pages 237–238


1.a. One-sided (high side)

b.Two-sided

c.One-sided (low side)

2.In this case, [image: ], and since P(Z ≤ 2.37) = 0.991, this observation has a p-value of less than 1%, making it statistically significant at the 5% level. This would suggest rejecting the null hypothesis.

3.The critical value here is z* = 1.96 since P(Z ≥ 1.96) = P(Z ≤ −1.96) = 0.025. Since [image: ] and −3.33 < −1.96, this result is statistically significant, and you would reject the null hypothesis.

4.In a two-sided test at the 5% level, 2.5% of the statistically significant values lie on each side of the mean. In a one-sided test, the entire 5% lies on one side of the mean, so the region will be bigger and include more values on that side.



Set #32, page 244


1.a. Type II error (False negative)

b.Type I error (False positive)

c.Type I error (False positive)

2.A type I error would be concluding that the supplement has an effect when it actually doesn’t. A type II error would be concluding that the supplement has no effect when it actually does.

3.1%






Chapter 11

Bivariate Statistics

The majority of this book has focused on single-variable data. So far, you have learned techniques for measuring the center, spread, and shape of single-variable data, how to apply knowledge of distributions, and how to draw inferences about populations using statistical sampling.

When it comes to analyzing two-variable, or bivariate, data, many of the same basic concepts apply. Visualizations can help you understand the shape of bivariate data, and inferences can be drawn under the right circumstances. Perhaps the biggest difference is that, with bivariate data, you are looking for relationships between the two individual variables. There is a wide and deep study of two-variable data. Some of the statistical techniques with two-variable data require advanced mathematics, but the basics of bivariate data covered in this chapter are painless.

The Basics of Bivariate Data

Single-variable, or univariate, data is a single piece of information about individuals in a population. Two-variable, or bivariate, data is a pair of data values from each member of the population. Bivariate data can be represented as ordered pairs of values, where each coordinate is a value from each of the individual variables.


[image: images] REMINDER

An ordered pair is two values represented as a point (x, y).



You can apply all the tools you’ve learned for analyzing single-variable data to each individual variable independently, but with bivariate data you can do even more. You can search for trends and patterns in the data and hope to use knowledge of one of the variables to better understand the other.

When you begin studying a two-variable data set, you should consider the same questions as when you start with a single variable: What population is represented by the data? And, how are the variables defined? But you’ll ask more questions when studying bivariate data. In particular, you’ll question how the variables are related to one another. Sometimes, the answer might be that they aren’t related. When there is a relationship, however, you can apply a wealth of statistical tools to analyze and understand the connections between the data.

Scatterplots

Just as with single-variable data, the easiest way to start making sense of bivariate data is to graph it. The most common visualization of bivariate data is a scatterplot. As you learned in Chapter 2, a scatterplot is a graph of bivariate data where each ordered pair is plotted in two dimensions. One of the variables is represented along the horizontal axis (the x-axis), and the other variable is represented along the vertical axis (the y-axis). Like all good data visualizations, scatterplots can help you identify patterns in data.

In Chapter 2, you saw this scatterplot of city population versus police budget.

[image: ]

Figure 11–1. Police Bugdet vs. Population

This scatterplot makes it easy to spot a simple pattern in the data: bigger cities have larger police budgets. This probably makes sense, but it’s also somewhat vague. Trying to pin down this pattern in a more precise way is one of the goals of analyzing bivariate statistics. You might use the data to try to understand a more specific question, such as “If City A has 500,000 more people than City B, how much larger should City A’s police budget be?”

The scatterplot above makes other patterns visible. There are clusters of points in the lower left-hand corner. These are cities that are close in both population and police budget, and the clustering of the data might inspire you to look for other similarities among these cities. Also, there is a lone point far away from the data; as stated in Chapter 2, that point is New York City. It is both considerably larger than the other cities and its police budget is considerably higher. Despite being so far away from the other data, does New York City fit the overall pattern, or is it an outlier?


[image: images] REMINDER

An outlier is a data point that does not fit the trend or the pattern of data. This is the same concept in bivariate data as it is in single-variable data.



Many scientific studies involve bivariate data. Frequently in these situations, one variable is considered the response variable and the other is the explanatory variable. The ultimate goal is to try to understand the influence of the explanatory variable on the response variable. Here’s an example that shows how you can investigate the relationship between these kinds of variables.

Example 1:

Suppose that a teacher who posts optional review videos for students to watch is interested in whether or not those videos impact student performance. The teacher could create a bivariate data set where one variable is how many hours of videos each student watches and the other variable is the student’s exam score.

The teacher could then plot this data in a scatterplot. In this scenario, “Hours of Videos Watched” is the explanatory variable, and “Exam Score” is the response variable.


[image: images] PAINLESS TIP

As seen in this figure, the explanatory variable is usually plotted on the horizontal axis, and the response variable is plotted on the vertical axis.
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Figure 11–2

The goal of such an analysis is to understand the impact of the explanatory variable on the response variable. As the explanatory variable increases in value, what happens to the response variable? It might go up or down, and if it does, then the next task is to try to quantify that increase or decrease. Of course, it might be the case that there is no discernible pattern in the data.

In this example, a natural question to ask is “Do students who watch more review videos get higher exam scores?” As you can see, there are many points in the upper right part of the scatterplot. These are students who watched many hours of videos and received high scores on the exam. However, there are points in many different regions of the scatterplot. In the upper left-hand corner are students who watched very few hours of videos but scored high on the exam, and in the midright are students who watched many hours of videos but earned a midrange score on the exam.

Scatterplots can help you visualize bivariate data, but to make sense of what you are looking at, you need tools and vocabulary to help describe the relationship between the variables. When analyzing single-variable data, your first goal is to determine the center, spread, and shape of the data. These features help you understand the information you are working with. With bivariate data, your first goal is to determine the direction and association, form, and strength of the relationship between the variables.

Direction and Association of Bivariate Data

You read the direction of a scatterplot like you read a book. As you move from left to right along the horizontal axis, the data in the scatterplot might trend upward or downward, or it may have no apparent direction at all.

Here are some examples of scatterplots that have trends in an upward direction:

[image: ]

Figure 11–3. Positively Associated Data

These scatterplots show a positive association between the two variables. In bivariate data that is positively associated, high values of one variable are associated with high variables of the other. Likewise, low values of one variable are associated with low values of the other. Positively associated data trends upward as your read the graph from left to right.

A classic example of positively associated bivariate data is height versus shoe size, as illustrated in the following figure.

[image: ]

Figure 11–4. Height vs. Shoe Size

This scatterplot trends upward from left to right, showing a positive association between shoe size and height. The scatterplot shows that taller people are typically associated with bigger feet (and therefore a larger shoe size), and shorter people are typically associated with smaller feet. This relationship between the variables makes intuitive sense, as physical characteristics like height and shoe size are typically linked for each person.

Bivariate data that trends downward as you read the graph from left to right is negatively associated.

[image: ]

Figure 11–5. Negatively Associated Data

In these three scatterplots, high values of one variable are associated with low values of the other, and vice versa. These are examples of negatively associated data: as one variable goes up, the other goes down. A simple example of negatively associated data is the number of hours spent on work versus the number of hours spent on leisure activities.

[image: ]

Figure 11–6. Work vs. Play

The data trends downward from left to right, showing a negative association between the two variables. This also probably agrees with your intuition since the more time you spend on work, the less time you would have to spend on leisure.

A scatterplot of bivariate data may show no direction, or association, at all. This may be evidence that there is no relationship between the two variables. Here’s a sample scatterplot that shows height versus SAT score.

[image: ]

Figure 11–7. Height vs. SAT Score

The data in this scatterplot doesn’t appear to be trending up or down. There’s no discernible pattern to the data. This makes sense, as there probably isn’t any reason why a taller person would score higher, or lower, on the SAT than a shorter person. There’s no relationship between these variables.


[image: images] PAINLESS TIP

If you imagine drawing a line that roughly fits the data in your scatterplot, the line through positively associated data will have a positive slope and a line through negatively associated data will have a negative slope. A line through data that has no association would be horizontal, and horizontal lines have a slope of 0.



Association is one of the first things you notice in scatterplot of bivariate data, and it gives you an indication of a possible relationship between the data. However, it is important to always remember that association does not necessarily point to a cause and effect relationship between the two variables. Just because data values from one variable appear to increase as values from the other increase, that doesn’t mean that the increase in one variable is causing the increase in the other. It can feel natural to make this leap in logic, but as you’ll see in the next example, you have to be very careful when analyzing bivariate data.

Example 2:

A researcher, who is studying the relationship between life expectancy and education level, collected data from different countries around the world, as seen in the following scatterplot. Does this scatterplot show evidence of a cause and effect relationship between these two variables?

[image: ]

Figure 11–8

There is clearly a positive association in this data. Higher levels of education, measured in years of schooling, are generally paired with higher life expectancies. It’s easy to look at this scatterplot and tell a causal story about this association: people who are better educated make better decisions about their health, so they live longer. There may be some truth to this story, but going to school doesn’t cause you to live longer. It would sound silly to tell someone that attending an extra year of college will add two years to their life span.

The positive association between education and life expectancy doesn’t guarantee a causal relationship between the two variables. In fact, there’s another explanation for the relationship between these two variables. People in wealthier countries typically tend to live longer and also typically attend more years of school. This is a classic example of a lurking variable, a variable unaccounted for in your analysis that potentially impacts the relationship among the variables you are examining. In this scenario, wealth is a lurking variable. Generally speaking, the wealthier a person is, the more schooling that person completes (because, for example, they can afford to delay working). Furthermore, the wealthier a person is, the longer the person lives (because the person can afford better health care). The association you see between education level and life span could really just be the effect of wealth on both of those variables.

In some situations, it’s easy to see that a positive association is not the result of a cause and effect relationship between the two variables. For example, wearing larger shoes won’t cause you to get taller, even though the two variables are positively associated. The variables are related, but it’s not a causal relationship. Of course, sometimes an association in bivariate data could be the result of a causal relationship. With only a finite number of hours in each day, spending more of those hours working naturally means spending less hours on leisure. Maybe working more does cause people to play less.

You can’t just assume a causal relationship between variables when a scatterplot suggests an association. An association might suggest that the variables are related, but it doesn’t tell you how. There’s always a chance that the relationship is mediated by a third hidden, or lurking, variable. Even if that relationship is causal, however, it might only be responsible for some of the pattern that you see in the data.


[image: images] CAUTION—Major Mistake Territory!

Association is not causation. People are very good at spotting patterns in data and then constructing stories that explain those relationships, but those stories aren’t always true. It takes a lot of analysis and study to really determine the specific nature of the relationship between two sets of data.



Form of Bivariate Data

Positive or negative association is one of the ways a pattern in bivariate data can appear. The form of the data is another. Bivariate data can take different forms, or shapes. In many cases, the scatterplot of bivariate data might look like a blob or a cloud, but sometimes more definite patterns emerge.

Here are some examples of different forms that bivariate data can take.

[image: ]

Figure 11–9. Different Forms of Bivariate Data

In the first scatterplot, the data clusters along a line. This is a linear relationship, which is one of the most useful relationships bivariate data can have. Much of the remainder of this chapter will deal with quantifying and analyzing linear relationships between the two variables in a bivariate data set.

The second scatterplot shows a negative association, with higher values of the explanatory variable associated with lower values of the response variable, but the form of the data is not linear. Instead, the data clusters around a curve. In this example, the curve is an exponential decay curve, which you might see if you study how long it takes patients to fully absorb drug treatments for medical conditions.

In the third scatterplot, there is neither a positive nor a negative association; however, a clear pattern emerges. As you read the scatterplot from left to right, the data rises, peaks, and then falls, which suggests a quadratic form of the data, like you would see in a parabola. You might see this pattern in performance data of professional athletes, who first improve with experience but then decline as they age.

Strength of Bivariate Data

The direction and form help you identify the kind of relationship that exists in bivariate data, but the strength of that relationship can be quite different among different variables. Here are three scatterplots that all show positive association and a linear relationship but with different strengths.

[image: ]

Figure 11–10. Linear Relationships

In the third scatterplot at the far right, the data is very closely clustered around a line. There is a clear linear relationship between the variables, and that relationship is very strong. In the first scatterplot at the far left, there is a general sense of the data moving up and to the right, but the data is less tightly packed around that line. There is still a linear relationship between the variables, but it is a weaker relationship because the data is spread out.

Throughout this book, you have used visualization to help understand single-variable data, and you can do the same with bivariate data using scatterplots. A scatterplot can show you clusters in the data and potential outliers to consider. In addition, it allows you to quickly and easily investigate the relationship in the bivariate data. Your initial observations about the direction and association, form, and strength of that relationship will guide your next steps, which usually involve trying to quantify the nature and strength of the relationship between the two variables. You’ll learn about this in the next two sections.
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1.For each of the following scatterplots, indicate whether the scatterplot shows positive association, negative association, or no association.

a.[image: ]

b.[image: ]

c.[image: ]

2.What kind of association would you expect between each pair of variables?

a.Yearly income and amount in savings

b.Age and the number of books read

c.Hours spent exercising per week and body mass index (BMI)

3.Sketch a scatterplot of bivariate data that has a strong negative association.

4.Suppose your math test scores are negatively associated with the number of hours of TV you watch per day. What would you expect to happen if you started watching more TV every day?

(Answers are on page 275.)





Correlation

Classifying the direction, form, and strength of a relationship in bivariate data is the first step toward understanding it. Quantifying that relationship is the next step.

The Definition of Correlation

Quantifying relationships between two variables can be tricky business since bivariate data can take many different forms or no apparent form at all. Basic bivariate statistics begins with studying the simplest possible relationship between two variables: a linear relationship. Linear relationships are the easiest kind of relationships to understand and quantify. This kind of relationship appears very frequently among pairs of variables, as seen in the next example.

Example 3:

Suppose you are planning a pizza party, and you know that each pizza pie costs $12. If x represents the number of pizzas you buy and y represents the total amount of money you spend, you can model the relationship between the number of pizzas purchased and the total cost with the equation y = 12x. This is a linear relationship. If you plot ordered pairs, like (1 pizza, $12), (2 pizzas, $24), you’ll see that the data lies along a line.

[image: ]

Figure 11–11

In fact, a line passes directly through all of these points because this is a perfect linear relationship.

[image: ]

Figure 11–12

If you collected more data from pizza parties around town, you might notice some variation from this line. This variation might be the result of buying pizzas from different restaurants with different prices, different toppings, and different shapes and sizes. That data wouldn’t be fit perfectly by a line, but you would still see positive association and a strong linear relationship. The more pizzas you buy, the more money you are going to spend.

[image: ]

Figure 11–13

Bivariate data will rarely follow a line perfectly, but you can still leverage the linear relationship between the variables for useful analysis. The key is to quantify that relationship. The first step in doing this is through correlation.

Correlation, which is also sometimes known as the correlation coefficient, is a way to quantify, or measure, the direction and strength of a linear relationship between two variables. The formula for correlation can be a bit intimidating when you first encounter it, but you’ve seen everything in the formula before. In fact, you’ll probably never calculate a correlation by hand: you’ll use calculators or computers to do so.

The Formula for the Correlation Coefficient

Here is the formula that defines the sample correlation coefficient, r, between two variables, x and y:


[image: ]



In this formula, x̅ and y̅ are the means of the two data sets, and Sx and Sy are their sample standard deviations. You’ve seen the expression x − x̅ before: this is just the deviation of x from its mean. Dividing this by Sx gives you [image: ], which is known as a standard score. This essentially converts each deviation of x into units of standard deviations. For each ordered pair (x, y) in the bivariate data set, you multiply this standardized measure of deviation for x and y, and the summation and division by n – 1 is a kind of averaging of those products.


[image: images] PAINLESS TIP

Use your calculator to compute the correlation between two variables. This will require entering both data sets as individual lists and then using the built-in two-variable statistical functions.



Since you’ll typically use a calculator or computer to compute correlation, it’s not necessary to understand every nuance of the definition. However, it’s worth looking more closely at one aspect of the formula. Consider the product of the standard scores inside the summation: [image: ]. First, notice that for each ordered pair (x, y), the size of this product depends on the size of the deviations of x and y from their respective means. The larger those deviations, the larger this product.

Second, this quantity will be positive if x and y are both above or both below their means. In that case, the two deviations will be the same sign—both positive or both negative—and when you multiply them, the result will be positive. This means that the correlation will be positive when x and y are positively associated. In that case, high values of x are paired with high values of y, and low values of x are paired with low values of y, which will produce a positive result in the formula. On the other hand, if high values of x are paired with low values of y and vice versa, that is to say, if the bivariate data is negatively associated, the deviations will have different signs and the product will be negative, producing a negative correlation.

Thus, the sign of the correlation matches the direction, or the association, of the bivariate data. Correlation also captures the strength of the linear relationship. Because of the mathematical properties of the way it is calculated, correlation will always be between –1 and 1. A correlation of 1 is a very strong positive correlation, a correlation of –1 is a very strong negative correlation, and correlations in between represent linear relationships of varying strengths.

The sample correlation coefficient is sometimes written rxy (read “r sub x y”) to indicate the two variables, x and y, that are being compared. There is also a population correlation coefficient, denoted by 𝜌, the Greek letter rho, which has a different formula than r, but that is beyond the scope of basic bivariate statistics.

Correlation and Association

Here are some scatterplots that show various correlations.

[image: ]

Figure 11–14. Scatterplots and Correlation

Notice that the closer the correlation is to 1, the stronger the positive linear relationship between the variables, and the closer it is to –1, the stronger the negative linear relationship is. When the correlation is 0, you say there is no correlation; this means there is no apparent linear relationship between the variables. Looking back at the formula, you can see that the only way the correlation can end up being 0 is if there are equal measures of pairs of data values that deviate in the same way (that is, on both sides of their respective means) and pairs that deviate in opposite ways (one above and one below the respective mean). This would produce both positive and negative quantities to sum in the calculation of correlation, which would then cancel out each other. In this situation, a large value of x is just as likely to be paired with a large value of y as it is with a small value of y, which tells you there is really no association between the variables.

To interpret correlation, just follow these painless steps.


Step 1:Compute the correlation (r) using a calculator or computer program.

Step 2:Determine whether the correlation is positive or negative. A positive correlation indicates a positive association: as one value goes up, the other goes up. A negative correlation indicates a negative association: as one value goes up, the other goes down.

Step 3:Determine the strength of the correlation. A correlation close to 1 or –1 indicates a strong linear relationship between the data. The closer r is to 0, the weaker the linear relationship between the data.



Correlation is the first step toward quantifying the strength of the relationship in bivariate data. You’ll see correlation taken a step further in the next section on linear regression.

The correlation coefficient only measures the strength of linear relationships, which is why it’s important to identify the form of the data initially. If the relationship between the variables is not linear, then this correlation is meaningless. There are other ways of measuring the strength of nonlinear relationships, but they involve different formulas that rely on more advanced statistical ideas.
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1.Which correlation goes with each graph?

i.[image: ]

ii. [image: ]

iii. [image: ]

iv. [image: ]

a.r = 0.75

b.r = 0.1

c.r = 0.9

d.r = –0.65

2.Would you expect each of the following pairs of data sets to have a strong positive correlation, a weak positive correlation, a strong negative correlation, or a weak negative correlation?

a.Amount of time spent studying and grade point average

b.Age of a chicken and the number of eggs produced

c.Number of hours per day spent playing games and yearly income

3.Use your calculator to compute the sample correlation coefficient of the following data.









	
x

	
y



	
  8

	
10



	
  5

	
  4



	
12

	
  9



	
  0

	
  2



	
–6

	
–2








(Answers are on page 275.)





Linear Regression

Beyond quantifying the direction and strength of a linear relationship, you can model it with a linear equation. In other words, you can actually choose a specific line to represent your data, and you can use that line directly to analyze the relationship between the variables and make projections.

One challenge in this is choosing one line to represent what may appear as a cloud of bivariate data. If the linear relationship is very strong, the choice of line might appear obvious.

[image: ]

Figure 11–15. Strong Linear Relationship Modeled by Line

However, in a situation where the relationship is linear but weak, many lines might look like they could represent the data.

[image: ]

Figure 11–16. Weak Linear Relationship with Multiple Potential Lines

The mathematical solution to this challenge is to come up with a measurement that determines how well a given line fits the data. Once you have a way to measure how closely a line fits the data, you can measure how well every possible line fits your data and then choose the best one. This is called the line of best fit, or the best-fit line. This is also known as a regression line, or line of regression.

The Least Squares Regression Line

The most commonly used regression line in statistics is the least squares regression line. With the least squares regression line, the so-called goodness of fit is measured by computing all the vertical differences between points in the scatterplot and the line, squaring those differences, and then adding them all up. This is a rough measure of the error associated with the line. Different lines will have different errors; the line with the smallest error is the least squares regression line.

A regression line requires an explanatory variable and a response variable, and it gives you an equation that relates them. This is the equation of the line of best fit, the line that best models the linear relationship between the data. In statistics, you will typically use calculators or software packages to find the equations of regression lines.

The equation of a regression line looks just like the regular equation of a line:


ŷ = ax + b



In linear regression, y usually represents the response variable, and ŷ (read “y hat”) indicates that this equation is being used to estimate or project values of the response variable. The right side of the equation is the usual equation of a line, where a is the slope of the line and b is the y-intercept.


[image: images] PAINLESS TIP

When the equation of a line is given in slope-intercept form, you can read its slope and y-intercept from the equation. The slope, which is the constant rate at which the line climbs or falls, is the coefficient of x in the equation. The y-intercept, where the line passes through the y-axis, is the constant term.



The slope of a line tells you how quickly it rises or falls as you read the graph from left to right. A common interpretation of the slope of a line is “rise over run,” which is the amount the line changes vertically (the “rise”) divided by the amount the line changes horizontally (the “run”). For example, a line with slope 2 goes 2 units up for every 1 unit to the right. A line with slope –0.5 goes half a unit down for every 1 unit it moves to the right.

A large positive slope means the line ascends steeply from left to right, while a large negative slope means the line descends steeply. A slope of zero means the line is horizontal. If this sounds a little like correlation to you, then you won’t be surprised to learn that correlation is an important part of the definition of the slope of a regression line.

The slope a of the regression line is given by [image: ]. Here, Sx and Sy are the sample standard deviations of the variables x and y, and r is the correlation between them. The formula for the slope offers insight into how the regression line works. If bivariate data is very strongly correlated (that is, if the correlation coefficient is very close to 1), then the slope of the regression line will roughly be equal to [image: ]. Thinking of this as rise over run, this means that a change of Sx in the x-variable results in a change of Sy in the y-variable. This suggests a strong relationship between the variables: from their respective means, an increase of one standard deviation in the x-variable is associated with an increase of one standard deviation in the y-variable.

The y-intercept of the line, b, can be found by plugging the point (x̅, y̅) into the equation of the line. This works because this point, whose x-coordinate is the mean of x and whose y-coordinate is the mean of y, is always on the regression line. This is a consequence of the way the regression line is defined.

Here’s an example that demonstrates how to calculate the least squares regression line.

Example 4:

A bivariate data set consists of the amount of time students spent studying for a final exam and their score on that exam. Here is the data.








	
Time Studying (Hours)


	
Exam Score





	
5.5


	
91





	
4


	
93





	
3


	
88





	
4


	
88





	
3.5


	
83





	
6


	
99





	
1.5


	
95





	
2


	
73





	
2.5


	
81





	
7


	
94







Now, here is a scatterplot of the data.

[image: ]

Figure 11–17

You can see that there appears to be a linear relationship between the data and perhaps a slight positive association. The more a student studied, the higher their score on the final exam.

If you enter the data into a calculator or a statistical software package and run a linear regression on the data, you’ll find that the equation of the line of regression is ŷ = 2.44x + 78.99 with a correlation coefficient of r = 0.57. Here’s the regression line plotted with the data.

[image: ]

Figure 11–18

You can see that the regression line goes up to the right. This is because the line has a positive slope, which reflects the positive association between the data. Much of the data is close to the line; however, some data points are farther away. There does appear to be a linear relationship, though it isn’t especially strong. This is reflected in the correlation coefficient of 0.57.

Making Projections

Since the regression line models the relationship between the two variables, it can be used to make projections. Making projections is one of the most common applications of regression modeling. For example, no student in the data set from Example 4 studied for 5 hours exactly, but you can project the exam score of such a student by plugging in 5 for x in the regression equation. That would give you:


ŷ = 2.44 × 5 + 78.99 = 91.2



Therefore, according to this model, a student who studies for exactly 5 hours would get a 91 on the exam. This is called interpolation. Interpolation is when you use a model to project values of the response variable within the range of the explanatory variable.

These kinds of projections are a very useful aspect of regression modeling; however, you have to be careful. If a student studies for this exam for 10 hours, you would compute the student’s projected score by substituting 10 in for x in the regression equation:


ŷ = 2.44 × 10 + 78.99 = 103.4



The model tells you that a student who studies for 10 hours should earn around a 103 on the exam. Assuming that the maximum test score is 100, this projection doesn’t make sense. This is an example of extrapolation. Extrapolation is when you attempt to project the response variable outside the range of the explanatory variable. In general, extrapolation is less valid than interpolation. A model’s projections are most accurate within the initial range of the explanatory variable.

Computing the y-intercept of the regression line is often a kind of extrapolation, one that has a specific interpretation in the context of the linear model. The y-intercept of the regression line is the constant term, but you can think of it as the projection associated with x = 0:


ŷ = 2.44 × 0 + 78.99 = 78.99



This is the projected final exam score of a student who studies for the exam for 0 hours. Whether or not this is a meaningful interpretation depends on the context of the model and also on the extent to which you are extrapolating.

The slope has a particularly useful interpretation in a linear model. Here are two projected exam scores based on three hours of studying (x = 3) and four hours of studying (x = 4):


ŷ = 2.44 × 3 + 78.99 = 86.31

ŷ = 2.44 × 4 + 78.99 = 88.75



Notice that the difference in projected scores is 2.44, which is exactly the slope of the regression line. This is how linear equations work in general. Increasing the input by 1 results in an increase in the output equal to the slope of the line. So according to this model, studying an additional hour for your test will increase your exam score by 2.44 points.

Of course, caution must be applied in drawing such conclusions from linear models. Even though the relationship between these variables appears to be linear, it is not an especially strong relationship since the correlation of 0.57 is not very close to 1. And remember, just because the data shows a positive association doesn’t mean there’s a causal relationship. As with all statistical processes, there is an inherent amount of uncertainty involved.

Coefficient of Determination

The correlation coefficient can be used to try to quantify some of the uncertainty in a linear relationship. The square of the correlation coefficient, r2, is called the coefficient of determination. This value is interpreted as the percentage of variation in the response variable that is due to variation in the explanatory variable.

In Example 4, r = 0.57, so the coefficient of determination is r2 = 0.32. A coefficient of determination of 0.32 suggests that about 32% of the variation in exam scores is due to variation in study time. According to this model, an increase in study time of one hour projects an increase of 2.44 points in the exam score, but because the linear relationship isn’t that strong, only around 32% of that increase is due to the increased study time.

Notice that since r is always a number between –1 and 1, the coefficient of determination, r2, will always be between 0 and 1, so it can always be interpreted as a percentage. In many contexts, the coefficient of determination is a better measure of the strength of a linear correlation than the correlation coefficient itself. An r2 close to 1 means that the linear relationship between the variables is very strong, while an r2 close to 0 indicates a very weak linear relationship.

Residuals

Once you have found a linear regression equation, you can further validate your belief that the relationship between the variables is linear by studying the residuals of the data. For each data point in the set, the residual is the difference between the actual y-value and the y-value projected by the regression equation. For any data point (x, y), you simply plug x into the regression equation to compute ŷ, and the difference, y − ŷ, is the residual.

Here is the table of data from Example 4, this time with a column added to show the residuals.









	
Time Studying (Hours)


	
Exam Score


	
Residual





	
5.5


	
91


	
–1.41





	4


	
93


	  4.25





	3


	
88


	  1.69





	4


	
88


	–0.75





	3.5


	
83


	–4.53





	6


	
99


	  5.37





	
1.5


	
95


	12.35





	2


	
73


	–10.87





	2.5


	
81


	–4.09





	7


	
94


	–2.07







The residuals are essentially the errors between the observed response values and the response values projected by the linear model. It is the sum of the squares of these residuals that is minimized in the least squares regression line. Graphing the residuals in a residual plot can help you decide if a linear model is appropriate for your data. Here is the residual plot for this data:

[image: ]

Figure 11–19. Residual Plot for Hours Spent Studying vs. Exam Score

When a residual is close to 0, that means the error in that specific projection is low. When the regression line is above the data in the scatterplot, the residual will be negative, and when the regression line is below the data, the residual will be positive. What you are looking for in a residual plot is a random arrangement of residuals that lie both above and below the zero line. Any pattern you see in the residual plot might indicate an overall pattern in the data that isn’t linear, which might cause you to rethink the assumption that the data is linearly related.

Depending on the form of the relationship in bivariate data, you can find different regression equations. The most common type of regression is linear regression; however, you can find exponential regression equations, trigonometric regression equations, and others.
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1.Use a calculator or statistical software to find the regression line for the following data.









	
x

	
y



	
8

	
10



	
5

	
  4



	
12

	
  9



	
  0

	
  2



	
–6

	
–2





2.The least squares regression equation for a set of bivariate data is given to be ŷ = 2.1x + 63.2.

a.What is the projection associated with x = 7?

b.What is the residual associated with the data point (10, 81)?

3.What will the residual plot look like for data that is perfectly fit by a linear regression model?

(Answers are on page 276.)





Brain Ticklers—The Answers

Set #33, pages 258–259


1.a. Negative association

b.No association

c.Positive association

2.a. Positive

b.Positive

c.Negative

3.There are many possible scatterplots that could be drawn. One example is as follows:

[image: ]

4.Your test scores might go down even further.



Set #34, pages 265–266


1.a. iv

b.ii

c.i

d.iii

2.a. Strong positive correlation

b.Strong negative correlation

c.Probably a weak negative correlation

3.r = 0.949



Set #35, page 274


1.ŷ = 0.67x + 2.04

2.a. 77.9

b.–3.2

3.All the residuals will be zero because there is no error in the model if the line fits the data perfectly.






Chapter 12

Statistical Literacy

Throughout this book, you have learned how to apply the study of statistics to understand and analyze data. However, the most important application of your statistical knowledge may very well be in interpreting the statistical claims of others. Every day, new studies are released, new policies are enacted, and new forecasts are made about the future, all of which rely on data. You can use your knowledge of statistics to put the data, and the claims, in context.

Being statistically literate means understanding enough to know when something is grounded in reasonable thinking and methodology. Statistical literacy is essential to navigating the modern world, and it will only become more important as that world becomes even more data driven. The knowledge you have acquired in this book provides an excellent base for statistical literacy, and in this chapter, you’ll learn what to look for as you encounter and interpret the statistics all around you.

Experiments and Studies

Perhaps the most common place you will encounter the application of statistics is in published research. Statistics are used to explore and justify claims made by scientists and doctors but also by companies and political organizations. The goal of statistical research may be to advance scientific knowledge, to motivate a policy shift or corporate strategy, or to establish a connection between cause and effect.

Controlled Experiments

Statistical analysis is frequently part of controlled experiments. The goal of an experiment is to impose a treatment on a group of subjects and observe a response. The treatment is the experimental condition being applied, and the subjects are the people being experimented on.

Experiments are frequently conducted in medical fields but can also be found elsewhere. Here’s a simple example of a controlled experiment.

Example 1:

To test a new potential COVID vaccine, a pharmaceutical company might perform an experiment to determine its effectiveness. Subjects would be given the vaccine (the treatment), the results would be observed, and statistics would be used to help put the results in context.

The company might organize an experiment involving 1,000 people. In a controlled experiment, one group of subjects would be given the vaccine while another group would be given a placebo. The group given the vaccine would be the treatment group, while the group given the placebo would be the control group. The response of the treatment group helps the experimenters understand the impact of the treatment, which they can compare to the response of the control group.

A placebo is essentially a fake treatment. It is provided so that the control group isn’t aware that they aren’t actually receiving the treatment. This is done because knowing they are, or aren’t, receiving treatment can have a psychological impact on the subjects that can influence the results of the experiment.

In this experiment, assuming that the 1,000 subjects are split equally into a treatment group and a control group, the company then observes the subjects to see how many people in each group contract COVID. At the simplest level, if the treatment group contracts COVID at a lower rate than the control group, this might be taken as evidence that the vaccine is effective. The reality is far more complex, but your knowledge of statistics can help the scientists, and you, navigate the situation.

First, suppose that 60 people in the control group contract COVID compared to 30 people in the treatment group contracting COVID.
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Figure 12–1. Visualization of Subjects Who Contracted COVID

This seems like good evidence for the vaccine’s effectiveness, as the rate of infection in the treatment group is half that of the control group. But how strong is that evidence? Is the difference between the treatment and the control significant? This is a situation where hypothesis testing plays an important role.

An experiment is usually a sampling problem, and you know that sampling involves random variation. The results of the experiment suggest that the vaccine has some effect on reducing the prevalence of this illness, but some of the observed difference may be due to random variation. A significance test can help determine how surprised you should be by the results.

Also, notice how this experiment is essentially a conditional probability question. Given the condition of receiving the vaccine, how likely is a subject to contract COVID? Given the condition that the subject received the placebo, what is the probability the subject contracts COVID? And when it comes to determining whether or not the subjects actually have COVID, there is the possibility of both type I and type II errors. A person could test positive for COVID but not actually have it (a type I error), or the person could test negative for COVID even though they do have it (a type II error). All of this must be navigated by the researchers and must be understood by anyone who wants to make sense of the results.
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When trying to understand a research study, see if you can frame the research question as a conditional probability problem like “How likely is the desired outcome given the condition of receiving the treatment?” This can help you navigate the details of the study, and it lets you apply what you learned in Chapter 7 about conditional probability.



There are also many aspects of the experimental design that can impact the results. Since an experiment is usually a sampling problem, the way the samples are drawn from the population is very important. Is the sample representative of the population, or were subjects selected in a way that introduced some bias into the experiment? If the vaccine has the potential to work differently on younger people than older people, then a sample skewed toward older people would bias the results. This is an example of why simple random samples are so important in the application of statistical sampling. You have also seen how sample size impacts the variability of sampling and thus the results of the experiment, so this is another factor to consider when designing the experiment.

Not only is overall sample size important, but the sizes of the control and treatment groups can also be relevant. For example, an experiment reporting that only 10 individuals in the control group contracted COVID while 30 individuals in the treatment group contracted COVID might sound like significant evidence against the treatment. However, this result would not be so significant if the control group had only 50 people in it while the treatment group had 500 people.
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Figure 12–2. Visualization of Subjects Who Contracted COVID

Assuming that the control and treatment groups are comparably sized, assigning a placebo to the control group helps prevent psychological impacts from influencing the results. So, does conducting a double-blind study, one in which neither the subjects nor the researchers themselves know who is receiving the treatment. This prevents the researchers from treating the subjects differently (which has the potential to influence the results).

Evaluating Experiments

There are different kinds of bias that can interfere with the results of a study. One of the biggest problems with statistical studies is the potential for selection bias. Selection bias, also sometimes known as sampling bias, occurs when the subjects are chosen in a way that is unrepresentative of the population at large. Improper selection could result in undercoverage, when certain subgroups of the population are not properly represented. For example, a study on heart health where the subjects are all men would not be representative of the entire population, so the conclusions would be biased. The potential for selection bias is one of the reasons why random sampling is so important.

In an experiment, it is also important that the treatment and control groups are both representative. Thus, random assignment (making sure there is no bias in which subjects get the treatment and which do not) is also an important part of the experimental design. There is also the potential for hidden bias in an experiment. For example, in a medical study, doctors might unconsciously behave differently toward patients in the treatment group than patients in the control group since the doctors may expect a specific result from those in the treatment group. This could result in subtle but impactful differences in how the doctors care for the two groups, which could affect the outcome of the study. The primary way to address hidden bias is to conduct double-blind experiments.

Observational Studies

In a controlled experiment, a treatment is given to different subjects, data is collected, and the impact on a response variable is observed. Conducting a controlled experiment, however, isn’t always possible. If you are interested in studying existing gender bias in corporate pay, you can’t force people to take different kinds of jobs in specific industries. You can only observe the situations that already exist. Nor is a controlled experiment always ethical. If you wanted to study the health effects of using e-cigarettes, it wouldn’t be ethical to have people use a product that is assumed to have a negative impact on their health.

In these cases, an observational study is conducted. Unlike in an experiment, in an observational study, the researchers don’t attempt to influence the results. There is no treatment given to some and not to others. Data is simply observed and analyzed, and attempts are made to find relationships between variables.

There are different kinds of observational studies. In a longitudinal study, the same subjects are studied over a period of time and the changes in characteristics are observed. For example, to study the impact of free preschool programs, individuals might be tracked to see how those who participate in free preschool fare later on—in terms of educational attainment, salary, health outcomes, and so on—compared to those who don’t attend free preschool.

In a cross-sectional study, different people with the same characteristics are compared. Unlike in a longitudinal study, in a cross-sectional study, the data is taken from a single point in time.

Observational studies have the potential to show the same kinds of bias as experiments, like selection bias and hidden bias. So it is important to watch out for this when evaluating the results of studies.

When reviewing a study that involves the application of statistics, you can start to make sense of it by following these painless steps.


Step 1:Identify the type of analysis being done. Is it an experiment or an observational study?

Step 2:Identify the variables being studied and whom the data represents.

Step 3:Examine the experimental design, and be on the lookout for potential selection bias and hidden bias in how the study is conducted.



Here’s an example of applying these painless steps to analyze a statistical study like one you might read about.

Example 2:

A company manufactures a pill using natural ingredients that it says improves sleep. To support its claim, the company conducts a study that compares people who use the pill to those who don’t. The results of the study show that people who use the pill report sleeping longer and waking up feeling better rested than those who don’t. The company then promotes these claims in its advertisements. What might a closer look at the details say about these claims?

Your first step is to try to identify what kind of analysis this is. This kind of information isn’t provided in advertisements or even news stories, so you would likely have to read the analysis itself to find out.

Suppose you find the analysis and read about the experimental design. The company selected 50 subjects, gave half of them a free bottle of the pills, and followed up with all 50 subjects two weeks later. So, this is an experiment. Half the group is receiving the treatment (the sleeping aid), and the other half isn’t. However, the sample size is small; 50 subjects may not be enough to draw meaningful conclusions about the effectiveness of the sleep aid. Also, this is not a double-blind study. The subjects who get the pill know they are getting the treatment; the subjects who get nothing know they aren’t being given the treatment. Furthermore, the researchers also know who gets the treatment and who doesn’t.

Now, what variables are being studied? According to the report, subjects who took the pill reported sleeping longer, so one variable of interest is hours of sleep. This is a quantitative variable, but how is it being recorded? Are the subjects being monitored by researchers, or are the subjects recording their own sleep habits? There’s a big difference in these two methods. People aren’t always objective observers of their own behavior, so if they are self-reporting the information, the data may not be valid.

The subjects also report feeling better rested. This might be a quantitative variable (for example, asking subjects to report how rested they feel on a scale from 1 to 10), but it’s highly subjective. One person’s “very well rested” may be another person’s “slightly rested.” This raises questions about how meaningful this data really is.

Lastly, suppose your closer look at the experimental design reveals that the 50 subjects were all customers at a health food store. This is an example of selection bias. Customers from a health food store aren’t representative of the population as a whole, so whatever inferences are being drawn are likely unfounded.

Putting this all together, you can see that there are many reasons to doubt this study. People who shop at a health food store are probably more likely to believe a natural sleeping aid could work. Those who are getting the free pills know that they are getting a treatment and may be predisposed to believe that it will have some effect. Thus, when they self-report about their sleep habits, they may be more inclined to believe the pill is having a positive impact on them.
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A healthy skepticism of statistical claims made by advertisers is part of being a good consumer. The more you scrutinize such claims, the more you will see examples of invalid experimental designs, poorly defined variables, and selection bias. As the saying goes, caveat emptor: let the buyer beware!
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1.Determine whether each of the following scenarios is more like an experiment or an observational study.

a.Playing classical music during class to see if there is an impact on exam scores

b.Analyzing whether people who have pets have better health outcomes

c.Studying whether offering free breakfast to students has any effects on graduation rates

2.Explain how a study of city traffic that looks at the tolls paid by commuters who cross bridges and tunnels is vulnerable to undercoverage.

3.Explain the potential for hidden bias in a study of educational outcomes where teachers are informed which of their students earned As in their previous class and which earned Cs.

(Answers are on page 296.)





Surveys and Polls

Surveys and polls are common ways to collect data. As you learned earlier in this book, surveys can be an effective way to collect information about a sample, which can be analyzed and used to draw inferences about populations using statistical techniques.

As with experiments and studies, selection bias is a potential problem with surveys. In order for most statistical techniques to be properly applied, samples must be representative of the population, which is true for surveys as well. Polling 1,000 randomly selected Americans and asking their attitudes about religion would produce much different results than if you asked the same question of 1,000 Americans who just got home from church.

A particular kind of selection bias in surveys can result from convenience sampling. Taking random samples of a population can be hard work. Convenience sampling occurs when a survey is conducted with people who can be conveniently surveyed. Asking your neighbors or classmates a question is an example of convenience sampling. You should not expect the results of a convenience sample to be representative of the population.
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Survey or polls that you see conducted on social media platforms are usually examples of convenience sampling, as the only people responding are those who are conveniently accessible.



Bias can show up as a result of the way the survey is implemented. For example, any survey conducted online doesn’t represent the part of the population that does not have Internet access, so this survey immediately suffers from undercoverage.

A famous example of this kind of bias involves the American presidential election of 1948. An iconic photo shows President-Elect Harry Truman holding up a newspaper with the headline “Dewey Defeats Truman.” The newspaper had used a telephone survey to poll Americans about whom they would vote for and determined that Dewey would win comfortably. However, in 1948, the population of Americans who owned phones was not representative of the population overall, which created bias in the survey.

There are other kinds of bias that can arise with surveys. Voluntary response bias occurs when respondents are allowed to choose whether or not to participate. People who opt in to participating in a survey—people who respond to an unsolicited email or phone call, or those who are willing to spend 20 minutes participating in market research at the mall—may be a different group of people than the population overall.

The way surveys are designed can also have a big impact on the data that is collected. In particular, the wording and framing of survey questions can affect the responses. Consider the difference between the following questions:


•Should the U.S. government spend less money on national defense?

•Should the U.S. government decrease its $800 billion per year military budget?



The sentiment behind these questions is roughly equivalent, but the different wordings will likely produce different responses. People might be more reluctant to say yes to the first question, because a country needs to be able to defend itself. However, people may be more prone to say yes to the second question, because $800 billion is a big number and many people assume that governments spend money inefficiently. Designing survey questions that avoid this potential bias requires knowledge of surveying techniques and of psychology. But, in the wrong hands, knowledge of how people respond to different types of survey questions can be used to design surveys that produce desired outcomes, like support for a specific product or policy.

When examining the results of a survey or poll, here are some painless steps to make sure the results won’t lead you astray.


Step 1:Determine whether or not the sample is representative of the population.

Step 2:Look for potential response bias in the survey design.

Step 3:Examine the wording of the questions to see if that might have impacted how people responded.



Here’s an example of evaluating a survey using these painless steps.

Example 3:

A large city is considering a congestion pricing plan that will levy a toll on cars that drive into the downtown area. The purpose of the plan is to reduce automobile traffic in busy areas while raising funds for environmental cleanup. An advocacy group conducts a survey about how residents feel about the plan. Here’s a pie chart that shows the results of that survey.
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Figure 12–3. Public Opinion About Congestion Pricing Plan

This pie chart suggests that the public is not very supportive of this plan, with 60% saying they disagree or strongly disagree. However, a closer look might change your interpretation of the results.

The first question you should ask is “Who was surveyed?” Suppose you read the fine print and discover that the advocacy group got a list of names and addresses from the Department of Motor Vehicles. The group mailed out a survey about the congestion pricing plan to 500 automobile owners, and 50 responded. Immediately, you should recognize the potential for selection bias. Not everyone owns a car, and people who own cars will be affected differently by a plan that imposes a surcharge on driving than those who don’t own a car. Therefore, this sample is not representative of the population.

There’s also the potential for response bias. Of the 500 people who received the survey, only 50 people responded. People who feel very strongly about an issue are probably more likely to take the time to fill out and return a survey, which could skew the results.

Then, there’s the issue of what the survey actually asked. Suppose this was the question respondents answered:

“How do you feel about the city’s proposed congestion pricing plan that will cost the average driver an additional $250 per year in taxes?”

Now, imagine this alternative wording:

“How do you feel about the city’s plan to collect a $1 per day surcharge on drivers entering the downtown area to reduce traffic and combat climate change?”

Notice the difference in how these questions are framed. The first evokes images of higher taxes on average people; the second suggests a modest surcharge for the public good. Respondents will have different reactions to the different wordings. As a result, those different reactions can lead to dramatically different survey results.


[image: images] CAUTION—Major Mistake Territory!

Not all surveys are created equal. A scientific survey is likely to have been designed to counteract potential selection bias and response bias. A survey from a corporation or advocacy group might very well be designed to capitalize on selection bias and response bias. Don’t assume a survey was designed to eliminate bias. In fact, it might have been designed to capitalize on bias! Always check the source of the survey, examine how the survey was conducted, and pay attention to the details.
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1.Explain how the following scenarios could potentially involve selection bias.

a.Polling 100 people at a museum, asking their opinion about government funding for the arts

b.Polling 100 people who are attending a high school football game, asking their opinion about raising taxes to provide more funds for education

c.Polling 100 students, asking their opinion about whether the school year should be extended from 10 months to 12 months

2.What’s the problem with mailing out a survey to random people and asking them to mail their answers back to the questioner?

3.What’s the potential problem with this survey question: “How frustrated are you with the government’s handling of the current economic crisis?” How might it be better worded?

(Answers are on page 296.)





Evaluating the Validity of Statistical Arguments

News stories are often full of data: economic indicators, educational outcomes, climate statistics, and much more. These news stories are frequently reports of studies that rely on statistics. The knowledge you have developed throughout this book and in this chapter, however, can help you make sense of what you hear on television, in the newspapers, and on social media.

In this chapter, you’ve learned about the different kinds of studies that use statistics and what to watch out for when analyzing and interpreting those studies. Whether it’s an experiment, observational study, or survey, the design is crucial in producing valid data. Has care been taken to avoid selection bias in the way samples are produced? Are the underlying processes—like sample selection and assignment of treatment—random enough to satisfy the requirements of statistical sampling? There are also many other details to consider when evaluating the validity of statistical arguments. Here are a few.

Proxy Measurement

Measurement is often at the heart of scientific and statistical study. Some characteristics, like income, height, or blood pressure, are easy to measure. Other quantities, like quality of life, customer satisfaction, and happiness, are much more difficult to measure. In cases like this, proxy measurements are often used.

A proxy is a stand-in for something, so a proxy measurement is the measurement of one quantity to stand in for another. For example, a company might measure customer satisfaction by looking at the frequency of repeat business. In this case, additional future purchases might be considered as a proxy for how satisfied a customer is with a company’s products and services.

Proxy measurement is useful but can also be misleading. It is often assumed that intelligence is measured by an IQ test, but human intelligence is far more complex and wide-ranging than the results of an IQ test could capture. The IQ test is a proxy measurement. Similarly, success in school is often measured as a grade point average, but this too is an imperfect proxy measurement. Success in school could take many forms outside of high course grades (for example, success in sports, leadership in student clubs, participation in vocational programs, achievement in the arts, and so on).
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Measurements in statistical studies are often proxy measurements. Be careful not to confuse the proxy measurement with the actual quantity you are interested in understanding.



Replication and p-Hacking

The significance tests covered in Chapter 10 are used in many scientific and medical studies and are commonly reported on in popular news media. However, such reports should be read cautiously. First, you know that many different factors—such as the sample size and properties of estimators—must be satisfied in order to proceed with significance tests. You also know that the word “significant” has a very technical meaning in this context. Statistical significance is a specific claim about properties of samples in the sampling distribution. A casual reader will probably just think that “significant” means important. However, you know this level of importance is a conventional decision.

A 5% significance level is the standard in many fields. So achieving a result at this level of significance can mean the difference between appearing to discover something new and having the experiment be considered a failure. This can result in p-hacking, the process of redesigning and rerunning an experiment until a desirable level of significance has been achieved.

More than that, you also know that a result that is significant at the 5% level will occur 5% of the time just due to random chance. That is to say, there is a 5% chance of a type I error. So, even when there is no phenomenon to actually be observed, one in every 20 studies might show evidence of the phenomenon. This is part of the replication crisis facing some scientific research. Some established studies have failed to be replicated, meaning that other teams of researchers have attempted to reproduce the experiment but did not get the same results as the original researchers. This could possibly be because the original research was actually a result of random variation rather than of the proposed phenomenon.
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As you learned in Chapter 10, the word “significant” has a technical meaning in statistics regarding the likelihood of observing a specific type of result in a sampling process. When reading about research, don’t automatically interpret “significant” as “important” or “meaningful.”



Correlation, Causation, and Confounding

As you learned in Chapter 11, there is a lot to be cautious about when it comes to bivariate data. “Correlation is not causation” is one of the most common phrases you’ll hear in popular discussions of statistics; it refers to what you learned about association. Just because high values of one variable are associated with high values of the other doesn’t mean that one high value causes the other.

One reason for this is the possibility of lurking variables. As you learned in Chapter 11, a lurking variable is a hidden variable that may explain the relationship between the variables being studied. Education and life span may be positively associated, but it’s the relationship that wealth has on both that explains their relationship.

Confounding is another issue that complicates drawing conclusions from bivariate data. Confounding occurs when the effect of the explanatory variable on the response variable is inextricably linked to one or more other variables that impact the response variable. For example, if a study shows that students who take Advanced Placement (AP) courses in high school graduate college at higher rates, that might encourage school districts to offer AP courses at more schools. Yet whether or not schools already offer AP courses and prepare students to succeed in them is intricately connected to a variety of other school quality factors—such as per pupil spending, class size, and teacher qualifications—all of which confound the relationship between AP scores and college graduation rates. In these situations, researchers often try to isolate or control for those confounding factors, but in general, this is very difficult to do.

One of the most common statistical applications in the analysis of bivariate data is regression, which fits a mathematical model to the data. Linear regression starts with the assumption that the relationship between the data is linear. Thus, there is always the danger of seeing evidence of a linear relationship even though there isn’t one. There are also dangers associated with extrapolation, which means using a regression equation to project values outside the original range of the data. For example, if you look at world records in the 100-meter dash, you can fit a linear model to the data and see a negative trend: world record times are decreasing every year. But, if you extrapolate this to the extreme, you’ll see your model eventually predicting a human being running the race in under 1 second.
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Just because bivariate data shows a linear relationship in a scatterplot doesn’t mean there is a cause and effect relationship between the variables.



Other Types of Bias

There are many types of bias to watch out for in studies and surveys. You’ve already learned about selection bias and hidden bias. Here are a couple of others.

Confirmation bias occurs when you collect data only from those who are likely to confirm your hypothesis. For example, a pizza company asking its customers if they prefer pizza to burgers would be an example of confirmation bias: people who buy pizza are probably more likely to say they prefer pizza to burgers than a random sample of the population. A musician asking fans for feedback on their latest album is also an example of confirmation bias: someone who is already a fan is probably predisposed to like that artist’s work.

Survivorship bias occurs when you only collect data from those individuals who remain at the end of some process. For example, asking customers to rate their satisfaction with their customer service experience at the end of a long call may suffer from survivorship bias, as many of the most frustrated customers might have hung up rather than wait. Likewise, asking recent graduates if their university was a good choice is also vulnerable to survivorship bias, as it ignores those students who left the university before graduating.

Statistics in the News

There is no shortage of statistical stories in the news, but it’s important to remember that reporting about a statistical study is something different than the study itself. Journalists may focus on the boldest claims of a scientific result and ignore the many qualifying, but relevant, details that are part of the study. They may also simply misinterpret or misunderstand what a study says. That’s why it’s important for you to develop your own sense of statistical literacy to judge for yourself. A good step is to look beyond the story to the study itself, as seen in the following example.

Example 4:

A common story in educational research is about how certain factors—a superior teacher, a charter school, an educational intervention—can lead to increased learning for students. Such research has great potential value in improving education, but it’s important to go beyond the headlines and pay attention to the details of the studies themselves.

A story covering one particular school district might claim that students in that district learn more than students in another district, citing a study that measures years of learning for students in comparable grades.
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Figure 12–4

Such an impressive and important-sounding claim deserves attention, but like all statistical reporting, it deserves thoughtful scrutiny as well. Furthermore, when you start asking the questions that have been outlined in this chapter and in this book—questions about experimental design, the definition of variables, and what is really being measured—a very different story might emerge.

It might turn out that the study only considered a very small number of students in a particular educational setting, so the sample size might be an issue. It might be that this particular school district serves a different population of students than the district it’s being compared with, which would be an issue of selection bias. And then there’s the question of measurement. What does it mean that one student has learned 6 months more material than another? Often, what’s really being measured is the result of a test. Getting one or two more questions right on that test is being interpreted as 6 or 8 months of additional learning. This is an issue of proxy measurement and interpretation.

Data and statistics play an important role in our lives and in our world, and so they will continue to be a part of the stories that we tell and the decisions that we make. Use the knowledge you have gained in this book to help put those stories, and those statistics, in context. Hopefully what you’ve learned can help make navigating our complex, data-driven world a little more painless.


[image: images] BRAIN TICKLERSSet # 38


1.What are some proxy measurements for school quality?

2.A political figure asks their followers on social media whether they agree with the politician’s position on an issue. What kind of bias is this an example of?

3.Smartphone price data from the past 10 years is collected and analyzed, and a linear regression model predicts that 20 years from now, top-quality smartphones will cost less than $100. What’s the problem with this conclusion?

(Answers are on page 296.)





Brain Ticklers—The Answers

Set #36, page 285


1.a. Experiment

b.Observational study

c.Observational study

2.Since only car drivers pay such tolls, the study would miss the large segment of the population that uses public transportation to commute to work and school.

3.Teachers might treat students differently based on knowledge of their past performance, which could influence the study.



Set #37, page 289


1.a. People at a museum probably have a much more favorable opinion about the arts.

b.Attendees of a high school football game are more likely to be directly affected by school quality, so they will likely have more favorable attitudes about funding schools.

c.Students would lose vacation under a longer school year and might be more likely to oppose it.

2.This is an example of voluntary response bias. The surveys were distributed randomly, but those who actually go to the trouble to mail their responses back might not be representative of the population.

3.This question plants the idea of crisis and frustration in the respondent’s mind. A more neutral phrasing might be “What is your opinion about how the government is managing the economy?”



Set #38, page 295


1.There are many possibilities. Examples include graduation rates, standardized test scores, postschool employment rates, how long the wait list is to get into the school, self-reported satisfaction scores, and so on.

2.Confirmation bias. It is also an example of convenience sampling.

3.The model is being extrapolated well beyond the range of the original data to the point where it may be meaningless.






Appendix: Standard Normal Table
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Figure A–1. Table entry for z is the area under the curve to the left of z
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Central tendency, 6

Charts

bar, 21–23

dot plot, 24–25

histogram, 25–30

pie, 21–23

scatterplot, 32–33

stem plot, 31–32

time plot, 30

Coefficient of determination, 272

Coin flip example, 88–91

Complement of events, 138–140

Complement rule, 108, 122–123, 229

Compound events, 140–143

Conditional probability

additional information, 161

basics of, 159–161

formula for, 161–163

two-way tables, 163–165

Conditioning

on an event, 171–172

reversing an event, 172–174

Confidence interval

95%, 209–210

constructing, 204–206

defining, 203–204

different levels of confidence, 208–214

estimating, 202–203

level C, 210–214

margin of error, 206

understanding, 206–208

Confidence level, 206–208

Confirmation bias, 293

Confounding, 292

Continuous data, 36–39

Control group, 278

Controlled experiments, 278–281

Convenience sampling, 285

Correlation

association and, 263–264

and causation, 292

coefficient formula, 261–263

coefficient of determination, 272

definition of, 259–261

population correlation coefficient, 263

residuals, 272–274

Count data

bar graph, 22

binomially distributed, 89

histograms, 29

Cross-sectional study, 282

Cumulative distribution function (CDF), 39, 119

Cumulative distribution graph, 39

Data

bivariate, 31, 247–248

count, 22, 29, 89

deviation and, 8–10

discrete vs continuous, 36–39

inferences from, 201–202

interpreting, 11–13

plots, 6–7

point, 2

sets, 2–6

shortfalls of, 11–13

single-variable (univariate), 31

symmetric, 72–74

two-variable (bivariate), 31

types of, 17

Data distribution

skewed, 74–76

symmetric, 72–74

Data point, vs mean, 4

Data representations, 21–23

Data set

center of, 2–4

measures of center, 45–48

measures of spread, 51–59

range, 6

sample spaces and, 135–137

spread of a, 5

Decay, 97

Descriptive statistics

deviation and, 60–68

mean, 43–45

measures of center, 45–48

measures of spread, 51–59

median, 45–48

mode, 48–50

overview, 43

standard deviation, 62–66

See also Statistic(s)

Determination, coefficient of, 272

Deviation

mean absolute, 60–68

spread of data, 60–62

standard deviation, 62–66

Discrete data, vs continuous data, 36–39

Discrete events, 130

Disjoint, 143

Disjoint events, 145–146

Dispersion, 6, 51

Distribution of data

binomial distribution, 88–91

dot plots and histograms, 25

measures of central tendency, 82–87

nonuniform, 82–87

shape of data, 71–72

symmetric data, 72–78

uniform distribution, 78–82

Distributions, sampling, 182–186

Dot plot, 6–7, 24–25

Double-blind study, 281

Empirical rule, 106, 204

Errors

in hypothesis testing, 238

in random variation in sampling, 241–242

type I error, 238–239

type II error, 239–241

Estimating, with confidence, 202–203

Estimators, 179–181

Events

compound, 140–143

conditioning on an, 171–172

discrete, 130

independent, 147, 166–168

mutually exclusive, 140

probability, 129

as variables, 129

Experimental design, 280

Experiments

controlled, 278–281

evaluating, 281–282

observational studies, 282–284

Explanatory variable, 249

Exponential distribution, measures of central tendency, 96–97

Exponential growth, 97

Exponential regression, 274

Exponential relationship, bivariate data form, 256–257

Extrapolation, 271, 292

Factorial function, 154

Figures, dot plot, 7

Five-number summary, 56

Formula

binomial probability, 152–154

central limit theorem (CLT), 196

correlation coefficient, 261–263

fundamental probability, 130

Frequency, 24

Frequency histogram, 25

Fundamental counting principle, sample spaces and, 131–135

Fundamental probability formula, 130

Gauss, Carl Friedrich, 103

Gaussian distribution, 103

Geometric distribution

coin flip example, 93–95

standard deviation, 95–96

Goodness of fit, 267

Hidden bias, 282

High side test, 234, 237

Histograms, 25–30, 72–74, 78–82

Hypothesis, 223

Hypothesis testing, 222

Inclusion-exclusion principle, 143–146

Independence

definition of, 166–168

multiplication rule, 168–169

Independent events, 147, 166–168

Individuals, in categorical data, 18

Inferences

from data, 201–202

significance testing, 221–222

Interpolation, 271

Interquartile range (IQR), 55

Intersection, 142

Large numbers, law of, 196–197

Law of large numbers, central limit theorem (CLT), 196–197

Least squares regression line, 267–270

Left-skewed data, 75

Level C confidence intervals, 210–214

Line of best fit, 267

Line of regression, 267

Linear regression

bivariate data, 266–267

coefficient of determination, 272

extrapolation, 292

least squares regression line, 267–270

making projections, 270–272

residuals, 272–274

Linear relationship

bivariate data form, 256–258

correlation, 259–261

correlation coefficient, 264

Longitudinal study, 282

Lurking variables, 255

Major mistake territory

association, 256

average, 47

chart labeling, 23

check bias, 289

confidence intervals, 208

errors, 242

fundmental probability formula, 133

graphing data, 76

independent assumption, 169

law of large numbers, 197

mean formulas vary, 92

mean vs data point, 4

proportions vs sample means, 218

proxy measurements, 290

random samples, 178

sample vs population data, 20

skewed data, 75

standard deviation, 66

standard normal table, 122

two-way tables, 165

Margin of error, 206

Math talk

complement, 139

exponential growth, 97

expressions explained, 130

intersection, 142

mean symbol, 105

null hypothesis symbol, 232

probability of an event, 130

proportions, 187

sample proportion symbol, 188

standard deviation symbol, 106

union, 143

Mean

absolute deviation, 8–10, 61

data point vs, 4

defined, 2

descriptive statistics, 43–45

deviation, 8, 61

deviation and, 8–10

normal distribution, 104

population, 64

sample, 194–196

Measurement, proxy, 290

Measures of center, mean, median and mode, 45–48

Measures of central tendency

binomial distribution, 91–92

exponential distribution, 96–97

geometric distribution, 93–95

normal distribution, 99

Poisson distribution, 98–99

power law distribution, 98

standard deviation for binomial distribution, 91–92

standard deviation for geometric distributions, 95–96

standard deviation for normal distribution, 104–112

uniform and nonuniform distributions, 82–87

Measures of spread, 51–59

Median, 45–48, 83, 104

Mode, 48–50, 104

Multiplication rule, in independence, 168–169

Mutually exclusive events, 140

Natural variation, 80, 201–202

Negatively association, in bivariate data, 252–253

95% confidence intervals, 209–210

Nonresistant, 48

Nonuniform distributions, 82–87

Normal distribution

binomial distribution, 193

confidence intervals, 203

measures of central tendency, 99

shape of, 103–104

significance testing, 226

standard, 114

standard deviation, 104–112

using z-scores, 112–118

when to use, 125–126

Normal table, standard, 297–299

Null hypothesis, 223

Observational study, 282–284

Observations, as data points, 19

One-sided significance tests, 231–234

Ordered pair, 32

Outlier, 52–53, 56, 249

Painless steps

95% confidence interval for population mean, 209

box plot, 57–58

central tendency for uniformly distributed data, 84

conditional probability, 163

correlation interpretation, 264

fundmental probability, 131

histogram creation, 28–30

level C confidence, 214

mean absolute deviation, 8–9

mean deviation, 61

mean of a data set, 3

median of a data set, 47–48

observational studies, 283

outlier determination, 55–56

overview, 7

polls, 287

population proportion, 188–189

Quartile, 54–55

standard deviation, 62

standard normal distribution, 114

surveys, 287

z-score, 115

Painless tip

advertising statistics, 284

association, 254

average, 3

bins, 26

box plot, 58

calculators, 3, 124, 213

complement rule, 108

conditional probability formula, 162

correlation, 262

data set, 19

data set information, 6

estimators, 180

histogram vs bar chart, 25

histograms, 26, 28

independent events, 147

level C confidence interval, 212

margin of error, 206

mean and median, 46

mean and standard deviation, 64

mode, 84

multiplication rule, 169

mutually exclusive events, 140

outlier, 53

percent, 136

plotting, 250

population estimates, 209

probability of the complement, 140

p-values, 227

research study, 280

right-skewed data, 87

sample means, 196

sampling distribution formula, 191

sets, 163

significance testing, 224

slope-intercept form, 268

standard normal table, 124

statistic defined, 2

surveys and polls, 286

symmetric distribution of data, 76

theoretical distributions, 80

two-way tables, 164

type I error, 239

Parameter(s), 20, 179–180

Percentages, relative frequency histogram, 27

Percentile, 58–59

p-hacking, and replication, 291

Pie charts, 21–23

Placebo, 278

Point estimate, 202–203

Poisson distribution, 98–99

Polls, 285–289

Population

confidence intervals, 216–217

correlation coefficient, 263

knowledge through sampling, 182–186

large group of data, 19

mean, 64

proportions and standard error, 215–218

representative of, 178–179

sample means, 194–196

and samples, 177–178

standard deviation, 64

Positive association, in bivariate data, 251–252

Power law distribution, 98

Probability

basic, 129–137

Bayes’ theorem, 171–172

complement of events, 138–140

compound events, 140–143

disjoint events, 145–146

distribution, 148–152

fundamental formula, 130

fundamental probability formula, 130

inclusion-exclusion principle, 143–146

intersection of events, 168–169

properties, 138

properties of, 138

sample spaces and data sets, 135–137

sample spaces and fundamental counting principle, 131–135

selections and replacement, 146–147

of success, 91

Properties, of probability, 138–140

Proportions

confidence intervals, 216–217

sample, 180–181, 187–189, 217–218

and standard error, 215–218

Proxy measurement, 290

p-values, levels of significance, 226–229

Quadratic relationship, bivariate data form, 256–257

Quantitative data, 17, 24

Quantity changes over time, time plot, 30

Quartile, 54–56

Questioning, in surveys and polls, 286–288

Random assignment, in experiments, 281–282

Random sample, 178–179

Random variation, 89

Range, 6, 7, 52–53

Real-world data, 103–104

Regression line, 267

Relationships, scatterplot, 33

Relative frequency, 23

Relative frequency histogram, 27–28

Reminders

absolute value and z-score, 235

arithmetic mean, 45

average, 83

binomial distribution uses, 154

binomial probability, 192

calculators, 124

comparing two numbers, 4

complement, 171

complement rule, 229

data alone, 117

decisions, 12

distribution of data, 106

frequency histogram, 27

impossible event, 163

linear relationship, 293

mean, 44, 45

median, 83

ordered pair, 247

outlier, 56, 249

population parameter symbol, 179

quartile, 55

relative frequency histogram, 94

sampling distribution, 216

standard deviation, 109

standard normal distributions, 211

statistical sampling, 224

z-scores, 212, 226

Replacements, 146–147

Replication, and p-hacking, 291

Representative, of population, 178–179

Residual plot, 273

Resistant, 48

Response variable, 249

Right-skewed data, 75

Sample

correlation coefficient, 261–263

means, 181, 194–196

population, 177–178

proportions, 180–181, 187–189, 217–218

random, 178–179

small group of data, 19

space, 131–137

standard deviation, 65

statistics, 179

Sampling

bias, 281

central limit theorem (CLT), 196

convenience, 285

distribution, 182–186, 194–196

errors, 238–242

statistical significance, 243

and variability, 189–196

Scatterplot

bivariate data, 32–33, 248–251

forms of bivariate data, 256–258

least squares regression line, 267

relationships, 33

Selection bias, 281

Selections, 146–147

Shape of data, 71–72

Significance

defining, 222–223

levels of, 226–229

one-sided tests, 231–234

p-values, 226–229

testing, 221–222

testing for, 223–226, 229–230

Simple random sample, 178–179

Single-variable data (univariate), 31

Skewed data distribution, 74–76

Slope, of a line, 267–270

Slope-intercept form, 268

Spread, of data, 51

Squaring, 62

Standard deviation

binomial distribution, 91–92

calculators, 66

confidence intervals, 203

introduction of, 10

normal distribution, 104–112

population mean, 64

sample, 65

sampling distribution of sample proportions, 216–217

as spread of data, 62–66

variability and sampling, 189–196

Standard error, 215–218

Standard normal distribution, 114, 211

Standard normal table, 119–124, 297–299

Standardized score, 114

Statistical arguments, validity, 289–290

Statistical literacy, experiments and studies, 277

Statistical sampling, 177–179

Statistical significance, 229, 243, 291

Statistic(s)

defined, 2

and the news, 293–295

sample information, 20

summary, 4

See also Descriptive statistics

Stem plot, 31–32

Stem-and-leaf plot, 31–32

Subjects

in observational studies, 282–284

in treatment group, 278

Summary statistic, 4

Surveys, 285–289

Survivorship bias, 293

Symmetric data distribution, 72–74

Tests of significance, 222

Time, quantity changes over, 30

Time plot, 30

Treatment group, 278

Trends, scatterplot, 33

Trials, 91, 152

Trigonometric regression, 274

Truman, Harry, 286

Two-sided significance tests, 234–237

Two-variable data (bivariate), 31

Two-way tables

conditional probability, 163–165

independent events, 166

Type I error, 238–239

Type II error, 239–241

Unbiased estimators, 180–181

Undercoverage, in experiments, 281

Uniform distribution, 78–82, 82–87

Unimodal symmetric data, 73–74

Union, 143

Units, 45, 64

Univariate data, 31

Upper critical value, 212

Variability, and sampling, 189–196

Variables, 19, 249, 255

Variation, in dot plot, 7

Voluntary response bias, 286

z-scores, 212

comparing data using normal distribution, 112–113

significance testing, 231

standard normal distributions, 114–118

z-test statistic, 231
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